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Abstract

In this paper, we exhibit an infinite loop space structure on the nerve of certain spin bordism
2-categories and compare it with the classifying space of suitably stabilized spin mapping class
groups. We show that the stable spin mapping class group has the homology of an infinite loop
space. In order to do this, we adapt Harer’s homology stabilization results for spin mapping
class groups to a setting compatible with the methods Tillmann used to prove that the classifying
space of (non-spin) mapping class groups has the homology of an infinite loop space.

Wealso study a variant of the spin mapping class groups, due to Masbaum, and show that its
homology also stabilizes as the genus tends to infinity.

1. Introduction

Let F be a connected, compact, oriented surface of genusg with n boundary circles. The mapping
class group�(F) = �g,n is defined to be the group of isotopy classes of orientation-preserving
self-diffeomorphisms ofF , fixing the boundary pointwise.

A spin structures on F is by definition a choice of a square root of the tangent complex line
bundle ofF . This can be given by either

(a) a homomorphismσ : π1(SF) −→ Z/2 which is non-zero on the fibres of the tangent sphere
bundleSF of F , or

(b) a quadratic formQ on H1(F; Z/2) whose associated bilinear form is the skew symmetric
intersection form ofF [1,9].

DEFINITION For a spin surface(F, s), the spin mapping class groupGs(F) < �(F) is the
subgroup of all mapping classesf : F −→ F such thatf ∗s = s.

In [7], Harer studied the groupsGs(F) and showed that the inclusion of stabilizers of certain arc
systems on a spin surface into the full group induces a homology isomorphism in degrees which are
less than approximately one-third of the genus ofF .

The aim of this paper is to carry over the following result of Ulrike Tillmann [17] to the world of
spin surfaces and spin mapping class groups.
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THEOREM 1 (Tillmann) Let �∞ be the direct limit of the groups�g,1 formed by iterated
attachment of a torus with two boundary components. ThenZ × B�+∞ (and hence also B�+∞)

is an infinite loop space, where(−)+ denotes Quillen’s plus-construction.

In exciting new work [11], Madsen and Weiss are able to identify the homotopy type of this
infinite loop space as�∞CP∞−1, the 0-space of the Thom spectrum of the negative of the universal
bundle overCP∞.

To prove Theorem 1, Tillmann constructs a 2-category whose objects are compact closed
1-manifolds, whose morphisms are bordisms, and whose 2-morphisms are mapping classes between
diffeomorphic surfaces. She then compares the nerve of this category withZ × B�+∞.

In section 5, a bordism 2-categoryS of spin surfaces and spin mapping class groups similar to the
ones of [16–18] is constructed and studied. The following theorem allows us to define a stabilized
spin mapping class groupG∞ by iterated attachment of spin surfaces, and shows that the choice of
spin structure becomes immaterial when passing to the limit.

THEOREM 2 Let (F1, s1) and(F2, s2) be two spin surfaces with a common set of boundaries S on
which the two spin structures agree. Let F denote the union F1 ∪S F2, and lets be a spin structure
on F which restricts tosi on Fi (such ans always exists but need not be unique). Then the inclusion
F1 ↪→ F induces an isomorphism Hk(Gs1(F1)) ∼= Hk(Gs(F)) as long asgenus(F1) � 4k + 7.

(This formulation follows from the slightly stronger Theorem 10 and Corollary 11 in section 3.)
Tillmann’s proof of Theorem 1, using the methods of categorical group completion of [14,17],

now carries over to the spin setting.

MAIN THEOREM There is a homology equivalence

Z × Z/2 × BG∞ −→ �(NS),

where�(NS) is the loops on the nerve of the spin bordism categoryS. In particular, the homology
localization LH BG∞ of BG∞ is an infinite loop space.

Theorem 2 is proved in section 3. The proof is built upon Harer’s stabilization results for
inclusions of stabilizers of certain arc systems in surfaces; the translation of this setting to the
current context requires some care and is done in section 2.

In [12], Masbaum considers a different but related kind of spin mapping class groups ofclosed
surfaces. In geometric terms, they can be defined as follows. LetF be any spin surface. An
(ordinary) spin diffeomorphism ofF can then be regarded as an endomorphism ofF in a 2+ 1-
bordism category of spin manifolds, namely its mapping cylinder. Composition in the category
corresponds to the group multiplication. It is possible to extend the spin structure to this 3-manifold,
but not uniquely; there are always two choices. A spin mapping class in the sense of Masbaum
is defined to be an element of the ordinary spin mapping class group together with a choice of
extension of the spin structure to the cylinder; these can certainly be composed and therefore yield a
group which is a (non-trivial) extensioñGs of Gs(F) by Z/2. In this formulation, it is not entirely
clear how this definition could extend to surfaces with boundaries, but in [12], Masbaum gives an
equivalent definition which does generalize.

