
QUOT SCHEMES IN GRASSMANNIANS

ROY MIKAEL SKJELNES

Abstract. We describe the closed strata that defines the Quot
schemes QuotnOp/Pr/S as closed subschemes in Grassmannians. Here
n is the constant polynomial and Op is the free, rank p sheaf on
projective r-space Pr over some affine base scheme S.

1. Introduction

The Quot functors QuotPF/Pr/S parametrizing quotient sheaves of a
fixed coherent sheaf F on a projective scheme Pr −→ S that are flat
over the base and having Hilbert polynomial P (t) on the fibers, are
arguably one of the most fundamental objects in algebraic geometry.
The Grassmannian and the Hilbert functors being special cases.

One of the important properties of the Quot functor is that it is a
projective scheme [Gro95]. The original proof showing this property is
based on an abstract embedding into a suitable Grassmannian: There
exists a regularity bound, that is an integer d depending on the polyno-
mial P (t), such that when twisting any point of the Quot functor with
d, and thereafter pushing the sheaves down to the base, one obtains
a morphism from the Quot functor to the Grassmann variety of rank
P (d) quotients of the global sections of F (d). Using a stratification
argument Grothendieck shows that the morphism describes the Quot
functor as locally closed, hence representable, subset of the Grassman-
nian. Then by showing that the Quot functor satisfies the evaluative
criteria for properness, he concludes that the Quot scheme is proper,
and in particular closed in the Grassmannian. A more detailed expo-
sition was given by Mumford [Mum66], and variations can be found in
e.g. [FGI+05], [CFK01], [AK80].

Embeddings of the special case with Hilbert schemes have been inves-
tigated thoroughly, and in particular the Gotzmann Persistence Theo-
rem [Got78] was a major break through leading to a description of the
defining equations of the Hilbert scheme inside the Grassmannian. We
refer the reader to Appendix C in [IK99] and the references therein, for
more information about the defining equations of the Hilbert scheme.
More recent work are found in [BLMM11] and [HS04].

We will in this article describe the defining strata for a class of Quot
functors, namely with the sheaf F = O⊕p being the free sheaf of rank
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p, and the polynomial P (t) = n being the constant polynomial. Our
description is as follows. Let f : Pr −→ S be the structure morphism.
Fix an integer d ≥ n, and let G denote the Grassmannian of locally
free rank n quotients of f∗F (d), and let

0 // Rd
// f∗F (d) // Ed // 0

denote the universal sequence on G. The OG-module Rd determines
naturally a OG[X0, . . . , Xr] graded subsheaf R of the free rank p graded
module; the cone generated by Rd. And then also a graded quotient
module E . The components Em of the graded quotient sheaf E are
coherent sheaves, and in particular their Fitting ideals determine closed
strata on G. Let Fittn(E ′) ⊆ G denote the closed subscheme defined
by the n’th Fitting ideal of the coherent sheaf E ′. Our result is that
the Quot scheme

QuotnO⊕p/Pr/S =
⋂
t≥1

Fittn−1(Ed+t).

Our result depends on, besides the set up and properties of Fitting
ideals, the vector space dimension estimates obtained by Gasharov
[Gas97]. It is wortwhile to point out that not only do we describe
the closed strata defining the Quot scheme, but we also prove, in an
essentially new way, the representability and projectivity of the Quot
functors with constant polynomial.

As the spaces considered are Noetherian only a finite number of the
subschemes Fittn−1(Em) are needed to describe the Quot scheme. We
do not have a general bound or estimate for the number of intersection
components needed, but for some special cases we have a complete
answer. In the case with the projective line P1 we prove that only the
first component is needed, that is

QuotnO⊕p/P1/S = Fittn−1(Ed+1).

Similarly, we need only a single Fitting ideal stratum in the case of the
Hilbert functor, that is when the fixed free sheaf has rank p = 1. Thus

HilbnPr/S = Fittn−1(Ed+1),

which turns out to be a direct consequence of Gotzmann’s Persistence
Theorem. The Hilbert schemes were known to be given by determinan-
tial equations ([HS04], [IK99]), but our description in terms of Fitting
ideals appears to be new - even though closely related to existing de-
scriptions.

We show furthermore that the single Fitting ideal condition is set
theoretically enough to describe the Quot schemes; that is for the un-
derlying topological spaces we have the equality

| QuotnO⊕p/Pr/S |=| Fittn−1(Ed+1) | .
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Interestingly enough, we know of no examples where the actual scheme
structures are different. In fact, showing that the nilpotent elements
needed to describe the Quot scheme from Fittn−1(Ed+1) are not only
nilpotent, but actually zero is equivalent with a natural generalization
of the Gotzmann Persistence Theorem to modules.

We end by computing some examples that we find interesting. First
we redo some known examples of the Hilbert scheme of points and put
these in the framework of the presentation given here. Thereafter we
compute some new examples of the Quot scheme of the projective line.

Acknowledgments. The discussions that I had together with Greg
Smith (2010/2011) and together with Runar Ile (2011/2012) during
their respective sabbaticals, preceded the discoveries presented in this
article.

2. Fitting ideals

We let S = k[X0, . . . , Xr] denote the standard graded polynomial
ring in the variables X0, . . . , Xr over a field k. If F is a S-module, we
mean a Z-graded S-module F =

⊕
m∈Z Fm.

2.1. Macaulay representation. For any non-negative integer n we
have for any positive integer d, the d-th Macaulay representation

n =

(
md

d

)
+

(
md−1

d− 1

)
+ · · ·+

(
m1

1

)
,

with md > md−1 > · · · > m1 ≥ 0. The convention is that
(
m
d

)
= 0

when m < d. We define

n〈d〉 =

(
md + 1

d+ 1

)
+

(
md−1 + 1

d

)
+ · · ·+

(
m1 + 1

2

)
.

