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Abstract
We present a parametrized class of topology-based metrics that can be opti-

mized over to solve classification problems. The philosophy behind metric learning
is that instead of learning a complicated classifier, we learn a metric for which e.g.
k-nearest neighbours works well. Using a parametrized class of metrics defined on
barcodes we construct a metric learning problem that learns to find a metric that can
discriminate between two sets of barcodes.

Introduction
Let R≥0 denote the non-negative real numbers and R∞ := R≥0 ∪ {∞}.
Given the following information:
1. a set of barcodes B = {b1, . . . , bn} ⊂ Mult(R2

≥0),
2. a map φ : B → {0, 1} assigning a class to each barcode,
we want to find a (pseudo)metric that discriminates the barcodes of differ-
ent classes. We will do this through the following construction:
Definition. A persistence contour is a function C : R × R∞ → R that
satisfies:
1. v ≤ C(v, ε) ≤ C(v, τ ) for ε ≤ τ ,
2.C(v, ε) ≤ C(w, ε) for v ≤ w,
3.C(C(v, ε), τ ) ≤ C(v, ε + τ ).

What we call persistence contour first appeared in [1] under the name
superlinear families. Any choice of persistence contour, within some class
parametrized by θ, yields a metric on the set of barcodes via the following
invariant:

rθ(b)(t) :=
∑
x∈b

1

1 + ek(Cθ(xs,t)−xe)

where xs and xe denote the start and end of the bar x in b. This is a
smoothed version of what is in [2] called the stable rank function.

The above invariant lives in D(R≥0), the space of decreasing functions
from R≥0 to R≥0, which means that we have a variety of choices of metrics
between such invariants. We will consider the interleaving distance. How-
ever, to be able to compute the gradient of the metric learning problem,
we consider an alternative definition of the interleaving distance defined
as follows: the interleaving distance dI(f, g) between f, g ∈ D(R≥0) is
defined as the minimum of the following optimization problem:

minimize
ε

∫ ∞
0

f (t)− g(t + ε) + g(t)− f (t + ε) dt

s.t f (t) ≥ g(t + ε) ∀t ∈ R≥0
g(t) ≥ f (t + ε) ∀t ∈ R≥0

Via the above construction, any persistence contour yields a metric on the
set of barcodes:

dθ(b, b
′) := dI(rθ(b), rθ(b

′))

A Parametrized Class of Persistence Contours
To be able to describe a class of metrics defined by persistence contours,
we need to be able to describe a class of persistence contours. We will
consider contours defined by the following equation:

t =

∫ Cθ(v,t)

v
ρθ(α)dα

where ρθ(α) is some positive real-valued function. This turns out to yield
a very general class of contours. In fact, any continuous and differentiable
contour for which condition (3) in the above definition is an equality can
be expressed in this way. Note that the class of contours is now determined
by what type of parametrized model we choose for ρθ. This can be chosen
to be:
• a family of polynomials,
• a mixture of Gaussians,
• an artificial neural network,
• a class of step functions.

To be able to optimize over this class of contours however, we need to be
able to compute the gradient with respect to θ. For the above equation, this
yields for each component:

0 =

∫ Cθ(v,t)

v

dρθ(α)

dθi
dα + ρθ(Cθ(v, t))

dCθ(v, t)

dθi
which implies that the ith component of the gradient of Cθ(v, t) can be
expressed as:(

∇θCθ(v, t)
)
i
= − 1

ρθ(Cθ(v, t))

∫ Cθ(v,t)

v

dρθ(α)

dθi
dα

Metric Learning
To learn a metric for a classification task, we would want to make the
elements within each class of barcodes as similar as possible and make
elements from different classes as dissimilar as possible. Therefore, the
quantity we want to minimize is the following:

minimize
θ

∑
b,b′∈φ−1(0)

dθ(b, b
′) +

∑
b,b′∈φ−1(1)

dθ(b, b
′) (1)

s.t
∑

b∈φ−1(0)
b′∈φ−1(1)

dθ(b, b
′) ≥ 1 (2)

The above optimization problem seems to be non-convex in general, but
it depends on the choice of ρθ. In any case, we can find a local minima
using standard gradient descent methods. Calculating the gradient, at this
point, is a straight-forward calculation given a choice of ρθ.

An Example
In the following toy example we have that B consists of ten barcodes, with
five in each class. We choose ρθ(α) := θi if i ≤ α < i + 1 and we let
θi = θi+1 if i ≥ 19. Consequently, θ ∈ R20.
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Figure 1: In the upper row we show the curves rθ(b) for each b ∈ B where on the left we
have that θi = 1 for all i (lower left corner), while on the right, θ is as described by the
curve in the lower right corner.
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