In section 4, we show that the homology of Masbaum’s groups also stabilizes when the genus
tends to infinity.
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THEOREM 3 With the same notation as in Theorem2, the inclusion F1 ↪→ F induces an
isomorphism Hk(G̃s1(F1)) ∼= Hk(G̃s(F)) for genus(F1) � 2k2 + 6k − 2 in the case where F2
has a boundary component that is not involved in gluing, and forgenus(F1) � 2k2 + 6k + 3
otherwise.

An immediate corollary of this stabilization result is the analogue of the main theorem in
Masbaum’s setting (Corollary 15).

It would be most interesting to identify the occurring infinite loop spaces with zero-spaces
of some Thom spectra, analogous to the unspun identification ofZ × B�+∞ with �∞CP∞−1 in
[11]. In fact, there is a map of infinite loop spacesα∞: Z × Z/2 × L H BG∞ −→ �∞(CP∞)−L2

,
where L is the tautological line bundle overCP∞, and L2 denotes the tensor square ofL. In
the somewhat speculative section 6, we define this map and give some evidence that it might be a
homotopy equivalence.

This paper was part of my Oxford M.Sc. thesis [2] and my Bonn Diplomarbeit [3]. I hesitated for
a fewyears to make this more publicly available, but in light of recent results of Madsen and Weiss
and the question posed above it may now be of more interest.

2. Surfaces and mapping class groups

Harer’s approach to studying the stabilization of the homology of spin mapping class groups is not
to consider gluing operations but inclusions of arc systems and their stabilizers. The goal of this
slightly technical section is to prove that these two notions are in a certain sense equivalent.

DEFINITION [7] A simple arcin a surfaceF is an immersed interval with endpoints which is an
embedding away from the endpoints. Anarc systemon a surfaceF is a finite collection of such
simple arcs{γi } in F such that

(1) two arcs intersect at most in their endpoints;

(2) all endpoints lie in∂F ;

(3) in every component of∂F , there is at most one intersection point with the whole arc system;

(4) no arc is trivial, that is, homotopic to a point by a homotopy fixing the endpoints, and no two
arcs are isotopic to each other.

PROPOSITION 4 Let F1, F2 be two surfaces with a common set of boundaries S, and let F denote
the union F1 ∪S F2. Assume that every component of F2 contains a component of∂F. Then there
exists an arc system{γ j } ⊆ F and a commutative diagram

�(F1)
∼ ��

����
��

��
��

�
Stab�(F){γ j }

������������

�(F)

where the diagonal arrows are the obvious inclusions.
Moreover, if F1 = F11 ∪S1 F12 is a further decomposition as above, and{δ j } is the arc system
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associated to F11 ↪→ F, then{γ j } can be chosen to be a sub-arc system of{δ j }, making

�(F11)

��

∼ �� Stab�(F){δ j }

��
�(F1)

∼ �� Stab�(F){γ j }
commute.

This means that on the level of mapping class groups, the inclusion of a surface into a bigger one
can always be realized by the inclusion of the stabilizer of a suitable arc system into the full group.

Consider maps of the following kind between surfaces.

DEFINITION Let F , F ′ be surfaces,f : F −→ F ′. Call f a weak embeddingif the restriction to
the interior ofF is an embedding. Anisotopyof weak embeddings is a mapf : I × F −→ F ′ where
each ft is a weak embedding.

For any subsetX ⊆ F , therelative mapping class groupis �(F; X) = π0 Diff +(F; X ∪ ∂F).

REMARK WhenX is a neighbourhood retract of some open neighbourhoodV ⊇ X, let (F − X) ˇ
denote the ‘closure’F − V . If this is again a surface then we have:�(F − X) ˇ ∼= �(F; X).

LEMMA 5 A weak embedding f: F −→ F ′ induces a map

f∗ : �(F) −→ �(F ′)

making� a functor from the category of surfaces and isotopy classes of weak embeddings into the
category of groups.

The proof is straightforward.

DEFINITION Let X ⊆ F be a subset of a surfaceF . Define Stab�(F) X < �(F) to be the
components of Diff+(F; ∂F) that intersect StabDiff +(F;∂F) X non-trivially:

Stab�(F) X = Diff +
0 (F; ∂F) · StabDiff +(F;∂F) X

Diff +
0 (F; ∂F)

.

Here, Diff+0 is the component of the identity in Diff+.

The groups Stab�(F) X and�(F; X) are in general distinct, but there is a canonical surjection

�(F; X) � Stab�(F) X. (6)

We will now establish a link between stabilizers of certain sets and mapping class groups of
weakly embedded surfaces. Let us first restrict tosurjectiveweak embeddings.