Proposition 2.2. Let F =
⊕p

i=1 S be the free S = k[X0, . . . , Xr]-
module of rank p. Let R ⊆ F be a graded S-submodule, and let E =⊕

m≥0Em denote the graded quotient. We fix a degree d ≥ 1, and let
n = dimk(Ed).

(1) We have that the vector space dimension dimEd+1 ≤ n〈d〉.
(2) Assume that dim(Ed+1) = n〈d〉, and that R is generated in de-

gree d, then we have the equality dim(Ed+2) = (dimEd+1)
〈d+1〉.

Proof. This is a special case of [Gas97, Theorem 4.2]. �

Remark 2.3. The first assertion above can be proven by reducing to
the case with the initial module, and thereafter applying Macaulays
theorem [Mac], [BH93, Theorem 4.2.10]. We will in this note use both
assertions in the Proposition, but not the slightly more general versions
that appear in [Gas97].
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Remark 2.4. We will be applying the above mentioned result for the
constant polynomial case: Consider the situation with n ≤ d. We then
have that

n =

(
d

d

)
+

(
d− 1

d− 1

)
+ · · ·+

(
d− n+ 1

d− n+ 1

)
.

From where it follows that n〈d+s〉 = n, for s ≥ 0, as well.

2.5. Fitting ideals. Let E be a finitely generated A-module. The
n’th Fitting ideal we denote by F ittn(E) ⊆ A [Bou03], [Nor76]. If we
have a presentation of the A-module E as the co-kernel of a map of
free modules

(2.5.1)
⊕

αA
ψ // ⊕N

i=1A
// E // 0,

then the (N−n)-minors of ψ generate the n’th Fitting ideal F ittn(E).
We recall that F itt−1(E) = 0, and more generally that F ittn(E) = 0
if the matrix representing ψ does not have N − n-minors. Moreover,
the determinant of the 0 × 0 matrix is one, so when n ≥ N then
F ittn(E) = A.

Proposition 2.6. Let (A,m) be a local ring, and E a finitely generated
A-module. Then E is free of rank n if and only if the two following
conditions are satisfied

(1) The vector space dimension dim(E
⊗

AA/m) = n.
(2) The Fitting ideal F ittn−1(E) = 0.

Proof. If E is free, then we can let ψ be the zero-map in 2.5.1 and
clearly the conditions hold.

We will prove the converse. By assumption the dimension of the
vector space E

⊗
AA/m is n. Nakayamas Lemma then guarantees that

a lift of a basis will generate the A-module E. We can thus find an

A-linear map of free modules ψ :
⊕

αA
//
⊕n

i=1A whose co-kernel

is E. The Fitting ideals are independent of the presentation, so the
n− (n−1)-minors of the map ψ generate the Fitting ideal F ittn−1(E).
By assumption this ideal is the zero ideal, hence ψ is the zero map and
we get that its co-kernel E =

⊕n
i=1A. �

2.7. Graded rings. Let A be a commutative unital ring, and let V be
an A-module. The symmetric tensor algebra SA(V ) is naturally graded

(2.7.1) SA(V ) =
⊕

m≥0 Sm(V ) .

We have that V = S1(V ) is the degree one component.

Corollary 2.8. Let (A,m) be a local ring, V a finitely generated A-
module, and set F =

⊕p
i=1 SA(V ). Let R ⊆ F be a submodule generated

in degree d. Assume that the vector space Fd/Rd

⊗
AA/m has dimen-

sion n ≤ d. Then, for any m ≥ d we have that Em = Fm/Rm is free
of rank n if and only if F ittn−1(Em) = 0.
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Proof. Assume that Fittn−1(Em) = 0. By the proposition we need
to verify that the vector space dimension of Em

⊗
AA/m is n. Let

ψ : G′ −→ G = Fm
⊗

AA/m be a map of A/m-vector spaces whose
cokernel is Em

⊗
AA/m. Since Fittn−1(Em) = 0 we have that all

rk(G)−n+ 1 minors of ψ are zero. In other words the image Imψ has
dimension strictly less than rk(G)− n+ 1. Thus,

dim(Im(ψ)) ≤ rk(G)− n.

That means that the co-kernel has dimension dim(Em
⊗

AA/m) ≥ n.
We have that SA(V )

⊗
AA/m = A/m[X0, . . . , Xr] where r + 1 is the

vector space dimension of V
⊗

AA/m. By Proposition 2.2 (1) we have
the inequality the other way around, and we obtain that the vector
space dimension of Em

⊗
AA/m is exactly n. The reverse implication

follows from the Proposition. �

2.9. Union of Fitting ideals. Let E = {Em}m≥0 be a collection of
finitely generated A-modules. For fixed integer n, and non-negative
integers d and s we define the ideal F d,s

n (E) ⊆ A to be the ideal

F d,s
n (E) := (F ittn(Ed),F ittn(Ed+1), . . . ,F ittn(Ed+s)).

We then have, for fixed integers d and n, the inclusion of ideals

(2.9.1) F d,0
n (E) ⊆ F d,1

n (E) ⊆ F d,2
n (E) ⊆ · · · .

Their union we denote by

(2.9.2) lim
s→∞

F d,s
n (E) = F d,∞

n (E).

If E =
⊕

m≥0Em is a direct sum of A-modules, then we write F d,s
n (E)

for the ideal that we assign to the collection {Em}m≥0.

Corollary 2.10. Let R ⊆ F =
⊕p

i=1 SA(V ) be a submodule generated
in degree d, and let E = F/R. Let f : A −→ B be a homomorphism of
rings, and let s ≥ 0 be an integer. Assume that for every prime ideal
m in A, the vector space Ed

⊗
A κ(m) is of dimension n, where n ≤ d.

