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Abstract

This paper presents a coding theorem for linear coding over finite rings, in the setting of the Slepian—Wolf
source coding problem. This theorem covers corresponding achievability theorems of Elias [1] and Csiszar [2] for
linear coding over finite fields as special cases. In addition, it is shown that, for any set of finite correlated discrete
memoryless sources, there always exists a sequence of linear encoders over some finite non-field rings which achieves
the data compression limit, the Slepian—Wolf region. Hence, the optimality problem regarding linear coding over finite
non-field rings for data compression is closed with positive confirmation with respect to existence.

For application, we addressed the problem of source coding for computing, where the decoder is interested in
recovering a discrete function of the data generated and independently encoded by several correlated i.i.d. random
sources. We propose linear coding over finite rings as an alternative solution to this problem. Results in Korner—
Marton [3]] and Ahlswede—Han [4, Theorem 10] are generalized to cases for encoding (pseudo) nomographic functions
(over rings). Since a discrete function with a finite domain always admits a nomographic presentation, we conclude
that both generalizations universally apply for encoding all discrete functions of finite domains. Based on these, we
demonstrate that linear coding over finite rings strictly outperforms its field counterpart in terms of achieving better

coding rates and reducing the required alphabet sizes of the encoders for encoding infinitely many discrete functions.

Index Terms

Linear Coding, Source Coding, Ring, Field, Source Coding for Computing.

I. INTRODUCTION

The problem of source coding for computing can be defined as follows.

Problem 1 (Source Coding for Computing). Given S = {1,2,--- ,s} and (X1, Xs, -+, Xs) ~ p. Let t; (i € S) be

a discrete memoryless source that randomly generates i.i.d. discrete data X Z-(l), X Z-(Q), e, X Z-("), .-+, where X Z-(") has
a finite sample space .2; and [Xl(n), Xz(")7 - ,XS(”)} ~ p,¥ n € NT. For a discrete function g H Z; — €, what
i€S

is the largest region R[g] C R®, such that, V (Ry, Ra,--- , Rs) € R[g] and V € > 0, there exists an Ny € NT, such
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that for all n > Ny, there exist s encoders ¢; : Z;" — [1, 2"Ri} ,t € S, and one decoder 1 : H [1, 2"R7‘] — Q"
with e

Pr{g (X7, -, XJ) # ¢ [0 (XT), -, 0s (X} <,
where X7 =[x, x® ... ,XZ?")} and

g (Xl(l)a e 7Xs(1))
gXt, -, X = e Q"?
R

The region Rlg] is called the achievable coding rate region for computing g. A rate tuple R € R’ is said to
be achievable for computing g (or simply achievable) if and only if R € R[g]. A region R C R’ is said to be
achievable for computing g (or simply achievable) if and only if R C R[g].

If g is an identity function, the computing problem, Problem[I] is known as the Slepian—Wolf (SW) source coding
problem. R[g] is then the SW region [5], namely

RIX1 Xa,, X,] = {(Ru, Ra,o-  R) € R

ZRJ' > H(X7p|X71e),VO#T C S},
jer

where T° is the complement of T in S and X7 (Xr.) is the random variable array H X; H X; | . However,
JET JET®
from [S)] it is hard to draw conclusions regarding the structure of the optimal encoders, as the corresponding

mappings are chosen randomly among all feasible mappings. This limits the scope of their potential applications.
As a completion, linear coding over finite fields (LCoF), namely 2;’s are injectively mapped into some subsets
of some finite fields and the ¢;’s are chosen as linear mappings over these fields, is considered. It is shown that
LCoF achieves the same encoding limit, the SW region [[1], [2]. Although it seems straightforward to study linear
mappings over rings (non-field rings in particular), it has not been proved (nor denied) that linear encoding over
non-field rings can be equally optimal.

For an arbitrary discrete function g, Problem [Il remains open in general, and R[X7, X2, -+, Xs] C RJ[g]
obviously. Making use of Elias’ theorem on binary linear codes [1l], Kérner-Marton [3] shows that R[®s] (“®2”

is the modulo-two sum) contains the region
Re, = {(R1,R2) € R? | R, Ry > H(X1 @2 X2)} .

This region is not contained in the SW region for certain distributions. In other words, R[®2] 2 R[X1, Xa).
Combining the standard random coding technique and Elias’ result, [4] shows that R[$2] can be strictly larger than
the convex hull of the union R[X1, X2] U Rg,. However, the functions considered in these works are relatively
simple. With a polynomial approach, (6], [[/] generalize the result of Ahlswede—Han [4, Theorem 10] to the scenario
of g being arbitrary. Making use of the fact that a discrete function is essentially a polynomial function (see Definition
over some finite field, an achievable region is given for computing an arbitrary discrete function. Such a region

contains and can be strictly larger (depending on the precise function and distribution under consideration) than the
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SW region. Conditions under which R[g] is strictly larger than the SW region are presented in [8] and [6] from
different perspectives, respectively.

The present work proposes replacing the linear encoders over finite fields from Elias [1] and Csiszér [2] with
linear encoders over finite rings in the case of the problems accounted for above. Achievability theorems related to
linear coding over finite rings (LCoR) for SW data compression are presented, covering the results in [1l], [2] as
special cases in the sense of characterizing the achievable region. In addition, it is proved that there always exists
a sequence of linear encoders over some finite non-field rings that achieves the SW region for any scenario of SW.
Therefore, the issue of optimality of linear coding over finite non-field rings for data compression is closed with
respect to existence. Furthermore, we also consider LCoR as an alternative technique for the general computing
problem, Problem [1l Results from Kérner—Marton [3], Ahlswede—Han [4, Theorem 10] and [7] are generalized to
corresponding ring versions for encoding (pseudo) nomographic functions (over rings). Since any discrete function
with a finite domain admits a nomographic presentation, we conclude that our results universally apply for encoding
all discrete functions of finite domains. Finally, it is shown that our ring approach dominates its field counterpart
in terms of achieving better coding rates and reducing alphabet sizes of the encoders for encoding some discrete
function. The proof is done by taking advantage of the fact that the characteristic of a ring can be any positive
integer while the characteristic of a field must be a prime. From this observation used in the proof, it is seen that

there are actually infinite many such functions.

II. RINGS, IDEALS AND LINEAR MAPPINGS

We start by introducing some fundamental algebraic concepts and related properties. Readers who are already

familiar with this material may still choose to go through quickly to identify our notation.

Definition IL.1. The touple [R, +, -] is called a ring if the following criteria are met:
1) [, +] is an Abelian group;
2) There exists a multiplicative identi 1eR, namely, l-a=a-1=a,VaecR;
3) Va,b,ceR,a-beRand (a-b)-c=a-(b-c);
4) Va,bceR,a-(b+c)=(a-b)+(a-c)and (b+c)-a=(b-a)+ (c-a).

We often write R for [, +, -] when the operations considered are known from the context. The operation “” is
usually written by juxtaposition, ab for a - b, for all a,b € fR.

A ring [R, +, -] is said to be commutative if ¥V a,b € R, a-b = b a. In Definition the identity of the group
[R, +], denoted by 0, is called the zero. A ring [R, +, -] is said to be finite if the cardinality || is finite, and |R]
is called the order of R. The set Z, of integers modulo ¢ is a commutative finite ring with respect to the modular

arithmetic. For any ring R, the set of all polynomials of s indeterminants over R is an infinite ring.

!'Sometimes a ring without a multiplicative identity is considered. Such a structure has been called a rng. We consider rings with multiplicative
identities in this paper. However, similar results remain valid when considering rngs instead. Although we will occasionally comment on such

results, they are not fully considered in the present work.
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Definition IL.2. A polynomial functionH of k variables over a finite ring R is a function g : )% — 9 of the form
m
g(Ilv'er"' 7Ik)zzajx1ln1jx12n2j"'x;anjv (1)

7=0

where a; € R and m and m;;’s are non-negative integers. The set of all the polynomial functions of k variables

over ring fR is designated by QR[k].

Remark 1. Polynomial and polynomial function are sometimes only defined over a commutative ring [9[], [[1O].
It is a very delicate matter to define them over a non-commutative ring [11]], [12]], due to the fact that zyz and
zox1 can become different objects. We choose to define “polynomial functions” with formula (1) because those

functions are within the scope of this paper’s interest.

Proposition IL3. Given s rings R1,Rs, - ,Rs, for any non-empty set T C {1,2,--- s}, the Cartesian product

(see [9]) Rr = H R, forms a new ring [Rr,+, ] with respect to the component-wise operations defined as

i€T
follows:
! " ! " ! " ! "
a +a’ = [al—l—al,az—i—%,--- » Ay +a|TI} ,
!/ 1 i /i / "
a-a :{ 107, Qg0 "+ 7aITla\T\} ’
! ! ! I " " " "
Va = [al,az,--- ,am] ,a' = [al,aQ,--- ,am] € Rr.

Remark 2. In Proposition [Rr,+,] is called the direct product of {9R;|i € T'}. It can be easily seen that

[0,0,---,0] and [1,1,--- ,1] are the zero and the multiplicative identity of [Rr,+, -], respectively.

Definition I1.4. A non-zero element a of a ring fR is said to be invertible, if and only if there exists b € R, such

that ab = ba = 1. b is called the inverse of a, denoted by a~'. An invertible element of a ring is called a unit.

Remark 3. It can be proved that the inverse of a unit is unique. By definition, the multiplicative identity is the

inverse of itself.

Let R* = %R\ {0}. The ring [R, +, ] is a field if and only if [R™,-] is an Abelian group. In other words, all
non-zero elements of R are invertible. All fields are commutative rings. Z, is a field if and only if ¢ is a prime. All
finite fields of the same order are isomorphic to each other [13| pp. 549]. This “unique” field of order ¢ is denoted
by IF,. It is necessary that ¢ is a power of a prime. More details regarding finite fields can be found in [13, Ch.

14.3].

Theorem IL.5 (Wedderburn’s little theorem c.f. Theorem 7.13 of [9]). Let R be a finite ring. *R is a field if and

only if all non-zero elements of R are invertible.

2Polynomiall and polynomial function are distinct concepts.
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Remark 4. Wedderburn’s little theorem guarantees commutativity for a finite ring if all of its non-zero elements
are invertible. Hence, a finite ring is either a field or at least one of its elements has no inverse. However, a finite

commutative ring is not necessary a field, e.g. Z, is not a field if ¢ is not a prime.

Definition I1.6 (c.f. [13]). The characteristic of a finite ring R is defined to be the smallest positive integer m,

such that Z 1 =0, where 0 and 1 are the zero and the multiplicative identity of fR, respectively. The characteristic
Jj=1

of MR is often denoted by Char(®R).

Remark 5. Clearly, Char(Z,) = ¢. For a finite field F,, Char(F,) is always the prime ¢ such that ¢ = ¢ for

some integer n [9, Proposition 2.137].

Proposition IL7. Let F, be a finite field. For any 0 # a € F,, m = Char(F,) if and only if m is the smallest

positive integer such that Z a=0.
=1

Proof: Since a # 0,

Za:()éailza:afl-O:>21:O:>Za20

j=1 j=1 j=1 j=1
The statement is proved. [ ]
Definition IL8. A subset J of a ring [R, +, -] is said to be a left ideal of R, denoted by J <; R, if and only if

1) [J,4] is a subgroup of [R, +];

2y VeeJandVaeR a-z 7.
If condition 2) is replaced by
3y VeeJandVaeR, z-a€T,

then 7 is called a right ideal of R, denoted by J <, R. {0} is a trivial left (right) ideal, usually denoted by 0.