LEMMA 7 If f : F � F ′ is a surjective weak embedding then

f∗ : �(F) −→ Stab�(F ′) f (∂F)

is also surjective.
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Proof. Wehave an isomorphism

Diff +(F ′, ∂F ′ ∪ f (∂F)) ∼= Diff +((F ′ − f (∂F)) ˇ , ∂)

∼=
f surj

Diff +((F − ∂F) ˇ , ∂) = Diff +(F).

In the same way, we get an isomorphism between the 1-components. So we get

�(F) ∼= �(F ′, f (∂F)) � Stab�(F ′) f (∂F) (by (6))

It is now natural to ask under which conditions an embeddingf : F ↪→ F ′ induces an inclusion
of the mapping class groups.

The inclusion of an annulus into a disc certainly cannot induce an inclusion of mapping class
groups since the mapping class group of the latter is trivial whereas the one of the former is not.
This is in a certain sense the only counterexample.

PROPOSITION 8 Let F1, F2 be two surfaces, F = F1 ∪α F2 for some diffeomorphism
α : ∂inF1 −→ ∂inF2, where∅ �= ∂inFi ⊆ ∂Fi is a subset of boundary components. Let∂outFi =
∂F − ∂inFi . Denote by fi the inclusion of Fi into F. Assume furthermore that

(a) F is connected, and

(b) each component of F2 contains at least one component of∂outF2 (hence we exclude the above
example).

Then f1∗ : �(F1) −→ �(F) is injective.

Proof. By induction on the components and a decomposition ofF2, wecan assume thatF2 is a pair
of pants such that∂inF2 has either one or two components.

In the first case, when sewing along one component, the statement is trivial: ifg: F −→ F1
is the map which identifies one of the two remaining boundary components ofP to a point, then
g ◦ f1  idF1, showing thatf1∗ is injective.

The second case is slightly more difficult. Proposition 9 below shows that we can isotopf1 into a
surjective weak embeddingg1 such thatA := g1(∂F1) − ∂F is a single arc, indeed we can assume
aclosed curve, and we know that�(F1) = �(F; A).

Now consider the fibration

Diff +(F; A) ↪→ Diff +(F) � Diff +(F)

Diff +(F; A)
.

Let I(F) be the space of all embeddings of circles with a fixed endpointp (we takep = A ∩ ∂F ′).
Let a: (S1, ∗) ↪→ (F, p) be a basepoint for this space with im(a) = A. Consider the map

Diff +(F) → I(F)

φ �→ φ ◦ a.

The kernel of this map is Diff+(F; A). Therefore, we have an embedding

Diff +(F)

Diff +(F; A)
↪→ I(F).
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This embedding is extremely well behaved in the sense that if a point ofI(F) is in the image then
the whole component is. To see this, take two embeddings in the same component—without loss
of generalitya and another one,a′. Then they are linked by a path inI(F), that is, an isotopy of
embeddings. Any such isotopy can be extended to the ambient surface (cf. [5, Theorem 4.1]), so the
preimage ofa′ we are looking for comes with a path in Diff+(F) connecting it with idF .

This tells us thatπ1

(
Diff +(F)

Diff +(F; A)

)
= π1(I(F)), and it is known (for example, [6]) that the

latter group is trivial.
Hence the last bit of the exact fibre sequence looks like

. . . �� π1(I(F)) �� π0(Diff +(F; A)) �� π0(Diff +(F)) �� . . .

1 �(F, A) �(F).

Therefore the map
�(F1) ∼= �(F; A) −→ Stab�(F)(A) ⊆ �(F)

is injective.

The following result links the notion of stabilizers with mapping classes of subsurfaces and shows
that we did not treat too special a case in Lemma 7.

PROPOSITION 9 Assume a situation as in Proposition8. Then f1 is isotopic to asurjectiveweak
embedding g1: F1 � F, and the following diagram commutes, where A1 = g1(∂F1) − ∂F.

�(F1)
g1∗ ��

f1∗ ����
��

��
��

�
Stab�(F) A1

incl.������������

�(F)

Moreover, if F1 = F11 ∪S1 F12 is decomposed in the same fashion, and f11 denotes the inclusion
F11 ↪→ F, then the associated surjective weak embeddings g1, g11 can be chosen such that
A1 ⊆ A11 = g11(∂F11) − ∂F and

�(F11) ��

��

Stab�(F) A11

��
�(F1) �� Stab�(F) A1

commutes.

Proof. As in Proposition 8, we can assume thatF2 is a pair of pants because we can decomposeF2
in such.

