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Abstract

In this work, we study the factorization in A[z], where A is an Artinian
local principal ideal ring, whose maximal ideal, (¢), has nilpotency h.
This is not a unique factorization ring, indeed its elasticity is infinity, but
in this ring some uniqueness properties about factorization hold: in fact, we
prove that a non-zero polynomial in A[z] can be written in quite a unique
way as the product of a power of ¢, of a unit, and of finitely many primary,
monic, pairwise coprime polynomials.

1 Non-unique Factorization in Alz|, where A
is an Artinian, principal and local ring.

The aim of this work has been to investigate the non-unique factorization of
polynomials in Alz] into irreducible elements, where (A, m) is an Artinian,
principal and local ring, that is not a domain.

Let us denote by u : Alx] — K[z], where K = A/m, the natural extension to
the polynomial rings of the canonical projection. We will use this notation
throughout the paper.

An Artinian, local, principal ideal ring is just the same as a special PIR
(SPIR), which is a principal ideal ring, with a single nilpotent prime ideal:
for this reason, throughout the paper we will not distinguish between these
two kinds of ring.



Let us notice that the ring A is principal and local, so there is at € A
such that m = (t), moreover, because of the fact that A is Artinian, there
exists an h € N, h > 0, such that ¢" = 0.

From these facts, we deduce that each non-zero and non-unit element a € A,
a # 0, can be represented in a unique way as

a = ut®, where v is a unit and k € N, k < h. (1)

We have also that the factorization of a = ut® is unique, because of the
fact that t* is the greatest power of ¢ that divides a.

Let (Np;+;<) be the ordered monoid with elements 0,1,...,h — 1,00
obtained factoring (NoU{oo}; +; <) by the congruence relation that identifies
all numbers greater and equal to h, including co. Let us define v : A — N,
by putting v(a) = k € Ny, if a # 0, and v(0) = oc.

This map is called t-adic valuation, since it behaves as a valuation.
We now announce some simple properties of this map.

Remark 1.1 The following statements hold:
1. v(a) =00 < a=0;
2. v(a+b) > min{v(a),v(b)};
3. v(ab) = v(a) + v(b).

We notice that the previous map can be naturally extended to a map,
that we will denote by v, by abuse of notation, defined in A[z], by putting:

v(f(x)) = U(Z a;x") = min—g__v(a;).
i=0
We notice that also this extended map behaves as a valuation, namely we
have the following properties.
Remark 1.2 The following statements hold:

1.v(f)=00 & f=0;



2. v(f +g) > min{v(f),v(g)};

3. v(fg) = v(f) +v(g).

So v is a t-adic valuation in A[z]. The following remark underlines the
relationship between the t-adic valuation in A[x] and the non-zerodivisors of
this ring.

Remark 1.3 If f € Alx|, the following statements are equivalent:
1. v(f) > 0, i.e. all the coefficients of f are divisible by t in A;
2. f 1is nilpotent;
3. f is a zerodivisor.

In the following, we will maintain the just introduced notation.

1.1 Nilpotent elements, regular elements, zerodivisors

In this section, we want to list some useful properties of the ring Alz], and
in particular we want to show that, even if many different definitions for
irreducible element can be given, in this case they coincide.

Definition 1.4 Let R be a commutative ring, let Nil(R) be the nilradical of
R, J(R) be the Jacobson radical of R, Z(R) be the set of all zerodivisors in
R, and U(R) be the group of all the units.

Definition 1.5 Let R be a commutative ring, let ¢ € R, ¢ is a reqular ele-
ment if ¢ is not a zerodivisor.

Proposition 1.6 (see [2]) We have that
r€J(R) < 1l—axyisaunit VyeR.
Proposition 1.7 We have that:

Nil(Alz]) = Z(Ala]) = J(Alz]) = (1) Alz] = m[z].



Proof

From Remark 1.3, we have that Nil(Alz]) = Z(Alz]) = (t). Now we prove
that the maximal ideals of A[x] are precisely the ideals (¢, f), where u(f) €
A 2] is irreducible, so we have that J(A[z]) = (¢).

