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Information Bottleneck Method

Information Bottleneck no. 2Markus Flierl: EQ2845 Information Theory and Source Coding

§ Goal: Extracting relevant aspects of a source using a 
compressed representation

§ Source variable X with
§ Relevance variable Y with 
§ Compressed representation T with 

§ Y, X, T form a Markov chain in that order

§ Note, Y and T  are conditionally independent given X

<latexit sha1_base64="U2+IJttGGhCp8KtwUsxEHIFQ1HU=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBi2VXRHssePFYoZ+0S8mm2TY0yS5JVihLf4UXD4p49ed489+YbfegrQ8GHu/NMDMviDnTxnW/ncLG5tb2TnG3tLd/cHhUPj5p6yhRhLZIxCPVDbCmnEnaMsxw2o0VxSLgtBNM7zO/80SVZpFsmllMfYHHkoWMYGOlXg9doa6t5rBccavuAmideDmpQI7GsPw1GEUkEVQawrHWfc+NjZ9iZRjhdF4aJJrGmEzxmPYtlVhQ7aeLg+fowiojFEbKljRoof6eSLHQeiYC2ymwmehVLxP/8/qJCWt+ymScGCrJclGYcGQilH2PRkxRYvjMEkwUs7ciMsEKE2MzKtkQvNWX10n7uurdVt3Hm0q9lsdRhDM4h0vw4A7q8AANaAEBAc/wCm+Ocl6cd+dj2Vpw8plT+APn8wc0HY6u</latexit>

Y �X � T

<latexit sha1_base64="0v8y+6rqg9nSu4dmP+UeBvGsvw0=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquiPZY8OKxgv2QdinZNNvGZpMlyQrL0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcjPzO09UaSbFvUlj6kd4JFjICDZWaoeDh2p6PihX3Jo7B1olXk4qkKM5KH/1h5IkERWGcKx1z3Nj42dYGUY4nZb6iaYxJhM8oj1LBY6o9rP5tVN0ZpUhCqWyJQyaq78nMhxpnUaB7YywGetlbyb+5/USE9b9jIk4MVSQxaIw4chINHsdDZmixPDUEkwUs7ciMsYKE2MDKtkQvOWXV0n7ouZd1dy7y0qjnsdRhBM4hSp4cA0NuIUmtIDAIzzDK7w50nlx3p2PRWvByWeO4Q+czx/QoI6Z</latexit>

fY (y)
<latexit sha1_base64="XBbGIdIom4LkuclDONLtpD3RolU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXRHMMePEYIS9IljA7mU3GzO4sM71CCPkHLx4U8er/ePNvnCR70MSChqKqm+6uIJHCoOt+O7mNza3tnfxuYW//4PCoeHzSMirVjDeZkkp3Amq4FDFvokDJO4nmNAokbwfju7nffuLaCBU3cJJwP6LDWISCUbRSK+w3ynjZL5bcirsAWSdeRkqQod4vfvUGiqURj5FJakzXcxP0p1SjYJLPCr3U8ISyMR3yrqUxjbjxp4trZ+TCKgMSKm0rRrJQf09MaWTMJApsZ0RxZFa9ufif100xrPpTEScp8pgtF4WpJKjI/HUyEJozlBNLKNPC3krYiGrK0AZUsCF4qy+vk9ZVxbupuA/XpVo1iyMPZ3AOZfDgFmpwD3VoAoNHeIZXeHOU8+K8Ox/L1pyTzZzCHzifP8Fkjo8=</latexit>

fT (t)

<latexit sha1_base64="rgg9ngzgIGveCSEv+T8etRhHZsQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquiPZY8OKxgv2AdinZNNvGZpMlyYpl6X/w4kERr/4fb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcpP5nUeqNJPi3kxj6kd4JFjICDZWaoeDbvXpfFCuuDV3DrRKvJxUIEdzUP7qDyVJIioM4VjrnufGxk+xMoxwOiv1E01jTCZ4RHuWChxR7afza2fozCpDFEplSxg0V39PpDjSehoFtjPCZqyXvUz8z+slJqz7KRNxYqggi0VhwpGRKHsdDZmixPCpJZgoZm9FZIwVJsYGVLIheMsvr5L2Rc27qrl3l5VGPY+jCCdwClXw4BoacAtNaAGBB3iGV3hzpPPivDsfi9aCk88cwx84nz/NlI6X</latexit>

fX(x)



Information Bottleneck Method

Information Bottleneck no. 3Markus Flierl: EQ2845 Information Theory and Source Coding

§ Given the joint distribution of source and relevance 
variables                , the Information Bottleneck (IB)
– operates to compresses X
– into the compressed representation T,
– while preserving information about Y.