We construct a flow(φt )0�t�1 on F2 such thatφ0(x) = x and∂outF2 ⊆ φ1(∂inF2). This flow
induces an isotopy between the inclusionf1: F1 ↪→ F and a surjective map in the following way.
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(a) glued along one component (b) glued along two components

Fig. 1 The flowφ on a pair of pants

Let
∐k

j =1 S1 × I ↪→ F1 be a collar around∂inF1. Extend the flowφ on F2 to this collar by
defining on each component of the collar:

I × S1 × I −→ F

(t, (θ, s)) �→
{

φs+t−1(θ) if s + t > 1,

(θ, s + t) if s + t � 1.

Extend it by the identity further on the whole ofF .
The flow on a pair of pants is shown in Fig. 1, where thick lines in these pictures denote the image

of the inner boundary ofF1 at the end.
The resulting isotopy agrees withf1: F1 ↪→ F at t = 0 and withg1: F1 � F at t = 1. Therefore

f1∗ = g1∗ and the commutativity of the first diagram is shown. For the second diagram, note that
since∂outF2 ⊆ g1(∂inF1), this procedure guarantees thatA1 ⊆ A11, and the commutativity is
immediate.

The set of pictures in Fig. 2 illustrates the above procedure. They show the surfaceF2, composed
of three pairs of pants, and the image of the inner boundary ofF1 at each step (thick lines).

SUPPLEMENT The construction in Proposition9 reveals that the set A1 is a connected graph on
F which contains every outer boundary component of F2. If φ is a diffeomorphism that fixes A1
pointwise then we can find a small neighbourhood U1 of A1 in F such thatφ can be deformed
isotopically into a diffeomorphismφ′ which fixes all of U1 pointwise. Having done this, we can
deform A1 into an arc system{γ j } with endpoints in∂F2, and this deformation can be chosen to be
the identity outside U1. Then we have

(1) Stab�(F) A1 = Stab�(F){γ j },
(2) everyγ j is a simple arc with endpoints in∂F2,

(3) F − {γ j } is still connected.

This deformation may be constructed as follows. Choose a spanning forestF for the graphA1
with rootsr j in ∂outF2. SinceF is homotopy equivalent to the discrete set{r j }, we may choose a
homotopyF × I → F from the identity to the projection to the roots. If we choose this homotopy
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(a) Step 1 (b) Step 2

(c) Step 3 (d) Step 4

Fig. 2 Four steps in the construction of the flowφ

such that it is a diffeomorphism for every(a, t), t < 1, we can extend it to a homotopy ofF
that leavesF − U1 fixed for any chosen open neighbourhoodU1 of A1 at all times, and is a
diffeomorphism fort < 1.

Lemma 7, Proposition 8 and Proposition 9 together imply Proposition 4.

3. Homology stabilization for spin mapping class groups

Let F be an oriented surface (with boundary or without). As noted in the Introduction, Atiyah [1]
and Johnson [9] showed that spin structuress on F correspond bijectively to quadratic formsQ on
H1(F; Z/2) satisfying

Q(x + y) = Q(x) + Q(y) + 〈x, y〉,
where〈·, ·〉 is the intersection form onH1(F; Z/2).

REMARK Wedo not require thatF is closed. Indeed,Q can take arbitrary values on the homology
classes of the boundary components, subject only to the necessary condition thatQ(∂1+· · ·+∂r ) =
0 if {∂i } are allr boundary components ofF (since∂1 + · · · + ∂r ∼ 0).

Wecan now reformulate Harer’s stabilization theorem in the following way.

THEOREM 10 If (F1, s1) is a connected embedded sub-spin-surface of the connected spin surface

(F, s) such that every component of F− ◦
F1 contains at least one boundary component of F, then

the inclusion f1: (F1, s1) ↪→ (F, s) induces an isomorphism

f∗ : Hk(Gs1(F1))
∼−→ Hk(Gs(F)) for genus(F1) � 4k + 2.

Proof. In [7, Theorem 3.1], Harer showed that if we have an arc systemγ in a surfaceF with
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a1
a'1

a
2

a'
2

b

=a1

=a2

a :=    +a1 a2

Fig. 3 Attaching a spin pair of pants

exactly one boundary component and we add another loop to obtain a systemγ ′ then the inclusion
StabGs(F) γ ′ ↪→ StabGs(F) γ gives an isomorphism

i : Hk(StabGs(F) γ ′) ∼−→ Hk(StabGs(F) γ )

for genus(F − γ ) � 4k + 2. So, ifγ ′ − γ contains more than one arc, we can apply this theorem
repeatedly and we get as a sufficient condition for the induced map being an isomorphism in thekth
homology: genus(F − γ ′) � 4k + 2.