Then the morphism f factorizes via A −→ A/F d,s
n−1(Ed) if and only if

Em
⊗

AB are projective B-modules of rank n, for d ≤ m ≤ s+ d.

Proof. If Em
⊗

AB is projective B-module of rank n, then in particular
F ittn−1(Em

⊗
AB) = F ittn−1(Em)B is zero, and the factorization

follows. The converse follows from Corollary 2.8. �

3. The Quot functor and regularity of sheaves

In this section we will recall some known facts about Castelnuovo-
Mumford regularity. We have included these results for completeness,
and we do not claim any originality in our presentation.
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3.1. Castelnuovo-Mumford regularity. Let f : X −→ S be a pro-
jective morphism, and let OX(1) be a very ample line bundle. For any
sheaf F on X, we let F (m) = F

⊗
X OX(m). If s ∈ S is a point, then

F
⊗

S κ(s) denotes the restriction of the sheaf F to the fiber f−1(s).
A coherent sheaf F on a projective scheme X −→ S is fiber wise m0-
regular if for every point s ∈ S the sheaf F

⊗
S κ(s) is m0-regular, that

is

H i(f−1(s),F (m0 − i)
⊗

S κ(s)) = 0 for i ≥ 1.

A sheaf F that is m0-regular is also m-regular for any m ≥ m0.

Proposition 3.2. Let X −→ Spec(k) be a projective morphism, with
k a field, and let OX(1) be a very ample line bundle. Let F be a
coherent and m0-regular sheaf on X. Let F −→ E be a coherent
quotient sheaf, with finite support, and let dimH0(X,E ) = n. Then we
have the following.

(1) The sheaf E is m0-regular.
(2) The kernel ker(F −→ E ) is m0 + n-regular.

Proof. We may assume that the base field k has infinite many elements,
and we may assume that X = Pr is the projective r-space. If r = 0
there is nothing to prove, and we assume therefore that r > 0. We can
then find a hyperplane H ⊂ X avoiding the finite set Supp(E ). Let R
denote the kernel of F −→ E . We tensor the exact sequence

0 −→ R(−1) −→ R −→ R|H −→ 0,

with O(m+1−i). After taking the long exact sequence in co-homology,
and using the fact that R|H = F|H we obtain that H i(R(m − i)) =
H i(R(m + 1 − i)) for all m ≥ m0, and all i ≥ 2, and where we write
H i(F ) when we mean H i(X,F ). Hence these groups are zero, that is
H i(R(m− i)) = 0, for m ≥ m0 and i ≥ 2.

From the short exact sequence 0 → R → F → E → 0, we obtain
after after tensoring with O(m− i) the exact sequence

H i(F (m− i)) −→ H i(E (m− i)) −→ H i+1(R(m+ 1− i− 1)).

For i ≥ 1, and m ≥ m0 we have that the left hand term is zero by
assumption, and that the right hand side is zero by the observation
above. This proves the first statement about m0-regularity of E .

For m ≥ m0− 1 we have, by the assumption on the regularity of F ,
an exact sequence

H0(E (m)) −→ H1(R(m+ 1− 1)) −→ 0.

Hence H1(R(m)) is bounded by the dimension of H0(E (m)). Since E
has finite support, we have that H0(E (m)) = H0(E ) = n. It is well-
known that the dimension of H1(F (m + 1)) is strictly less than the
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dimension of H1(F (m)), provided that the latter group is non-zero.
We then get that

dimH1(R(m+ 1 + n− 1)) = 0,

when m ≥ m0 − 1. Combined with the vanishing observed above, we
obtain that R is m0 + n-regular. �

Remark 3.3. The proof of the Proposition 3.2 is a simplified version of
the more general statement with non-constant polynomials (see Mum-
ford [Mum66]). Our simplified version presented here is not only for
completeness and readability, but we also wanted to state the, well-
known, explicit regularity bound for quotients having constant Hilbert
polynomial.

Corollary 3.4. Let f : X −→ S be a projective morphism of Noether-
ian schemes, and let OX(1) be a very ample line bundle. Let E be a
coherent sheaf on X that is flat over S, and fiber wise m0 regular. Then
we have, for each m ≥ m0 that

(1) The canonical map f ∗f∗E (m) −→ E (m) is surjective.
(2) The canonical map f∗E (m)

⊗
S f∗O(1) −→ f∗E (m+ 1) is sur-

jective.
(3) The sheaves Rif∗E (m) = 0 for i ≥ 1, and the sheaf f∗E (m) is

locally free.
(4) If we have a Cartesian diagram of (Noetherian) schemes

X ′
ϕ′ //

f ′

��

X

f
��

S ′
ϕ // S,

then the canonical map ϕ∗f∗E (m) −→ f ′∗ϕ
′∗E (m) is an isomor-

phism.

Proof. The canonical maps in (1) and (2) are surjective if and only
if surjective when restricted to each fiber f−1(s), for any s ∈ S. By
assumption the sheaves E (m0) restricted to a fiber, are m0-regular,
where the statements hold [Mum88, Proposition p. 99]. To prove
statements (3), we use that the sheaves Rif∗E (m) are coherent so it
suffices to show that Rif∗E (m)

⊗
S κ(s) are zero, for any point s ∈ S.