§ Stated as a variational problem:

<latexit sha1_base64="W3r2BiIUPOH/yaIqJzDjdsgf6zg=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahQimJiPZY8OKxgv2QNpTNdtMu3WzC7kYMoX/DiwdFvPpnvPlv3LQ5aOuDgcd7M8zM8yLOlLbtb6uwtr6xuVXcLu3s7u0flA+POiqMJaFtEvJQ9jysKGeCtjXTnPYiSXHgcdr1pjeZ332kUrFQ3Oskom6Ax4L5jGBtpIE/THu1h1n1qZacD8sVu27PgVaJk5MK5GgNy1+DUUjigApNOFaq79iRdlMsNSOczkqDWNEIkyke076hAgdUuen85hk6M8oI+aE0JTSaq78nUhwolQSe6QywnqhlLxP/8/qx9htuykQUayrIYpEfc6RDlAWARkxSonliCCaSmVsRmWCJiTYxlUwIzvLLq6RzUXeu6vbdZaXZyOMowgmcQhUcuIYm3EIL2kAggmd4hTcrtl6sd+tj0Vqw8plj+APr8wf5f5D1</latexit>

fX,Y (x, y)

<latexit sha1_base64="GLEPj531VThXcePmeJ+8bPVv5vQ="></latexit>

inf
fT |X

I(X;T )� �I(T ;Y ) for � > 0



Information Bottleneck Method

Information Bottleneck no. 4Markus Flierl: EQ2845 Information Theory and Source Coding

§ Data processing inequality for Y – X – T:

§ Case                 : (degenerated problem)

§ Case          :

<latexit sha1_base64="NhB5Pxg1xQxzWxzcub9zykrYEtc="></latexit>

I(T ;X) � I(Y ;T )

I(X;T )� �I(T ;Y ) � (1� �)I(T ;Y )

<latexit sha1_base64="UABZeS+MClbPmxGd0W06YtKSwcg=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtCcpePFYwX5IG8pmu2mX7iZhdyKU0F/hxYMiXv053vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLkXEmyhQ8k6iOVWB5O1gfDvz209cGxFHDzhJuK/oMBKhYBSt9NgLOFJyQ7x+ueJW3TnIKvFyUoEcjX75qzeIWap4hExSY7qem6CfUY2CST4t9VLDE8rGdMi7lkZUceNn84On5MwqAxLG2laEZK7+nsioMmaiAtupKI7MsjcT//O6KYY1PxNRkiKP2GJRmEqCMZl9TwZCc4ZyYgllWthbCRtRTRnajEo2BG/55VXSuqh6V1X3/rJSr+VxFOEETuEcPLiGOtxBA5rAQMEzvMKbo50X5935WLQWnHzmGP7A+fwBaGyPdg==</latexit>

� > 1

<latexit sha1_base64="O2xZHhgBqVe5Ly0QhTyRUNGDAgU="></latexit>

inf I(X;T )� �I(T ;Y ) = inf(1� �)I(T ;Y )

= inf I(T ;Y ) = 0

<latexit sha1_base64="DvQxdk3/Z48CVf6NJys31X02WvM="></latexit>

inf I(X;T )� �I(T ;Y ) = inf(1� �)I(T ;Y )

= (1� �) sup I(T ;Y )