Let F have genusg and r boundary components. ThenF can be included into the surface
F = Fg+r −1,1 of genusg+r −1 and with only one boundary component by repeated attachment of
apair of pants to a pair of boundary components ofF . Wecan giveF aspin structure such that this
inclusion is an embedding of spin surfaces. To see this, represents by a quadratic formQ and take
two boundary componentsb1F andb2F of F with Q(bi F) = ai . When attaching a pair of pants,
we have to define two newQ-values in a compatible way: theQ-valuea of the new boundarybF
has to bea1 + a2 (mod 2) becauseb1 is homologous tob + b2, and theQ-value of the created new
longitudeβ that transversesb1F andb2F can be chosen arbitrarily (Fig. 3).

By Proposition 4, there are arc systemsγ ⊆ γ1 such that�(F1)
∼−→ Stab�(F) γ1 and

�(F)
∼−→ Stab�(F) γ . Of course, these isomorphisms still hold if we intersect everything with the

stabilizer of the quadratic form. Thus we have a commutative diagram

Gs1(F1)
∼ ��

f

��

StabGs(F) γ1

incl.
��

Gs(F)
∼ �� StabGs(F) γ

which yields the stability of thekth homology for genus(F − γ ) = genus(F1) � 4k + 2.

Harer also showed in [7] that the attachment of a disc to a surface with exactly one boundary
induces an isomorphism inHk for g � 4k + 7. This is also true for surfaces with initially more than
one boundary component.

COROLLARY 11 Let (F, s) be a connected spin surface with associated quadratic form Q,∂ any
boundary component of F with Q(∂) = 0, and D a2-disc. Then the attachment of D to F along∂
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F
1

D

F

= F – F

Fig. 4 Attaching a disc to a spin surface

induces a homomorphism of spin mapping class groups and an isomorphism in their kth homology
if genus(F) � 4k + 7.

Proof. The proof for one boundary component was done in [7]. So letF have at least two boundary
components,F be the surface with a cap attached to one of the boundary components, andF1 be a
subsurface ofF with only one boundary component but of the same genus (Fig. 4).

Then the inclusions are compatible:

F1 ��

���
��

��
��

� F

i
��

F

where i is the map induced by attachment of the disc. Theorem 10 applies to the other two
inclusions, and so,i∗ : Hk(G(F)) −→ Hk(G(F)) is an isomorphism for genus� 4k + 2. This
result, although better than that stated above, is of course only true in the case whereF is not
closed.

4. Masbaum’s extended spin mapping class groups

Recall Masbaum’s construction [12] of his extended spin mapping class groups. A spin structure on
an oriented surfaceF can be represented by a homomorphism

σ : π1(SF) −→ Z/2

which does not vanish on the fibres of the tangent sphere bundleSF of F . Let �1(F) be the group
of all mapping classes ofF that keep a chosen tangent direction(p0, v0) fixed. If F has a boundary
or genus at least 2, then Diff+(F) is homotopy discrete [4], hence there is a short exact sequence

1 −→ π1(SF)
−→ �1(F) −→ �(F) −→ 1,

where the map can be described geometrically as follows (cf. [3]).
Given a differentiable simple closed curvec in SF with T c(0) = T c(1) = (p0, v0), which

represents a homotopy classα ∈ π1(SF). Let c+, c− be boundary curves of a cylindrical
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neighbourhood ofc in F , wherec+ is ‘on the right’ of c, defined by means of the orientation
of F . Then(α) is defined to be Twc− ◦ Tw−1

c+ , the product of the Dehn twists. Any homotopy
class inπ1(SF) can be represented as a product of suchα, and so is defined by multiplicativity.
It is not hard to see that this map is well defined and fits into the sequence above.

Now considerKσ =def (kerσ) < �1. Although Kσ � im  � �1, Kσ is not normal in�1;
instead the following holds.

LEMMA 12 [12] Letγ ∈ �1 andσ be a spin structure as above. Then

γ −1Kσ γ = Kγ ∗σ .

Hence N(Kσ ), the normalizer inside�1, equals

G1
σ =def

{
f ∈ �1

∣∣∣ f ∗σ = σ
}

.

DEFINITION Masbaum’s spin mapping class group of(F, s), where s is defined by a
homomorphismσ : π1(SF) −→ Z/2, is

G̃s(F) = G1
σ /Kσ .

Note that one does not needF to be closed, but ifF is closed then its genus must be at least 2.

REMARK In this definition ofG̃s(F), the group seems to depend on the particular choice of a
base point. Change of base points along a pathc certainly induces an isomorphism, but moreover,
this isomorphism is independent ofc: take a closed curvec ∈ π1(SF, (p0, v0)); without loss of
generality we may assume it is embedded. The map induced by changing the basepoint alongc is
conjugation with(c). But this map becomes trivial iñGs(F). This is clear ifσ(c) = 0 since
then(c) ∈ Kσ . But if σ(c) = 1 then[K : Kσ ] = 2 implies thatG1

σ also conjugates the other
componentK ′ = K − Kσ into itself. Hence(c)γ(c)−1γ −1 ∈ K ′γ K ′γ −1 = (K ′)2 = Kσ .