The canonical map

Rif∗E (m)
⊗

S κ(s) −→ H i(f−1(s),E (m)
⊗

S κ(s))

is clearly surjective for i ≥ 1 and m ≥ m0. Since E was assumed flat,
the canonical map is an isomorphism, and the statements (3) follows
from the co-homological base change result [Har77, Theorem 12.11].
The last Statement (4) follows by statements (3) proven combined with
[Gro63, 6.9.9.2]. �
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3.5. Quot functor. [Gro95] Let f : X −→ S be a morphism of schemes,
and F a quasi-coherent sheaf on X. We let

Quotn(F/X/S)

denote the collection of quasi-coherent OX-module quotients F −→
E , where E is flat, finite and of rank n over the base scheme S.
Two quotients F −→ E and F −→ E ′ are considered as equal in
Quotn(F/X/S) if their respective kernels are equal as subsheaves of F .
For any morphism of schemes ϕ : S ′ −→ S, let ϕ′ : X ′ = X×SS ′ −→ X,
and let F ′ = ϕ′∗F . The Quot functor Quotn

F/X/S
is the contra-variant

functor that to every S-scheme S ′ assigns the set Quotn(F ′/X ′/S ′).

3.6. Grassmann functor. For any quasi-coherent sheaf G on a scheme
S, we let Grassn(G ) denote the Grassmann parametrizing locally free
rank n quotients of G . If ϕ : S ′ −→ S is a morphism of schemes,
then the S ′-valued points of the Grassmann Grassn(G ) is the set of
quasi-coherent OS′-module quotients ϕ∗G −→ E that are locally free
of rank n. Two quotients are identified if their kernels coincide. It is an
elementary fact that the Grassmann is a scheme [GD71, Proposition
9.7.7].

Corollary 3.7. Let f : X −→ S be a projective morphism of Noether-
ian schemes, and let OX(1) be a very ample line bundle. Let F be a
coherent sheaf on X that is flat and fiber wise m0-regular over S. Then
we have, for any m ≥ m0, a natural map

(3.7.1) ι : QuotnF/X/S −→ Grassn(f∗F (m+ n)).

Proof. Let ϕ : S ′ −→ S be a morphism of schemes, and let R denote
the kernel ker(ϕ′∗F = F ′ −→ E ), where ϕ′ : X ×S S ′ = X ′ −→ X
is the induced projection map, and where E is flat and with constant
Hilbert polynomial n. Since E is flat, we have an exact sequence

0 // R
⊗

S′ κ(s) // F ′⊗
S′ κ(s) // E

⊗
S′ κ(s) // 0 ,

when restricted to a fiber over a point s ∈ S ′. By the proposition we
have that the sheaf R

⊗
S′ κ(s) is m0+n-regular. Since F was assumed

flat, so is R, and it follows by the Corollary above thatRif ′∗R(m+n) =
0 for i ≥ 1, and m ≥ m0, where f ′ : X ′ −→ T . Thus we have an exact
sequence

0 // f ′∗R(m+ n) // f ′∗F
′(m+ n) // f ′∗E (m+ n) // 0

of coherent sheaves on S ′. Hence we have that f ′∗E (m+n) is a quotient
of f ′∗ϕ

′∗F (m+ n), and it is furthermore locally free by the Corollary
3.4, which also gives the functoriality of the constructed map. �

Remark 3.8. The natural map 3.7.1 is the one main ingredient in prov-
ing the representability of the Quot functor. Grothendieck [Gro95]
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then proceeds with showing that the map is locally a closed immer-
sion, which then implies that the Quot functor is representable with
a quasi-projective schemes. Thereafter he establishes that the Quot
functor satisfies the valuative criteria for properness which proves that
the Quot functor is represented by a closed subscheme of the Grass-
mann. Other existing proofs (e.g. [Mum66], [Str96], [FGI+05], [HS04],
[AK80]) more or less follow this strategy. A different approach with
the Hilbert functor being a closed subfunctor of a representable Homo-
mogeneous Hilbert functor is found in [ÁSS08].

4. The sheaf cone and Fitting ideals

4.1. Projective space. If V is an A-module, we have the associated
projective space P(V ) = Proj(SA(V )). The scheme P(V ) −→ Spec(A)
comes equipped with an universal line bundle O(1), which is very ample
when V is finitely generated. From a graded SA(V )-module E we obtain
in a natural way a sheaf E on P(V ).

Lemma 4.2. Let A be a Noetherian ring, V a finitely generated and
projective A-module. Let F =

⊕p
i=1 SA(V ), and let F denote the as-

sociated free sheaf on P(V ).

(1) For any integer m we have that Fm = H0(P(V ),F (m)).
(2) Let 0 // R // F // E // 0 be a short exact sequence

of coherent sheaves on P(V ). Assume that E is flat, finite and
of rank n over Spec(A). Let d ≥ n, and let R ⊆ F denote the
graded SA(V )-submodule generated by H0(P(V ),R(d)). Then
we have, for each m ≥ d that

Fm/Rm = H0(P(V ),E (m)) .

Proof. We have a natural map Fm −→ H0(P(V ),F (m)). The first
result then follows from [Har77, Proposition 5.13]. We will verify the
second statement. We have that R is flat, and from Proposition 3.2 we
have that R is d-regular, for any d ≥ n, on each fiber. By Proposition
3.4 (3) we then have the exact sequence for m ≥ d,

0 −→ H0(P(V ),R(m)) −→ Fm −→ H0(P(V ),E (m)) −→ 0.

By Proposition 3.4 (2) the graded module
⊕

m≥dH
0(P(V ),R(m)) is

generated by H0(P(V ),R(d)). �

4.3. With V an A-module, we let fA : P(V ) −→ Spec(A) denote the
structure sheaf. If ϕ : Spec(B) −→ Spec(A) is a morphism of schemes,



10 ROY MIKAEL SKJELNES

we get the Cartesian diagram

P(VB)

fB
��

ϕ′ // P(V )

fA
��

Spec(B)
ϕ // Spec(A),

where VB = V
⊗

AB.

