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Abstract

We study a scenario for the disappearance of hyperbolicity of invariant tori in a
class of quasi-periodic systems. In this scenario, the system loses hyperbolicity
because two invariant directions come close to each other, losing their regularity.
In a recent paper, based on numerical results, Haro and de la Llave (2006 Chaos
16 013120) discovered a quantitative universality in this scenario, namely,
that the minimal angle between the two invariant directions has a power law
dependence on the parameters and the exponents of the power law are universal.
We present an analytic proof of this result.

Mathematics Subject Classification: 37C55, 37C60, 37D20, 37D25

1. Introduction

In a recent publication [4], Haro and de la Llave have found spectacular asymptotics when
numerically investigating the disappearance of normally hyperbolic invariant tori in quasi-
periodically forced systems (see also [5] for a more detailed exposition). The purpose of
this paper is to provide analytic proofs of the existence of these asymptotics in a class of
systems. We will focus on one concrete model, but our method should be applicable to other
systems also.

The model we consider in this paper is a quasi-periodically forced Hénon map
H:T x R*> - T x R? (T = R/Z) of the form

60— 0+w,
(x,y) = h(x,y) +e(x —x0)V(9),

where h(x,y) = (1 +y — ax?, bx) is the Hénon map. Here V is a function V : T — R
which is at least continuous and w is an irrational number. The map A (x, y) has a fixed point

(x0, bxo) where xo = (b — 1 ++/(b — 1)2 +4a)/(2a). Note that the perturbation in our case
is chosen so that the torus (6, xg, bxg) is H-invariant for all ¢.
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We shall study the linearization of the above map along the invariant torus (6, xo, bxo).
This dynamics is given by the cocycle

TxR?>> @,u) = (0 +w, M:(0)u) € T x R, (1.1

where M, is the matrix

_(—2axo+eV(©@) 1
M,(0) = ( ’ O) . (12)
The time evolution of this linearized map shall be denoted by
M6+ (n—Dw)--- M (0), n >0,
M) =114, n=0,
M0 +nw)™' - MO — )", n < 0.

We say that the cocycle (w, M,) is uniformly hyperbolic if there are constants C > 0 and

8~ < 0 < §* and a splitting R? = E; (6) ® E*(6) such that
IM?(O)u| < ced | forallu € E_ (), n >0,
IM"(O)u] < Ce ™" |u forallu € Ef(6), n > 0.
It is well known that such a splitting, if it exists, is invariant, M, () EX(0) = EZ(6 + ), and
that the subspaces E si (0), as functions of 9, are as smooth as M (see [7,8]). That the subspaces

vary smoothly with 8 implies that the angles between them are uniformly bounded away from
zero. We define

Ae) = r@niq[rl L(EX(9), EZ(9)). 1.4)

(1.3)

This quantity is the main object of interest in this paper. It is related to the constant C in (1.3).
Roughly speaking, if the angle between EZ(9) is very small for some 6, then, by continuity,
the two vectors M" (0)u* (u* € E£(0), |u*| = 1) will be close for a long time and hence the
constant C must be large.

Furthermore, we define the Lyapunov exponents as

1
A*(e) = lim */log 1M (©)] do,
n—oon Jp

1
A~ (¢) = lim f‘/logllM;’(H)HdQ.
n—>-0opn Jp

It is a general fact that, for systems of the form (1.2), A* + A~ = log |b| = log |det(M.())|.
In the situation when the cocycle (w, M,) is uniformly hyperbolic, it is well known that

1
lim —log |M"(©®)v| = A* forall € T, ve Ef®)\{0},
n—too p : )
1
lim —~ log|M! (6)v] = A~ forall e T, ve E;(6)\({0}.
n—+oo n

Moreover, the convergence is uniform in 6 [3]. This implies that A* are the optimal values
for 6% in (1.3). We also recall that we can have A~(¢) < 0 < A*(¢) but the cocycle (1.1)
fails to be uniformly hyperbolic. In this case it follows from the Oseledets theorem that the
subspaces E*(0) exist for a.e. 6 and that they vary measurably. They cannot be continuous,
since it is a classical fact that non-zero Lyapunov exponents and continuous subspaces E*(8)
imply uniform hyperbolicity.