The definition of the (ordinary) spin mapping class groups can be extended to thespin mapping
class groupoid, whose objects are all oriented compact spin surfaces with a parametrization of the
boundary, and whose morphisms(F, s) → (F ′, s′) are the isotopy classes of diffeomorphisms that
pull the parametrization of∂F ′ back to the parametrization of∂F , ands′ to s. We will denote this
set byGs,s′(F, F ′). It has a free and transitive rightGs(F) and leftGs′(F ′) action.

For Masbaum’s groups, this generalization is not quite as immediate. Assume thatF , F ′ are two
oriented surfaces with fixed tangent directions(p0, v0) and(p′

0, v
′
0). The set�1(F, F ′) of isotopy

classes of diffeomorphisms that map(p0, v0) to (p′
0, v

′
0) has similar actions of�1(F) and�1(F ′).

If the genus ofF is at least 2, orF has a boundary, then there is a short exact sequence

1 −→ π1(SF ′) −→ �1(F, F ′) −→ �(F, F ′) −→ 1

in the sense that the groupπ1(SF ′) acts freely on the middle term with quotient�(F, F ′).

DEFINITION Let (F, s), (F ′, s′) be spin surfaces as above. Define

G̃s,s′(F, F ′) = { f ∈ �1 | f ∗σ ′ = σ }/(kerσ ′),

where kerσ ′ acts by. It is clear that this defines a groupoid̃G of extended spin mapping classes.
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To prove Theorem 3, letF1, F2 be surfaces with a common set of boundariesS, F = F1 ∪S F2,
and lets be a spin structure onF which restricts tosi on Fi . Let σ , σ1 andσ2 be the representing
homomorphisms. SupposeSF has a base point which actually lies in the interior ofSF1. The
inclusionF1 ↪→ F induces a map of short exact sequences.

1 �� π1(SF1) ��

��

�1(F1)
��

��

�(F1) ��

��

1

1 �� π1(SF) �� �1(F) �� �(F) �� 1

Since the spin structure onF restricts to the one onF1,

Kσ1
��

��

G1
σ1

(F1)

��

�� Gs1(F1)

��
Kσ

�� G1
σ (F) �� Gs(F)

commutes, and we have a morphism of short exact sequences:

1 �� Z/2 �� G̃s1(F1)

β

��

�� Gs1(F1)

γ

��

�� 1

1 �� Z/2 �� G̃s(F) �� Gs(F) �� 1.

(13)

Proof of Theorem3. Let g be the genus ofF1. Naturality of the Hochschild–Serre spectral sequence
for (13) gives us a morphismγ∗ of spectral sequences

E2∗,∗ = H∗(Gs1(F1); H∗(Z/2)) �⇒ H∗(G̃s1(F1))

and
E′2∗,∗ = H∗(Gs(F); H∗(Z/2)) �⇒ H∗(G̃s(F)).

Let l = 2 if F2 has a boundary component which stays boundary inF , andl = 7 otherwise. Then
γ is an isomorphism forg � 4s + l by Theorems 10 and 2. We will now show by induction that

• γ r
s,t is an isomorphism forg � 4s + 2r (r − 1) + l − 4.

The choice ofl guarantees the validity forr = 2. Consider the following diagram.

0 �� ker(dr
s,t )

γ r
s,t

��

�� Er
s,t

γ r
s,t

��

d �� im(d) ⊆ Er
s+r,t−r +1

��

γ r
s+r,t−r +1

��

0

0 �� ker(d′r
s,t )

�� E′r
s,t

d′
�� im(d′) ⊆ E′r

s+r,t−r +1
�� 0

The vertical arrows are isomorphisms if

γ r
s,t : Er

s,t −→ E′r
s,t and γ r

s+r,t−r +1: Er
s+r,t−r +1 −→ E′r

s+r,t−r +1
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are isomorphisms. Nowγ r +1 fits into the sequence

0 �� ker(dr
s,t )

γ r

��

�� im(dr
s+r,t−r +1)

γ r

��

�� Er +1
s,t

γ r +1

��

�� 0

0 �� ker(d′r
s,t )

�� im(d′r
s+r,t−r +1)

�� E′r +1
s,t

�� 0.

So, by induction, it is isomorphic if

1. g � 4s + 4r (r − 1) + l − 4, and

2. g � 4(s + r ) + 2r (r − 1) + l − 4 = 4s + 2(r + 1)r + l − 4.