Proposition 4.4. Let V be a projective A-module of finite rank, with A
a Noetherian ring. Let R ⊆ F =

⊕m
i=1 SA(V ) be a submodule generated

in degree d. Let E denote the sheaf on P(V ) associated to the SA(V )-
module E = F/R. Assume that the A-module Ed is projective of finite
rank n, and that this rank n ≤ d. Then we have that a morphism
of schemes ϕ : Spec(B) −→ Spec(A) factors via Spec(A/F d,∞

n−1(E)) if
and only if the two following conditions hold

(1) The sheaf ϕ′∗E is flat, finite of rank n over Spec(B).

(2) The B-module of global sections of ϕ′∗E (m) is Em
⊗

AB , as

quotients of Fm
⊗

AB, for each m ≥ d.

Proof. If a morphism of schemes ϕ : Spec(B) −→ Spec(A) factors via

Spec(A/F d,∞
n−1(E)), then we have by Corollary 2.10 that the B-modules

Em
⊗

AB are projective of rank n, for all m ≥ d. Hence the sheaf ϕ′∗E ,
which we obtain from the SB(VB)-module E

⊗
AB, is flat, finite of rank

n over the base. The second assertion follows by Lemma 4.2 (2).
Conversely, let ϕ : Spec(B) −→ Spec(A) be a morphism. By as-

sumption the sheaf ϕ′∗E = E ′ on P(VB) is flat, finite and of rank n
over B. By Corollary 3.7 the sheaves fB∗E ′(m) are locally free for ev-
ery m ≥ n. By assumption the B-modules Em

⊗
AB are the global

sections of E ′(m). Hence the B-modules Em
⊗

AB are projective of
rank n, and the factorization of ϕ : Spec(B) −→ Spec(A) follows by
Corollary 2.10 �

4.5. Fitting strata. For each quasi-coherent sheaf E ′ of finite type on
a scheme S, we let Fittn(E ′) ⊆ S denote the closed subscheme defined
by the n’th Fitting ideal sheaf F ittn(E ′).

4.6. The sheaf cone. Let V be a locally free sheaf of finite rank on
a Noetherian scheme S, and assume that f : P(V ) −→ S comes with
a very ample invertible sheaf O(1). Let F be the free rank p sheaf on
P(V ), and let d ≥ 0 be an integer. Assume that we have, on S, a short
exact sequence of coherent sheaves

(4.6.1) 0 // Rd
// f∗F (d) // Ed // 0.

The canonical map f∗F (d)
⊗

S f∗O(1) −→ f∗F (d + 1) is surjective
(Corollary 3.4). We let Rd+1 ⊆ f∗F (d + 1) denote the image of the
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induced map

Rd

⊗
S f∗O(1) // f∗F (d+ 1).

By Lemma 4.2 we have that V = f∗O(1), and we have on S, an exact
sequence of S ymOS

(V )-graded quasi-coherent sheaves

0 // R =
⊕

m≥d Rm //
⊕

m≥d f∗F (m) // E // 0 .

The sheaf E =
⊕

m≥d Em is by definition the graded quotient of the
two other sheaves. We refer to E as the sheaf cone associated to the
short exact sequence 4.6.1.

Theorem 4.7. Let V be a projective and finitely generated module
on a Noetherian ring A. Let F denote the free sheaf of rank p on
f : P(V ) −→ Spec(A) = S. Fix two integers n ≤ d, and let G −→ S
denote the Grassmann scheme parametrizing locally free rank n quo-
tients of f∗F (d). Let

0 // Rd
// f∗F (d) // Ed // 0

denote the universal short exact sequence on the Grassmann G, and let
E denote the associated sheaf cone. Then we have that

QuotnF/P(V )/S =
⋂
s≥1 Fittn−1(Ed+s).

Proof. Let ϕ : T −→ S be a morphism of schemes. We may assume
T = Spec(B) is affine. Then ϕ∗f∗F (d) corresponds to Fd, where F =⊕p

i=1 SB(V
⊗

AB). Let ϕ∗f∗F (d) −→ E be a T -valued point of the
Grassmann scheme, and let Rd denote its kernel. We then obtain a
graded SB(VB)-submodule R ⊆ F generated in degree d by the B-
module Rd that corresponds to the kernel sheaf Rd. Let E = F/R.
By Proposition (4.4) we have that the graded module E gives a sheaf

on P(VB) whose restriction to P(V )×A Spec(B/F d,∞
n−1(E)) is flat, finite

and of rank n over Spec(B/F d,∞
n−1(E)). This shows that we have a

morphism

s :
⋂
s≥1 Fittn−1(Ed+s) −→ QuotnF/P(V )/S .

If we instead were given a T = Spec(B)-valued point of the Quot
scheme QuotnF/P(V )/S, then we have the following sequence

0 // R // FT =
⊕p

i=1 OT
// E // 0,

where E is flat, finite of rank n over T . LetR ⊆ F =
⊕p

i=1 SB(V
⊗

AB)
denote the SB(VB)-module generated in degree d by the B-module
Rd = H0(P(VB),R(d)). We have by Lemma (4.2) that the sheaf associ-
ated to the graded module E = F/R is E . This implies, by Proposition
4.4 that the natural map 3.7.1 factorizes via ∩s≥1Fittn−1(Ed+s) ⊆ G,
and it also implies that the map ι is the inverse of s. �



12 ROY MIKAEL SKJELNES

Corollary 4.8. With the assumptions as in the Theorem. We have an
equality of the underlying topologcial spaces

| QuotnF/P(V )/S |=| Fittn−1(Ed+1) | .

That is, the scheme Fittn−1(Ed+1) cuts out set theoretically the Quot
scheme QuotnF/P(V )/S.