The cardinality |J] is called the order of a finite left (right) ideal J.

Remark 6. Let {aj,as,---,a,} be a non-empty set of elements of some ring . It is easy to verify that

(a1,a9, -+ ,an)y = {Zaibi b e RV 1<i< n} is a right ideal and (a1, ag, - ,an) = {Zbiai b; €
i=1 i=1

RVI<i< n} is a left ideal. Furthermore, (a1, a2, - ,a,), = R and (a1, a2, - ,a,); = R if a; is a unit for

some 1 <7 <n.

It is well-known that if J <; R, then R is divided into disjoint cosets which are of equal size (cardinality). For
any coset J, J=x +J = {x +y|ly € T}, V 2 € J. The set of all cosets forms a left module over R, denoted by
/7. Similarly, R/J becomes a right module over R if J <,. R [14]. Of course, PR/TJ can also be considered as a

quotient group [9, Ch. 1.6 and Ch. 2.9]. However, its structure is well richer than simply being a quotient group.
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Proposition I1.9. Let R; (1 < i < s) be a ring and R = H%i. For any 2L C R, A <; R (or A <, R) if and
i=1

only zle:l_[QlZ and A; < R; (or A; <, R;), V1<i<s.

i=1
Proof: Tt suffices to complete the proof for <; only. Let 7; (1 < 7 < s) be the coordinate function assigning

every element in R its ¢th component. Then A C H 2A;, where 2; = m; (). Moreover, for any
i=1

X = (m1(x1), m2(x2), -+, Ms(Xs)) € HQLZ-,

where x; € 2 for all feasible 7, we have that

X = Z €;X;,
i=1
where e; € R has the ith coordinate being 1 and others being 0. If 2 <; %R, then x € 2 by definition. Therefore,
HQ{Z- C 2. Consequently, 2 = HQ{Z Since 7; is a homomorphism, we also have that 2; <; R; for all feasible
i=1 i=1
1. The other direction is easily verified by definition. [ ]
Remark 7. It is worthwhile to point out that Proposition[[L.9 does not hold for infinite index set, namely, R = H R,

. . iel
where I is not finite.

For any () # T C S, Proposition states that any left (right) ideal of fR7 is a Cartesian product of some left
(right) ideals of R;, 2 € T'. Let J; be a left (right) ideal of ring R; (1 < ¢ < s). We define Jr to be the left (right)

ideal H 3, of Ry
€T

Definition II.10. A mapping f : R" — R given as:
n n t
f(xy,x0, 1) = <Za1_jxj, e ,Zam_jxj) V (21,29, -+, x,) € R 2)
j=1 j=1

where t stands for transposition and a; ; € R for all feasible ¢ and j, is called a left linear mapping over ring ‘R.

Similarly,

n n t
f@r, @2, an) = <Z$g‘a1,j,"' ,ijam,j> (@1, 22,00 a0) € R,
i=1 i=1

defines a right linear mapping over ring R. If m = 1, then f is called a left (right) linear function over fR.

From now on, left linear mapping (function) or right linear mapping (function) are simply called linear mapping
(function). This will not lead to any confusion since the intended use can usually be clearly distinguished from the

context.

Remark 8. The mapping f in Definition is called linear in accordance with the definition of linear mapping

(function) over field. In fact, the two structures have several similar properties. Moreover, (@) is equivalent to

f(xlaan"' axn) = A((El,l’g,"' ’xn)t7v (xlaan"' ,l’n) S mn7 (3)
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where A is an m X n matrix over R and [A]; ; = a; ; for all feasible ¢ and j. A is named the coefficient matrix. It
is easy to prove that a linear mapping is uniquely determined by its coefficient matrix, and vice versa. The linear
mapping f is said to be frivial, denoted by 0, if A is the zero matrix, i.e. [A]; ; = 0 for all feasible ¢ and j.
Let A be an m X n matrix over ring R and f(x) = Ax, V x € R". For the system of linear equations
f(x) = Ax =0, where 0 = (0,0,---,0)" € R™,

let &(f) be the set of all solutions, namely &(f) = {x € R"|f(x) = 0}. It is obvious that &(f) = R™ if f is
trivial, i.e. A is the zero matrix. If R is a field, then &(f) is a subspace of SR"™. We conclude this section with a

lemma regarding the cardinalities of R and &(f) in the following.

Lemma IL.11. For a finite ring R and a linear function

fxi= (a1, a2, an)x
(f x> x' (a1, ag, - ,an)t),Vx € R",
we have
s _ 1
AT ]
where 3 = (a1,a2,- -+ ,an)r (I ={a1,aa, - ,an)). In particular, if a; is invertible for some 1 < i < n, then
—1
Sl =9R]""

Proof: 1t is obvious that the image f(9R") = J by definition. Moreover, ¥ = # y € J, the pre-images f ' (x)

f M y) satisfy f7H(2) N f7H(y) = 0 and |[f7H (@) = [f7' ()| = |6(f)]. Therefore, [3]|&(f)| = |R]", ie.
|(|‘;|J;)| = % Moreover, if a; is a unit, then J = R, thus, |&(f)| = |R|" /%] = |R|" . [

III. LINEAR CODING OVER FINITE RINGS

In this section, we will present a coding rate region achieved with LCoR for the SW source coding problem, i.e.
g is an identity function in Problem [I} This region is exactly the SW region if all the rings considered are fields.
However, being field is not necessary as seen in Section [V] where the issue of optimality is addressed.

Before proceeding, a subtlety needs to be cleared out. It is assumed that a source, say ¢;, generates data taking
values from a finite sample space .Z;, while Z; does not necessarily admit any algebraic structure. We have to
either assume that 2; is with a certain algebraic structure, for instance Z; is a ring, or injectively map elements
of Z; into some algebraic structure. In our subsequent discussions, we assume that Z; is mapped into a finite ring
R, of order at least |Z;| by some injection ®;. Hence, Z; can simply be treated as a subset ®; (Z;) C R; for a
fixed ®;. When required, ®; can also be selected to obtain desired outcomes.

To facilitate our discussion, the following notation is used. For ) # T C S, Xt (vt and 27 resp.) is defined
to be the Cartesian product

I x <H v and ] 2; resp.> ,

€T €T €T



8 SUBMITTED
where x; € 2 is a realization of X;. If (X1, Xo, -, Xs) ~ p, we denote the marginal of p with respect to X
by px,, i.e. X7 ~ px,, define
H(px,)=H(Xr) and
supp(px,) ={zr € Zr|px, (v17) > 0}.
For simplicity, .# (Zs,Rs) is defined to be
{[®1, Do, -, P]| P; : Z7 — R, is injective, Vi € S}

(IR;| > | Zi| is implicitly assumed), and ®(x7) H ®,(x;) for any ® € A4 (Zs,Rs) and zp € Z7. For any
€T

[ONS %(%5,%5), let

R; log|J | r (T, 37)

R@—{[RMRQ,"',

where T(T, jT) = H(XT|XT<:) — H(YERT/:TT|XTC) = H(XT|YERT/3T7XTC) and YERT/:TT = (I)(XT) + jT is a

random variable with sample space Ry /Jr.

Theorem IIl.1. Rg is achievable with linear coding over the finite rings R1,NRo, - - - ,Rs. In exact terms, ¥ € > 0,
there exists No € N, for all n > Ny, there exist linear encoders (left linear mappings to be more precise)

b ®(2;)" = MY (i € S) and a decoder ), such that

(L) Qb=

where X; = {@ (Xi(l)) ,® (Xi(z)) oo, ® (Xi(n))]t, as long as

ki log |R1| k2log|R: kslog |Rs
[ 1 log | 1|7 2 log | 2|’._.7 og | qER‘I"
n n n
Proof: The proof is given in Section [ |

The following is a concrete example helping to interpret this theorem.

Example II1.2. Consider the single source scenario, where X; ~ p and 27 = Zg, specified as follows.

X, 0 1 2 3 4 5
p(X1) | 0.0501]015]02|02]0.3

By Theorem [IL1]

R ={R; € R|R; > max{2.40869, 2.34486, 2.24686} }

= {Rl S RlRl > 2.40869 = H(Xl)}

is achievable with linear coding over ring Zg. Obviously, R is just the SW region R[X;]. Optimality is claimed.
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Besides, we would like to point out that some of the inequalities defining are not active for specific scenarios.
Two classes of these scenarios are discussed in the following theorems.

ki
Theorem IIL.3. Suppose R; (1 < ¢ < s) is a (finite) product ring H%m of finite rings Ry ;’s, and the sample

1=1
space Z; satisfies | Z;| < || for all feasible i and 1. Given injections ®; : Z; — Ry, and let

b= [q)luq)Qa"' 7(1)8]7

ki
where ®; = H ®; ; is defined as
=1

D xy = (Pri(wi), Poi(wi), -, Poyilwi)) € R,V € 25

We have that

s| N Rilog T4
R prod = {[Rth, S AR Z log %] > H(X1|Yny /30, X1e),
ki
VO#TCS V3 =[] with 0# 3, szm}, (5)
=1
where Yo, /5, = O(Xr1) + I, is achievable with linear coding over Ry, Ra, - - ,Rs. Moreover, Rg C R prod-
Proof: The proof is found in Section [[V] ]
Let R be a finite ring and
aq 0 0
ag al O
Mgz ;:m = ) ay, a2, - ,am €R p,
Gm  Am—1 a1

where m is a positive integer. It is easy to verify that Mz, s ,, is a ring with respect to matrix operations. Moreover,

J is a left ideal of M, i ,, if and only if

a1 0 0
az  ax 0(la; €T <IRVI<j<my
j:
J; CTj41,V1I<i<m
Ay Am—1 aq

Let O(Mp, o,m) be the set of all left ideals of the form

a; €J; ITR,VILS G <my
3 J+1,V1<j<m

J;,=0forsome 1 <i<m
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Theorem IIL4. Let R; (1 < i < s) be a finite ring such that | 2;| < |R;|. For any injections ®, : Z; — R;, let
d = [q)luq)27" . 7(1)8]7

where ®; 1 Z; — M, s, m, is defined as

(i) D) 0
P,z — ,VIiE:%-
Di(w;)  Pi(wi) P} ()
We have that
R; log |J;]
Rom =< [R1,Re, - ,Rs] € R® > H(Xr|Ys , X7e),
P, {[ 1, ft2 Z log |9%;] (X7[Yor, /3,0, Xe)
VO#T CSVT; < Mpw, m, and J; ¢ D(ML,%i,mi)}v (6)
where Yy, /3, = ®(X7) + I, is achievable with linear coding over Mr o, m,, ML %y mas - s ML sz, m..
Moreover, Ro C R m.
Proof: The proof is found in Section [[V] ]

Remark 9. The difference between (@), (3) and (@) lies in their restrictions defining J;’s, respectively, as highlighted

in the proofs given in Section [Vl

Remark 10. Without much effort, one can see that Re (R prod and Ra m, resp.) in Theorem (Theorem L3

and Theorem [IL.4, resp.) depends on ® via random variables Yy, /5, ’s whose distributions are determined by .
|9R]!
(IR:] = |23])!

cov(A) be the convex hull of a set A C R®. By a straightforward time sharing argument, we have that

For each i € S, there exist distinct injections from 2; to a ring R; of order at least |.2;|. Let

R, = cov U Ra (7
Pe M (Xs,Rs)

is achievable with linear coding over PR, Rs, - - ,Rs.