These inequalities are satisfied by hypothesis.
Since these spectral sequences are concentrated in the first quadrant, we haveE∞

s,t = Es+t+2
s,t and

γ ∞
s,t = γ s+t+2

s,t . So,γ 2
s,t , . . . , γ

s+t+1
s,t are all isomorphic ifg � 4s+ 2(s+ t + 1)(s+ t) + l − 4, and

the latter is smaller than 2(s + t)2 + 6(s + t) + l − 4.

5. A category of 2-spin bordisms
In this section, we will construct a strictly symmetric monoidal 2-categoryS whose objects are
representatives of closed, compact 1-manifolds, in other wordsN0, whose morphisms are compact
spin surfaces that bound the source and target 1-manifolds, and whose 2-morphisms are spin
mapping classes of these surfaces. This category is closely related to the one Tillmann considers
in [18].

Rather informally, construct a categoryS(1) as follows. For details, consult [18] or [16] or [3].
Take the following surfaces:

(1) a discD =
0

with its unique spin structure as a morphism 0→ 1,

(2) a pair of pantsP =

0

0

0
with the spin structure whose associated quadratic formQ

evaluates to 0 on all boundaries as a morphism 2→ 1,

(3) a torusT = 0 0

a

b as a morphism 1→ 1, such thatQ evaluates to 0 everywhere

except ona + b, and

(4) the same torusT , but such thatQ(a) = Q(b) = 1.

Then, adjoin to this every spin surface that can be obtained by either disjoint union or gluing (=
composition). Moreover, add labels to the boundary components of the surfaces and formally add to
the morphisms an operation ‘relabelling’ of the symmetric group. As in [18], this gives a symmetric
monoidal categoryS(1) (with the operation�).
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REMARK Because of the particular choice of spin structures on the tori (5), (5), every possible spin
surface has a representative in the categoryS(1). The reason for this is that the isomorphism type
of genusg spin surfaces(F, Q) with n boundary components on each of whichQ evaluates to 0 is
given by the Arf invariant

Arf(Q) =
∑

i

Q(ai )Q(bi ) ∈ Z/2,

where(ai , bi ) is a symplectic basis ofH1(F, ∂F). Torus (5) has Arf invariant zero, torus (5) one.
The Arf invariant of any spin surface with boundary can be flipped by attaching an Arf one torus.

Wenow extend the above bordism category to a strictly symmetric monoidal 2-category by adding
2-morphisms between two isomorphic spin surfacesF , F ′. Weconstruct the ordinary spin bordism
categoryS by setting HomS((F, s), (F ′, s′)) = Gs,s′(F, F ′), the extended spin bordism categoryS̃
by HomS̃(F, F ′) = G̃s,s′(F, F ′). Note thatS(1) does not contain closed surfaces as 1-morphisms.

It is therefore not a problem that Masbaum’sG̃ groups are undefined for closed surfaces of genus at
most 1.

Now let S1 be the 1-nerve ofS, that is, it is the category enriched over simplicial sets that has
the same objects asS, but the morphisms betweenm andn ∈ ob(S1) = N0 are the nerve of the
categoryS(m, n). Now S contains many morphismsm → n, according to different genera, spin
structures, number of components and also different constructions of isomorphic surfaces. Since
there are relatively few 2-morphisms, the morphism spaceS1(m, n) splits into many components.
However, one does not change the homotopy type ofS1(m, n) if one replaces it by the classifying
space of a skeleton ofS(m, n). The spaceS1(m, 1) is rather simple because a bordism fromm
circles to 1 circle is automatically connected:

S1(m, 1) 
∐

g∈N0,ε∈Z/2

BGs(ε)(Fg,m+1),

wheres(ε) is any chosen spin structure of Arf invariantε on Fg,m+1.
S1 inherits the symmetric monoidal structure ofS. So, if we apply the nerve functor once again,

we get a bisimplicial setNS which is anE∞ space. Since there is a morphism from 0 to anyn
(taken disjoint discs),NS is connected. Of course, all of this applies toS̃ as well, and the results
from [13,15] imply the following.

COROLLARY 14 NS andNS̃ are infinite loop spaces.