Proof. Let Spec(B) be an open subset of G. Let R ⊆ F =
⊕p

i=1 SB(VB)
be the graded submodule generated in degree d by the B-module Rd

that corresponds to the restriction of the sheaf Rd to Spec(B). By
the Theorem we need to show that the elements defining the ideals
F ittn−1(Em) (with m ≥ d+ 2) are nilpotent in the ring

B/F ittn−1(Ed+1),

where E = F/R. Or equivalently, for any morphism f : B −→ L to
a field L, we have that F ittn−1(Em

⊗
B L) = 0 for m ≥ d + 2. This

again is equivalent with the vector space Em
⊗

B L having dimension
n, which follows from the Proposition 2.2 (2). �

Corollary 4.9. With the assumptions as in the Theorem. We have
that

HilbnP(V )/S = Fittn−1(Ed+1).

Proof. Using the notation as in the proof of previous Corollary, with
Spec(B′) an open subset of the Grassmann. Let B = B′/F 1

n−1(Ed).
We have by construction that the B-modules that Em

⊗
AB, where

m = d, d + 1, are projective of rank n. It then follows by Gotzmanns
persistence Theorem [Got78] that Em

⊗
B′ B are projective for all m ≥

d. In particular we get that F ittn−1(Em
⊗

B′ B) = 0, and the result
follows from the Theorem. �

Corollary 4.10. Let X −→ Spec(A) = S be a projective morphism,
and let OX(1) be a very ample line bundle. Let F be a coherent sheaf
on X. Then the functor QuotnF/X/S is representable by a projective
scheme.

Proof. The reduction to the Pr case is well-known, see ([Gro95]): Let
i : X ⊆ PrA be the closed immersion given by OX(1). Then i∗F is a
coherent sheaf on PrA, and it follows that the natural map

QuotnF/X/S −→ Quotni∗F/Pr/S

is a representable closed map. Hence we may assume that X = PrA.
There exists an integer N such that F (N) is generated by its global
sections, thus we have a surjection

⊕r
i=1 O −→ F (N). It now follows

that the natural map

QuotnF (N)/Pr/S −→ QuotnO⊕p/Pr/S
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is a representable closed map. Hence it follows from the Theorem that
QuotnF (N)/Pr/S is representable. As QuotnF (N)/Pr/S = QuotnF/Pr/S we are
done. �

5. Quot schemes of the projective line

We end by giving some precise description about the Quot scheme
of the projective line, and by calculating some examples. Related, but
different is the work [Str87].

Proposition 5.1. Let A be a Noetherian ring, and V a projective
A-module of rank 2. Let F =

⊕p
i=1 SA(V ), and let R ⊆ F be a SA(V )-

module generated in degree d. Assume that Fm/Rm is a projective A-
module of rank n ≤ d, for m = d, d + 1. Then Fm/Rm is a projective
A-module of rank n for all m ≥ d.

Proof. We may assume that (A,m) is a local ring, and that SA(V ) =
A[X, Y ]. We will first show that if Em = Fm/Rm and Fm+1/Rm+1 are
free of rank n, then Rm+2 is generated by p(m+3)−n elements. Thus,
we assume that Fm/Rm is free of rank n. Then Rm is free and we let
g1, . . . , gt be a basis of Rm, with t = p(m + 1) − n. It follows that
the elements Xg1, . . . , Xgt in Rm+1 are linearly independent. Since we
assume that also Fm+1/Rm+1 is free of rank n, we may assume, after
possibly rearranging the order of g1, . . . , gt, that

(5.1.1) Xg1, . . . , Xgt, Y g1, . . . , Y gp

is a basis of Rm+1. In particular we have that the remaining generators
Y gp+i are in the linear span of the elements (5.1.1). In other words,

(5.1.2) Y gp+i =
t∑

j=1

αi,jXgj +

p∑
k=1

αi,kY gk,

for some scalars αi,j and αi,k in A, for all i = 1, . . . , t−p. By definition
the generators (5.1.1) of Rm+1 multiplied with the linear forms X and
Y will generate Rm+2. We claim that the subset

(5.1.3) X2g1, . . . , X
2gt, XY g1, . . . , XY gp, Y

2g1, . . . , Y
2gp

generate Rm+2. The generators that we obtain by multiplying (5.1.1)
with X and Y , and that we have not listed above are the elements of
the form XY gp+i, with i = 1, . . . , t− p. Using (5.1.2) we get that

XY gp+i = X
( t∑
j=1

αi,jXgj +

p∑
k=1

αi,kY gk
)
,

and that the elements XY gp+i are redundant. Thus (5.1.3) generate
Rm+2, and their cardinality is

t+ 2p = p(m+ 1)− n+ 2p = p(m+ 3)− n.
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We then will conclude that Em+2 is free. As we just have proved, the
vector space dimension of Rm+2

⊗
AA/m is at most p · dimFm+2 − n,

we have that the vector space dimension dimEm+2

⊗
AA/m ≥ n. By

Proposition 2.2 (1) it then follows that the vector space dimension
of Em+2

⊗
A /Am is exactly n. Moreover, as Rm+2 is generated by

p · dimFm+2 − n elements the Fitting ideals F ittn−s(Em+2) are zero,
for s ≥ 1. In particular the (n−1)’th Fitting ideal F ittn−1(Em+2) = 0.
It then follows by Proposition 2.6 that Em+2 is free of rank n. The result
now follows by induction. �

Remark 5.2. When V is free of higher rank the same proof does not
work, and the problem is the rearrangment done in 5.1.1.

Corollary 5.3. Let V be a projective A-module of rank 2, and let
R ⊆ F =

⊕p
i=1 SA(V ) be a submodule that is generated in degree d.

Let E = F/R, and assume that the A-module Ed is projective of rank
n, and that d ≥ n. Then we have equality of ideals

F ittn−1(Ed+1) = F d,∞
n−1(E).

In particular we have that

QuotnO⊕p/P(V )/ Spec(A) = Fittn−1(Ed+1),

where Ed+1 is the d+ 1 component of the sheaf cone in Theorem 4.7.

