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Abstract. We show that the functor of p-typical co-Witt vectors on com-
mutative algebras over a perfect field k of characteristic p is defined on, and
in fact only depends on, a weaker structure than that of a k-algebra. We call
this structure a p-polar k-algebra. By extension, the functors of points for any
p-adic affine commutative group scheme and for any formal group are defined
on, and only depend on, p-polar structures. In terms of abelian Hopf algebras,
we show that a cofree cocommutative Hopf algebra can be defined on any p-
polar k-algebra P , and it agrees with the cofree commutative Hopf algebra on
a commutative k-algebra A if P is the p-polar algebra underlying A; a dual
result holds for free commutative Hopf algebras on finite k-coalgebras.

1. Introduction

Let p be a prime. We consider the following generalizations of the notion of a
k-algebra A:

Definition. Let k be a (commutative) ring and A a k-module. A p-polar k-algebra
structure on A is a symmetric k-multilinear map µ : A⊗kp → A such that

(ASSOC) µ(µ(x1, . . . , xp), xp+1, . . . , x2p−1) is Σ2p−1-invariant

for the permutation action of the symmetric group Σ2p−1 on x1, . . . , x2p−1 ∈ A.
We will call a p-polar Z-algebra a p-polar ring.

A morphism of p-polar algebras is the evident structure-preserving map, making
p-polar algebras into a category Polp(k).

Clearly, any k-algebra R gives rise to a p-polar structure for each p by restriction,
called its polarization pol(R).

Our main results concern the categories AbSchk of affine, commutative group
schemes, its subcategory AbSchp

k of p-adic groups (i.e. taking values in abelian
pro-p-groups), the category Fgpsk of commutative formal group schemes, and its
subcategory Fgpspk of formal p-group schemes, all over a perfect field k of charac-
teristic p.
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Theorem 1.1. Let k be a perfect field of characteristic p and M ∈ AbSchp
k or

M ∈ Fgpsk. Then the functor of points of M factors uniquely through pol:

Algk Ab

Polp(k)

M

pol
M̃

Note that the restriction to p-adic group schemes is necessary in the affine case:
the multiplicative group Gm with Gm(R) = R× very much depends on the algebra
structure of R. Interestingly, a similar restriction is not necessary for formal groups.
In particular, the formal completion Ĝm of the multiplicative group, with Ĝm(R) =
(1 + Nil(R))×, depends only on the p-polar structure.

Theorem 1.1 follows immediately from the following result:

Theorem 1.2. Let k be a perfect field of characteristic p and denote by Fr(R) the
free affine, abelian, p-adic group scheme on SpecR for a k-algebra R, or the free
abelian formal group on SpecR for a finite k-algebra R. Then Fr factors through
pol:

Algk AbSchp
k (or Fgpsk)

Polp(k)

Fr

pol F̃r

Indeed, given any M ∈ AbSchp
k or M ∈ Fgpsk, we have that

M(R) = Hom(SpecR,M) = Hom(Fr(R),M),

where the last Hom group is of objects of AbSchp
k or Fgpsk, respectively. This

shows that Thm. 1.1 follows from Thm. 1.2.
In terms of Hopf algebras, this can be reformulated in the following way. An

abelian (i.e. commutative and cocommutative) Hopf algebra H over k is p-adic if
SpecH is a p-adic affine group. This means that H ∼= colimnH[pn], where H[pn]
denotes the kernel of the endomorphism [pn] of H representing multiplication by pn.
In other word, every element x ∈ H is [p]-nilpotent. For instance, all conilpotent
Hopf algebras are p-adic.

The affine part of Theorem 1.2 thus says that the cofree cocommutative p-adic
Hopf algebra functor on k-algebras factors through p-polar algebras.

The categories of formal groups and of affine abelian groups are anti-equivalent
by Cartier duality, represented by taking (continuous) k-linear duals at the level
of (formal) Hopf algebras, and this anti-equivalence restricts to an anti-equivalence
between Fgpsk and AbSchk and hence an equivalence between Fgpsk and the cat-
egory of abelian Hopf algebras. The formal part of Theorem 1.2 says that the
free commutative Hopf algebra functor on finite-dimensional k-coalgebras factors
through the opposite category of finite-dimensional p-polar k-algebras.