<latexit sha1_base64="9Eq4tVkbPGOsASlEoCFAc1GDb8k=">AAAB/HicbZDLSsNAFIZPvNZ6i3bpZrAIdVMSES0UoeDG7ir0Jm0ok+mkHTq5MDMRSqiv4saFIm59EHe+jZM2C239YeDjP+dwzvxuxJlUlvVtrK1vbG5t53byu3v7B4fm0XFbhrEgtEVCHoquiyXlLKAtxRSn3UhQ7LucdtzJbVrvPFIhWRg01TSijo9HAfMYwUpbA7NQLzWrD+foBtVL3WozBWtgFq2yNRdaBTuDImRqDMyv/jAksU8DRTiWsmdbkXISLBQjnM7y/VjSCJMJHtGexgD7VDrJ/PgZOtPOEHmh0C9QaO7+nkiwL+XUd3Wnj9VYLtdS879aL1ZexUlYEMWKBmSxyIs5UiFKk0BDJihRfKoBE8H0rYiMscBE6bzyOgR7+cur0L4o21dl6/6yWKtkceTgBE6hBDZcQw3uoAEtIDCFZ3iFN+PJeDHejY9F65qRzRTgj4zPH7zRkZE=</latexit>

I(T ;Y ) = I(X;T ) = 0

<latexit sha1_base64="EyeqsO0LBOIBoZlUSbK3s/v8aTA=">AAAB9HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5ENIVFwMYygomB5Ah7m7lkyd7eubsXCEd+h42FIrb+GDv/jZvkCk18MMzjvRl29gWJ4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy0dp4phk8UiVu2AahRcYtNwI7CdKKRRIPAxGN3O/McxKs1j+WAmCfoRHUgeckaNlXyX3JBugIba7vXKFbfqzkFWiZeTCuRo9Mpf3X7M0gilYYJq3fHcxPgZVYYzgdNSN9WYUDaiA+xYKmmE2s/mR0/JmVX6JIyVLWnIXP29kdFI60kU2MmImqFe9mbif14nNWHNz7hMUoOSLR4KU0FMTGYJkD5XyIyYWEKZ4vZWwoZUUWZsTiUbgrf85VXSuqh6V1X3/rJSr+VxFOEETuEcPLiGOtxBA5rA4Ame4RXenLHz4rw7H4vRgpPvHMMfOJ8/BSKQSA==</latexit>

0 < � < 1



Information Bottleneck: Interpretation

Information Bottleneck no. 5Markus Flierl: EQ2845 Information Theory and Source Coding

§ Shannon’s perspective:
– Minimization of mutual information corresponds to optimal 

compression in rate distortion theory
– Maximization of mutual information corresponds to optimal 

information transmission in noisy channel coding

§ Machine learning perspective:
– Regularized generative modeling
– Minimization of               penalizes complex models
– Maximization of              optimizes an empirical likelihood of a 

special mixture model

<latexit sha1_base64="flrJsuqpzByrhTTIFWrB5z0QHeY=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquiBa8FLzorUK/oF1KNs22sdlkSbJCWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvCDmTBvX/XZya+sbm1v57cLO7t7+QfHwqKVloghtEsml6gRYU84EbRpmOO3EiuIo4LQdjG9nfvuJKs2kaJhJTP0IDwULGcHGSq37cuemcd4vltyKOwdaJV5GSpCh3i9+9QaSJBEVhnCsdddzY+OnWBlGOJ0WeommMSZjPKRdSwWOqPbT+bVTdGaVAQqlsiUMmqu/J1IcaT2JAtsZYTPSy95M/M/rJias+ikTcWKoIItFYcKRkWj2OhowRYnhE0swUczeisgIK0yMDahgQ/CWX14lrYuKd1VxHy5LtWoWRx5O4BTK4ME11OAO6tAEAo/wDK/w5kjnxXl3PhatOSebOYY/cD5/ADMVjjI=</latexit>

I(X;T )
<latexit sha1_base64="Pf5xffwPV5u4EhLTQ2lhpFYN/F0=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquiBa8FLzorUK/pF1KNs22sdlkSbJCWfofvHhQxKv/x5v/xrTdg1YfDDzem2FmXhBzpo3rfjm5ldW19Y38ZmFre2d3r7h/0NIyUYQ2ieRSdQKsKWeCNg0znHZiRXEUcNoOxtczv/1IlWZSNMwkpn6Eh4KFjGBjpdZtuXF1f9ovltyKOwf6S7yMlCBDvV/87A0kSSIqDOFY667nxsZPsTKMcDot9BJNY0zGeEi7lgocUe2n82un6MQqAxRKZUsYNFd/TqQ40noSBbYzwmakl72Z+J/XTUxY9VMm4sRQQRaLwoQjI9HsdTRgihLDJ5Zgopi9FZERVpgYG1DBhuAtv/yXtM4q3kXFvTsv1apZHHk4gmMogweXUIMbqEMTCDzAE7zAqyOdZ+fNeV+05pxs5hB+wfn4BjSSjjM=</latexit>