Remark 11. From Theorem one will see that and (@) are the same when all the rings are fields. Actually,
both are identical to the SW region. However, can be strictly larger than (@) (see Section [V)), when not all the
rings are fields. This implies that, in order to achieve the desired rate, a suitable injection is required. However, be
reminded that taking the convex hull in () is not always needed for optimality as shown in Example A more

sophisticated elaboration on this issue is found in Section [V]

The rest of this section provides key supporting lemmata and concepts used to prove Theorem L1} Theorem

and Theorem The final proofs are presented in Section
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Lemma IILS. Let x,y € R" be two distinct sequences, where R is a finite ring, and assume that' y — x =
(a1,a9,- - ,an)t. If f : R™ — R* is a random linear mapping chosen uniformly at random, i.e. generate the k x n

coefficient matrix A of f by independently choosing each entry of A from R uniformly at random, then
Pr{f(x) = f(y)} =137, ®)
where 3 = (a1,a2,- - ,ap)|.

Proof: Let f = (f1, f2,-+- , fr)', where f; : R" — QR is a random linear function. Then
k
Pr{f(x) = f(y)} =Pr { M {:(x) = fi<y>}}
i=1

k
:HPr{fi(X—Y) =0},

since the f;’s are independent from each other. The statement follows from Lemma [L.11] which assure that

Pr{fi(x—y)=0}=[3"". n

Remark 12. In Lemma [IL3 if R is a field and x # y, then J = R because every non-zero a; is a unit. Thus,
Pr{f(x) = f(y)} = R]"

Definition IIL6 (c.f. [15]). Let X ~ px be a discrete random variable with sample space 2". The set T¢(n, X)

of strongly e-typical sequences of length n with respect to X is defined to be

N@x) _ (@)

{xe%”

<eVrwe A } ,
where N (z;x) is the number of occurrences of x in the sequence x.

The notation 7.(n, X) is sometimes replaced by 7. when the length n and the random variable X referred to
are clear from the context.

Now we conclude this section with the following lemma. It is a crucial part for our proofs of the achievability
theorems. It generalizes the classic conditional typicality lemma [16, Theorem 15.2.2], yet at the same time

distinguishes our argument from the one for the field version.

Lemma IIL7. Ler (X1, X2) ~ p be a jointly random variable whose sample space is a finite ring R = R x Ro.
For any 1 > 0, there exists € > 0, such that, ¥ (x1,%2)" € Te(n, (X1, X2)) and ¥ 3 <; Ry,

|De (31, Ixz) | < 21X Wona 2 Xa) ] ©
where
De(x1,7|x2) = { (y,%2)' € Te|y —x1 € T"}

and Yy, )5 = X1+ J is a random variable with sample space R1 /7.
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First ProofH: Let R1/7 = {a1 +J,a2+ T, ,am + I}, where m = |R4|/|J|. For arbitrary ¢ > 0 and

integer n, without loss of generality, assume that

X1 XX, s Xim | 9051)7 ZU?)’ Ty wi”)
X2 X2,1,X2,2," ", X2m 9051)7 $é2)7 Ty Uﬁén)
and
X1,5 xgzgc;é Ck+1)7 ‘nggc;é Ck+2)7 Ty ‘ng:izo o) J R Cj
R o o . c % ,
z; o, xéZi:éckJrl)’ xéZi:éckJrQ)’ ) Tk (aj + 2)
where ¢y = 0 and ¢; = Z N (r,(x1,%2)"), 1 < j < m. For any y = [y(l),y(z),--- L,y | with

rea;+IxXNR2
(y,x2)" € Dc(x1,7|x2), we have y(i) — xgl) € 7,V 1 < i < n, by definition. Thus, y(i) and :zrgz) belong to the

same coset, i.e. y(zi;é C’“Jrl),y(zi;t ckt2) .. ,y(zizo ) € a; + 7,V 1 < j < m. Furthermore, ¥V r € R,

’N (r, (xl,xz)t) /n —p(r)‘ < € and

IN (1, (y,%2)") /n—p(r)| < e

t t
— N(’f‘, (yux2) ) _ N('f‘, (X17x2) ) < 26,
n n

since (x1,%2)", (y,%2)" € Tc. As a consequence,

ySihet)  (SiThetd) L (S

— ) ) ) . a €j
%= | e T (Tigen| € (@ T x0)
2 2 2

R R LR

is a strongly 2e-typical sequence of length c; with respect to the random variable Z; ~ p; = emp(z;) (the empirical

distribution of z;). The sample space of Z; is a; +J x Ry. Therefore, the number of all possible z;-’s (namely, all

W

elements ! € Tae(cj, Z;) such that wo = X ;) is upper bounded by 2% (H (p;)=H(pj2)+2€]  where pj,2 is the
W2

marginal of p; with respect to the second coordinate, by [15, Theorem 6.10]. Consequently,

| De(x1,I[xz)| < 22551 alH Ra)=Hps2)t2e], (10)

Direct computation yields

Jj=1 j=1 rea;j+JIxMRo
_y N bax)), A T
rem n N(Tv (XlaXQ) ) j=1 Cj

3 An alternative, second, proof was suggested by an anonymous reviewer for our paper [17], and is presented in Appendix [Cfor completeness.
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and
- ZCJH(pL?)
j=1
:i ¢ Z ZrleajJer ((r1,72), (x1,%2)") « log Cj
j=1 n ro ENRo Cj Zrl €a;+7J N ((Tla T2)5 (X17 XQ)t)
:Zm: > Loy N, a), b0, %2)) x log - _zm:ﬁmgﬁ
] n Z S _+3N((T‘1,T‘2)7(X1,X2)t) - Cj'
J=1raeNRo T1€aj j=1
Since the entropy H is a continuous function, there exists some small 0 < € < /4, such that
N (r, (x1,%x2)") n
1 —H(X, X 8
Z n OgN(T, (x1,%2)t) (X0, X)) <n/8,
reER
3" Ylog L — H(Ya, 5)| <n/8 and
i=1 n Cj
“ ri€a; N r1,72), (X1,X2 ¢
Z Z Z hi (( ) ( ) ) X log n t _H(X%Y%‘l/j) < 77/8'
j=1 ro€Ro n Zrl €a;+7 N((Tlv TQ)) (le XQ) )
Therefore,
1 m
~ > ¢ H(py) <H(Xy, Xz) = H(Yar, /) +1/4 (1
=1
1 m
~ > el (p2) >H(Xa, Yar,j3) = H(Yar, /3) = 1/4 (12)
=1

where and are guaranteed for small 0 < e¢ < /4. Substituting and into (10D, @) follows. M

Remark 13. Assume that y — x = (a1, a9, - ,a,)", then y —x € 3" is equivalent to (a1, as, - ,a,) C J.

IV. PROOF OF THE ACHIEVABILITY THEOREMS
A. Proof of Theorem

As mentioned, Z; can be seen as a subset of fR; for a fixed ® = [®q,--- , D,]. In this section, we assume that

X; has sample space R;, which makes sense since ®; is injective.

Let R = [R1,Ro, -, Ry and k; = { nk

log [R;|
R; log |jl| .. . 1
R € Rg, then E Toz R > r(T,Jr), (this implies that - E k;log|3;| — v (T,Jr) > 2n for some small
icT ’

ieT
constant ) > 0 and large enough n), V) £ T C S,V 0 # J; <; R;. We claim that R is achievable by linear coding
over Ry, Ra, -+, R,

J, V i € §, where n is the length of the data sequences. If

Encoding:
For every ¢ € S, randomly generate a k; X n matrix A; based on a uniform distribution, i.e. independently choose

each entry of A, uniformly at random from fR;. Define a linear encoder ¢; : R} — i)‘ifi such that

¢t x— Ax,Vx € R
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Obviously the coding rate of this encoder is — log |¢;(PR])| < — log 9" = og|Ful |_n <R,.
n n n log |R;]
Decoding:
Subject to observing y; € 9‘{?1 (i € S) from the ith encoder, the decoder claims that x = [x1,Xa, - ,xs]t €

H R} is the array of the encoded data sequences, if and only if:
1211) x € T.; and
2) Vx' =[x}, xb, - ,x)]" € T, if X' # x, then ¢;(x}) # ;. for some j.
Error:
Assume that X; € R} (i € S) is the original data sequence generated by the ith source. It is readily seen that
an error occurs if and only if one of the following events occurs:
By X =[X1,Xo, -, X ¢ TG
E5: There exists X # [x], x5, - ,x;]t € 7., such that ¢;(x};) = ¢:(X;), Vi€ S.
Error Probability:
By the joint asymptotic equipartition principle (AEP) [15] Theorem 6.9], Pr{E;} — 0, n — oo.
Additionally, for ) # T C S, let

D (X:T) = { [x},xb, -+ ,x.]' € T¢|x} # X, if and only if i € T'}.
We have

D(X;T)= ) [De(Xp,3[Xpe) \ {X}], (13)
0£T< iR

where X1 = H X,; and Xpec = H X, since J goes over all possible non-trivial left ideals. Consequently,
i€T ieTe

Pr{E,|Ef} = > [IPr{i(x) = ¢:(X)|Ef}

[x}, xt] €T\ {X} 1€

= > > JIPr{ex) = ea(Xi) BT} (14)

DATCS 3. x! ] €T

€D (X;T)
S Z Z Z HPr{sbi(XQ) = ¢ (X,)|ES} (15)
DATCS 0AT< Ry [x,n'“ <] €T

€D.(X7,3|Xre)\{X}

< Z Z (2n[r(T,3)+n] _ 1) H |/J',L_|7ki (16)

0£TCS 0£] T, e T €T
<iRr
<(2°-1) (2‘38‘ - 2) x  max  27"[F Zier kilog 3 =[n(T.3) 4] 17)
0ATES, ’

0# ;e Ji<iRT
where

(@4) is from the fact that 7; \ {X} = H D.(X;T) (disjoint union);

PATCS
({13) follows from by the union bound (Boole’s inequality);
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(I6) is from Lemma and Lemma [[IL7] as well as the fact that every left ideal of PR is a Cartesian product
of some left ideals J; of R;, i € T (see Proposition [L9). At the same time, ¢ is required to be sufficiently
small;

(TD) is due to the facts that the number of non-empty subsets of S is 2° — 1 and the number of non-trivial left

ideals of the finite ring Ry is less than 2lfisl _ 1, which is the number of non-empty subsets of Rs (2 Rr).
Thus, Pr{E>|E{} — 0, when n — oo, from (I7), since for sufficiently large n and small e, %Zkl log |3;] —
[r (T,3) + 1] > 1 > 0. <
Therefore, Pr{Fy U Ex} = Pr{E 1} + Pr{E>2|E{} — 0 as ¢ — 0 and n — oc.

B. Proof of Theorem [[IL.3

The proof follows almost the same steps as in proving Theorem [ILIl except that the performance analysis only

focuses on sequences (a; 1,2, - ,a;n) € Ry (1 <i < s) such that

ki
a;; = ((I)l,i (%(-J)) s Po s (CCEJ)) v Py (CCEJ))) € Hml,i
=1

for some x ) e Z;. Let X;,Y; be any two such sequences satisfying X; — Y € J for some J; <; R;. Based

on the special structure of X; and Y}, it is easy to verify that J; # 0 < J; = H J1; and 0 # J;; <; Ry, for all

1 <1 < k;. (This causes the difference between @) and (3).) In addition, it is obVious that R C R prog by their

definitions.