Instead of trying to prove Thm. 1.2 directly, we take a detour along the Dieudonné
functor to the land of Witt vectors. The Dieudonné functors

D : AbSchk → Dmodp
k
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and
Df : Fgpsk → DmodF

k

define equivalence between AbSchp
k and Fgpspk and certain categories of W (k)-

modules with two operations F and V , called Frobenius and Verschiebung. Here
W (k) denotes the ring of p-typical Witt vectors of the field k. More generally, let
Wn(R) be the group of p-typical Witt vectors of length n of a ring R. By inspection
of its definition, it is defined for any p-polar ring R.

The Verschiebung V : Wn(R) → Wn+1(R) gives rise to the group of unipotent
co-Witt vectors

CWu(R) = colim(W1(R)
V−→W2(R)

V−→ · · · ),

an object of Dmodp
k. It has a completion, CW (R), the group of co-Witt vectors,

consisting of possibly infinite negatively graded sequences (. . . , a−1, a0) of elements
of R almost all of which are nilpotent.

We prove:

Theorem 1.3. Let k be a perfect field of characteristic p. Then there are natural
isomorphisms

Df(Fr(R)) ∼= CW (R) for finite k-algebras R

and, for arbitrary k-algebras R,

D(Fr(R)) ∼= CWu(R)⊕
(
p((R⊗k k̄)×)⊗W (k̄)

)Gal(k)

where in the last factor, invariants of the absolute Galois group Gal(k) acting di-
agonally on k̄ and W (k̄) are taken.

Because the right-hand side is defined on p-polar algebras, so is the left hand side.
Since D is an equivalence between AbSchp

k and Dmodp
k, the affine case of Thm. 1.2

follows with the additional observation that the group p((R⊗k k̄)×) is well-defined
for any p-polar algebra R. The formal case requires an additional argument.

2. p-polar rings

Recall the definition of a p-polar algebra A from the introduction. We make the
following observations:

• The definition is non-unital in nature. If one were to require the existence
of an element 1 ∈ A such that µ(1, . . . , 1, x) = x, this would make A into a
commutative unital ring.

• If p = 2 then A is a nonunital algebra.
• The expression in (ASSOC) is (Σp×Σp−1)-equivariant by definition. Given

commutativity, the condition is akin to an associative law.

Example 2.1. The multiplication on an ordinary (not necessarily unital) ring A
restricts to polar ring structure pol(A).

Example 2.2. We have that k[x](j) =def k〈xj(1+(p−1)i) | i ≥ 0〉 is a polar subalge-
bra of k[x] for each j ≥ 0, and it is not an algebra (unless j = 0, in which case it is
just k, or j > 0 and p = 2, in which case it is an algebra without unity).

Example 2.3. Let A = xk[x]/(xp). Then µ = 0, and hence pol(A) ∼= kp−1 as
p-polar algebras.
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Remark 2.4. For a unital algebra A, one can recover A from pol(A) up to non-
canonical isomorphism. Indeed, if B is a p-polar algebra of the form pol(A), there
is an element e such that µ(e, . . . , e, x) = x for all x ∈ B. For instance, the unity of
A is such an element, but B does not preserve that information. One easily checks
that an algebra structure on B can be defined by x · y = µ(e, . . . , e, x, y). With this
algebra structure, multiplication by e gives an algebra isomorphism A→ B.

For nonunital algebras, this is not possible, as the previous example illustrates.

We have:

Proposition 2.5. Let A be a p-polar k-algebra and x1, . . . , xn ∈ A. Then there is
at most one way to multiply x1, . . . , xn together using µ, and the product exists if
and only if n ≡ 1 (mod p− 1).

Proof. Let us first make the statement more rigorous. Define a multiplication
scheme to be a rooted, planar, p-ary tree whose leaves are labelled with x1, . . . , xn.
If a multiplication scheme exists, then it gives a prescription of how to multiply the
elements xi by traversing the tree, applying µ at every internal vertex. If no mul-
tiplication scheme exists, then the elements cannot be multiplied together. Since
grafting a basic p-ary tree of depth 1 onto an existing tree increases the number of
leaves by p− 1, a multiplication scheme exists iff n ≡ 1 (mod p− 1).

