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Problem 9.1: Given a set Ω, a semialgebra C of subsets and a pre-measure m on C; explain
the steps that need to be taken to extend m to a measure µ on a σ-algebra that contains C.

Problem 9.2: Given the measure constructed in problem 1, state a condition (involving C
and m) that ensures that there exists a unique extension of m from C to σ(C).

Problem 9.3: Introduce and explain the concept product measure space.

Problem 9.4: Let I be the collection of all intervals ⊂ R and let ℓ(I) = length of I ∈ I.
Show that λ (Lebesgue measure) is the unique extension of ℓ from I to L (the Lebesgue sets).
Note that B = σ(I) ̸= L (where B = the Borel sets).

Problem 9.5: Again, let I be the collection of all intervals ⊂ R. Given a nonnegative
function g : R → R+ that satisfies

∫
(−∞,n) gdλ < ∞ for n = 0, 1, 2, . . ., let

m(I) =

∫
I
gdλ

for any I ∈ I. Show that there is a unique extension µ of m from I to B (the Borel sets) that
satisfies µ(B) =

∫
B gdλ for B ∈ B.

Problem 9.6: Let B2 = smallest σ-algebra of subsets of R2 that contains all the open sets
in R2. Show that B2 = B × B. Assume that µ and ν are two finite measures on B2, and that

µ(A×B) = ν(A×B)

for all A,B ∈ B, prove that µ = ν. You can use, without proof, the fact that all sets in B2

are finite or countable unions of sets of the form (a, b)× (c, d) for a < b and c < d.
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