It is easy to prove that (, f) is a maximal ideal of A[x]; conversely, suppose
that N is a maximal ideal of A[z], NN A = (t) because it is a prime ideal of
A, sot € N, now we have that

Al] _ wld o ul]
N N T N

but the first ring is a field, so N/m|x] is a maximal ideal in (A/m)[x], so
there is an irreducible ideal f such that N/m[z] = (f). O

Observation 1.8 In paper [4], we have introduced and compared three dif-
ferent definitions of irreducible element, finding out that they are equivalent
in a particular class of ring, i.e. the rings with only harmless zerodivisors.
We now notice that because of Proposition 1.6 and Proposition 1.7 we have
that

Z(Alz]) €1 - U(A[z]),

so this polynomial ring, by definition, is a ring with only harmless zero-
divisors, and this implies that we do not have to specify the definition of
irreducible element we are using.

1.2 Factorization of arbitrary polynomials into regular
elements

Now, we start a path, given by three steps, in order to generalize the results
found in the paper by Frei and Frisch (see [3]).

The first step is to study the factorization of non-zero polynomials in Alx]
into regular elements.

Lemma 1.9 Let f be in Alzx], the following statements are equivalent

(i) [ =tu, for some unit u € Alz];
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(ii) f is prime;
(11i) f is irreducible and a zerodivisor.

Proof

(i) = (ii) Let v : Alz] — Nj be the t-adic valuation, since v(t) = 1, and
v(ab) = v(a) + v(b), if t divides ab in Alx], then v(a) + v(b) > 1, so t divides
a or b, i.e. tis prime in A[z], and so is every associated to t.

(ii) = (i11) Prime elements of A[z]| are irreducible. Since (f) is prime, it
contains Nil(A[z]) = (¢), so f|t. As t is a zerodivisor, so is f: in fact, ¢ is
irreducible, i.e. the relation t = fz implies that z is a unit and not a zero

divisor, hence f is a zerodivisor.
(111) = (i) Since f is a zerodivisor, f € Z(A[z]) = (t), i.e. f = tv, for some
v. And from the irreducibility of f, we deduce that v is a unit. a

The following proposition is very important in order to factor non-zero poly-
nomials into regular polynomials.

Proposition 1.10 Let f be a non-zero polynomial in Alx].

1. There exist a reqular element g € Alz] and an integer k, with0 < k < h,
such that f = t*g. Furthermore, k is uniquely determined by k = v(f),
and g is unique modulo t"~* Alx);

2. In every factorization of f into irreducibles, exactly v(f) of the irre-
ducible factors are associates of t.

Proof

1. follows from Remark 1.3 and from the definition of ¢-adic valuation: in
fact, if f is a zerodivisor, then let t* be the largest power of ¢ that divides
f, so 3 g such that f = tfg, where t { g, i.e. g is a regular polynomial.
Therefore, we notice that k = v(f), so k is uniquely determined.

2. follows from 1. and from the fact that ¢ is prime in A[z], in fact, if
f = a1as---a,, is a factorization of f into irreducibles, using part 1., we
have that f = t*Ng, with g regular polynomial, and a; = t*(%)a/, for each
i=1,...,m, and with a; regular element, so we get the following relatlon

f= U g = plattulam) gl g

m’
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hence, using the fact that ¢ is prime and that g — a) - - - a], is a regular poly-
nomial, we obtain that v(f) = v(a1) + -+ v(an). O

Remark 1.11 Let f; and fy be two polynomials € Alz]. Then fi and fy are
coprime in Alx] if and only if u(f1) and p(fa) are coprime in K|x].

In order to do the second step of this path, we need a simple form of the
Hensel’s Lemma and also one corollary. The proofs of the following three
results are the generalizations of some result contained in [5].

Lemma 1.12 (Hensel’s Lemma) Let f € Alz] and u(f) = G195 G,

where g, are pairwise coprime. Then there exist ¢i,gs,...,9n € Alx] such
that:
1. g1,...,Qn are pairwise coprime;

2. M(gi) =0, 1<i1<n;

3. =091 gn-

Proof
We first study the case n = 2. From u(f) = §,9, and from the fact that u
is surjective, we deduce that there exist hy, hy € A[z] such that p(hi) =g,
and p(he) = g,, and there is v € m[z], such that f = hihs 4+ v. Since g, and
J, are coprime, there exist A\j, Ay € A[x] such that A\jhy + Aghy = 1.
Now we put

h11 = h1 + )\2U7 th = hQ + )\11)

and we have
hi1har = hihg + v(Arhy + Agho) + MAv? = hihy + v+ M v? = f+ /\1>\202,

so f = hi1he; mod(v?) where pu(hy) = p(hy) Vi=1,2.
We can repeat the procedure because of the fact that hy; and hyy are coprime,
so V t € N there are hy; and hyy in Afz] such that

f = hihy mOd(UQt) and  p(hy) = p(h;) for i = 1,2,



but v € m[z], so it is nilpotent, then there is ¢ € N such that f = hy;ho, and
this concludes the case n = 2.