C. Proof of Theorem

The proof is similar to that for Theorem [[IL1} except that it only focuses on sequences (@i, Gi2, " ,Gin) €

) a, u<wv;
Tot,.m; (1 <@ < s) such that a; ; € ML s, m, satisfies [a;j]u,. = for some a € R;. Let

0, otherwise,
X;,Y; be any two such sequences such that X; —Y; € J7 for some J; <; My s, m,. It is easily seen that J; # 0

if and only if J; ¢ O(Mpg s, m,)- (This causes the difference between (@) and (6).) In addition, it is obvious that

Re € Rae m by their definitions.

V. OPTIMALITY

Obviously, Theorem L] specializes to its field counterpart if all rings considered are fields, as summarized in

the following theorem.

Theorem V.1. Region (@) is the SW region if R; contains no proper non-trivial left ideal, equivalentlyH, R, isa
field, for all i € S. As a consequence, region (@) is the SW region.

4Equivalency does not necessarily hold for rngs.
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Proof: In Theorem [IL1l random variable Ys3, /5, admits a sample space of cardinality 1 for all ) # T C S,
since the only non-trivial left ideal of R; is itself for all feasible i. Thus, 0 = H (Y, /3,) > H(Yn, 3,.|X71e) > 0.

Consequently,

R@:{[RDRQ,"' ,Rs] € R®

ST R > H(Xp|Xre), VO£ T C 5},
€T

which is the SW region R[X1, X, -, X;]. Therefore, region is also the SW region.

If MR, is a field, then obviously it has no proper non-trivial left (right) ideal. Conversely, ¥V 0 # a € fR;,
(a); = R, implies that 3 0 # b € R, such that ba = 1. Similarly, 3 0 # ¢ € R;, such that ¢cb = 1. Moreover,
c=c-1=cba=1-a=a. Hence, ab = cb = 1. b is the inverse of a. By Wedderburn’s little theorem, R; is a
field. ]

One important question to address is whether linear coding over finite non-field rings can be equally optimal
for data compression. Hereby, we claim that, for any SW scenario, there always exist linear encoders over some
finite non-field rings which achieve the data compression limit. Therefore, optimality of linear coding over finite

non-field rings for data compression is established in the sense of existence.

A. Existence Theorem I: Single Source
For any single source scenario, the assertion that there always exists a finite ring Ry, such that R; is in fact the
SW region
R[Xl] = {Rl S R|R1 > H(Xl)},

is equivalent to the existence of a finite ring $i; and an injection ®; : 27 — My, such that

log ||
max
0£3:1 <% log |J1]

[H(X1) — H(Yw, /3,)] = H(X1), (18)
where Y%‘l/jl =, (Xl) + J1.

Theorem V.2. Let Ry be a finite ring of order |R1| > |Z1|. If K1 contains one and only one proper non-
trivial left ideal 3o and |Jo| = /|R1|, then region coincides with the SW region, i.e. there exists an injection
D1 27 = Ry, such that (08) holds.

Remark 14. Examples of such a non-field ring $R; in the above theorem include

z 0
MLJ? = z,y € Zp
Yy x
(M, is a ring with respect to matrix addition and multiplication) and Z,2, where p is any prime. For any single

source scenario, one can always choose JR; to be either My, ;, or Z,2. Consequently, optimality is attained.

Proof of Theorem[V2l Notice that the random variable Yy, /5, depends on the injection ®1, so does its entropy

H (Y, /3,). Obviously H (Y, m,) = 0, since the sample space of the random variable Yy, /;:, contains only one
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element. Therefore,

log ||
H(X,) - H(Y; = H(X,).
10g|m1| [ ( 1) ( 9%‘1/9%‘1)] ( 1)
Consequently, (I8) is equivalent to
log [ |
H(X,) - H(Y; < H(X

10g|70| [ ( 1) ( 9%‘1/30)} = ( 1)

@H(Xl) < 2H(Ym1/30), (19)

since |Jg| = \/w By Lemma [A]] there exists injection i)l 1 Z1 — Ry such that holds if &; = i)l. The
statement follows. ]

Up to isomorphism, there are exactly 4 distinct rings of order p? for a given prime p. They include 3 non-field
rings, Zy X Zp, ML p and Zy2, in addition to the field IF,2. It has been proved that, using linear encoders over the
last three, optimality can always be achieved in the single source scenario. Actually, the same holds true for all

multiple sources scenarios.

B. Existence Theorem II: Multiple Sources
Theorem V.3. Let Ry, R, -+ , R, be s finite rings with |R;| > | Z;|. If R, is isomorphic to either
1) a field, i.e. R; contains no proper non-trivial left (right) ideal; or

2) a ring containing one and only one proper non-trivial left ideal Jo; and |Jo;| = \/|R;

5

for all feasible 1, then coincides with the SW region R[ X1, Xa, -+, X,

Remark 15. It is obvious that Theorem includes Theorem as a special case. In fact, its proof resembles
the one of Theorem Examples of $R;’s include all finite fields, M, , and Z,>, where p is a prime. However,
Theorem does not guarantee that all rates, except the vertexes, in the polytope of the SW region are “directly”
achievable for the multiple sources case. A time sharing scheme is required in our current proof. Nevertheless, all
rates are “directly” achievable if R;’s are fields or if s = 1. This is partially the reason that the two theorems are

stated separately.

Remark 16. Theorem [V3] also includes Theorem as a special case. However, Theorem admits a simpler
proof compared to the one for Theorem

Proof of Theorem V3] Tt suffices to prove that, for any R = [Ry, Ry, - - , Rs] € R? satisfies

Ry > H(X;|Xi-1,Xi—2,--- , X1),V1<i<s,

R € Ro for some set of injections ® = [®1, Do, --- , P,], where ®; : Z; — R;. Let o= [(il, Py, - - , @] be the
set of injections, where, if
(i) fR; is a field, <i>i is any injection;

(ii) R, satisfies ), i)l- is the injection such that

H(X;| X1, X0, , X1) <2H (Y, /3,

Xic1, Xi—a,--+, X1),
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when ®; = ®,. The existence of ®; is guaranteed by Lemma [A.1l
If & = @, then

log |J;|
log |9

H(Xi| X1, X0, , X1) 2H(X;| X1, X0, , X1) — H(Yw, /3,1 Xi-1, Xi2, -+, X1)
=H(Xi|Yn, /3., Xi-1, Xi2, -+, X1),

forall 1 <i <sand0#73J; <;R;. As a consequence,

R;log|J; log |J;
Z g| | Z gl | XlXZ luXi—27"' 7X1)

= log || ~ log | %]

ZZ [H(Xi[Yo, /3., Xio1, Xiog, -+, X1)]
=

ZZ [H(Xi[Yos 37, Xre, Xio1, Xio, -+, X1))]
=

>H (X1 [Yn, /3,0, X1e )

=H (Xr|Xr1.) — H (Y%T/3T|XTC) ,

forall ) ## T C {1,2,---,s}. Thus, R € Ryj. [ |

By Theorem [V.1l Theorem and Theorem [V.3] we draw the conclusion that

Corollary V4. For any SW scenario, there always exists a sequence of linear encoders over some finite rings

(fields or non-field rings) which achieves the data compression limit, the SW region.

In fact, LCoR can be optimal even for rings beyond those stated in the above theorems (see Example [I1.2). We

classify some of these scenarios in the remaining parts of this section.

C. Product Rings

Theorem V.5. Let Ry 1,NR12,- - ,Ris (1 =1,2) be a set of finite rings of equal size, and R; = R1; X Ra; for
all feasible i. If the coding rate R € R?® is achievable with linear encoders over R 1,R2, -+ ,Rs (1 =1,2),

then R is achievable with linear encoders over R1,Rg, - -+ ,Rs.

Proof: By definition, R is a convex combination of coding rates which are achieved by different linear encoding

schemes over JR; 1,NR; 2, ,R;s (I = 1,2), respectively. To be more precise, there exist R, Ra, - ,R,, € R®
m m

and positive numbers w1, wa, - - - , Wy, With Z w;j = 1, such that R = Z w;R ;. Moreover, there exist injections
J=1 j=1

o, = [@171, (I)l)g, <o ,(I)Ls] (I =1,2), where (I)l,i 1 2 — ml)i, such that

Rilog|Ju.|

log |ml z| H(XTlXTC) - H(leﬁT/jl,T|XT°)u

RjERq)L:{[R]_,RQ,"', ERS

VOATCSY0%£T,< %z,i}, (20)
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where R, = H Rii, e = H J,,; and le’T/jl,T = ®;(X7) + J;r is a random variable with sample space

ieT ieT
R /T, To show that R is achievable with linear encoders over 21, Ro, - - - , R, it suffices to prove that R;
is achievable with linear encoders over Ry, Rg, - - - , R, for all feasible j. Let R; = [R;1, Rj2, - , R, ] For all

0 7’5 TCSand0 75 J; = jl,i X 32)1‘ <;R; with 0 75 3171' < fﬁlﬂ' (I =1,2), we have

Z Rjilog|Ji| Z Rjilog|J1:| Z Rjilog|J2i| o
log |§)‘“\1| 10g |SR171'| c1+ co 10g |5R271'| c1+co ’

i€T €T €T

where ¢; = log |9 1|. By 20), it can be easily seen that

2
R;;logl|J;
Z 3’7|| >H(XT|XTC) — ZCZH(Y%L,T/JL,TlXTC)'
=1

= log|Ri c1+ e o
Meanwhile, let Ry = [[ Ri, 37 = [[ 3, @ = [®11 x Pag, P12 x Pog, -+, P16 x By ] (Note:
€T €T

Dy X Doty = (P (i), Poyi(zi)) € Ry

for all z; € 257.) and Y, /5, = ®(X7) +JI7. It can be verified that Ys, ,. /3, , (I = 1,2) is a function of Yoz, /3,
hence, H (Yo, /3,1 X1e) > H(Ys, /3, o1 X7¢). Consequently,

Rj_i 10g|31|
E — > H(X7p|X7rc) — H(Y; Xe
€T log |, > H(Xr|Xr) (ot /27| Xre),

which implies that R; € R proda by Theorem [[I[.3] We therefore conclude that R is achievable with linear encoders
over R1, R, - - , R, for all feasible j, so is R. |
Obviously, RR1,Ra, - - - , R, in Theorem[V.3 are of the same size. Inductively, one can verify the following without

any difficulty.

Theorem V.6. Let & be any finite index set, Ry 1,MRi2, -+ ,Ris (I € ZL) be a set of finite rings of equal
size, and R; = H R, for all feasible i. If the coding rate R € R® is achievable with linear encoders over

e’
Ri1,Ri2, -, Ris (1€ L), then R is achievable with linear encoders over Ri,Ra, - -, Rs.

Remark 17. There are delicate issues to the situation Theorem [V.6] (Theorem illustrates. Let Z; (1 <17 < s)
be the set of all symbols generated by the ith source. The hypothesis of Theorem (Theorem implicitly

implies the alphabet constraint |Z;| < |9, ;| for all feasible ¢ and .

