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Abstract—This paper presents an analytical model to ap-
proximate the probability distribution function of the aggregate
interference that a primary user receives from multiple secondary
transmitters. In particular, we consider heterogeneity in spatial
distribution of secondary users such that there are several sites
with densely populated secondary users in the whole area. The
concentration of secondary users is modeled as an annulus sector
with higher user density, which is termed hot zone. The mathe-
matical framework presented in this paper can readily be adapted
to various existing interference models. It is observed that the
heterogenous user distribution has a considerable impact on the
aggregate interference if the hot zone is near the primary receiver,
while hot zones over a certain distance is well approximated
by a homogeneous secondary user distribution. The aggregate
interference also depends on the shape of the hot zone and the
interference threshold imposed on the secondary users.

Index Terms—Aggregate interference, secondary spectrum ac-
cess, heterogeneous density, hot zone model

I. INTRODUCTION

Radio spectrum has become a fundamental resource for
wireless communication services with the dramatic increase in
the wireless traffic. The traditional way to manage spectrum
has been assigning fixed and exclusive frequency bands to
different systems for long periods of time. Problem that has
emerged under the fixed spectrum allocation is that there is
not enough spectrum available for the increasing demand of
wireless services. On the other hand, measurement results
indicate that the allocated spectrum is being under-utilized [1].
A possible solution to utilize the allocated spectrum more
efficiently is secondary spectrum access which is envisioned
by cognitive radio [2]. This allows secondary users to access
the spectrum that has already been assigned to primary users.
The basic idea is that the secondary users should be capable
of detecting opportunities for using the allocated spectrum
without causing harmful interference to the primary users.

The protection of the primary users from interference is
crucial for allowing the secondary users to access the spec-
trum. Accurate modeling of the aggregate interference is of
importance in addressing the impact of multiple interfering
secondary users. Mathematical models for the probability
distribution of aggregate interference in secondary access have
recently been investigated in [3]-[7]. The models in [3]-[6]
considered an exclusion region of a circle with a fixed radius
in order to offer the protection to the primary user from detri-
mental interference. Homogeneous Poisson point process was
employed to spread the secondary users outside the exclusion

region. In [7], secondary users are uniformly distributed in
a large circle and the transmissions of secondary users are
regulated by an individual interference threshold under the
assumption that the secondary users know the propagation
loss to the primary user. The model in [7] has been applied
to practical secondary access scenarios where meteorological
radars and aeronautical equipments are considered to be the
potential primary users [8], [9].

In spite of the extensive research, the existing work has
a limitation that the secondary users are assumed to be dis-
tributed in a homogeneous manner. In practical environments,
it is usual that the secondary users have heterogeneity in
spatial user distribution. For example, let us consider low
power secondary users such as WLAN devices. The towns or
cities will have higher concentration of secondary users than
the rural areas. In this regard, the following research question
should be addressed:

« How is the aggregate interference affected if heteroge-
neous densities of secondary users are considered?

In this paper, we aim at answering the question. Our main
contribution is to propose a mathematical framework to derive
the probability distribution function (pdf) of the aggregate
interference generated by multiple secondary users but in-
cluding heterogeneous density. We consider a situation that
there are several zones with different levels of concentration
in the whole area of a homogeneous or uniform background
user density. Each zone is modeled as an annulus sector,
which is termed /ot zone. We obtain the pdf of the aggregate
interference based on our previous work [7]. Note that the
framework presented in this work can also be easily applied
to other existing models, e.g. [3]-[6].

Our hot zone model has an advantage that various shapes
of hot zones can be considered by adjusting the parameters
of the annulus sector. We investigate the impact of shaping
parameters of the hot zone such as the distance from the
primary receiver, density difference from the background, and
size of the hot zone.

The rest of the paper is organized as follows. Section II
details the system model, the basic assumptions, and the hot
zone model. Section III presents the analytic model for the
aggregate interference. Section IV shows the numerical results
obtained from mathematical analysis and simulation. Finally,
we close with the conclusion in section V.