The result follows by induction by observing that if hy is coprime to h;,
2 <1 <n, then h; and hs - - - h,, are coprime. O

The following result is a corollary of Hensel’s Lemma that is very important
to prove that a regular element can be factored in a unique way into monic
polynomials.

Lemma 1.13 Let f be a regular polynomial in Alz|. Then there exists a
sequence {f;} of monic polynomials in Alz] with

deg(f;) = deg(u(f))

Ji=fin mod(mj)

and for some g; € m[x] and unit b; € A
bif = fi+g;f; mod(m’).

Let f=>"",bia’, where b, # 0; if deg(u(f)) = u < n, b, is a unit. Choose
g1 =0and f; = b, (bg + bz + - - + b,z").

We now proceed by induction. Assume that {f; g:l satisfies the Lemma;
then b;f = f;+g;f; +h where h € m?[z]. Since f; is monic, we may select ¢
and r in Afz|, such that h = f;q + r, where deg(r) < deg(f;) = deg(u(f))),
or r = 0.

Set fj41 = f; +r and gj41 = g; + ¢. Now we prove that g;11 € m[z] and
r € m![z].

If » = 0, the proof is trivial; otherwise suppose f; = ap + a;x + --- +
Ay_12" '+ and g = ¢y +crx+- - - +c.2f. In the product 14, the coefficient
stu=l s ¢, 1 + ay_1Cs, etc. Since h = 0 mod(m’) and
deg(r) < deg(f;) = u, ¢s € m?, so also ¢;_; € m/, ete, and consequently
q € m/[z].

Then gj11 € m[z] and r = h — qf; € m?[z].

of 5" is ¢,, of x



This ends the proof, because with this choice of f;1; and g;41 we have

bif = fitgfi+h
= (fi+r)+(g+a)(f;+r)—rg—rq
= fin+gimfim—r(g+q

= fiy1+ g1 fis1 mod(m?).

Theorem 1.14 FEvery regular polynomial f € Alx] is uniquely representable
as [ = ug, with u unit and g monic in Alx]. Therefore, the degree of g is

deg(u(f))-

Proof
Mready know that h is the nilpotency of the ideal m. Using the Lemma
1.13, we have that f = b, ' (1+ gs) fn, where g = f;, is monic and its degree is
the degree of u(f), and by, is a unit, and because of the fact that g, € m[z],
also 1 4 g, is a unit.
The uniqueness follows from the fact that the only monic unit in Afz] is 1,
since a polynomial ag + a1z + - - - + a,2"™ € Alz] is a unit if and only if ag is
a unit and a4, ...,a, are nilpotent.

U

Theorem 1.15 Let f € Alz| be a non-zero reqular polynomial, and let u and
g be the unique unit and monic polynomial, respectively, in Alx] such that f =
ug. For every factorization into irreducibles f = ¢y - - - ¢, there exist uniquely
determined monic irreducible dy,...,d, € Alz] and units vy,..., v € Alx]
such that ¢; = vid;, u =v1---vp and g =dy - - - dj.

By the last Theorem we have reduced the question of factoring regular
elements of A[z] into irreducibles to the question of factoring monic polyno-
mials into monic irreducibles. In the next section we will go another step
forward.



1.3 Factorization of monic polynomials into primary
monic polynomials

In the following section, we start by giving a characterization for a primary
ideal that holds in Afz]. We recall that an element f € A[z] is said to be
primary if the principal ideal (f) is primary. In the lemma above, we say
that f is primary if and only if p(f) is a power of an irreducible polynomial,
which will be a very useful result.

Lemma 1.16 Let f € A[z] be a non-zerodivisor, then (f) is a primary ideal
if and only if p(f) is a power of an irreducible polynomial.

Proof

In the principal ideal domain K|z|, where K = A/m, the non-trivial primary
ideals are the principal ideals generated by powers of irreducible elements.
So the projection u induces a bijective correspondence between the primary
ideals of K[z]| and the primary ideals of A[z] containing ().