I(T ;Y )



General Conditions for the IB Solution

Information Bottleneck no. 6Markus Flierl: EQ2845 Information Theory and Source Coding

§ Solve unconstrained problem                     with ! > 1 and
<latexit sha1_base64="VYUi3afwZhwiZQdqbV0ERWGQj4I=">AAAB/nicbVDLSgMxFL1TX7W+quLKTbAIFaTMiGiXBTfiqkJf0A5DJs20oZnMkGSEMhb8FTcuFHHrd7jzb0zbWWjr4V44nHMvuTl+zJnStv1t5VZW19Y38puFre2d3b3i/kFLRYkktEkiHsmOjxXlTNCmZprTTiwpDn1O2/7oZuq3H6hULBINPY6pG+KBYAEjWBvJKx71mAi81FTjsTOZoLty57xx5hVLdsWeAS0TJyMlyFD3il+9fkSSkApNOFaq69ixdlMsNSOcTgq9RNEYkxEe0K6hAodUuens/Ak6NUofBZE0LTSaqb83UhwqNQ59MxliPVSL3lT8z+smOqi6KRNxoqkg84eChCMdoWkWqM8kJZqPDcFEMnMrIkMsMdEmsYIJwVn88jJpXVScq4p9f1mqVbM48nAMJ1AGB66hBrdQhyYQSOEZXuHNerJerHfrYz6as7KdQ/gD6/MHF2uU4A==</latexit>

inf
fT |X

J(X,T )
<latexit sha1_base64="gmsudP2wXR00uwb9hKr0OQW40wY="></latexit>

J(X,T ) = EY,X,T

⇢
ln

fT |X

fT
� � ln

fY |T

fY

�

= EX,T

⇢
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fT |X

fT
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fT |X

fT
+ �EY |X{ln

fY |X

fY |T
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fY
fY |X

}
�

= EX,T

⇢
� ln


fT
fT |X

e��DKL(fY |X ||fY |T )��a(x)

��

� � lnEX,T

⇢
fT
fT |X

e��DKL(fY |X ||fY |T )��a(x)

�



General Conditions for the IB Solution

Information Bottleneck no. 7Markus Flierl: EQ2845 Information Theory and Source Coding

§ Jensen: Lower bound is tight, iff

§ We obtain the conditional PDF:

§ Conditions from Bayes’ rule:

<latexit sha1_base64="22SIiPgXRpOJVGAZpn1hz4597jU="></latexit>

fT |X(t|x) = fT (t)

µ(�, x)
e��DKL(fY |X ||fY |T )

<latexit sha1_base64="2NN8qJA5VPfsnULcQOd1OICEB5I="></latexit>

fT
fT |X

e��DKL(fY |X ||fY |T )��a(x) = const.

<latexit sha1_base64="WMCGA0oS5Wb00y7jfUvVSgg7Irg=">AAACA3icbVDLSsNAFL3xWesr6k43g0VwVRIR7UYouHFZoY9AG8JkOmmHTh7MTMQSC278FTcuFHHrT7jzb5y0WWjrgWEO59zLvff4CWdSWda3sbS8srq2Xtoob25t7+yae/ttGaeC0BaJeSwcH0vKWURbiilOnURQHPqcdvzRde537qiQLI6aapxQN8SDiAWMYKUlzzwMvCa6Qj0WKRR4WfPBmejfQf37smdWrKo1BVokdkEqUKDhmV+9fkzSkEaKcCxl17YS5WZYKEY4nZR7qaQJJiM8oF1NIxxS6WbTGyboRCt9FMRCP73LVP3dkeFQynHo68oQq6Gc93LxP6+bqqDmZixKUkUjMhsUpBypGOWBoD4TlCg+1gQTwfSuiAyxwETp2PIQ7PmTF0n7rGpfVK3b80q9VsRRgiM4hlOw4RLqcAMNaAGBR3iGV3gznowX4934mJUuGUXPAfyB8fkDmkOWLw==</latexit>