An equivalence relation on the set of all multiplication schemes is generated by:
(1) M ′ ∼ M if M ′ results from M by permuting the outgoing edges of any

internal vertex;
(2) M ′ ∼ M if M ′ results from M by permuting the 2p− 1 outgoing edges of

a subtree of the form, along with their subtrees (illustrated for p = 3).

These relations correspond, of course, to the symmetry and axiom (ASSOC). It
is easy to see that under this equivalence relation, every multiplication scheme
is equivalent to a “left-associative” one, i.e. a scheme where a vertex has a non-
leaf subtree only if it is the leftmost among its siblings, such as in the diagram
above. In such a left-associative multiplication scheme, it is then equally easy to
see that all leaves can be permuted without changing the equivalence class. Thus
all multiplication schemes are equivalent. �

In light of this proposition, we will unambiguously use monomial notations such
as xp for µ(x, . . . , x) or xyp−1 for µ(x, y, . . . , y) in polar rings.

Example 2.6. Let S be a set. The free p-polar ring P (S) on S is given by the
sub-p-polar algebra of the polynomial ring Z[S] with generators in S spanned by
monomials of length congruent to 1 modulo p − 1 (or spanned by all nonconstant
monomials if p = 2).
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Definition. An ideal in a p-polar ringA is a subgroup I such that µ(a1, . . . , ap−1, i) ∈
I whenever i ∈ I. These are exactly the kernels of homomorphisms of p-polar rings.
For a subset S ⊆ A, the ideal (S) generated by it is defined to be the smallest ideal
containing S. If I is an ideal, then Ip = 〈µ(I, . . . , I)〉 is a subideal.

2.1. p-typical formal groups and units in p-polar rings. For a k-algebra R, k
of characteristic p, the functor µp∞(R) = {x ∈ R× | xpn

= 1 for some n ≥ 0} is the
colimit of the functors µpn(R) represented by k[y]/(yp

n − 1) ∼= k[x]/(xp
n

), where
x = y − 1. Thus µp∞(R)

∼= nil(R) as sets, and the group structure on nil(R) is the
multiplicative one: x ∗ y = x + y + xy. As is evident, while nil(A) is well-defined
for p-polar k-algebras A, the group law is not.

Recall (e.g. from [Rav86]) that a formal group law G over a torsion free Zp-
algebra R is p-typical iff its logarithm logG(x) ∈ (R⊗Q)[[x]] is of the form logG(x) =∑

i≥0 lix
pi

(with l0 = 1). It is straightforward to see that the (compositionally)
inverse power series expG(x) of a p-typical formal group G has the form

expG(x) =
∑
i≥0

aix
1+i(p−1) for some ai ∈ R⊗Q, a0 = 1.

Thus both logG and expG are in fact elements of the p-polar power series algebra∏
i≥0

(R⊗Q)〈x1+i(p−1)〉 ⊂ (R⊗Q)[[x]].

Hence if A is a p-polar R-algebra then nil(A) obtains a group structure by

x ∗ y = expG(logG(x) + logG(y)),

agreeing with G(R) is A = polp(R).
Now consider the multiplicative formal group Ĝm defined over Zp, represented

by Zp[[x]] with ∆(x) = x⊗ 1 + 1⊗x+x⊗x. Cartier’s theorem [Car67], cf. [Rav86]
says that Ĝm is canonically isomorphic to a p-typical formal group G. By base
change to the Zp-algebra k, this shows that µp∞ is isomorphic to a functor (indeed,
a formal group) defined on all p-polar k-algebras. Thus the functor denotes by
p((R⊗k k̄)×) in Theorem 1.3 is indeed naturally isomorphic to one that extends to
p-polar k-algebras.