An ideal in A[z] in which there are non-zerodivisors is primary if and only
if its radical is a maximal ideal (since the only non-maximal prime ideal of
Alx] is (t) = Z(Alz])). Let f € Alz], since every prime ideal of A[z] contains
(t) = Nil(A[z]), we have that the radical of (f) is equal to the radical of
wtu(f)) = (f) + (¢). So (f) is primary if and only if (f) + (¢) is primary,
because of the fact that if (f) is primary, since f is a non-zerodivisor, +/(f)
is maximal, then +/(f) + (¢) is maximal too, and this implies that (f) + (¢)
is primary, and conversely. The fact that (f)+ (¢) is primary is equivalent to
1(f) being a primary element of K [x], because of the bijective correspondence
described above.

O

Using Hensel’s Lemma, we prove the following theorem, that constitutes
the third step of the path, since in it we found out that a monic polynomial
can be factored in a unique way into primary elements.

We notice that this theorem is the generalization of the Theorem 13.8 con-
tained in [6].

Theorem 1.17 Let f € Alx] be a monic polynomial, of degree > 1. Then:
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(i) [ can be factorized in the product of r coprime primary monic polyno-
mials fi1, fa, ..., fr € Alz], and for each i =1,2,...,7r, u(f;) is a power
of a monic irreducible polynomaial over k;

(ii) Let
f:fl"'fr:hl"'hs (2)

be two factorizations of f into products of pairwise coprime monic pri-
mary polynomials over A, then r = s and after renumbering, f; =
hi, 1= 1,2,...,7".

Proof

(i) We can assume that p(f) = h$*---hSr

er. where hy, ..., h, are monic

irreducible distinct polynomials, by the Lemma 1.12 | there exist ¢;,..., g, €
Alzx], such that f = g, --- g, and pu(g;) = h;* for each i. Moreover, because of
the fact that the polynomials h;* are coprime, using Remark 1.11, even the
polynomials g; are coprime.

(i) From the equation (2), we deduce that f;--- f. € (h;) for each i =
1,...,s. Since (h;) is a primary ideal, there exist an integer k;, 1 < k; < r,
and a positive integer n;, such that f € (h;). We now prove that ; is
uniquely determined. Assume that there is another k; # k; and n) such that
f:,_g € (hi), since fi, and fp are coprime in A[z], there are a,b € A[z] such
that 1 = afr; + bfi;. Then

1 = qratni=1 _ (afki + bfk;)nﬂrné*l c (hz)

and this is a contradiction.

Similarly, for each j = 1,...,r, there is a uniquely determined integer /;,
1 <l; < s and a positive integer m;, such that hZ’j € (f;). For every 7, we
have that h?:km € (h;), then p(hy, )™=" € (u(h;)). Since the polynomials
h; are coprime, using Remark 1.11, the polynomials p(h;) are coprime and
so we must have [, =1, for every i = 1,...s. It follows that the map i — k;
is well defined and injective, so we must have s < r. Similarly, r < s, i.e.
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r = s. After renumbering, we may assume that i = k; for ¢ = 1,...,r, then
lj=jforj=1,...,r. Thus, f/" € (h;) and h]" € (f;) fori=1,...,7.

Using Remark 1.11, for j # 1, f; and f; are coprime, so also p(f;) and
p(f1) are coprime, and this implies u(f;) and p(f1)™ are coprime. Hence,
w(fa) - u(fr) and p(f1)™ are coprime. Using Remark 1.11, fo--- f, and f{"
are coprime. Since f{'"* € (hy), fo--- f- and h; are coprime. Then, there exist
¢,d € Alz] such that

cfor-- fr+dhy = 1.

Multiplying both sides of the above equality by f;, we obtain

fi=cfifo--- fr +dfihh = chihy - - - h, + df1hy,

which implies hq| fi. Similarly, fi|hy. Since both f; and hy are monic, f; = h;.
Similarly, f; = h;, i =2,...,r.
O

Now, we have the following results.

Proposition 1.18 FEach non-zero polynomial f in Alx] can be written as

f=tufify- fr, (3)

where 0 < k < h, u 1s a unit, and f1, fo,..., fr are monic polynomials,
such that u(f1), pu(fe),. .., uw(fr) are powers of irreducible and pairwise dis-
tinct polynomials, g1, g2, ..., g € Klz|, respectively .

Moreover, k € Ny, is unique, u € Alz] is unique modulo t"~*Alz], and
also the polynomials f1, ..., f. are uniquely determined modulo t"=%Alz].

Proof
We use at first Proposition 1.10, from which we deduce that 3 g € A|x], and
0 < k < h, such that f = t*g, where g is a non-zerodivisor and k = v(f),
with v t-adic valuation, so k is uniquely determined, and ¢ is unique modulo
th=kAlx].