Proof. By assumption Ed is projective of rank n, so F ittn−1(Ed) = 0.
By Proposition 2.10 have that the modules Ed and Ed+1 are projective
when restricted to A/F ittn−1(Ed+1). From Proposition 5.1 we then
get that Em are projective A/F ittn−1(Ed+1)-modules as well, for m ≥
d. The equality of ideals F ittn−1(Ed+1) = F∞

n−1(Ed) then follows
from Proposition 2.10. Applying the result just proven to the sheaf
cone in Theorem 4.7 gives the identification of the Quot scheme of the
projective line. �

Example 5.4. The Hilbert scheme of points on the projective
line. Let V be free A-module of rank 2. The Quot scheme of finite, flat,
locally free of rank n quotients of the structure sheaf O on P1

A = P(V )
is often denoted

HilbnP1/ Spec(A),

and referred to as the Hilbert scheme of n points on the projective
line. Consider the Grassmann of locally free rank n quotients of the
free A-module of n-forms Sn of S = A[X, Y ] = SA(V ). Having a
rank n quotients is the same as having a rank one quotient of its dual
HomA(Sn, A) w Sn. We therefore have that the Grassmann is identified
with the dual projective n-space G = PnA.

Let S̃n be the sheaf on Spec(A) corresponding to the A-module Sn.
If we let f : P1

G −→ G denote the projection map, then we have that
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f∗O(n) corresponds to the pull-back sheaf g∗S̃n. On the Grassman G
we have the universal sequence

(5.4.1) 0 // Rn
// f∗O(n) // En // 0.

The OG-module Rn is projective of rank one. It is then easy to check
that the image of Rn

⊗
O(1) in the sheaf f∗O(n + 1) of degree n + 1

forms, is projective of rank 2. That implies that the Fitting ideal
F ittn−1(En+1) is zero, by definition. By Corollary 5.3, or using the
Gotzmann Persistence Theorem, we get that the Grassmann G = PnA
is the Hilbert scheme of n points on the projective line.

Example 5.5. The Hilbert scheme of hypersurfaces There are
other ways, different than the approach given in Example 5.4 to view
the Hilbert scheme of points. The usual way to realize the Hilbert
scheme is to consider hypersurfaces of degree n in P1. The universal
hypersurface F (X, Y ) = p0X

n + p1X
n−1Y + · · · + pnY

n has its coeffi-
cients parametrized by the projective n-space. One can show directly
that the hypersurface given by F (X, Y ) in P1 ×A Pn is the universal
family of n-points on the line, and we get that Pn is the Hilbert scheme
HilbnP1/Spec(A). This approach works for hypersurfaces in Pr, not only
the projective line, that is with r = 1.

If one takes the ideal sheaf generated by the kernel of the map 5.4.1,
one gets ideal sheaf of the universal family. And this shows the con-
nection between the usual approach and the Example 5.4.

For the particular case with the projective line, there exists an-
other more geometric interpretation. One forms the n-fold product
P1 ×A · · · ×A P1. The symmetric group on n letters Sd acts by per-
muting the factors, and one has that PnA is the geometric quotient.
Algebraically this is obtained by taking a homogeneous version of the
classical statement that the elementary symmetric functions are alge-
braically independent. The additional information we obtain this way
is that we can consider the universal family F (X, Y ) described above
as a product

F (X, Y ) = (a1X + b1Y ) · · · (adX + bdY )

of linear forms. Writing out the product gives that the elementary
homogeneous invariant functions in a1, b1, · · · , ad, bd are the coefficients
of the universal hypersurface F (X, Y ). Each linear form aiX+biY gives
a closed subscheme of P1×P1, and corresponds therefore to a family of
points in the line. The geometric way to consider the Hilbert scheme
HilbnP1/Spec(A) is therefore to consider an arbitrary set of n number of
unordered points on the line.

Example 5.6. Quot scheme of length one quotients. Let V be
a free Z-module of rank two. Consider the Grassmann of locally free
rank 1 quotients of the free module V

⊕
V of rank four. We have that
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this Grassmann is the projective three space which we identify with
G = Proj(Z[a, b, c, d]). Let f : P1 × G −→ G denote the projection
map, and let F denote the free rank 2 sheaf on P1. On the Grassmann
scheme G we have the universal sequence
(5.6.1)

0 // R1
// f∗F (1) = V

⊕
V // f∗O(1) = E1

// 0 ,

where V is the free OG-module of rank two. In our identification of the
Grassmann G, we have that the global sections of O(1) are a, b, c and d
and the quotient map to O(1) is represented by the matrix

[
a b c d

]
.

We obtain the SG(V )-graded submodule R ⊆ SG(V )
⊕

SG(V ) gen-
erated by R1. Let D+(a) denote the basic open affine Spec(A) ⊆ G =
P3, where A = Z[ b

a
, c
a
, d
a
]. The restriction of V to D+(a) is given by

the free A-module VA of rank two, and when we restrict the sequence
5.6.1 to D+(a), we get the exact sequence of A-modules

0 // ⊕3
i=1A

ψ1 // ⊕2
i=1 VA

// O(1)|A = A // 0,

where the map ψ1 is given by the matrix

ψ1 =
1

a


−b −c −d
a 0 0
0 a 0
0 0 a

 .
If we let Z[X, Y ] denote the coordinate ring of our projective line, and
let {X, Y } denote a basis of its one forms, then the image of the map
ψ1 is generated by elements

g1 = (− b
a
X + Y, 0), g2 = (− c

a
X,X) and g3 = (−d

a
X, Y ).

By multiplying the generators g1, g2, g3 with the one forms X and Y ,
obtain the generators of R2 restricted to D+(a). If we let {X2, XY, Y 2}
denote the basis of the quadratic forms in Z[X, Y ], then we have the
exact sequence ⊕6

i=1A
ψ2 // ⊕6

i=1
// E2

// 0.