In [4] it was studied numerically how the uniform hyperbolicity breaks down as ¢ is
increased (it is assumed that M is hyperbolic). The scenario studied there was that A(¢) — 0,
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Figure 1. The curves yi(é)) when w = («/37 1)/4,b = 1,2axp = 10, & = 10.256785 and V as
in (1.5), with A = 5.

but the Lyapunov exponents A*(g) are uniformly separated from each other. The striking
asymptotics observed in [4] are the following. Denoting by &, > 0 the smallest ¢ > 0 for
which the cocycle (w, M,) fails to be uniformly hyperbolic (note that uniform hyperbolicity
is an open condition), it was found that there are constants ¢, 8 such that

Ae) ~ a(e. — )P
for all ¢ < g, close to &.. Moreover,
At(e) ~ AT (o) + A(sc — &)®,

for some A, B. In both models they had A*(e.) > 0, and it was found that 8 = 1. We will
establish the same asymptotic rate in our model (see the main theorem)

In figure 1 we have plotted the graphs of the projections of the subspaces EZ(6) in the case
when w = (v/5 — 1)/4,b = 1, 2axy = 10, ¢ = 10.256785 and V is as in (1.5), with A = 5.
In our model, for any fixed 0, &, each EX(9) is a line in R?, passing through the origin. In
the figure it is represented by the corresponding angle in (—m/2, 7w /2]. For a fixed ¢ < ¢, we
get two smooth curves y corresponding to EY and E, respectively. When & approaches &,
from below, the smallest distance between the two curves goes to zero. Still, if the Lyapunov
exponent A*(g.) is positive, then the curves y*(6) for & must be well separated for ‘most’
0, each curve supporting its Lyapunov exponent. This forces the curves to ‘fractalize’ as
& — &.. The presence of this fractalization process is one of the difficulties in estimating the
asymptotics of A(e).

Results. In order to make the presentation of our proof as transparent as possible, we have
chosen b = 1 and a such that 2axy = 10. The only thing we actually need is that the
unperturbed matrix M is of saddle type. What is important, though, is the shape of the forcing
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function V. It has to be ‘flat” with a single sharp ‘spike’. We have taken it to be
1

1+ Asin®(76)

Here the constant A should be extremely large. For our method it is enough that V is C?; it is

the spike shape that is important. We also need that the frequency w satisfies the Diophantine
condition

V() = (1.5)

(DC)y.. inf lgo — pl > = forallg € Z \ {0} (1.6)
PeL lg1”

for some constants « > 0, 7 > 1.

Main theorem. Let

eV(®) — 10 1) 1
M, (0) = , where V() = ——,
:(©) ( 1 0 © 1+ Asin®(70)

and assume that w € T satisfies the Diophantine condition (DC), , for some x > 0,7 > 1.
For all A > O sufficiently large (depending on « and 7) there is an &, > 0 (close to 10) such
that the cocycle (w, M,) is uniformly hyperbolic for all 0 < ¢ < &, and the minimal angle
A(e), defined in (1.4), satisfies

. Ae)
lim =«

e—e; Ec — €&

for some constant « > 0. Moreover, the Lyapunov exponent A*(e.) > 0.5log5 for all
e €10, e.].

Remark 1.

(1) Since b = 1, we get that A~ (g) = —A*(¢).

(i1) Note that the asymptotics does not depend on the Diophantine class; we always get 8 = 1.

(iii) One can use Herman’s subharmonic trick [6] to show that for all sufficiently large A > O,
the following holds: A*(¢) > log 10 for all ¢ and any irrational w. See the appendix for
the details.

(iv) The methods of proof of the main theorem permit us to obtain the same result in the
‘multi-frequency case’, i.e. in the case when V (0) is a flat function with a single sharp
spike, defined on T¢, and w € T¢ is a Diophantine vector, see [1].

(v) In this paper we were unable to estimate the asymptotics of the Lyapunov exponent when
& — &.. We believe that A*(g) ~ A*(e.) + A(e, — &)'/2.

The proof of the main theorem is based on a technique developed in [1]. The general
strategy follows the same lines, but the details differ almost everywhere. Therefore we have
chosen to present all the details in this paper, without referring to analogous parts in [1].

The rest of this paper is organized as follows. In section 2 we describe the projective
coordinates and the projectivization of the cocycle which we shall work with, and in section 3
we introduce some notation and important definitions. Section 4 includes basic estimates. In
section 5 we give a brief explanation of the key ideas behind the proof of the main theorem.
To control the geometry of the projective curves y=, which we shall construct, we will need
certain formulae. These formulae are derived in section 6. Section 7 contains abstract help
lemmas which are included in order to keep the proof of the main inductive lemma (section 8)
to areasonable size. In section 8 we prove the inductive lemma, which is the heart of the proof
of the main theorem. Finally, in the last section, section 9, we put everything together and
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derive the statements of the main theorem. In the appendix we show how to apply Herman’s
subharmonic trick to our model.
We close this section with a discussion of the Schrodinger cocycle:

eV(@®)—-E —l)

@, u) —» @+ow,SOWu), SO)= ( 1 0

This cocycle has been widely studied in the literature (see, e.g., [1] and references therein).
The same result as in the main theorem also holds in this case when V is as above and E = 10.