3. Witt vectors of p-polar rings

The (p-typical) Witt vector functor [Wit37] W and its truncated variants Wn

take values in rings and are defined on the category of rings. Since W1(A) ∼= A, no
information of the input ring is lost. However, if one is only interested in W (A) as
an abelian group with Frobenius and Verschiebung operations, one can ask what
the minimal required structure on A is. A ring structure is enough; an abelian
group structure alone is not. It turns out that the structure is exactly that of a
p-polar ring. Background on Witt vectors and related constructions can be found
in [Hes08, Haz09, Ser68].

Throughout this section, let k be a perfect field of characteristic p.
Let W (k) denote the ring of p-typical Witt vectors on k. The pth power map on

k lifts to a Zp-linear map frob: W (k) → W (k) which is an isomorphism since k is
perfect.
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For a W (k)-module M and an integer n, we denote by M(n) the W (k)-module
with underlying abelian group M and W (k)-action

a.m = frobn(a)m for a ∈W (k), m ∈M .

Define the polynomials ci(x, y) ∈ Z[x, y] inductively by

xp
n

+ yp
n

= c0(x, y)p
n

+ pc1(x, y)p
n−1

+ · · ·+ pncn(x, y).

In particular, c0(x, y) = x+ y and c1(x, y) =
∑p−1

i=1
1
p

(
p
i

)
xiyp−i.

These polynomials are closely related to the Witt vector addition law for rings.
More specifically, if A is a commutative ring and a = (a, 0, 0, . . . ) ∈ W (A) denotes
the Teichmüller representative of an element a ∈ A then

(3.1) a+ b = (c0(a, b), c1(a, b), . . . ).

In fact, the addition of any two Witt vectors can be expressed using these polyno-
mials since

(a0, a1, . . . ) = a0 + V (a1) + . . . ,

V is linear, and addition of Witt vectors with disjoint support is defined compo-
nentwise.

By Example 2.6 and since the degree of ci is pi and pi ≡ 1 (mod p−1) for all i, the
polynomials ci are actually elements of the free p-polar algebra P (x, y) < Z[x, y].
Hence it makes sense to define a Witt vector functor for p-polar rings as follows:

Definition. For a p-polar ring A, define its group of Witt vectors by

W (A) =
∏
i≥0

A

with the addition defined as in (3.1) and extended to all ofW (A) as in the comment
following that equation.

The truncated Witt vectors Wn(A) are defined in an analogous manner.

Just as in the classical case, there is a ghost map

w : Wn(A)→
n∏

i=0

A (0 ≤ n ≤ ∞)

given by

w(a0, a1, . . . ) = (a0, a
p
0 + pa1, a

p2

0 + pap1 + p2a2, . . . ).

If the target of w is given the structure of a product group, then w is a homomor-
phism of abelian groups.

We will make use of the following version of Dwork’s lemma for polar rings:

Lemma 3.2 (Dwork). Let A be a p-polar W (k)-algebra. Assume that there is
a polar W (k)-algebra map φ : A → A(1) such that φ(a) ≡ ap (mod p). Then a
sequence (x0, x1, . . . ) ∈

∏∞
i=0A is in the image of w iff xn ≡ φ(xn−1) (mod pn) for

all n ≥ 1.

The classical proof, e.g. as in [Hes08, Lemma 1], works almost without changes.
For the reader’s convenience, we include it here.
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Proof. As a first step, we show that ap ≡ bp (mod pn+1) if a ≡ b (mod pn). Indeed,
if b = a+ pnd then

bp = (a+ pnd)p = ap +

p∑
i=1

(
p

i

)
pniap−idi

by multilinearity and symmetry of µ. Since
(
p
1

)
= p, then pn+1 | bp − ap.

In particular, φ(a)p
n ≡ ap

n

(mod pn+1) by induction. Now, since φ is a homo-
morphism of polar rings, we have that

φ(wn−1(a)) =

n−1∑
i=0

piφ(ai)
pn−1−i

≡
n∑

i=0

piap
n−i

i = wn(a) (mod pn).

This shows that if (x0, x1, . . . ) is in the image of w then it satisfies the stated
congruence. Conversely, suppose the congruence holds. Construct ai inductively
by first choosing a0 = x0. Having constructed a0, . . . , an−1, observe that

Dn = xn −
n−1∑
i=0

piap
n−i

i ≡ 0 (mod pn).