We need to retrieve information on the original groupsGs and G̃s out of these spaces. Let
F0 ⊂ F1 ⊂ F2 ⊂ · · · be a sequence of spin surfaces with one boundary component such that
Fi is obtained fromFi −1 by attaching a torus of type (5). Define the stable spin mapping class
groupsG∞ = lim−→ gGs(Fg) and G̃∞ = lim−→ gG̃s(Fg). Although the choice of torus (5) seems
non-canonical, it becomes immaterial in the homology of the direct limit. Indeed, letF ′

0 ⊂ F ′
1 · · ·

be another system of spin surfaces, whereF ′
i is obtained fromF ′

i −1 by attachment of a torus with

arbitrary spin structure. For everyFg, choose an attachment of a torusi g : Fg −→ Fg+1 such that
there is an isomorphism�: Fg+1 −→ F ′

g+1; similarly, for everyF ′
g, choose an attachment of a

torusi ′g : F ′
g −→ F

′
g+1 such that there is an isomorphism : F

′
g+1 −→ Fg+1. These assemble to a
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diagram

· · · �� Fg ��

�◦i g

���
��

��
��

�
Fg+1 �� · · ·

· · · �� F ′
g

��

◦i ′g
����������
F ′

g+1
�� · · ·

which does not necessarily commute; however, ◦ i ′g+1 ◦ � ◦ i g is the inclusionFg → Fg+2,
followed by a spin automorphism ofFg+2. Thus after applying the functorG to the diagram, it
becomes commutative up to inner automorphisms, and thus the diagonal maps induce a homology
isomorphism in the direct limit.

The proof of the main theorem is now the same as Tillmann’s [17, section 3] for the case of
no spin structures, with only one exception: whereas the ordinary mapping class groups� are
perfect, the spin mapping class groups are not. Thus Quillen’s plus construction (which is defined
for a perfect subgroup) must be replaced by the more general Bousfield localization with respect to
integral homology. It is also worth noting that the group of components of�NS is nowZ × Z/2,
corresponding to genus and Arf invariant.

Thus the proof of the main theorem is finished, as is the following version for Masbaum’s groups.

COROLLARY 15 There is a homology equivalence

Z × Z/2 × BG̃∞ → �(NS̃).

Therefore, the homology localization of BG̃∞ is an infinite loop space.

6. An α∞ map

Let L denote the universal complex line bundle overCP∞, and for any virtual vec-
tor bundle V , let (CP∞)V denote its Thom spectrum. In this section, a map
α∞: Z × Z/2 × BG∞ −→ �∞(CP∞)−L⊗L is constructed. We do not know whether this map
is a homology equivalence (similar to the map of the same name in [11]), but we give some positive
indication. The constructed map makes the following diagram of infinite loop spaces commute.

Z × Z/2 × L H BG∞

��

�� �∞(CP∞)−L2

��
Z × L H B�∞ �� �∞(CP∞)−L

HereL H denotes homology localization. The bottom map is defined in [10, 11] as follows. Since
for all smooth oriented surfacesF of genus at least 2,B Diff (F)  B�(F), there is a universal
fibration with fibreF

F → E → B�(F),

where, explicitly,E  E Diff +(F) ×Diff +(F) F .
The tangent bundle along the fibres is classified by a mapt : E → CP∞. The stable Umkehr map

�∞B�(F)+ → Eν to the Thom spectrum of the stable normal bundle along the fibres composes
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with the Thomification oft to give a map of spectraαF : �∞B�(F)+ → (CP∞)−L . These
assemble to give a map ofE∞-spaces∐

F

B�(F) → �∞(CP∞)−L ,

where F runs through representatives of the isomorphism classes of certain surfaces. Since the
target is an infinite loop space, this map lifts to the group completion of the source,

α∞ : Z × B�+∞ → �∞(CP∞)−L ,

and is a homotopy equivalence by [11].
If (F, s) is a spin surface and we replace�(F) by Gs(F), the spin structure specifies a lift of the

mapt to the source of the mapCP∞ 2−→ CP∞ classifying the square of the universal line bundle.
ThusαF lifts to the Thom space of the inverse of that bundle,(CP∞)−L2

, and so doesα∞.
By counting spin structures of Arf invariant 0 and boundary value 0 on a surfaceF =

Fg,n, one can easily see thatGs(F) < �(F) is an index 2g−1(2g + 1) subgroup. Since for
every prime p there are infinitely manyg such that p � 2g + 1, the transfer implies that
i∗ : H∗(G∞; Z[1

2]) −→ H∗(�∞; Z[1
2]) is a split injection. It is not clear whether or noti∗ is an

equivalence away from 2; however, the map�∞(CP∞)−L2 → �∞(CP∞)−L is.
As further evidence supporting thatα∞ might be an equivalence, an Adams spectral sequence

shows thatπ0(�
∞(CP∞)−L2

) = Z ⊕ Z/2 and π1(�
∞(CP∞)−L2

) = Z/4; and of course,
π2(�

∞(CP∞)−L2; Q) = Q. This agrees with the homotopy ofZ × Z/2 × L H BG∞ [8]; in
fact, this is all the concrete knowledge about the homology ofBG∞ (or homotopy of its homology
localization) at the time of this writing.
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