II. SYSTEM MODEL
A. Modeling of secondary spectrum access

We consider a reference scenario that a primary receiver
is interfered by multiple secondary transmitters spreading in a
large area. Secondary access to 5.6 GHz radar spectrum can be
regarded as a practical example of our scenario [8]. However,
we do not take into account radar specific features such as
the radar antenna pattern. Instead, we focus on developing
a mathematical framework to reflect the heterogeneous user
density. A mechanism to protect the primary user is considered
that resembles dynamic frequency selection (DFS) specified
in the IEEE 802.11h standard [10]. Each secondary user
is allowed to transmit if its individual interference to the
primary user is less than a certain threshold. We assume that
the secondary users can have an accurate estimate of the
propagation loss to the primary receiver. This assumption is
reasonable if the primary user is the radar or the secondary
users are assisted by a beacon signal from the primary receiver.
Detailed description of the considered interference protection
scheme can be found in [7].

Let ¢; be the interference that the primary user will receive
from the transmission of a secondary user j. Since the trans-
mission of j is regulated by the interference protection mech-
anism, the user j stops transmission if it causes interference
greater than the threshold I;,. Thus, the actual interference
from user j, namely [}, is given by:

I = { 5‘77 lffj S IthT‘a
i~ o,

otherwise.
The interference threshold I, is assumed to be predeter-
mined. We consider an instantaneous moment that N sec-
ondary users in the system desire to transmit. Let us define 7,
as the aggregate interference at the primary user caused from
the secondary users. Then, [, is computed as the sum of the
individual interference of N secondary users.

N
Io=> 1,
j=1

B. Modeling of the heterogeneous secondary user density

o

@

Modeling of heterogeneity in the spatial distribution of
secondary users should be done first in order to obtain the
pdf of I,. There would be various models to describe the
heterogeneity depending on specific geographical locations
and the types of primary and secondary systems. Note that
we consider a large area consisting of cities, towns, and rural
areas. It is usual that the population density of a city or town
is much higher than that of rural area. It is also reasonable to
consider that the number of secondary users is proportional to
the population density. We further assume that the secondary
users are homogeneously distributed within each city or town
with it own density. Then, an annulus sector, namely hot
zone, is employed to describe the crowded region as depicted
in Fig. 1. For the rest of the paper, we focus on one hot
zone for brevity and for better investigation of its impact on

A-> Primary receiver %k -> Secondary transmitter

Fig. 1. Representation of the scenario with the hot zone model.

the aggregate interference. Extending our work to several hot
zones with different densities is trivial.

The use of annulus sector in the modeling of the hot
zone is inspired by recent work in the field of secondary
spectrum access. In [11], non-circular area is described by
the aggregation of infinitesimal annulus sectors. In [12], the
impact of secondary field size is investigated by assuming the
annulus sector area. The annulus sector has an advantage that it
can be molded to various shapes according to the three shaping
parameters: 7, A,,, and 0. As illustrated in Fig. 1, gy
is the distance between the center of the hot zone and the
primary user, the length of the hot zone (depth) is 2A,.,,, and
the central angle (width) is given by 0.

The distance, depth, and width characterize the hot zone
along with the density of the zone. We assume that Np
secondary users are homogeneously distributed in a circle
of radius Rp (background) and Ny secondary users are
homogeneously distributed within a hot zone. Let pp and pyr
denote the densities of secondary users in the background and
the hot zone, respectively (pg > pp). The primary receiver is
located at the middle of the background circle.

The hot zone model is roughly demonstrated in near Stock-
holm area as illustrated in Fig. 2 where a meteorological radar
is considered to be the primary receiver. The primary user is
about 35 Km away from the Stockholm city where population
density is significantly higher than surrounding areas.

ITI. PROBABILITY DISTRIBUTION OF AGGREGATE
INTERFERENCE

A. Distribution of the secondary users

Let us consider an annulus sector with inner radius R, outer
radius R, and central angle .. A circle can be regarded as a
special case of the annulus sector. Thus, it can represent both
the background area and the hot zone. For the case of the
background area, the following parameters are applied: Ry =
0, Ry = Rp, and 0. = 27. As for the hot zone, the parameters
are Ry = rg — Ay, Ry = rpg + Ay, and 0. = 0. Note
that the primary user is located at the origin of the background
circle.
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Fig. 2. An application of the hot zone model to Stockholm area. The map
is captured from http://www.eniro.se/.

The location of an arbitrary secondary user j is denoted by
(rj,0;), where the random variable (RV) r; is the distance
from the primary user to the user j, and the RV 6; is the
its angle. Since the user j is assumed to have the uniform
distribution, the pdf the location is given by:

2y
0. (y,0) = ————
fmﬂ](y» ) (R%*R%)@
By assuming the primary and secondary users have omni-
directional antennas, (3) can be simplified as

2y
r; = —5——>= 4
Notice that we defined (3) to model Np + N secondary
users heterogeneously distributed within an area of radius Rp.
However the same distribution can also model Ng + Ny

secondary users homogeneously distributed if the hot spot is
not considered.