Thus choose an such that pnan = Dn. �

Corollary 3.3. In the situation of Dwork’s lemma, the natural transformations

F :

n∏
i=0

A→
n∏

i=1

A and V :

n∏
i=1

A→
n∏

i=0

A

given by

F (x0, x1, . . . , xn) = (x1, . . . , xn) and V (x1, . . . , xn) = (0, px1, . . . , pxn)

descend to natural transformations

F : Wn(A)→Wn−1(A) and V : Wn−1(A)→Wn(A).

On Wn−1(A), V is given by V (a0, . . . , an−1) = (0, a0, . . . , an−1). On Wn(A), F
is determined by F (a) = ap and FV = p.

Denote by R = W (k)〈F, V 〉/(FV −p) the ring obtained fromW (k) by adjoining
two variables F , V such that FV = V F = p and such that commutation with
scalars is governed by

Fa = frob(a)F and V a = frob−1(a)V.

Then Wn(A) becomes an R-module and w a homomorphism of R-modules with
the above structure.

As in [Fon77] or [BC19], we define the group of unipotent co-Witt vectors as the
colimit

CWu(A) = colim(W0(A)
V−→W1(A)

V−→ · · · )
This works when A is merely a p-polar ring because Wn and V are well-defined
there, as shown above.

Define the set of co-Witt vectors as

CW (A) = {(ai) ∈ AZ≤0 | (a−r, a−r−1, . . . )
ps

= 0 for some r, s ≥ 0}.
This functor (as a functor on finite-dimensional k-algebras) is in fact a formal group
[Fon77, §II.4], i.e. ind-representable.
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To see that CW (A) has the structure of an R-module even when A is just a
p-polar ring, containing CWu(A) as a submodule, we use and adapt the arguments
of [Fon77, §II.1.5].

Define the polynomial Sn(x0, . . . , xn, y0, . . . , yn) as the nth component of the
Witt vector addition (x0, x1, . . . , xn)+(y0, y1, . . . , yn) ∈W (Z[x0, . . . , xn, y0, . . . , yn]).
Note that this polynomial is in fact an element of the free p-polar ring (cf. Ex. 2.6)
P (x1, . . . , xn, y1, . . . , yn), and hence can be evaluated on elements of p-polar rings.

Proposition 3.4. Let A be a p-polar ring and a = (ai), b = (bi) ∈ CW (A). Then
(1) For each n ≥ 0, the sequence

Sm(a−n−m, . . . , a−n, b−n−m, . . . , b−n)

is eventually constant as m→∞. Let us call the limit value S−n(a, b).
(2) S−n(a, b) ∈ CW (A).

Proof. This is proved for commutative rings in [Fon77, Prop. II.1.1].
Since a, b ∈ CW (A), there exist natural numbers r, s such that

(a−r, a−r−1, . . . , b−r, b−r−1, . . . )
ps

= 0.

Let
R = Z[xi, yi | i ≤ 0]/(x−r, x−r−1, . . . , y−r, y−r−1, . . . )

ps

.

Then by [Fon77, Prop. II.1.1], the sequence Sm(x−n−m, . . . , x−n, b−n−m, . . . , b−n)
is eventually constant as m→∞, and its limit lies in CW (R). In fact, as observed
before, it lies in CW (P ), where

P = P (xi, yi | i ≤ 0]/(x−r, x−r−1, . . . , y−r, y−r−1, . . . )
ps

< R.

Since this is the universal case for elements a, b with the chosen vanishing properties,
the claim follows from naturality. �

The R-module structure on CW (A) is thus given by the addition

a+ b = (. . . , S−2(a, b), S−1(a, b), S0(a, b)),

V a = (. . . , a2, a1), and

Fa = (. . . , ap2, a
p
1, a

p
0).

Remark 3.5. The structure of a p-polar algebra is the minimal structure needed
to define the Witt vector functor; indeed, A can be reconstructed from the abelian
groups W1(A) and W2(A) as follows. As an abelian group, A = W1(A). For
elements x1, . . . , xp ∈ A, we have:

x1 + · · ·+ xp = (x1 + · · ·+ xp, x1 · · ·xp) ∈W2(A),

and the p-polar structure can be extracted from the second coordinate.