fT =

Z
fT |XfXdx

<latexit sha1_base64="4molpwZc1xNkmkuC/z5EglAMuEI=">AAACGXicbVBNS8NAEN34WetX1KOXxSJ4kJKIaC9CwYvHCv2SNoTNZtMu3WzC7kYsaf6GF/+KFw+KeNST/8ZNm4O2Dizz9r0ZZuZ5MaNSWda3sbS8srq2Xtoob25t7+yae/ttGSUCkxaOWCS6HpKEUU5aiipGurEgKPQY6Xij61zv3BMhacSbahwTJ0QDTgOKkdKUa1qBm95Nmhm8gv1AIJzaWRq4+t+nXMFcPO1meW5OdPYfyq5ZsarWNOAisAtQAUU0XPOz70c4CQlXmCEpe7YVKydFQlHMSFbuJ5LECI/QgPQ05Cgk0kmnl2XwWDM+DCKhn95nyv7uSFEo5Tj0dGWI1FDOazn5n9ZLVFBzUsrjRBGOZ4OChEEVwdwm6FNBsGJjDRAWVO8K8RBpg5Q2MzfBnj95EbTPqvZF1bo9r9RrhR0lcAiOwAmwwSWogxvQAC2AwSN4Bq/gzXgyXox342NWumQUPQfgTxhfPwsJn6c=</latexit>

fY |T =
1

fT

Z
fY,XfT |Xdx



General Conditions for the IB Solution

Information Bottleneck no. 8Markus Flierl: EQ2845 Information Theory and Source Coding

§ Note,           and                 are given.

§ Note,                    form a Markov chain and we have

§ Hence, above conditions can be iterated directly in a 
Blahut-Arimoto like algorithm.  

<latexit sha1_base64="rgg9ngzgIGveCSEv+T8etRhHZsQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquiPZY8OKxgv2AdinZNNvGZpMlyYpl6X/w4kERr/4fb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcpP5nUeqNJPi3kxj6kd4JFjICDZWaoeDbvXpfFCuuDV3DrRKvJxUIEdzUP7qDyVJIioM4VjrnufGxk+xMoxwOiv1E01jTCZ4RHuWChxR7afza2fozCpDFEplSxg0V39PpDjSehoFtjPCZqyXvUz8z+slJqz7KRNxYqggi0VhwpGRKHsdDZmixPCpJZgoZm9FZIwVJsYGVLIheMsvr5L2Rc27qrl3l5VGPY+jCCdwClXw4BoacAtNaAGBB3iGV3hzpPPivDsfi9aCk88cwx84nz/NlI6X</latexit>

fX(x)
<latexit sha1_base64="W3r2BiIUPOH/yaIqJzDjdsgf6zg=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahQimJiPZY8OKxgv2QNpTNdtMu3WzC7kYMoX/DiwdFvPpnvPlv3LQ5aOuDgcd7M8zM8yLOlLbtb6uwtr6xuVXcLu3s7u0flA+POiqMJaFtEvJQ9jysKGeCtjXTnPYiSXHgcdr1pjeZ332kUrFQ3Oskom6Ax4L5jGBtpIE/THu1h1n1qZacD8sVu27PgVaJk5MK5GgNy1+DUUjigApNOFaq79iRdlMsNSOczkqDWNEIkyke076hAgdUuen85hk6M8oI+aE0JTSaq78nUhwolQSe6QywnqhlLxP/8/qx9htuykQUayrIYpEfc6RDlAWARkxSonliCCaSmVsRmWCJiTYxlUwIzvLLq6RzUXeu6vbdZaXZyOMowgmcQhUcuIYm3EIL2kAggmd4hTcrtl6sd+tj0Vqw8plj+APr8wf5f5D1</latexit>

fX,Y (x, y)