The A-module E2 is simply the co-kernel of the map ψ2, and the map
ψ2 is given by the matrix

ψ2 =
1

a


−b 0 −c 0 −d 0
a −b 0 −c 0 −d
0 a 0 0 0 0
0 0 a 0 0 0
0 0 0 a a 0
0 0 0 0 0 a

 .
The determinant, which equals the zeroth Fitting ideal Fitt0(E2) of
the quotient, one computes as det(ψ2) = bc−ad

a2
. Similar computations
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over the three remaining basic opens D+(b), D+(c) and D+(d), gives
that the sought Fitting ideal is generated by ad− bc in Z[a, b, c, d]. By
Corollary 5.3 we get that

Proj(Z[a, b, c, d]/(ad− bc)) = P1 × P1

is the Quot scheme
Quot1O ⊕

O/P1/ Spec(Z) .

Example 5.7. Quot scheme of length one quotients II. Consider
now the Grassmannian of rank one quotients of the free Z-module⊕p

i=1 V , where V is the free Z-module of rank two. The Grassmannian
is the projective 2p− 1 space P2p−1.

Let O⊕p denote the trivial rank p bundle on the projective line
P(V ) = P1 and let f : P1 × P2p−1 −→ P2p−1 denote the structure map.
We have that the Quot scheme Quot1O⊕p/P(V )/Z is given as a closed sub-

scheme in Proj(Z[X1, Y1, . . . , Xp, Yp]) = P2p−1. Based on the computa-
tions in Example 5.6 we get that the quadratic equations XiYj −XjYi
will vanish over the closed locus defining the Quot scheme, for any pair
1 ≤ i < j ≤ p. We therefore have an inclusion of ideals

(5.7.1) (XiYj −XjYi)1≤i<j≤p ⊆ F itt0(E2)

where F itt0(E2) is the ideal that defines the Quot scheme as a closed
subscheme of P2p−1 (Corollary 5.3). The quadratic equations XiYj −
XjYi describes the Segree embedding of Pp−1×P1 into projective 2p−1
space. If the inclusion of ideals 5.7.1 was not an equality, then the
Quot scheme would be a proper subscheme of Pp−1×P1. However, the
product is an integral scheme, and any proper subscheme would have
dimension strictly less than p. It is an easy fact to check that the Quot
scheme is of (relative) dimension p, hence

Pp−1 × P1 = Quot1O⊕p/P1/Z.

Remark 5.8. We have that the Quot scheme Quot1F ′/X/S = P(F ′) (see
[Kle90]). Now, if F ′ = f ∗F for some coherent sheaf on S, then we
have that P(f ∗F ) = P(F ) ×S X. With F the free sheaf on S and
with X = P1 we recover the description given in the examples above.
We thank S. Kleiman for pointing this out.

Remark 5.9. Note that the Example 5.7 gives us two different modular
representations of the same space: Let Vr be the free rank r+1 sheaf on
Spec(Z). Recall that if f : S −→ Spec(Z) is a scheme, then a morphism
S −→ Pr to the projective line is the same as having a locally free rank
one quotient sheaf

ϕ : f ∗Vr −→ L

on S. An S-valued point of the product Pp−1×P1 is therefore the same
as having an ordered pair (ϕ1, ϕ2) on line bundle quotients. As we saw
in the Example 5.7, the product of Pp−1 × P1 equals the Quot scheme
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Quot1O⊕p/P1/Spec(Z). Consequently the ordered sequence (ϕ1, ϕ2) is in a
natural way the same as a coherent quotient of P× S-sheaves⊕p

i=1 OP1×S −→ E ,

where E is flat and of relative rank one over S. It is unclear how to
describe that natural correspondence.

Remark 5.10. It is unclear if the Quot functor of finite, locally free
quotients of the trivial bundle of infinite rank is representable. That
is, what happens when we let the rank p of the free sheaf grow (see
[Bri13]).

Example 5.11. Projective plane. We end by giving the result con-
cerning examples of Quot schemes of sheaves on spaces other than the
projective line. Consider the Grassmannian P5 of rank one quotients
of V

⊕
V , where V is the free Z-module of one forms on the projec-

tive plane V = H0(P2,O(1)). We let X, Y, Z be a basis of V . Inside
the Grassmannian P5 we have the Quot scheme Q = Quot1O⊕2,P2 , given
as the intersection of a finite number of Fitting ideal strata. We will
look at a certain standard open chart of the Grassmann, namely the
affine 5-space A5 where we have inverted the first coordinate. Let
A = Z[a1, . . . , a5] be the polynomial ring. The universal family re-
stricted to Spec(A) is then given by the matrix[

1 a1 a2 a3 a4 a5
]
,

where the matrix represent the quotient map

V
⊕

V
⊗

ZA −→ A = O(1)|Spec(A) .

The kernel will be generated by five elements, and generate a graded
submodule R ⊆ A[X, Y, Z]

⊕
A[X, Y, Z]. We let E denote the graded

quotient module, where E1 = A is the universal family described above.
Now, using the Macaulay2 software [GS] one can check that the 0’th
Fitting ideal F itt0(E2) is the ideal

(a2a4 − a1a5, a2a3 − a5, a1a3 − a4) ⊆ A = Z[a1, . . . , a5].

We then get that Fitt0(E1) = P2×P1 embedded into P5 via the Segree
embedding. In particular we have that Fitt0(E1) is reduced, and it
follows that

Quot1O⊕2/P2 = P2 × P1.

In particular the equality of spaces (4.8) in fact is an equality of schemes
in this case as well. Note also that the computations are aligned with
the result mentioned in Remark 5.8.
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