We believe that the asymptotic of A(e) depends on whether A*(e.) is positive or not. We
have performed computer simulations in the case when E = 2.1 and V(0) = cos(276). In
this case it is well known that if ¢ € [0, 2] and the cocycle is not uniformly hyperbolic, then
A*(e) = 0 (see, e.g., [2]). The numerical results we got are that the cocycle is uniformly
hyperbolic for 0 < & < &, (g, is close to 0.7455), A*(e.) = 0 and A(g) ~ a(s. —£)'/2. Thus,
in this case § = 1/2. The same asymptotic is also found in the following (highly degenerate)
example. Let E = 3 and V(0) = 1. Then an easy computation shows that the cocycle is
uniformly hyperbolic for 0 < ¢ < 1, A*(1) = 0 and A(e) = arctan(y*) — arctan(yy ™) ~
V1 —¢ where y* = (¢ =3+ /(e — (e — 5))/2.

2. Projective dynamics

The way we are going to investigate cocycle (1.1) is to study its action on the projective space
(the space of lines in R? passing through (0, 0)). We will think of the projective space as
R U {o0}. Since

sVO)—10 1\ (r\ _ (sV(©)—10+1/r
1 o)\1)=" 1

we see that the projective map can be expressed as
P.(0,r) =0 +w,eV(@O)—10+1/r), 2.1)

where 6 € T and r € R U {o0}.
We will use the notation

O, 1) = (G, ro)-

In our estimates we will often use expressions such as rory - - - r¢. This can be well defined
if 9 # oo. Indeed, if r; = oo for some j > 0, then we must have r;_; = 0, and we get
ri_irj = r_/-,l(eV(Q) — 10+ ]/V_/',l) = 1. Note that

M (6) (’f) =ro-e (’1) :

Thus the product ry - - - 7, is directly related to the Lyapunov exponents.

3. Notation and basic definitions.

e For aninterval / € T, let |/| denote its length.
e We fix w satisfying the Diophantine condition (DC), ; for some ¥ > 0, t > 1 (we shall
also express this as w € (DC)y ;):

inf |gw — p| > «/|q|* forall g € Z \ {0}.
PEL
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e For our construction to go through we need V (6) to have a special form: we want it to
be ‘close’ to zero outside a ‘small’ interval Iy, on this interval V (6) will have a unique
non-degenerate maximum equal to 1. To be precise, we fix

1

Ve)=VEO,N) = ——
@ =Vven 1+ Asin®(76)’

where X should be thought of as a sufficiently large constant. We have the bounds
IViler < (5 /2)V2; IVile2 = [V"(0)] = 2% (3.1
e Define the first critical interval
Ip = [—A~Y6, A-1e, (3.2)

By this choice | V|, |V'| and |V”| are small outside I, for large A:

max |V (0)] < A71/2, max |V'(0)] < A71/3, max |V'@0)| < A7V4 (3.3)
0eT\Iy 6eT\ Iy 6T\ Iy
o Let
I, =1{0:V(6) >0.88). (3.4)
Then
1)) = can™ 2, 1/20 < ¢, < 1/8,

and Ij C Iy. This interval is introduced because |V" ()] is large on it:

max V" (0) < —1[[V]|c2. (3.5)
I .

e We shall consider the values of ¢ lying in the interval

&1 =[1055.103].

Inductively we will show that the critical value ¢, mentioned in the main theorem lies in
this interval.
e The diffeomorphism &, (6, r) is defined in (2.1). Note that

1
;! =(0- .
e 6.7) (9 @ r—eV(@—a))+10>

e If I C Tis aninterval centred at ¢, we denote by k/ the interval centred at c of length k||
e Define the projections

(0, r) =0, 7. (0,r) =r.
e Given 6, and r(, denote
(O, 1) = ¥ (60, ro), keZ.
e Let
R, = [-100, —5], R, =[1/100, 1/5].

The notation reflects the fact that the strip T x R, is contracted by the forward (and T x R;
by the backward) iterates of ® while iterating outside I, (respectively, outside Iy + w).
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e Given integers 0 < My < ... < M, and intervals Iy D I} D ... D I,, define the
following sets:

n M;+l n M+l
= U Uj+mo), 2= U —mo
j=0 m=1 j=0 m=0

and
0, =T\ (Z; UL,

On each scale, Zf and jl.’ are the sets of 0, for which the behaviour of the system is
‘irregular’; these sets should be thought of as ‘small’. ®, are the sets of ‘good’ parameters
0. Note that ®y D ©, D ... D 0,. Actually, later in the proof the sets Ef and E,f will
be seen to be disjoint. This will be assured by the Diophantine condition on w and the
choice of M;. The fact that these sets are disjoint will be very important for controlling
where the minimum angle can be located.

e The building blocks of our construction are the following ‘boxes’:

Aje) =02 (A)), where A; = {(0,7) | 0 € I; — Mjw, r € R}, (3.6)

Bie) =@, "' (B)), where B; = {(0,r) |0 € I; + Mo, r € Ry}, 3.7)

for j = 0,...n. We shall see that the sets A j and B ; are very thin curvilinear rectangles
placed over I; + w. By construction, they contain pieces of stable and unstable manifolds
of @, respectively. These sets should be thought of as jth approximations to the stable
and unstable manifolds.