, Ri<y< Ry, 0<6<0.. (3)

,R1<y§RQ.

B. Interference from an arbitrary secondary user

Note that &; is defined as the interference that the primary
user will receive from the transmission of secondary user j.
Then, ; is given by:

§ = GPRL(r;)X; (%)

where P, denotes the transmit power of the secondary user,
X is a random variable modeling fading effect, and L(r;) is
the distance depend path loss model defined as:

L(Tj) :erfa7 (6)

where C' and « are the path loss constant and exponent,
respectively. The other gain and losses are accounted by G.

We consider a log-normal shadow fading for X; and assume
that X; is independent of ;. From the result of [7] and the
pdf of the secondary user j in (4), it is straightforward to show
that the pdf of &;, f¢,(2), is derived as follows:

o) (2) = h(z Re) = h(z R, ™)
where
202
In(==2—) -5
h’(z7y) :Qz%z_l 1+ erf (GPtL(y)> «
(3)

In (8), o‘}f denote the standard deviation of the shadowing in
dB scale, and the constant € is given by:

0=

1 1\~
GCE (GPf,C> exp (205(_7/02) )

In order to obtain the pdf of I; from f¢ (2), we follow
the steps in [7]. When I, is applied to user j, it stops
transmission if {; exceeds Iy, as depicted in (1). This means
that a portion of secondary users have zero transmission power.
That portion of users is given as 1 — F¢, (I;5,) where F,(.)
denote de cumulative distribution function (CDF) of &;. Thus,
the pdf of I; is as follows:

1_F§j(Ithr)7 leIO
fr;(z) =4 [fe(2), 0<2z< Line (10)
0, otherwise.

The derived f7,(z) can be directly applied to both the
background and the hot zone secondary users by adjusting
the parameters R, and Ry as discussed in III-A.

C. pdf of the aggregate interference

Let us define IJB and I as the interference from the
secondary user j in the background and the secondary user
¢ in the hot zone, respectively. The pdf of [ JB and If are
given in (10). Since we assume that Np secondary users
are uniformly distributed within the background area and
Ny uniform secondary users are within the hot zone, the
total interference received at the primary user from the all
secondary users I is computed as the sum of the aggregate
interference from the users in the background I” and the
aggregate interference from the users in the hot zone 2.

Ngp Ny
ID=12+1=>"17+> 17, (11)
j=1 i=1

We employ a cumulant-based approach to approximate the
pdf of IT. Note that the cumulants have an attractive property
that the m*”* cumulant of the sum of independent RV is equal
to the sum of the individual m** cumulants [6]. Also, the first
and second cumulants of a RV correspond to the mean and
variance. Let k5 (m) and kyx(m) denote the mth

cumulant
of IB and IH, respectively. Then,

Brr(m) = kys(m) + kys(m)

Np Nu
j=1 i=1

(12)



TABLE 1
SIMULATION PARAMETER VALUES

Parameters Values
1. Primary receiver (Meteorological radar)
Frequency band [MHz] 5600
Antenna height [meter] 30
Transmission power [kW] 250
Bandwidth [MHz] 4
Antenna Gain [dBi] 40
2. Secondary transmitters (WLAN)

Antenna height [meter] 1.5
Transmission power [P? in W] 0.2
Bandwidth [MHz] 20
Antenna gain [dBi] 0
Radius of background area [Rp in km] 150
Shadowing standard deviation [J()i(ff in dB] | 8

From the cumulants of the IT, the pdf of I can be ap-
proximated as a known distribution by employing the method
of moments. We use a log-normal distribution to approximate
the pdf of IT as in (13).