Let R1,R2, - - , R, be s finite rings each of which is isomorphic to either
1) aring 9 containing one and only one proper non-trivial left ideal whose order is \/|9|, e.g. M, , and Z,»
(p is a prime); or

2) aring of a finite product of finite field(s) and/or ring(s) satisfying [I), e.g. My, , x H Zyp,; (p and p;’s are

j=1
m/ m//
prime) and H My, p, X H Fg, (m/ and m” are non-negative, p;’s are prime and ¢;’s are power of primes).
i=1 j=1
Theorem and Theorem ensure that linear encoders over ring $R;,Rs, - , R, are always optimal in an
) b) b

applicable (subject to the condition specified in the corresponding theorem) SW coding scenario. As a very special
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case, Zy X L, where p is a prime, is always optimal in any (single source or multiple sources) scenario with alphabet
size less than or equal to p. However, using a field or product rings is not necessary. As shown in Theorem
neither My, ;, nor Z,: is (isomorphic to) a product of rings nor a field. It is also not required to have a restriction

on the alphabet size (see Theorem [V.3), even for product rings (see Example for a case of Zsy X Z3).

D. Trivial Case: Uniform Distributions

The following theorem is trivial, however we include it for completeness.

Theorem V.7. Regardless which set of rings Rq,Ra, - - , R, is chosen, as long as |R;| = |Z;| for all feasible i,
region is the SW region if (X1, X2, ,X) ~ p is a uniform distribution.

Proof: If p is uniform, then, for any () # T' C S and 0 # Jr <; Ry, Y, /3, is uniformly distributed on
N7 /Jr. Moreover, X7 and Xr. are independent, so are Yoz, /5, and Xre. Therefore, H(X7|X7:) = H(Xr) =

Rr
log |[Rr| and H(Yw, /3, X1e) = H(Yn, /3,) = log ||3T|

T‘(T, jT) = H(XTlXTc) — H(YERT/:TT |XTc) = log |3T|

. Consequently,

Region () is the SW region. [ |

Remark 18. When p is uniform, it is obvious that the uncoded strategy (all encoders are one-to-one mappings)
is optimal in the SW source coding problem. However, optimality stated in Theorem [V.7] does not come from

deliberately fixing the linear encoding mappings, but generating them randomly.

So far, we have only shown that there exist linear encoders over finite non-field rings that are equally good as
their field counterparts. In next section, Problem [1l is considered with an arbitrary g. It will be demonstrated that
linear coding over finite non-field rings can strictly outperform its field counterpart for encoding some discrete

functions, and there are infinitely many such functions.

VI. APPLICATION: SOURCE CODING FOR COMPUTING

The problem of Source Coding for Computing, Problem [Il with an arbitrary g is addressed in this section. Some
advantages of LCoR (compared to LCoF) will be demonstrated. We begin with establishing the following theorem

which can be recognized as a generalization of Kérner—-Marton [3].
Theorem VI.1. Let R be a finite ring, and
g=hok, where k(x1, 2, - ,xs):Zki(:ri) 20

and h, k;’s are functions mapping R to R. Then

log |R|
max
0£3<,% log |7

Ry ={(r.r 1) e R > [H(X) - H(Yoy3)] } € RIg), (22)

where X = k(X1,Xo, -+, X,) and Y5 = X + 7.
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Proof: By Theorem [IIL1l V € > 0, there exists a large enough n, an m X n matrix A € R™*™ and a decoder

) i . n(H(X)— H(Yyn3))
¥, such that Pr{X™ #¢ (AX")} <e if m > max log 7|

the encoder of the ith source. Upon receiving ¢;(X*) from the ith source, the decoder claims that h (X ") , where

.Let ¢y = Aok; (1 <i<s)be

X" = i [Z o3} (Xln)] , is the function, namely g, subject to computation. The probability of decoding error is
i=1

pr{h [F(x x5, X)) # B (%)} <pr{xm # %7}
{X";«éw >0 <X?>H
_Pr{X" # 1) -iAEi (in)] }
{
(

X" ) AZI%(X?)H
L =1

mlog |R| i log |R]

Therefore, all (r,7,---,7) € R®, where r = —
n 0£3<,% log |7

Ry € Rl
Corollary VL2. In Theorem VL1l let X = k(X1, Xo,--+ , Xs) ~ px. We have
Ry = {(T,T,--- ,T‘) ERS|T‘ > H(X)} QR[Q],

if either of the following conditions holds:

1) R is isomorphic to a finite field;

2) fR is isomorphic to a ring containing one and only one proper non-trivial left ideal Jo with |Jo| =

and
H(X) <2H(X + J9).

Proof: 1f either [I) or @) holds, then it is guaranteed that

log ||
max
0#3<,% log |7

[H(X)— H(Yn/3)| = H(X)
in Theorem [VI.Il The statement follows.

Remark 19. By Lemma examples of non-field rings satisfying 2)) in Corollary [V1.2] includes

(1) Zy4 with px(0) = p1,px (1) = p2,px(3) = p3 and px (2) = p4 satisfying

0 < max{pa, p3} £ min{pi,ps} <1 and 0 < max{p1,ps} £ min{ps, p3} <1,

[H(X)— H(Ys,3)], is achievable, i.c.

R

>

(23)
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(2) My with

0 0 1 0 1 0 0 0
px = p1,PX = P2, PX = ps3 and px = D4
0 0 0 1 1 1 1 0
satisfying and etc.

Interested readers can figure out even more explicit examples deduced from Lemma

Remark 20. If R is isomorphic to Zg and § is the modulo-two sum, then Corollary recovers the theorem of
Korner—Marton [3]]. While if fR is (isomorphic to) a field, it becomes a special case of [7, Theorem III.1]. Actually,

almost all the results in [6] and [7] can be reproved in the setting of rings in a parallel fashion.

We claim that there are functions g for which LCoR outperforms LCoF; in fact, there are infinite many such g’s.

To prove this, some definitions are required for the mechanics of our argument.

S

Definition VL.3. Let ¢; : H Zi; — Q and go : H %; — (o be two functions. If there exist bijections u; : Z; —

i=1
V1 <i<s,and v:Q; — Qo, such that

gi(z1, 2, xs) = v (g2 (1), pa(@2), -+, ps(5))),

then g; and go are said to be equivalent (via jiy, pt2,- -+ , pts and v).

Definition VI.4. Given function g : 2 — Q, and let () £ . C 9. The restriction of g on . is defined to be the
function g| : ¥ — Q such that g|.» : x — g(z),V z € 7.

k
Lemma VLS. For any discrete function g : H Z; — Q with Z;’s and ) being finite, there always exist a finite
i=1
ring (field) and a polynomial function § € R[k] such that

v(g(w, @2, 2r)) = g (ua(x1), pa(x2), -, (k)

for some injections p; : Z; - R (1 <i<k)andv:Q — R
Proof: There are several possible proofs of this lemma. One is provided in appendix [ ]

Remark 21. Up to equivalence, a function can be presented in many different formats. For example, the function
min{z,y} defined on {0, 1} x {0, 1} (with ordering 0 < 1) can either be seen as Fy(z,%y) = xy on Z3 or be treated
as the restriction of Ih(z,y) = 2 +y — (x + y)? defined on Zj3 to the domain {0,1} x {0,1} C Z3.

Lemma implies that any discrete function defined on a finite domain is equivalent to a restriction of some
polynomial function over some finite ring (field). As a consequence, we can restrict Problem [1l to all polynomial
functions. This polynomial approach offers valuable insight into the general problem, because the algebraic structure
of a polynomial function is clearer than that of an arbitrary function. We often call § in Lemma [VL.3] a polynomial
presentation of g. On the other hand, the § given by @1) is named a nomographic function over SR (by terminology

borrowed from [18]), it is said to be a nomographic presentation of g if g is equivalent to a restriction of it.
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S

Lemma VL.6. Let 27,25, ,Zs and ) be some finite sets. For any discrete function g : H Z; — Q, there
i=1

exists a nomographic function § over some finite ring (field) R such that '

v(g (w1, w2, 2r)) = g (pa (1), p2(w2), - (k)
for some injections p; : Z; > R (1 <i<k)andv:Q — R

Proof: There are several proofs of this lemma. One is provided in appendix [Bl [ ]
Lemma [VI.6 advances Lemma[VL3l by claiming that a discrete function with a finite domain is always equivalent
to a restriction of some nomographic function. From this, it is seen that Theorem [VL1] and Corollary have
presented a universal solution to Problem [Tl
Given some finite ring R, let ¢ of format (2ZI) be a nomographic presentation of g. We say that the region R
given by (22) is achievable for computing g in the sense of Kérner-Marton. From Theorem [VI.11] given later,
we know that R; might not be the largest achievable region one can obtain for computing g. However, R; still
captures the ability of linear coding over JR when used for computing g. In other words, R; is the region purely
achieved with linear coding over $R for computing g. On the other hand, regions from Theorem [VL.11] are achieved
by combining the linear coding and the standard random coding techniques. Therefore, it is reasonable to compare
LCoR with LCoF in the sense of Koérner—-Marton.
We show that linear coding over finite rings, non-field rings in particular, strictly outperforms its field counterpart,

LCoF, in the following example.

Example VL7 ([19]). Let g : {ao, 1} — {Bo, B1, B2, B3} (Fig 1) be a function such that

g (o, 0, 00) — Bo; g : (0,0, 1) = Ps3;

g: (ao,a1,00) = Bo; g (ao,a1,01) = Pr;

(24)
g: (o, a0,a0) = P15 g: (a1, 0,a1) = Bo;
g: (o, a1, a0) = B35 gt (a1, a1,a1) = fBa.
Define I {O[(),Ozl} — Z4 and v : {ﬂo,ﬂl,ﬂg,ﬂg} — Z4 by
peoj—j, Vje{0,1}, and
(25)

v:B;—j, Vje{0,1,2,3},
respectively. Obviously, g is equivalent to = + 2y + 3z € Z4[3] (Fig 2) via u1 = p2 = pg = pu and v. However, by
Proposition [VL8] there exists no § € F4[3] of format (1)) so that g is equivalent to any restriction of §. Although,
Lemma[VL.6]ensures that there always exists a bigger field F, such that g admits a presentation § € F,[3] of format
1), the size ¢ must be strictly bigger than 4. For instance, let

hz)=Y a[l—(z—a)] - [1 - (z—4)"] € Zs[1].

a€ls
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B2 2 2
B Bo 0 0
B3
b1 1 1
X X X
Bo 0 0

Fig 1: g: {ao,al}s — {Bo, B1,P2,83} Fig2: x+2y+ 32z € Z4[3] Fig3: fL(:c +2y+4z2) € Zs[3]

Then, g has presentation ﬁ(w + 2y + 4z) € Zs[3] (Fig 3) via u1 = p2 = p3 = p : {ag,1} — Zs and
v :{Bo, B1, B2, B3} — Z5 defined (symbolic-wise) by (23)).

Proposition VL8. There exists no polynomial function § € F4[3] of formar @1V, such that a restriction of § is
equivalent to the function g defined by (24).

Proof: Suppose v o g = § o (1, pro, 13), wWhere gy, pi1, 3 {0, 1} — Fy, v 2 {Bo,---, B3} — Fy are
injections, and § = ho (k1 + ko + k3) with h, k; € F4[1] for all feasible . We claim that § and h are both surjective,
since |g ({a0,1}?)| = [{Bo, B1, B2, B3}| = 4 = [F4|. In particular, h is bijective. Therefore, h™' o v o g =
k1 o pq + ko o o + k3 o g, i.e. g admits a presentation kq(z) + ka(y) + k3(2) € F4[3]. A contradiction to Lemma
]

As a consequence of Proposition in the sense of Korner—-Marton, in order to use LCoF to encode function
g, the alphabet sizes of the three encoders need to be at least 5. However, LCoR offers a solution in which the
alphabet sizes are 4, strictly smaller than using LCoF. Most importantly, the region achieved with linear coding
over any finite field F,, is always a subset of the one achieved with linear coding over Z4. This is proved in the

following proposition.