4. Preparatory lemmas

This section contains the necessary estimates for the mappings V and ®. The first two lemmas
assert that the sets R, x T and R; x T, defined above, attract forward and backward iterates,
respectively.

Lemma 4.1. Let ¢ € £_| and assume that . > 0 is large. Suppose ry € [—101, —4] and
6o ¢ Iy. Then ry € R,. Moreover, ifry ¢ Ry, and 6y ¢ Iy, Oy + @ ¢ Iy, thenry € R,,.

The proof is an easy verification, using estimates (3.3). The corresponding lemma, with R,
replaced by R, is true for backward iterations.

Lemma 4.2. Let ¢ € £_1 and assume that A > 0 is large. Suppose ro € [1/1000, 1/4] and
0p —w ¢ ly. Thenr_y € R;. Moreover, ifrg ¢ R,, Oy —w ¢ Iy and 6y — 2w ¢ Iy, then
r_, € RS.

Lemma 4.3. Forany 6 € T and ¢ € £_1 we have

k+1
Irol > 55 = Iric..rol > <ﬁ) for all k > 0 (4.1)

and

lrol <11 = |rg...r] < 11F forall k > 0. 4.2)
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Proof. We shall prove the first of these statements; the second one can be verified in the same
way. Suppose that |r;| < 1/11. Then ! < 0 by assumption, and we have

| | V—10+ ! 1 10 ! !

rirg| = |ri | eV — —)>l-—==>—,

rh r, (TR TRENTE

since [¢V — 10] < 10 for ¢ € &_;. The result follows by induction using the fact
that |ro| > . O

Since the frequency vector w € T satisfies the Diophantine condition (DC), ;, one can
get a lower bound for the return time into a small ball under the rotation by w.

Lemma 4.4. Suppose v € DC(k, t), and let I be an interval of length A. Then for any
N < [K/A]l/r all the intervals I + jw, |j| =0, 1, ..., N, are disjoint.

Proof. If x € I and x + mw € I, then

< inf |mw — p| < A.
e S it | Pl

Therefore, [m| > [(k/A)"7]. O

5. A brief sketch of the proof

Since the proof of the main theorem is a quite lengthy inductive argument, we will briefly
discuss the idea behind it, at least on the first scale. There will be some overlap here with
results of the following sections, but we hope that this discussion will help the reader to
better understand the inductive assumptions in section 8 and to have an idea of where we are
heading.

We stress that the parameter A in V should always be thought of as being extremely large.

What we are going to do is construct the invariant curves I'F(#), which are the
projectivizations of the subspaces EZ (). In figure 1 the subspaces were represented by angles
in (—m /2, 7w /2]; here they are represented by their slopes, i.e. by the tangent of the angle. Our
construction will give us such good estimates that we will know where the minimal angle
between the subspaces is located and how the minimum changes with €.

The interval I, defined in section 3 is of length 2A~!/6. Thus, by lemma 4.4, we know that
a point @ starting in I will not return to /; (under forward and backward translation by w) for
at least Ny = const 11/ steps. We let My = /N, and define Ag, Ao, By, By as in (3.2) and
(3.3). The sets Ag and By will be the first approximations of I'} (9) and I'; (0) over Iy + w,
respectively. We will show that the minimal angle is attained for 6 € Iy + w.

Using lemmas (4.1) and (4.2) repeatedly we get the following statements, provided
thate € £_

(a) If 6y € T and ry € R, let N > 0 be the smallest integer such that Oy € Iy. Thenr, € R,
fork=0,1,..., N.

(b) If 6y € T and ry € R, let N > 0 be the smallest integer such that 6_y € Iy + . Then
rx € R,fork=0,1,...,N.

From the definition of M, we in particular have that
(Ip+mw)Nly=0
for 0 < |m| < My. Thus the above statements imply

By C (Ip+ ) x R,
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Figure 2. Approximating the curves I'*.

and
dMo(Ag) C Iy X Ry.