Then we apply Theorem 1.14 to g, and so we have that ¢ is uniquely

representable as ¢ = uh, with v unit and A monic in Alx].
Finally, we apply Theorem 1.17 to the equivalence class of the monic
polynomial & modulo "% A[z].
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The fact that v is unique modulo #"“*A[z] follows from Theorem 1.14
and also from the presence of the factor t* in the equation (3), for the same
reason the polynomials f; are unique modulo t"~*A[x].

O

1.4 The elasticity of A[z]

The ring A[x] is not a unique factorization ring and it easy to find an example
to show it.

This ring is actually more than a not-unique factorization ring as we are
going to see now.

In fact, we now present the concept of elasticity, that can be considered
as the measure of how much the ring is not a unique factorization ring, and
through an example we will show that the elasticity of this ring is infinite.
This concepts also presented in [1].

Definition 1.19 Let us consider a commutative ring with identity, R, and
let M be the set of the reqular elements of R. Let k be > 2, we define px(R) to
be the supremum of those m € N, for which there is a product of k irreducible
reqular elements that can be also be written as a product of m irreducible
regular elements. We also define the elasticity of R to be supysq(pr(R)/k).

We notice that the set, M, of the regular elements of A is a cancellative
monoid, so it is also possible to consider the elasticity of a cancellative
monoid, as it is done in [3].

Here we have the example that shows that the elasticity of the ring Alx]
is infinity.
Let us consider the polynomial

™+ t;

we want to prove that this polynomial is irreducible in A[z].
By contradiction, let us suppose that there are two non-unit polynomials,
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f(z),g(x) € Alz], such that 2™ +t = f(x)g(x). Then, we can write it in the
following way
"+t =ag+arx+ - apr™ =
=(bo+b1x+ - +bx")(co+ crx + - + csz?),
where we can suppose that b.c, # 0.
Because of the Lemma 1.9, we have that ¢ is prime. So, from ¢t = bycy, it is
ensured that either ¢ | by and ¢ 1 ¢o or ¢ | ¢y and ¢ 1 by. Suppose that the first
sentence occurs. We have that ¢t {1 b, and ¢ t ¢;. because b.cs = 1 and t { 1.
Let b, be the first coefficient of f(x) such that ¢t b,, and let us note that
ay, = Coby + 1bp_1+ -+ cpby, ifn <s,
a, = cob, + c1bp_1 + -+ csb_s, ifn>s,
and that in both cases ¢ divides each term of this sum except the first, so

t 1 an, and then a,, = 1 and n = m. Here we get a contradiction, because we
have that the following relations hold

n=m<r<<m.

We have just proved that 2™ + ¢ is an irreducible polynomial for each m.
Let us consider N > h and the following polynomial

N
N (N
(z™ + )N = E (i)xm(N‘”tZ: (O)me+

=0

N N
m(N—l)t . m(N—h—l—l)th—l _
—l—( 1 >x +oo 4+ (h B 1>x

— p(N=ht1) <Im(h—1) + Ngmh=2p 4oy (hN 1>th—1)

So here we have given an example of a polynomial that has a factorization
in N irreducible factors, on the left, and in more than m(N — h + 1) irre-
ducible factors on the right, where N is arbitrary but greater than h and m
is arbitrary: this proofs that py(M) = oo and so also py(M)/N = oc.

Acknowledgments I would like to thank Professor Ralf Froberg and Pro-
fessor Christian Gottlieb for their useful help.

13



References

1]

D. F. Anderson, Flasticity of Factorizations in Integral Domains: A Sur-
vey, Lecture notes in Pure and Applied Mathematics, Marcel Decker Inc.,
1997.

M. F. Atiyah, I. G. MacDonald, Introduction to Commutative Algebra,
Addison-Wesley Publishing Company, 1961..

C. Frei, S. Frisch, Non-unique factorization of polynomials over residue
class rings of integers, arXiv:0907.0657v1, submitted on July 2009, to
appear in Comm. Algebra.

O. Greco, Fquivalence of three different definitions of irreducible element,
arXiv:1101.3977v1, January 2011.

B. R. McDonald, Finite rings with identity, Marcel Dekker, 1974.

Z. X. Wan, Lectures on finite fields and Galois rings, World Scientific,
2003.

ROYAL INSTITUTE OF TECHNOLOGY, DEPARTMENT OF MATHEMATICS,
10044 STOCKHOLM, SWEDEN.
E-mail address: ogreco@kth.se

14