Proposition VLY. Let g be the function defined by @4), {o, a1} be the sample space of (X1, X2, X3) ~ p and
px be the distribution of X = g(X1, X2, X3). If

px (Bo) = p1,px (B1) = p2,px(B3) = p3 and px(B2) = pa

satisfying (23), then, in the sense of Korner—-Marton, the region R achieved with linear coding over Z4 contains
the one, that is Ro, obtained with linear coding over any finite field F, for computing g. Moreover, if supp(p) is
the whole domain of g, then R1 2 Ro.

Proof: Let § = hok € Fy[3] be a polynomial presentation of g with format @2I). By Corollary and
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(X17X25X3) p (X17X27X3) p
(ao,ao,ao) 1/90 (ao,al,ao) 1/90

(1,0,01) | 1/90 (a1, a1,a1) | 1/90

(a1, 0,00) | 42/90 || (ao, 0, 1) | 1/90

(o, 1,1) | 42/90 || (@1,00,0) | 1/90
Table 1

Remark [19] we have
Ri ={(R1,Re, R3) € R*| R; > H(X1 +2X2 + 3X3)},
Rs ={(R1, R, R3) € R*| R; > H(k(X1, X2, X3))} .

Assume that v o g = h ok o (u1,pe, 13), where pq, 1, p3 © {oo, o0} — Fg and v : {8y, -+ ,B83} — Fy are
injections. Obviously, g(X7, X, X3) is a function of (X1, X5, X3). Hence,

H(k(X1,X2,X3)) > H(9(X1, X2, X3)). (26)

On the other hand, H (X7 + 2X5 + 3X3) = H(g9(X1, X2, X3)). Therefore,

H(k(Xl,XQ,X3)) > H(Xl +2X2+3X3), 27
3

and R; 2 Ro. In addition, we claim that h|s, where .7 = k(H uj{ao,a1}>, is not injective. Otherwise,
j=1

h: — .7 where . = h(.%), is bijective, hence, (h| ) ovog = ko(uy, pia, p3) = ki op1+kaopa+ksops.
A contradiction to Lemma[AJ3l Consequently, |.7| > |.7'| = |v ({Bo,- -+, B3})| = 4. If supp(p) = {aw, a1}>, then
28) as well as hold strictly, thus, R1 2 Ro. [

A more intuitive comparison (which is not as conclusive as Proposition can be identified from the

presentations of g given in Fig 2 and Fig 3. According to Corollary linear encoders over field Zs achieve
Rzs = { (R1,Ra, R3) € R*| Ry > H(X, +2Xo +4X3)} .
The one achieved by linear encoders over ring Z,4 is
Rz, = { (R1, R, R3) € R¥| Ry > H(X; +2X2 +3X3)} .
Clearly, H(X; + 2X5 + 3X3) < H(X; 4+ 2X2 + 4X3), thus, Rz, contains Ryz_. Furthermore, as long as
0 < Pr(ag,ap, 1), Pr(aq, a1, ap) < 1,

Rz, is strictly larger than Ry, since H(X1 + 2X5 + 3X3) < H(X; + 2X2 + 4X3). To be specific, assume that
(X1, X2, X3) ~ p satisfies Table [Tl we have

R[X1, X2, X3] SRz, = { (R1, Rz, R3) € R?| R; > 0.4812}

CRz, = {(R1, Ry, Rs) € R*| R; > 0.4590} .
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Based on Proposition and Proposition [VI.9, we conclude that LCoR dominates LCoF, in terms of achieving

better coding rates with smaller alphabet sizes of the encoders for computing g. As a direct conclusion, we have:
Theorem VI.10. In the sense of Korner—Marton, LCoF is not optimal.

Remark 22. The key property underlying the proof of Proposition [VI.9]is that the characteristic of a finite field must
be a prime while the characteristic of a finite ring can be any positive integer larger than or equal to 2. This implies
that it is possible to construct infinitely many discrete functions for which using LCoF alwazs leads to a suboptimal
achievable region compared to linear coding over finite non-field rings. Examples include Z x; € Lop[s] for s > 2
and prime p > 2 (note: the characteristic of Zsg, is 2p which is not a prime). One carli:zilways find an explicit
distribution of sources for which linear coding over Zy,, strictly dominates linear coding over each and every finite

field.

As mentioned, R4 given by is sometimes strictly smaller than R[g]. This was first shown by Ahlswede—Han
[4] for the case of g being the modulo-two sum. Their approach combines the linear coding technique over binary
field with the standard random coding technique. In the following, we generalize the result of Ahlswede—Han [4,
Theorem 10] to the settings, where g is arbitrary, and, at the same time, LCoF is replaced by its generalized version,

LCoR.

Consider function § admitting

57(9517952, o ,(Es) =h k0($17$27 e 7xso)7 Z k](x7):|70 S Sso < s, (28)
j=so+1

where ko : :8°° — R and h, k;’s are functions mapping R to i. By Lemma a discrete function with a
finite domain is always equivalent to a restriction of some function of format 28). We call § from @28) a pseudo

nomographic function over ring ‘R.
Theorem VL11. Let Sy = {1,2,--- ,s0} €S ={1,2,---,s}. If g is of format @8), and R = (Ry, Ra,--- , Rs) €
R?® satisfying

log |R|
max —
0£3<% log |7

STR; > T\ S| [H(X|Vs) — H(Yo)5|Vs)] + I(Ye; Vo|Vpe) YO AT CS,  (29)

jeT

where ¥ j € Sy, V; =Y; = X;; Vje S\ S Y; =kj(X;), V}’s are discrete random variables such that

s
p(y17y27"' yYs, V1,V2, "+ 7US):p(y17y27"' 7ys) H p(v7|y7)7 (30)
j=so+1

and X = Y Y}, Youy3 =X +73, then R € R[g].
j=so+1

Proof: The proof can be completed by applying the tricks from Lemma and Lemma to the approach
generalized from Ahlswede—Han [4, Theorem 10]. Details are found in Appendix [ ]
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Remark 23. The achievable region given by always contains the SW region. Moreover, it is in general larger
than the R; from 22). If § is the modulo-two sum, namely so = 0 and h,k;’s are identity functions for all

s0 < j < s, then 29) resumes the region of Ahlswede-Han [4] Theorem 10].

VII. CONCLUSION
A. Right Linearity

Careful readers might have noticed that the encoders we used so far are actually left linear mappings. By
symmetry, almost all related statements can be easily reproved for right linear mappings (encoders). As an example,

the following corresponds to Theorem [IIL1
Theorem VIL1. For any ® € # (£5,Rs),

R;log|J;]
Re =< [R1,Ra,- - e R?® T,37),V TCSVO#T; <, Rip, 31
[ {[ 1,412, 7 Z 10g|9{| T( ) T)7 ®¢ = O # = ( )
where 1 (T,37) = H(Xp|X7e) — H(YmT/jT | X1e) and Y, /3, = ®(X7) + I, is achievable with (right) linear

coding over the finite rings R1,Ra, - ,Rs.
By time sharing,

R, = cov U Ry |, (32)
de M (Xs,Rs)

where RY is given by (B1), is achievable with (right) LCoR.

B. Field, Ring, Rng and Group

Conceptually speaking, LCoR is in fact a generalization of the linear coding technique proposed by Elias [1]]
and Csiszdr [2]] (LCoF), since a field must be a ring. However, as seen in Section analyzing the decoding error
for the ring version is in general substantially more challenging than in the case of the field version. Our approach
crucially relies on the concept of ideals. A field contains no non-trivial ideal but itself. Because of this special
property of fields, our general argument for finite rings will render to a simple one when only finite fields are
considered.

Even though our analysis for the ring scenario is more complicated than the one for field, linear encoders working
over some finite rings are in general considerably easier to implement in practice. This is because the implementation
of finite field arithmetic can be quite demanding. Normally, a finite field is given by its polynomial representation,
operations are carried out based on the polynomial operations (addition and multiplication) followed by the poly-
nomial long division algorithm. In contrast, implementing arithmetic of many finite rings is a straightforward task.
For instance, the arithmetic of modulo integers ring Z,, for any positive integer g, is simply the integer modulo ¢
arithmetic.

In addition, it is also very interesting to consider instead linear coding over rngs. It will be even more intriguing

should it turn out that the rng version outperforms the ring version in the computing problem (Problem [I)), in the
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same manner that the ring version outperforms its field counterpart. It will also be interesting to see whether the
idea of using rng provides more understanding of the problems from [8]] and [6].

Some works, including [20], [21], [22], have proposed to implement coding over a simpler algebraic structure,
that of a group. Seemingly, this corresponds to a more universal approach since both fields and rings are also
groups. However, one subtle issue is often overlooked in this context. Namely, the set of rings (or rngs) is not a
subset of the set of groups, since several non-isomorphic rings (or rngs) can be defined on one and the same group.

For instance, given two distinct primes p and ¢, up to isomorphism,

1) there are 2 finite rngs of order p, while there is only one group of order p;
2) there are 4 finite rngs of order pg;
3) there are 11 finite rngs of order p2 (if p = 2, then 4 of them are rings, namely Fy, Z4, Zo X Zo and My, o
[23]), while there are only 2 groups of order p2, both of which are Abelian;
4) there are 22 finite rngs of order p?q;
5) there are 52 finite rngs of order 8;
6) there are 3p + 50 finite rngs of order p> (p > 2), while there are 5 groups of order p>, 3 of which are Abelian
(More can be found from [24]).
Therefore, there is no one-to-one correspondence between rings (field or rngs) and groups, in either direction.
Furthermore, from the point of view of formulating a multivariate function, one is highly restricted by using
groups, compared to rings (rng or field). Specifically, it is well-known that every discrete function defined on a
finite domain is essentially a restriction of some polynomial function over a finite ring (rng or field). Although
non-Abelian structures (non-Abelian groups) have the potential to lead to important non-trivial results [25], they

are very difficult to handle theoretically and in practice. The performance of non-Abelian group block codes can

be quite bad [26].

C. Final Remarks

This paper establishes achievability theorems regarding linear coding over finite rings for Slepian—Wolf data
compression. Our results include related work from Elias [1] and Csiszar [2] regarding linear coding over finite
fields as special cases in the sense of characterizing the achievable region. We have also proved that, for any
Slepian—Wolf scenario, there always exists a sequence of linear encoders over some finite rings (non-field rings in
particular) that achieves the data compression limit, the Slepian—Wolf region. Thus, with regard to existence, the
optimality issue of linear coding over finite non-field rings for data compression is confirmed positively.