Given (6, ro) and (6, so) (that is, ro and s¢ are both over 6), then a trivial computation shows
that
lro — sol
[ —s1l = —— and [r—y —s_1] = [r—15-1(ro — 50|
[rosol

Thus points in R, (R,) are contracted by at least a factor of 25 when iterated forwards
(backwards). Therefore the sets EO and ®M0(A) will be very thin (the thickness is smaller than
25-Mo). We will also show that they are almost horizontal (using the formulae in section 7)
and vary very little with ¢. The reason why they are flat is that we have iterated outside /y, and
there V is as flat as we like (by taking A huge).

To get Ao, we have to apply ® to ®M0(Ag). Since ®M0(Ag) lies over Iy, and is almost
horizontal, we will get

Ag=1{(0.1):0elh+o,¢ (0) <r<¢*O),
where
©=(0) = eV (0 — w) — 10 +error™,

SO Ao looks almost like ¢ V — 10 over Iy, that is, it looks like the peak of ¢V, see figure 2. Since
V(0) = 1, we see that the ‘peak’ of /IO moves linearly with e. The set By remains (almost)
constant, as we will show. Writing £_1 = [¢Z, sjl], we will see that there is an ¢; € £
such that EO N AO = fore € [¢Z,,¢,) and I§0 N A~0 # @ for e € [gy, €",]. The reason is
just that Ay moves up linearly with & and By is almost still.

If Ag N By = ¢, the cocycle (w, M,) is uniformly hyperbolic. To see this, we proceed as
follows.

Let E(f , Ef and ®g be as in section 3. Take a 6y € ©¢, and let N > 0 be the smallest
integer such that 6y € Iy. Then N > M, by the definition of ®. By (a) above we get

6 € R, forall k € [0, N].

In particular we have ry_p, € Ry, i.e. On—m,, 'N—m,) € Ao. Thus (O, ry+1) € Ao. From
the assumption Ag N By = ¥, we know that ry,uy, ¢ By, i.e. rneym, € Rs. Since 6y € Iy,
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we know that 6y ¢ Iy for k € [N + 1, N + Ng]. Recall that Ny =~ Mg, o in particular
On+Mys ON+mp+1 € To, and by lemma 4.2 we thus have ryip+2 € Ry, i.e. we are back in the
‘good’ region. We now let N’ > 0 be the smallest integer such that O p,+14n7 € Io. Then,
since Oy € Iy, we must have N’ > Ny — M,. Hence, using condition (a) above, we have
r. € R, fork € [N+ My+1, N+ My+ 1+ N’']. During the passage fromk = N + 1 to
k = N+My+1, we can use lemma 4.4 to get a worst estimate for the product |ry41 -+ - Py, |-
It is only during this passage that the r; can be outside R,,. Note also that Oy.j.n € Ip — Mow
andry414+n € Ry, 1.e. the point (On+1+n7, FN+1487) € Ag. Therefore we can repeat the argument
forever. Since Ny is so much larger than M, we can obtain the following.

Take 0y € ®pand rp € Ry, andlet0 < T; < T, < - - - be the times when 07, € Iy. Then
foralli > 1

rg---rp| > 5TF1=02 for all k € [0, T;].
Moreover, for all k > 0
re ¢ R, = 6 € Tf.

The first condition shows that the Lyapunov exponent A*(g) > 0.5log5, since the measure
of ®y is positive (recall the discussion in section 2). Note also that if 6y € ®¢ and r¢, 5o € R,,
and if the 7; are as above, then we get, using the formulae for contraction,

et — szatl < S™T D [rg — sl 5.1

The second condition gives us good control when iterates can be outside the ‘cone’ R,. This
will be important several times, for example, when we control the location of the minimal
angle.

Analogously, when we consider the backward iterations, we get the following.

Take 6) € ©pandrg € Ry, andlet0 < 77 < T, < --- be the times when 6_7, € Iy + w.
Then foralli > 1

[reg - r | > 57TI=02 forall k € [0, T;].
Moreover, forall k > 0
r*k¢Rs = 97](6203.

By taking bigger and bigger N such that [y — Nw C ©g, and studying the set
N ((Iy — Nw) x R,) C Ag, we can use the above estimates to obtain better and better
approximations of the curve ['*(0) over Iy + w (recall expression (5.1)). In the limit we get
a piece of the curve I'* lying over Iy + w, which will be continuous by uniform convergence.
By iterating this piece under ®, we get the whole invariant curve I'*. Similarly we obtain ' ~.
This shows that the cocycle (w, M,) is uniformly hyperbolic. Thus, by general results (see,
e.g., [7,8]), the curves '+ must be as smooth as M,.

The curves will have the following properties.

r*@) ¢ R, =0 exf, @ ¢R =0ecxf. (5.2)

Moreover, I'*(0) = eV (6 — w) — 10 + error over Iy + w and '~ (0) will be almost horizontal.