<latexit sha1_base64="U2+IJttGGhCp8KtwUsxEHIFQ1HU=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBi2VXRHssePFYoZ+0S8mm2TY0yS5JVihLf4UXD4p49ed489+YbfegrQ8GHu/NMDMviDnTxnW/ncLG5tb2TnG3tLd/cHhUPj5p6yhRhLZIxCPVDbCmnEnaMsxw2o0VxSLgtBNM7zO/80SVZpFsmllMfYHHkoWMYGOlXg9doa6t5rBccavuAmideDmpQI7GsPw1GEUkEVQawrHWfc+NjZ9iZRjhdF4aJJrGmEzxmPYtlVhQ7aeLg+fowiojFEbKljRoof6eSLHQeiYC2ymwmehVLxP/8/qJCWt+ymScGCrJclGYcGQilH2PRkxRYvjMEkwUs7ciMsEKE2MzKtkQvNWX10n7uurdVt3Hm0q9lsdRhDM4h0vw4A7q8AANaAEBAc/wCm+Ocl6cd+dj2Vpw8plT+APn8wc0HY6u</latexit>

Y �X � T

<latexit sha1_base64="fCrPS5dwsZcPjT8H4Jddq/fq9n8=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0VwUUoiot0IBTcuK/QRaUOYTCft0MkkzEyEErt146+4caGIW//AnX/jJM1CWw8M93DOvdy5x48Zlcqyvo3Syura+kZ5s7K1vbO7Z+4fdGWUCEw6OGKRcHwkCaOcdBRVjDixICj0Gen5k+vM790TIWnE22oaEzdEI04DipHSkmfCwEvvak6tPYNXOX9wZlltz6tT8cyqVbdywGViF6QKCrQ882swjHASEq4wQ1L2bStWboqEopiRWWWQSBIjPEEj0teUo5BIN80vmcETrQxhEAn9uIK5+nsiRaGU09DXnSFSY7noZeJ/Xj9RQcNNKY8TRTieLwoSBlUEs1jgkAqCFZtqgrCg+q8Qj5FAWOnwshDsxZOXSfesbl/UrdvzarNRxFEGR+AYnAIbXIImuAEt0AEYPIJn8ArejCfjxXg3PuatJaOYOQR/YHz+ACwAmLM=</latexit>

fY,X,T = fY |XfT |XfX



Remark: Entropy Power Inequality

Information Bottleneck no. 9Markus Flierl: EQ2845 Information Theory and Source Coding

§ Let X be an n-dimensional continuous-valued random 
variable with differential entropy h(X).

§ The entropy power of X is defined to be:

§ Let X and Y be independent random variables, then

§ Equality holds, iff X and Y are multivariate normal random 
variables with proportional covariance matrices.
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§ Let X and Y be two jointly multivariate Gaussian variables 
of dimensions nx and ny, let Cxx and Cyy be the covariance 
matrices, and let Cxy be the cross-covariance matrix.

§ The entropy power inequality shows that the optimum is 
obtained by a variable T which is also jointly Gaussian 
with X.

§ The linear projection of X, which is also Gaussian, attains 
the maximum information.
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T = AX + Z with Z ⇠ N(0, CZZ)
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§ Optimize

§ Over the noisy linear transformations of A, CZZ

§ T is normal distributed                          with
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T ⇠ N(0, CTT )

<latexit sha1_base64="e/WAVndS6KaNjKBTAHvK3jP4Il0="></latexit>

T = AX + Z with Z ⇠ N(0, CZZ)
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min
A,CZZ

I(X;T )� �I(T ;Y )
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§ The optimal projection                       is given by                 
and

§ vi
T are left eigenvectors of           

§ Sorted by ascending eigenvalues !I

§ are critical " values

§ with 
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T = AX + Z

GAUSSIAN INFORMATION BOTTLENECK

Theorem 3.1 The optimal projection T = AX + ξ for a given tradeoff parameter β is given by
Σξ = Ix and

A=



















[

0T ; . . . ;0T
]

0≤ β≤ βc1
[

α1vT1 ,0T ; . . . ;0T
]

βc1 ≤ β≤ βc2
[

α1vT1 ;α2vT2 ;0T ; . . . ;0T
]

βc2 ≤ β≤ βc3
...



















(4)

where {vT1 ,vT2 , . . . ,vTnx} are left eigenvectors of Σx|yΣ
−1
x sorted by their corresponding ascending

eigenvalues λ1,λ2, . . . ,λnx , βci = 1
1−λi are critical β values, αi are coefficients defined by αi ≡

√

β(1−λi)−1
λiri , ri ≡ vTi Σxvi, 0T is an nx dimensional row vector of zeros, and semicolons separate

rows in the matrix A.