Example 3.6 (Witt vectors of free p-polar algebras). The ring W (Fp[x]) is de-
scribed in [Bor16, Exercise 1(10)]. It is a subring of the p-completed monoid ring
Zp[N[ 1

p ]]p̂ = W (Fp[N[ 1
p ]]) consisting of those series

∑
a n

pi
[ n
pi ] such that pi | a n

pi
.

The group W (P (x)) of the free p-polar algebra on one generator is the subgroup of
power series where a n

pi
= 0 unless n ≡ 1 (mod p− 1).



AFFINE AND FORMAL ABELIAN GROUP SCHEMES ON p-POLAR RINGS 9

4. The Dieudonné correspondence and proof of the main theorems

Continue to let k be a perfect field of characteristic p.

Definition 4.1. Denote by Dmodk the category of Dieudonné modules over k.
These are R-modules, i.e. W (k)-modules with homomorphisms

V : M →M and F : M →M

such that FV = V F = p, Fa = frob(a)F and aV = V frob(a) for a ∈W (k).

Denote by Dmodp
k the full subcategory of p-adic Dieudonné modules. These are

modules M such that for all x ∈ M , the W (k)-submodule spanned by V i(x), for
all i, is of finite length.

Dually, let DmodF
k be the full subcategory of F -profinite Dieudonné modules,

i. e. modulesM that are profinite asW (k)-modules and have a fundamental system
of neighborhoods consisting of W (k)-modules closed under F .

The following theorem follows from classical Dieudonné theory (cf. [BC19, Sec-
tion 6], [DG70]):

Theorem 4.2. There are equivalences of abelian categories

D : (AbSchp
k)op → Dmodp

k

and
Df : Fgpspk → DmodF

k

These functors are given by

D(G) = colim
n

HomAbSchk
(G,Wn)⊕

(
Gr(OG ⊗k k̄)⊗W (k̄)

)Γ

and
Df(G) = HomFgpsk(G,CW )

The statement in [BC19] actually contains an error for the formula for the second
summand of D(G), and we take the opportunity to rectify it here.

Proof. The proof given in [BC19] is correct with the exception of the multiplicative
part (the second summand) of D(G), i.e. D(G) for G of multiplicative type. Here,
an abelian affine group scheme G is said to be of multiplicative type if the formal
scheme underlying its dual formal group is pro-étale.

Let
D′(G) = I(Df(G∗)),

whereG∗ denotes the formal group Cartier dual toG, and I = HomW (k)(−, CW (k))
denotes Matlis (or Pontryagin) duality betweenW (k)-modules and pro-(finite length)
W (k)-modules. Since both dualities are anti-equivalences of categories and Df is
an equivalence, so is D′. It remains to show that D′(G) = D(G).

For this, recall (e.g. from [Fon77, §I.7]) that the category of affine groups of
multiplicative type over k is equivalent with the category ModΓ of abelian groups
with a discrete action of the absolute Galois group Γ via the functor G 7→ Gr(OG⊗k

k̄), where Gr denotes the grouplike elements of a Hopf algebra.
Write CW = colimk<k′<k̄ CW (k′) and W = colimk<k′<k̄W (k′), where k′ runs

through all finite field extensions of k contained in some algebraic closure k̄. Then
in terms of these Γ-modules, the functors D and D′ are given, respectively, by

D(M) = (M ⊗W )Γ
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and
D′(M) = I(HomΓ(M,CW )) = I(HomΓ

W
(M ⊗W,CW ))

By Galois descent (cf. [Fon77, §III.2]), the category of W -modules with semilinear
Γ-actions is equivalent to the category of W (k)-modules by taking Γ-fixed points,
and hence the last expression equals

I(HomW (k)((M ⊗W )Γ, CW (k)) = (M ⊗W )Γ.