We now explain why the minimal distance between the two curves must be attained over
Iy + o. Note that the sets ' and Xf are disjoint (this is important). This means that if
'*(0) and '~ () are very close for some 0, then either ['*(0) € R, and '~ () is in (or very
close to) R, or ' (0) € R, and T'*(0) is in (or very close to) R;. Assume that the minimum
distance between I't and I'~ was attained for a 6* outside Iy and Iy + w. If T'(0*), '~ (6%)
is close to R,, iterate the points (6*, I'*(6*)) one step forward. Then they are contracted at
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least by a factor of 20, contradicting the assumption on 6*. Similarly, if ['*(6*) and '~ (6*)
are close to Ry, iterate one step backward. If the minimal distance was located over 6y € I,
then, since T'*(9) € R, for 6 € I, we would have I'*(6y) < —4. By iterating the two points
(6o, T*(8)) one step forward, using the above formula for contraction, we would get an even
smaller distance between (6y + w, I'* (0 + w)), which is a contradiction.

In the proof later on, we should be able to treat the case Ay N By # (). Then we have to
use a multi-scale analysis to ‘zoom in’ near Iy + w. The philosophy is the same as in this first
step, but the technicality becomes a bit more involved.

6. Important formulae

This section contains important expressions that will be used throughout the proofs. The
formulae below give us control of the derivatives, once we have a control on products |rg - - - r¢|
of the iterates This is what we will do in this paper: estimate these products.

Let r0 =1, £(0, ¢) be given and define

rE =, (50, 1)), k € Z.
Forward (k > 0). In particular, skipping the =+,

ri@,e) =eV(O)— 10+

ro(0,€)
We shall write r; instead of r; (6, ¢). Calculating the different derivatives, we get
, dpro
dor1 =eV'(0) — —5-, d.r1 =V (0) — 2
To g
3 dor0)? 3 der0)?
doory = £V (@) — 00 +2( 97’30) 7 doury = — sgzro ( S’;)O) .
ry To To To
For the contraction/expansion we have the formula
Irg = ro |
I =< G
|ror() |
Hence, by induction, we get the expressions
V(6 + 1 0
dre = V(0 + (k — 1)a))+eZ( e YOG = De) | 1)"97”)2, 6.2)
= k 1 r, T
— V(9+( l)w) ro
deri = V(O + (k — Do) + Y (=) /- +(— 1)k dero (6.3)
= k 1 ~rk71
k-1
Vv 9 + 1 0
Boari = V(0 + (k — D)+ Y (=D} OrG = Do) | gy oo
=1 RS j rg T
k-1 (@or;)?
—23 (= (64)
k—l .. rlrj
j=1 J
r < (0.r))?
ss 0
deer = (=1 =5 =2 ) (=D (6.5)

0 ..rk_l ot rk_l... T
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and
- lrg —rg |
Irf—r7| < 0o (6.6)
L T = N Y o ]
Backward (k < 0). Similarly,
1
10, 8) =
108 = e e+ 10
and
dor_1 = (eV'(0 — w) — pro)r?,, der—1 = (V(0 — w) — dero)r?,
Bpr_1)2 Bpr_1)2
dper—1 = (eV" (0 — @) — dppro)r?, +2M, Beer—1 = —dgaror?, +2w.
r— r—y
By induction, we prove
k
Opr_p = ¢ Z(—l)k—fv/(e —joyr? o (=D @royr?, LRy,
j=1
k
der =Y (=DMIVO = joyr?, 2+ (=D @ero)r? .,
j=1
k
dpor k=€ _(=DIVO = jo)r?, .12+ (=D @ero)r’, .17
j=1
— @r_;)° (@or_1)?
—j\oer—; or —k
+2Z(_1)k Jri:]rik .. .rEj+1 +2r7,
j=1 - *
— (0:r_)) (0.r1)>
_ k 2 2 k—j\7e —J 2 2 el —
Btk = (= 1)¥@eero)r?, ... 72, +2§(—1) JTr_k...r_jH +2 P
T IR (R O T A A [ A ) B (6.7)

7. Basic lemmas

Here we show how to derive geometry control by using the formulae in the previous section,
together with certain estimates on products rory - - - 1. The setting in this section is abstract
and self-contained, but it is exactly this setting we will have in the inductive construction in
section 8.

The geometric picture behind the first lemma is thatabox A = (/ — Mw) x R, (I C Iy)
is mapped by ®¥*! into a very thin strip ®*!(A), which looks like the graph of the function
(eV (0 — w) — 10) over Iy + w. The second lemma shows that a box B = (I + Mw) x Ry is
mapped by ®~M*! into a very thin, almost horizontal strip over Iy + @. Recall the picture in
figure 2.