This theorem asserts that the optimal projection consists of eigenvectors of Σx|yΣ−1x , combined in
an interesting manner: For β values that are smaller than the smallest critical point βc1, compression
is more important than any information preservation and the optimal solution is the degenerated one
A ≡ 0. As β is increased, it goes through a series of critical points βci, at each of which another
eigenvector of Σx|yΣ−1x is added to A. Even though the rank of A increases at each of these transition
points, A changes continuously as a function of β since at each critical point βci the coefficient αi
vanishes. Thus β parameterizes a sort of “continuous rank” of the projection.

To illustrate the form of the solution, we plot the landscape of the target function L together
with the solution in a simple problem where X ∈ R2 and Y ∈ R. In this case A has a single non-zero
row, thus A can be thought of as a row vector of length 2, that projects X to a scalar A : X → R,
T ∈ R. Figure 1 shows the target function L as a function of the (vector of length 2) projection A. In
this example, the largest eigenvalue is λ1 = 0.95, yielding βc1 = 20. Therefore, for β= 15 (Figure
1A) the zero solution is optimal, but for β = 100 > βc (Figure 1B) the corresponding eigenvector
is a feasible solution, and the target function manifold contains two mirror minima. As β increases
from 1 to ∞, these two minima, starting as a single unified minimum at zero, split at βc, and then
diverge apart to ∞.

We now turn to prove Theorem 3.1.

4. Deriving the Optimal Projection

We first rewrite the target function as

L = I(X ;T )−βI(T ;Y ) = h(T )−h(T |X)−βh(T )+βh(T |Y ) (5)

where h is the (differential) entropy of a continuous variable

h(X) ≡−
Z

X
f (x) log f (x)dx.

Recall that the entropy of a d dimensional Gaussian variable is

h(X) =
1
2
log
(

(2πe)d|Σx|
)
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ri = vTi CXXvi
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CHECHIK, GLOBERSON, TISHBY AND WEISS
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0

I(T;X)

I(T
;Y

)

Σ log(λi)

β−1 = 1−λ1

Figure 3: GIB information curve obtained with four eigenvalues λi = 0.1,0.5,0.7,0.9. The informa-
tion at the critical points are designated by circles. For infinite β, curve is saturated at
the log of the determinant ∑ logλi. For comparison, information curves calculated with
smaller number of eigenvectors are also depicted (all curves calculated for β < 1000).
The slope of the un-normalized curve at each point is the corresponding β−1. The tangent
at zero, with slope β−1 = 1−λ1, is super imposed on the information curve.

To this end, we substitute the optimal projection A(β) into I(T ;X) and I(T ;Y ) and rewrite them
as a function of β

Iβ(T ;X) =
1
2
log
(

|AΣxAT + Id|
)

(14)

=
1
2
log
(

|(β(I−D)− I)D−1|
)

=
1
2

n(β)

∑
i=1
log
(

(β−1)
1−λi
λi

)

Iβ(T ;Y ) = I(T ;X)−
1
2

n(β)

∑
i=1
logβ(1−λi),

where D is a diagonal matrix whose entries are the eigenvalues of Σx|yΣ−1x as in Appendix D, and
n(β) is the maximal index i such that β ≥ 1

1−λi . Isolating β as a function of Iβ(T ;X) in the correct
range of nβ and then Iβ(T ;Y ) as a function of Iβ(T ;X) we have

I(T ;Y ) = I(T ;X)−
nI
2
log

(

nI

∏
i=1

(1−λi)
1
nI + e

2I(T ;X)
nI

nI

∏
i=1

λi
1
nI

)

(15)

where the products are over the first nI = nβ(I(T ;X)) eigenvalues, since these obey the critical β
condition, with cnI ≤ I(T ;X) ≤ cnI+1 and cnI = ∑nI−1

i=1 log
λnI
λi

1−λi
1−λnI

.
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§ The original IB model as well as the Deep Variational 
Information Bottleneck (DVIB) assume the Markov chain

§ For the DVIB, the Markov chain                    appears by 
construction.
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