�

Proof of Thm. 1.3. We first consider the formal case. For a formal scheme S repre-
sented by a profinite algebra A (in particular, for algebras of finite dimension over
k), we have that

Df(Fr(A)) = HomFgpsk(Fr(A), CW ) = HomFSchk
(Spf (A) , CW ) = CW (A).

Here FSchk, the category of formal schemes over k, is dual to the category of
profinite k-algebras.

For the affine case of Thm. 1.3, we first describe the free p-adic affine group
functor. Recall that an affine group G is p-adic iff G ∼= Gp̂ = limnG/p

n as affine
group schemes. Evidently, the inclusion of p-adic groups into all groups has the
p-completion G 7→ Gp̂ as a left adjoint, and the free p-adic group functor is just the
free abelian group functor followed by p-completion.

In more explicit terms, any G ∈ AbSchk splits naturally as G ∼= Gm×Gu, where
Gm is a group of multiplicative type, and Gu is unipotent. Unipotent groups are
automatically p-adic (their Dieudonné modules are those where V acts nilpotently
on every element), and the free unipotent group on an affine scheme SpecA is
represented by the cofree cocommutative unipotent Hopf algebra on A, which is the
Hopf algebra of symmetric tensors

⊕
n≥0(A⊗kn)Σn (cf. [BC19, Proof of Thm. 1.3]).

A group of multiplicative type is p-adic if it is isomorphic to Spec k̄[M ] for a p-
torsion group M after base change to an algebraic closure k̄ of k. In the case where
k ∼= k̄, the free multiplicative p-adic group on SpecA is represented by k[p(A×)],
where pA

× denotes the p-torsion part of the group of units of A, and in the general
case, it is represented by the Galois invariants (cf. [BC19, Proof of Thm. 1.3])

k̄[p(A⊗ k̄)×]Gal(k).

Now for a affine scheme S represented by an algebra A, we have that

D(Fr(A)) = colim HomAbSchk
(Fr(A),Wn)⊕

(
p(A⊗k k̄)× ⊗W (k̄)

)Γ

= colimWn(A)⊕
(
p(A⊗k k̄)× ⊗W (k̄)

)Γ

,

completing the proof of the affine case. �

Since the Dieudonné functor does not give an equivalence between all formal
groups and Dieudonné modules, the proof of Thm. 1.2 is not yet complete in the
formal case. Formal groups G ∈ Fgpsk split naturally, in a dual fashion to affine
groups, as G ∼= Ge × Gc into an étale and a connected part. In fact, Cartier
duality G 7→ G∗ between formal groups and affine groups carries this splitting to
the splitting of affine groups discussed above:

(Ge)∗ ∼= (G∗)m and (Gc)∗ ∼= (G∗)u.

We denote the étale part of Fr(R) by Fre(R) and the connected part by Frc(R).
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Let us describe the Fre(R) more concretely, for a finite-dimensional k-algebra
R. The category of étale formal groups is equivalent to the category ModΓ of
abelian groups with a discrete action of the absolute Galois group Γ = Gal(k) (cf.
[Fon77, §I.7], [BC19, Thm. 1.6]); this equivalence is simply given by the functor
G 7→ colimk<k′<k̄G(k′), where k′ runs through the finite extensions of k, and the
inverse functor is given by M 7→ Spf

(
mapΓ(M, k̄)

)
.

Lemma 4.3. Let R be a finite-dimensional k-algebra. Then the Γ-module associ-
ated with Fre(R) is

Z〈HomAlgk
(R, k̄)〉

Proof. Let G be an étale formal group with corresponding Γ-module M . We have:

HomFgpsk(Fre(R), G) = HomFSchk
(SpecR,G)

= HomFSchk
(SpecRe, G) = HomPro−Algk

(mapΓ(M, k̄), Re),

where Re denotes the maximal étale subalgebra of R, isomorphic to R/Nil(R).
By Galois descent (or rather, ascent), this is isomorphic to the group

colim
j

HomAlgk̄,Γ
(map(M j , k̄), Re ⊗k k̄),

of Γ-semilinear homomorphisms, whereM j runs through the finite Γ-invariant sub-
sets ofM ; they exhaustM because the Γ-action onM is discrete. Now Re⊗k k̄ is iso-
morphic to a finite product of copies of k̄, indeed Re⊗k k̄ ∼= map(HomAlgk