Lemma 7.1. There exists Ly such that for .. > A the following holds. Let e € £_j and suppose
that an interval 1 C Iy and an integer M > 100 satisfy the following properties: for any point
(6o, r0) € I — Mw) x R, we have forallk =0,... M

ri...rpl = SM7072 and

rgeeryrp e ery] = SR fork<p—1<M, iflr,q|>1/11 (7.1)
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Denote
A={0,r)|0 el —Mw, r € R,}.
Then we have

A=0MNA) =0, 1) |0 el+w, o (B,8) <r<g*@,e),

where
0E0,8) =V —w) — 10+ ¢, ¢), (7.2)
and the functions ¢F satisfy the following estimates:
=0, 8) < 1. (7.3)
0<¢"(0.0) = ¢70.0) < g (7.4)
10p9p™ (0, £)] < 217177, (1.5)
10:6%(0, &) < 55 (7.6)
1909™ (0., &)] < [V llc2. (7.7
|0::4 (0, )] < 1. (1.8)

Proof. Here, as before, we use the notation
re(0,8) = 71,(¢’;(9, ro(0, €))) for0 e (I, — Mw), &€é&,_1.

Letry (0, ¢) and g (0, €), defined for 6 € I, — Mw and ¢ € &,_1, be the horizontal boundaries

of the set A. The signs ‘+” and ‘—’ are chosen so that the horizontal boundaries of the set A
satisfy
9= (0,8) < @0, ¢), e0,8) =rjp, 0 — (M + Do, ), Oel,+o, €&y

One of ry and r; equals identically —100, the other one equals —5.

Since ry41 = eV — 10+ 1/ry, we can write

9T(0,8) =V (0) =10+ 450, ¢),
where
1

rg@— M+ Do, &)’
From (7.1) with k = M we get (7.3).
Using (7.1), (6.3) and the fact that roi (0, ) is a constant, we obtain (7.6):

¢*(0,¢) =

bel,+w, €€& .

i 1 =1 1
[0:6(0,8)l = ) ——F < = —. (7.9)
; | 1%/1""1%| ;5’”2 20
In order to estimate |9y (6, €)|, we write (using (6.2) and the fact that ry is a constant):
M
V(0 — (k= Do)
000, 8)| =&y (7.10)
= rM e rk |

Estimating this sum needs a certain care, because |V’(9)| can become large (of order A!/?)
when 6 € I.
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Recall the definition of /) from (3.2). Let A be so large that —w ¢ Iy and take 6 € Ij.
Then, by lemma 4.4,0 — jow ¢ Iyfor j =1,2,...N,where N = ¢;A/®" and ¢| = ¢ (x, 7).
Let N;,i =0, ..., m,besuch that 0 = Ny, N; < N;;; and

@ — (M — Ny)w) € I, i=0,...,m
Then

N; > AM©D fori=1,...,m. (7.11)
We shall split the sum in (7.10) into sub-sums corresponding to the following ‘periods’: let the
ith periodbe k = (M — Ny +1), ..., (M — N;) fori =0, ..., m — 1, and the mth period be
k=1,...,(M — N,). The periods are characterized by the fact that in each period there is
at most one value of k such that (0 + (k — 1)w) € Iy. Namely, for the first element of periods
with numberi =0, ...,m — 1 wehave (6 + (k — 1)w) = (6 + (M — N;;1)w) € I, so the best
estimate for |V'|is |V < (571/2)\/X.

For all the other elements we have

V(0 + (k- Dw)| <1775

In the mth period all the elements satisfy the latter estimate. Therefore, the part of sum (7.10)

over all k from the ith period can be estimated as
M—N,

Z[ [V'(©® — (k — Dow)| ve V(0 — (M — Nipo)|
k=M—Niy LS7RERE e |”1%/1"'r1%4—N,+1+1|
< 2eA"1A5NIZ2 %”«/Xs*”w‘ < A"1357

The last inequality follows from (7.11). Therefore,

800, &) <2712 57 < 23713, (7.12)
k=0
From formulae (7.1) and (6.6) we obtain
- - Irg —ro | 100 1
0 + — ot — — . 7.13
<lp"—¢7[=lp" —¢| e ] < 5 < S (7.13)

Now let us estimate the second derivative in 6. The argument in this part of the proof
is rather technical. The complications are due to our choice of coordinates: we are working
with the tangents of angles, whose range includes infinity. The general form of the second
derivative is given by (6.4). Since r is a constant,