In addition, we also address the problem of source coding for computing, Problem [Il Results of Kérner-Marton
[3l, Ahlswede—Han [4, Theorem 10] and [7]] are generalized to corresponding ring versions. Based on these, it is

demonstrated that LCoR dominates its field counterpart for encoding (infinitely) many discrete functions.
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APPENDIX A

SUPPORTING LEMMATA

Lemma A.1. Let R be a finite ring, X and Y be two correlated discrete random variables, and 2~ be the sample
space of X with |Z"| < |R|. If R contains one and only one proper non-trivial left ideal 3 and |3| = \/|R|, then

there exists injection d: X — R such that

H(X|Y)<2H(®(X)+7|Y). (A.1)

Proof: Let
o H(®(X)+3Y
€ arg max (@ (X)+3]Y),
%!
(|%] =27

but it is not uniquely attained by ® in general). Assume that ¢ is the sample space (not necessarily finite) of Y.
Let ¢ = |7, 3 ={r1,re, -+ ,rq} and R/T = {a1 +J,a2 + TJ,--- ,a, + J}. We have that

HX|Y) ==Y Z pij.ylog Z22Y and

yeX 1,5=1

H(®(X)+3Y ZZplylong

ye¥ i=1

where .# is the set of all possible ®’s (maximum can always be reached because |.#| = is finite,

where

Dijy :Pr{‘i)(X) =a;+r;,Y = y},

q
by = Z Pijy»

4,j=1
q
Piy = E Pi,jy-
j=1

(Note: Pr {fi)(X )= r} = 0if r € |\ ®(Z). In addition, every element in 9 can be uniquely expressed as
a; + r;.) Therefore, (A.1) is equivalent to

q
- Z Z Pijy l0g pw’y <-2 Z pr pz,u

yeX i,5=1 yeX i=1
o Z Py Z Piy (pz,lﬂj 7 pi, 2,717, .. 7pi,_tw) < Z pyH (M7 ]ﬂ, . 7@) , (A.2)
yew  i=l1 Py Piy  Piy Piy yew Py Py Py

q
where H (v1,v2,++ ,vq) = — Zvj logv;, by the grouping rule for entropy [16, pp. 49]. Let
Jj=1

A:Zpy <lezly lez‘Qy lezqy>.

yeXW

The concavity of the function H implies that

Di, Y7 <pi-,17y Pi2y pi-,q-,y)
D ) T S A. (A3)
Z Y Z Diy Diy Di,y

yewW i1 Py
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At the same time,

D1y P2, Dyq,
5 oyt (B, 22, ) (0 () +31Y)
e y Py Y

by the definition of . We now claim that

A < max H(2(X) +3|Y). (A4)

Suppose otherwise, i.e. A > Z pyH (M, ]ﬂ, - ,m) Let ® : 2" — A be defined as
Ve Py Dy Dy

iz aj e O(x) =a; + 1y

We have that

H@'(X)+9)Y)=> p,H (Z HUZ’ : sz,q,y>:

yeX

>3 p (22, “’---,@)—maxH@(X)Hm.

= v Dy Dy des
It is absurd that H(®'(X) + J]Y) > max H(®(X) + J|Y)! Therefore, (A2) is valid by (A3) and (A4, so is
€
(AID. u

Lemma A.2. If both

0 < max{ps, p3} £ min{p1,ps} <1 and 0 < max{p1,ps} ¢« min{ps,ps} <1

4
are valid, and ij =1, then
j=1
4

- ij logp; < —2[(p2 + p3)log (p2 + ps) + (p1 + pa) log (p1 + pa) | (A.5)
j=1

Proof [27]: Without loss of generality, we assume that 0 < max{p4,ps} < min{ps,p1} < 1 which implies
that p1 +p2 — 1/2 > |p1 + pa — 1/2|. Let Ha(c) = —clogc— (1 —¢)log(1 —¢), 0 < ¢ < 1, be the binary entropy
function. By the grouping rule for entropy [[16} pp. 49], (A.3) equals to

(p1+p4)( P1 logp1+p4+ P4 1ng1+p4>

P1+ P4 D1 p1+ D4 Da
+ +

+ (p2 + pg) ( D2 log P2 +Pp3 + D3 log D2 p3>
p2 +p3 D2 p2 + D3 D3

— (p2 + p3) log (p2 + p3) — (p1 + pa) log (p1 + pa)

=

P1 D2
A =(p1 +pa)H + (p2 + p3)H
(1 pu) Hy <P1 +p4) (2 +pa)Ha <p2 +p3>

<Hj(p1 + pa).
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4
Since Hs is a concave function and E p; = 1, then
j=1

A< Hy(p1+p2).

Moreover, pi + p2 — 1/2 > |p1 + ps — 1/2| guarantees that

Hj (p1 + p2) < Ha (p1 + pa),

because Ha(c) = Ho(1—c),V 0 < ¢ < 1,and Ha(c') < Ha(¢")if 0 < ¢’ < ¢ <1/2. Therefore, A < Hs (p1 + p4)
and (A.3) holds. [ ]

Lemma A.3. No matter which finite field F is chosen, g given by @4) admits no presentation k1 (x)+ks(y)+ks(2),
where k; € Fy[1] for all feasible i.

Proof: Suppose otherwise, i.e. k01 + kg o o+ k3o pug = vog for some injections p1, pi1, p13 : {, a1} — Fy

and v : {Bo, -, B3} — F,. By 24), we have

v(B1) =(k1 o pa)(en) + (k2 © p2)(0) + (ks © p3)(cno)

=(k1 0 p1)(ew0) + (k2 © p2)(an) + (ks o ps)(ar)

v(Bs) =(k1 o pa)(en) + (k2 0 p2)(en) + (ks © p3)(cno)

=(k1 0 p1)(ew0) + (k2 © p2)(a) + (ks o ps)(ar)

= v(b1) —v(Bs) =T= -7

= T7+7=0, (A.6)
where 7 = ka(pi2(a0)) — k2 (piz(ar)). Since pg is injective, (AB) implies that either 7 = 0 or Char(F,) = 2 by
Proposition [[I.71 Noticeable that k2 (ua2(cp)) # ka(u2(aq)), i.e. 7 # 0, otherwise, v(1) = v(83) which contradicts

the assumption that v is injective. Thus, Char(F,) = 2. Let p = (ks o u3)(ao) — (ks o p3)(c). Obviously, p # 0

because of the same reason that 7 # 0, and p + p = 0 since Char(F,) = 2. Therefore,

v(Bo) =(k1 0 pa)(aw) + (k2 © p2)(v0) + (k3 o pis)(cxo)
=(k1 o p1)(ao) + (k2 o p2)(co) + (ks o ps)(ar) + p
=v(Bs) +p
=(k1 0 pin)(an) + (k2 o p2)(a1) + (ks o p3)(ao) + p
=(k1 o p1)(an) + (k2 0 p2)(an) + (ks 0 ps)(ar) + p+ p

:V(BQ) +0= V(ﬁg).

This contradicts the assumption that v is injective. [ ]
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Remark 24. As a special case, this lemma implies that no matter which finite field F, is chosen, g defined by
(24) has no polynomial presentation that is linear over F,. In contrast, g admits presentation x + 2y + 3z € Z4[3]

which is a linear function over Z,.

APPENDIX B
PROOFS OF LEMMA [VI.3]AND LEMMA [VI.6]
A. Proof of Lemma
Let p be a prime such that p™ > max {|Q|,|25]|1 < i < k} for some integer m, and choose R to be a finite
field of order p™. By [28, Lemma 7.40], the number of polynomial functions in PR[k] is pmpmk. Moreover, the
number of distinct functions with domain S* and codomain 9 is also |9{||9%k| = pm”M. Hence, any function
g R* — % is a polynomial function.

In the meanwhile, any injections u; : 2; — R (1 <i < k) and v : Q — R give rise to a function

Gg=vog(uh,ph - pp)  RY = R,

where 1 is the inverse mapping of u; : 2; — pi (2;). Since g must be a polynomial function as shown, the

statement is established.

Remark 25. Another proof involving Fermat’s little theorem can be found in [6].

B. Proof of Lemma

Let IF be a finite field such that |F| > | 27| for all 1 < i < s and |F|® > ||, and let R be the splitting field of F
of order |F|” (one example of the pair IF and R is the Z,, where p is some prime, and its Galois extension of degree
s). It is easily seen that R is an s dimensional vector space over F. Hence, there exist s vectors vy, va, -+ ,vs € R
that are linearly indestpendent. Let p; be an injection from Z; to the subspace generated by vector v;. It is easy

to verify that k = Z i; is injective since v1,vg, - -+ , vy are linearly independent. Let k' be the inverse mapping
i=1

of k : H Zi =k <H 3?2) and v : 2 — R be any injection. By [28, Lemma 7.40], there exists a polynomial

=1 i=1

function h € R[s] such that h = v o go k. Let §(w1, 22, - ,a5) = h <Z :cl) The statement is proved.
1=1

Remark 26. In the proof, k£ is chosen to be injective because the proof includes the case that g is an identity

function. In general, k is not necessarily injective.

APPENDIX C

THE SECOND PROOF OF LEMMA [[IT.7]]

Define the mapping I : $3; — PR, /T by

iz =21 4+3,Va € Ry,
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Assume that x; = [xgl), 2. ,:cgn)}, and let

= [0 (") .0 (=)0 ()]

By deﬁnitiona v (anQ)t € DE(X173|X2)’ where Yy = |:y(1)7y(2)7 T ay(n):| >

[0 (y®) .1 (s) .1 ()] =¥.

Moreover,

(v,¥,x2)" €Tc(n, (X1, Y, /5, X2)), and
[De(x1,3[x2)| = [{ (v, 7, x2)" € Te|y —x1 € T"}].

For fixed (¥,x2)" € T, the number of strongly e-typical sequences y such that (y,y,x2)" is strongly e-typical is

[H(X1|Yor, /5, X2)+7)]

strictly upper bounded by 2" if n is larger enough and e is small. Therefore,

IDelies, Sfa)]| < 2[00 o X205

Remark 27. The mechanisms behind the first proof and the second one are in fact very different. However, this
is not very clear for i.i.d. scenarios. For non-i.i.d. scenarios, the results proved by these two approaches diverse.
Although the technique from the first proof is more complicated, it provides results with its own advantages.
Henceforth, we deliberately put the first proof in the first place. Interested readers are kindly referred to [29] for

more details of the differences.

APPENDIX D

PROOF OF THEOREM

Choose 6 > 6e > 0, such that R; = R;- + R;’, vVjes, ZR; > I(Yp; Vp|Vpe) +2|T16, V0 # T C S, and
JET

1
o8 % [H(X|Vs) = H(Yn3|Vs)], Vj €S\ So.

0 log |J]

R} > 1426, where r =

A. Encoding:

Fix the joint distribution p which satisfies (30). For all j € Sy, let ¥; . = Tc(n, X;). For all j € S\ Sy, generate
randomly ol (Y55V5)+9] strongly e-typical sequences according to distribution vy and let 7/; . be the set of these

generated sequences. Define mapping qS;- :R" — ¥ . as follows:

x, if x € Tg;
1) If j € Sp, then, ¥ x € R", ¢(x) = where x¢ € ¥ is fixed.

Xg, otherwise,
2) If 7 € 8§\ S, then for every x € R”, let by = {v € “//j_,€|(lgj(x),v) € T} If x € 7. and £ # 0, then
¢;(x) is set to be some element in E; otherwise ¢’;(x) is some fixed vo € ¥j.c.
Define mapping 7; : ¥ — [1, 2" H; ] by randomly choosing the value for each v € ¥; . according to a uniform

distribution.
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) ni Lo nlr + 4] .
Let kK = min . When n is big enough, we have k > . Randomly generate a k£ X n matrix

jes\So | | log |R] log |9{L
M € RF*" and let 6; : R" — R* (j € S\ Sy) be the function 6 : x — Mk;(x),V x € R".