(R, k̄), k̄).
Since HomAlgk̄

(map(X, k̄), k̄) = X for finite sets X, this is isomorphic to

mapΓ(HomAlgk
(R, k̄),M) = HomΓ(Z〈HomAlgk

(R, k̄)〉,M),

where Γ acts on k̄ on the source. �

Lemma 4.4. Let k be algebraically closed and let A be a finite, reduced p-polar
k-algebra, i.e. one such that for x 6= 0, we have that xp

N 6= 0 for all N ≥ 0. Then
A is isomorphic to a finite product of polarizations of k.

Proof. Suppose A has a unity in the sense of Remark 2.4, i.e. an element u ∈ A
such that up−1a = a for all a ∈ A. Then, by the quoted remark, A = pol(Ã), where
Ã is the algebra structure on A given by x ·y = µ(u, . . . , u, x, y). Since Ã is reduced
and finite, it is a product of finitely many copies of k.

For the general case, I claim that A has an element x such that xp = x. Indeed,
given any nonzero element y ∈ A, the powers y, yp, yp

2

, . . . cannot all be linearly
independent by the finiteness of A, and they are all nonzero by reducedness, so
yp

j

=
∑pj

i=0 αiy
pi

for some αi ∈ k, not all zero. Let β be a nonzero root of the
polynomial

p(x) =

j−1∑
i=0

αpj−i−1

i xp
j−i

− x

and

x =

j−1∑
k=0

( k∑
i=0

αpk−i

k βpk+1−i
)
yp

k

.

Then it is straightforward to verify that xp = x.
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Now consider the map f : A → A given by y 7→ xp−1y. Since xp = x, this map
is idempotent and a p-polar k-algebra endomorphism. Thus

A ∼= ker(f)× im(f)

as p-polar algebras. Note that im(f) is a nontrivial p-polar algebra with unity x,
so by the previous case, it is a product of copies of k. The p-polar algebra ker(f)
has smaller dimension over k, so we are done by induction. �

Lemma 4.5. The functor algk → ModΓ given by A 7→ Z〈Homalgk
(A, k̄) factors

through polp(k).

Proof. Let E be the full subcategory of polp(k̄) of reduced p-polar algebras. There
is a functor polp(k̄)→ E given by A 7→ A/Nil(A). By Lemma 4.4, all objects of E
are isomorphic to k̄n for some n ≥ 0. Consider the set

Hompolp(k̄)(k̄
n, k̄).

One easily verifies that a linear map k̄n → k̄ represented by a row vector (a1, . . . , ap)
is a homomorphism of p-polar algebras iff it is zero or exactly one ai is nonzero,
and furthermore ai ∈ Fp. We now construct a functor to abelian groups,

Φ: E → Ab

by defining Φ(k̄n) = Zn and for a morphism k̄n → k̄m represented by a matrix
M , Φ(M) is the matrix M with every nonzero entry replaced by 1. Because of the
special form of M , this is indeed a well-defined functor. Moreover, it carries the
Γ-action on A⊗k k̄ to an action by permutation matrices on Φ(A⊗k k̄). We have
that Φ(polp(R)) ∼= Z〈HomAlgk

(R, k)〉 for reduced R over algebraically closed k.
Now define

F : polp(k)→ Ab

by F(A) = Φ
(

(A⊗k k̄)/Nil(A⊗k k̄)
)
. By the above, this is the desired extension.

�

Proof of the formal case of Thm. 1.2. The Hopf algebra H representing G∗ for a
formal p-group G satisfies H ∼= colimnH[pn], the Hopf colimit of the Hopf kernels of
the multiplication-by-pn map [pn]. Unipotent Hopf algebras (and hence connected
formal groups) are automatically p-adic, and the Dieudonné functor restricts to an
equivalence between unipotent Hopf algebras and V -nilpotent Dieudonné modules.
This shows that the required factorization exists for the connected part:

Algk Fgpsk

Polp(k)

Frc

pol
F̃r

c

The factorization of the étale part is Lemma 4.5. �
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