1 In(z) — prr
frr(z) = exp = |- 13)
‘ P2 /27?0?5 20%?

The parameters pi;r and UfT of the PDF can be obtained from
the first and second cumulant computations as:

kpr(1) = E[I7] = explusr +07r /2], (14)

kir(2) = Var[ll] = (exp[o?aT] —1)exp2urr + cr?aT]. (15)
IV. NUMERICAL RESULTS

In this section, we present the results of the numerical
experiments. The primary and secondary systems are modeled
with the parameter values summarized in Table I. The basic
propagation loss model used in this study is the C1-Suburban
WINNER model which is proposed for SGHz band by WIN-
NER project in [13]. The parameters of the propagation model
in dB scale are:

L(d) = 41.2036 + 3.5225 log, ,(d[meter]).  (16)

Notice that in section III, we introduced a general math-
ematic framework to calculate the aggregate interference,
nevertheless when it comes to the experimental part we need
to define specific primary receiver and secondary users. Thus,
we have set a meteorological radar as a primary receiver
and WLANSs as secondary transmitters. However, we assume
that the primary receiver or the radar has an omnidirectional
antenna. This is because we do not compute the aggregate
interference by snapshots (when the radar is facing a portion
of the total area), but the contrary. This assumption leads to
obtain conservative results.

The CDF of the total aggregate interference /X with het-
erogeneous secondary users density is presented in Fig. 3. We

can notice a good match with the Monte Carlo simulation.
Two different Iy, are presented, one with lower requirement
of interference protection I;p,=-100dBm which create higher
aggregate interference because 99.97% of the secondary users
are allowed to transmit. The second with higher requirement
of interference protection I;,=-160dBm which induce less
aggregate interference to the primary receiver because only
52.61% of the secondary users can transmit.

The next two experiment presented in Fig. 4 and Fig. 5
have the purpose to show the impact of the hot zone’s
parameters (rg, and A,,) on the aggregate interference.
In Fig. 4 we vary the distance between the primary receiver
and the center of the hot zone rpg, for the two mentioned
interference protection requirement. It is observed that there
is an intersection point or a value for rz from where con-
sidering the distribution of secondary users as homogeneous
(uniform) or heterogeneous lead to the same result in term of
aggregate interference. This value of 7y depends on the Iy,
requirements. Also, it is found that at some point of rz and
high I, considering homogeneous distribution of secondary
transmitters overestimates the aggregate interference.

In Fig. 5 we experiment with different values for the depth
of the hot zone but keeping rz fixed. This shows how the
distribution of dispersion in the hot zone, ry — A,,, <y <
rg + Ar,, affects the aggregate interference when different
I, are required. If the center of the hot zone is 80 Km
away from the primary receiver, a variation in A,, is not
affecting the aggregate interference. The contrary case happens
when the center of the hot zone is only 30Km away from the
primary user. Then, the aggregate interference is increasing or
decreasing (according I;;,,-) with the increment of A, . This
suggests that the impact on the aggregate interference will
depend on the given Iy, 7 and A,,,.
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Fig. 3. CDF of Il with heterogeneous users density, with one hot zone
with parameters I;j,, = —80dBm and —140dBm, rz=15Km, A, =5Km,
07=10°, pp=1/Km?, and pz=20/Km?.

V. CONCLUSION

In this paper we proposed a mathematical model to con-
sider the heterogeneous distribution of secondary users and
investigated the impact of this heterogeneity on the aggregate
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interference to the primary user. We assume a large area which
is a mixture of cities, towns, and rural areas. The regions
with higher secondary user densities are termed hot zone,
and modeled as annulus sectors on a circle of background
user density. In order to obtain the pdf of the aggregate
interference, first we derived the pdf of an arbitrary secondary
user in either hot zone or background. Then, the method of
moments is employed to approximate the pdf of the aggregate
interference as a log-normal distribution. Comparison of the
analytic pdf with Monte Carlo simulation shows a good
agreement. This suggests that the derived pdf can obviate the
need for complicated and time-consuming simulation. Our hot
zone model also has an advantage that it can have a various
shapes within the frame of the annulus sector. The impact of
shaping parameters was evaluated.

Based on the numerical experiments, our findings are as
follows: the aggregate interference is affected considerably by
the heterogeneous density or concentration of secondary users
when the hot zone is close to the primary receiver. On the
other hand, if the hot zone is far away, we can simplify the
model by not considering secondary user heterogeneity. The

depth of hot zone, i.e. the vertical length of the annulus sector,
and the interference threshold imposed on the secondary users
are key parameters to determine the behavior of the aggregate
interference.

Several important issues remain as further research. First,
the hot zone model should be examined in practical geograph-
ical regions to know how well it reflects the real environment.
Second, the impact of multiple hot zones should be inves-
tigated. Third, more practical primary and secondary system
characteristics should be considered such as the directional
antenna.
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