Define the encoder ¢; as the follows

nj © 5, j € So;
¢j =
(nj o ¢;, 6;), otherwise.
B. Decoding:
Upon observing (a1, a2, -+ , @sy, (@sy+1,bso+1), (@, bs)) at the decoder, the decoder claims that

ﬁ |:E0 (Vlnv ‘72117 T 7‘7573) ,Xn}
is the function of the generated data, if and only if there exists one and only one
V — (Vln7 ‘7271, .. 7‘7571) c H 7/’,57
Jj=1
such that a; = nj(i?j"),v j €S, and X" is the only element in the set

(x,V) € T.,Mx = i bj}.

j=t+1

fvz{xeiﬁ"

C. Error:

S

Assume that X7 is the data generated by the jth source and let X" = Z Ej (X J") An error happens if and

Jj=so+1
only if one of the following events happens. ’

Ey: (XI’7X£‘7...,X;17Y1"7Y2",...,Y;"’X")gé'];;
Es: There exists some jo € S\ Sp, such that LXJ% =
Es: (}qna}/an e a}/sannaV) ¢ Te, where V = (Vlna‘/an T ,‘/Sn) and VJn = (b;(XJn)aV] €S

Ey: There exists V' = (v, v, -+, V) € TN H Yieo V£ V, such that n;(v) =n; (V}*),Vj € S;

j=1
Es: X" ¢ Ly or | L] > 1, ie. there exists X} € R, X # X", such that MX[} = MX" and (X', V) € T..

5 5 -1
Let v = Pr{U El} =Y Pr{E|E,.}, where By, = and Ej, = (| E¢ for 1 <1 < 5. In the following,
=1 =1 =1
we show that v — 0, n — oo.
(a). By the joint AEP [[13, Theorem 6.9], Pr{E;} — 0, n — oo.
(b). Let By = {kx; =0}, Vj € S\ S. Then
Pr{Ey|Ey .} < Y Pr{Ea;|Es.}. (D.1)

Jj€S\So

For any j € S\ Sy, because the sequence v € ¥; . and Y= Ej (X]") are drawn independently, we have

Pr{(an,v) eT}>(1- E)Q—n[z(yj;vj)ﬁe]

—(1 — )2 5V5)+6/2)4n(5/2-30)

Sl (Y53V))+5/2]
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when n is big enough. Thus,
Pr{Ey|Eac} =Pr{kx; =0 Bz}

- 11 Pr{(kj(xy),v) ¢_7;}
vEY e
onlI(Y;5V;)+3)

< {1 . 2—num;vj>+5/2]} (D.2)
— 0,n — 0.

where (D.2) holds true for all big enough n and the limit follow from the fact that (1 —1/a)* — e ', a — oc.
Therefore, Pr{F3|F> .} — 0, n — oo by (D.I).

(c). By (B0), it is obvious that V, — Yy, — Yy, — V;, forms a Markov chain for any two disjoint nonempty sets
Ji,Jo © 8. Thus, if (Y;",V]") € Tc forall j € S and (Y{",Y5", -+, Y{") € T, then (Y{",Yy",--- Y, V) € Tc. In
the meantime, X — (Y7, Y3, -+ ,Ys)—(V1, Vo, -+, Vs) is also a Markov chain. Hence, (Y7*,Y5", .- | Y', X" V) €
Teif (Y, Y5, -, Y', X™) € Tc. Therefore, Pr{Es|E3 .} = 0.

(d). For all ) # J C S, let J = {j1, j2,- -~ ,7j};} and

PJ:{VI:(Vll,VIQ,"' V) € H“I/JE

V) = V}" if and only if j € S\ J}.

j=1
By definition, |Tj| = [ [#.c] — 1 = 2"[%5es 105V 1 ang
jed
Pr{Es|Esct= > > Pri{n(v))=n;(V]"),VjeJV €T|Es}
0£JCSV'el;
= > > Pr{n(v)) =nj(V;"),Vj € J} x Pr{V’ € T|Ey.} (D.3)
P£JCSV'ET
Yy L I(V;, Ve Vi, o Vi, )—|J|6]
<D D rrEen B Ve Vi Vi (D.4)
0£JCSV'el
< 3 2raes V] g Ties B —n S LV, Ve Vi o Vi) = 1d19]
P#£JCS
<C max 27 [Zies Bi—I(YsiVaVae)=211l6] (D.5)
T 0#ICN
— 0,n — oo,

where C' = 2° — 1. Equality (D.3) holds because the processes of choosing 7;’s and generating V' are done
independently. (D.4) follows from Lemma [D.1] and the definitions of n;’s. (D.3) is from Lemma

Lemma D.1. Let [ X1, Xo, -+, X}, Y] ~ q. For any € > 0 and positive integer n, choose a sequence )N(J" (1<5<1)
randomly from Tc(n, X;) based on a uniform distribution. If y € %™ is an e-typical sequence with respect to Y,

then

Pr{(Xp, X, X7 Y™ € Ty =y} < 27 (B 100N X Xy 30,
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Proof: Let Fj be the event {(X}', X, - -- ,X;—I,Y") €T}, 1 <j<l,and Fy = (). We have

1
Pr{(f(?,f(g, XYM e T Y = y} ~[[Pr{EY" =y, Fy1}
j=1

1
< H 9—n[I(X;;Y, X1, X5, , X 1) —3¢]

Jj=1

:2—n[§;§.:1 I(X;35Y, X1, X2, ,X;1)—3le]

)
since X S )N(g oo, X /',y are generated independent. [ |

Lemma D.2. If(le,Vl,}/Q,‘/g,"' 7Y97VS) ~q, and

S

Q(y17U17y27v27" : 7y57vs) = Q(y17y27' o 7yS)Hq(Ui|yi)7
i=1

then, ¥V J = {jlana' e 7]|]|} - {1725' e 55}’
|1

I(}/J;VJ“/JC) = ZI(}/JH‘/L) _I(‘/ji;VJC5‘/jl7"' 7‘/ji—l)'
=1

(e). Let E51 = {& = 0} and E5 2 = {|-%v| > 1}. We have Pr{E5 1|F5.} = 0, because Ej5 . contains the
event that (X", V) € % and V is unique. Therefore,

Pr {E5 |E5)c} =Pr {E5)2 |E5)c}

= > Pr{MXJ = MX"}
(X5 VIETA(X".V)

< > > Pr{MX} = MX"}

0#T<IR D (X, IVI\(X™,V)

)
Choose a small 1 > 0 such that » < ———. Then
2log |R|

Pr{Es|Es.} < (gmw _9 H(X|Vs)—H(Yn/3|Vs)+n] o o—klog|3| (D.6)

- (2‘”‘ —2) max 2
0£T<; M
< (2mw 2) max 2~ "[610g]3]/ log| %] -]
0£T< M
< (2‘9”{‘ _ 2) 2—77,5/2 log\i)ﬂ (D7)
— 0,n — oo,

where (D.6) is from Lemma [[IL.3] and Lemma [IL7] (for all large enough n and small enough ¢) and (D7) is because
|3] > 2 for all 7 # 0.

To summarize, by (a)—(e), we have v — 0,n — oco. The theorem is established.
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APPENDIX E

CODING OVER ABELIAN GROUPS

Most of the coding literature has focused on coding over fields. Some both traditional and recent work, including

[30], has also considered (Abelian) groups, while significantly fewer results are available for coding over rings. In

this appendix we elaborate on the relation between coding over rings and groups in order to clearly show that our

results in this paper are not subsumed by previous work on coding over groups. In fact previous work, e.g. [30], on

“linear coding over finite Abelian groups” does not even include linear coding over finite fields as a special case.

(RD)

(R2)

(R3)

Consider the example given in [30, Section VIII.B.1)] for reconstruction of the modulo-two sum of binary
symmetric sources [3]. On [30, pp. 1509], it reads “Rate points achieved by embedding the function in the
Abelian groups Zs, Z4 are strictly worse than that achieved by embedding the function in Zy while embedding
in Zy @ Zy gives the Slepian—Wolf rate region for the lossless reconstruction of (X,Y)” .

[30] clearly states that group coding over Zy & Zsy for encoding the modulo-two sum of symmetric sources

gives only the Slepian—Wolf region. On the contrary, consider either the finite field 4 or the non-field ring

a O
Mpz o = a,b € Zy
b a

(note: the underlying Abelian group defined Fy and My, o is Zy @ Z2). We claim that linear coding over either
F4 or My, » for encoding the modulo-two sum of symmetric sources gives the Kérner—Marton region [3].
This is because linear coding over finite field, e.g. 4, is always optimal for the Slepian—Wolf problem, so is
linear coding over non-field ring My, o by Theorem [V.3] Unfortunately, group coding over Zg @ Z is not.
It is well-known that the Koérner—Marton region is often strictly larger than the Slepian—Wolf region. Linear
coding over non-field ring My, » (field [F4) as a special case “linear coding over Abelian group Zs ® Z>” must
not achieve a region larger than the Slepian—Wolf region, leading to a contradiction.

[30, row 2 of TABLE III] states that group coding over Z4 @ Z4 (achieving sum rate 3.5) is strictly worse
than over group Z, (achieving sum rate 3) for lossless encoding a quaternary function [30, Section VIIL.AJ.
On the contrary, linear coding over ring Z4 X Z4 (with underlying Abelian group Z4 @ Z4) always achieves
region containing the one achieved by linear coding over ring Z,4. This is implied by Theorem [IL3l By direct
calculation, we have that linear coding over ring Z4 X Z4 (achieving sum rate 3) is strictly better than “linear
coding over Abelian group Z4 @ Z,” (achieving sum rate 3.5). Again, a contradiction.

Linearity is often defined with regard to linear combination, which requires corresponding definitions of
addition and multiplication. It is basic and well-known that over Abelian group G =Z, ® Zy, ® Zp S Zy, (p
is a prime), there are at least three distinct definitions of multiplication to define rings over GG. These rings

are isomorphic to either

a) the field Fps which is commutative; or

SThere is a typo at the end of the last sentence. (X,Y) should be FI(X,Y) = X @2 Y from the context, because coding over Z3 is not

strictly worse than coding over Zz for lossless reconstruct the original data (X,Y") [2].
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b) the non-field ring
b
M, = a,b,c,d € Zy
d

which is not commutative; or

c) the product ring Zj, X Zy, X Z, X Z, which is commutative.

Suppose “linear coding over Abelian group G” is defined with respect to some multiplicative operation “x”,
at the same time, this linear scheme over GG includes the three distinct linear coding schemes defined over
Fpa, M and Z, x Z, x Z, X Z, simultaneously. We then conclude that this newly defined multiplicative
operation “x” is commutative and non-commutative at the same time. As a conclusion, “linear coding over
Abelian group” does not make sense as a concept.

Finally, we emphasize that according to the Fundamental Theorem of (Finite) Abelian Group [9, Theorem
5.25], up to isomorphism, every finite Abelian group is a direct sum of cyclic groups of prime-power order [9,
Proposition 5.27]. This implies that every finite Abelian group is can be represented via direct sum of modulo
integers. However, many finite rings are not (isomorphic to) direct product of modulo integers, e.g. finite
fields F, (when ¢ is a power of a prime but is not a prime), matrix rings My, ., (when ¢’ > 2 is any positive
integer) and all non-commutative rings. For a fixed order (e.g. p*> with p being a prime), the number of finite

rings is often significantly bigger than the number of finite Abelian groups. For instance, there are 4 rings of

order 4 while there are 2 groups of order 4.
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