V(0 + (k-1 9
399¢—SZ( HM= "“M 22( HM= ’<+12("$) =1+11I
k=1 rM...rk =1 Ty - rkrk

First estimate a part of / correspondingtok =1,... M — 10:
M—10

V'@ +k-Do) _ o~ IVle N
ey —o———— <&y, Sk; <e5PVIe Y g <5 Wle  (714)
k=0

k=1 T Tk k=10

Now considerk =M —9,..., M. Since 0 + Mw € Iy, and the return time to I is large, we
know that 0 + (M — j)w ¢ Iy (atleast) for j = 1, ..., 20. Hence, (6 + (k — Dw) ¢ I, for all
k=M-9,...,M,and therefore V"0 — (k — Dw)| < A~'/* by (3.3). Hence,

M—10 | //l V//
=e) - Z
k=1 rM =M—
M
<57V e +en14 Z <57V 2 + 10827174 f||V||Cz. (7.15)

=M—
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The latter inequality holds since A is assumed to be large. The above argument will be used
several times during the proof of this lemma.

Estimating /] requires more work. Denote the kth term of /1 by A;. Let j; be a subset
of indices, 1 < j; < M such that

Ir] < 1/11, i=1,...1.
Note that, by (7.1), |ry| = 5, hence in our case 1 < j; < M. By definition of ®.(0, r),
7,411 = 1. Now we have two cases
(a) Ifk # j;and k # j; + 1 foralli =1, ... 1, then we estimate | A;| separately.
(b) If k = j; forsomei = 1, ... I, then we shall estimate the corresponding pair of terms, i.e.
(pri)? B (Bprie1)?

First consider case (a). By using (6.2), and the fact that dgry = 0, we can rewrite |A;| in

the following way:

[Ax + Ay =

. (7.16)

2
(w/(e (k= Doy +e Y o LOE R ‘>“’)>

1y = (o) T
i gl i gl
2
k—1 _
_ .2 V’(9+(k—1)w)+z(—1)k PVI(O + (p — Do) 7.17)
=¢ USRIy 12,2 ... 2 :
M T+ el P ™ Tlril -1 s

The assumption of this case says that both |ry| > 1/11 and |ry_;| > 1/11. This permits us to
estimate |r;|~'/> < 4 and apply (7.1) for the denominators. Now we use the same argument
as in estimating /. For 1 <k < M — 10,

2
) ) 1 k—1 1
Al < 162 VL [ ———+ —
ry - e ot rM...rkrkil...rp
162V, &1 28|V,
T 5M-b+2 Z 5/ S 5M—k)
j=0

For each k = M —9,..., M, we split the estimate in the same way as above: for p =

1,...,k—10,weestimate |V'| < |V c1;for p = k-9, ..., k—1thepoint (O+(p—1)w) ¢ Iy,
and, hence, V'(0 + (p — )w) < A~'/3. Thus,
2

_ k—1 _ k—10 2
A3 A3 IVie IVie
|Ag] < 1662 | —— + E S E > > < 7C.
Yy rg :k_ng.”rkrk—l”'rp plrM...rkrk_l...rp 5
Consider case (b). Here we assumed thatk = j; forsomei =1, ..., I,sothat|ry| < 1/11.

Recall that in this case k < M. An easy calculation with the definition of &, (6, r) shows that
in this case
|rk+1| >1 and 1/11 < |rkrk+1| SZ

g
7 s
Ty

Using the formula dpry; = eV'(0 + kw) — we estimate the value in (7.16) by

V(0 + kw))? (3pr)? ( 1 1 )’
+ p—
2 2 2 2 3 4 2 3
M T et Ty T Nt it "

= E, +E{ +E}.

2e V(0 + kw)dgry

[Ak — Arn| < 5 5 5
™ T Tt T
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Since |ri41| = 1, we can write

(V') 2V IIE

1

E; < 7| S 5M—k+21 fork=1,...M —10 and
M k+1

E} <& fork=M—9,....,M— 1.

Using |rg+1] > 1, (6.2) and the fact that dyry = 0, we estimate

k—1 k— _
<262 |V'(0 + ko) ARl 1)“))+ =D ”V(9+(2p Do) |
rM p=1 "M "

The latter is estimated in the same way as in (a):

EZHVH%I fork=1 M —10 d
k\w orKk=1,... — ) an
VZ
E,fg” e fork=M—9,....,M—1.
57

Note that 1 —ry4 7, = ri(¢V —10). The reason for distinguishing case (b) is the following
cancellation:

5 (Br)* eV —10| (Bpri)?
k=712 2 3 3 N 2 2 4 4
I7ar - Tial i rel [Fag - Fesa st T |

Again, by (6.2) and dyry = 0, we get
2
(=DFPV'(6 + (p — Do)

2 2
! rM...rk+2rk+lrk...r127

b

V'O + k-1 _
£} <20 [ LR Do),
m = T2l Ty

P

Since |ri41| = 1, we can use (7.1) for the denominators. Then

2 Wl 10 d
k \W ork=1,... — an
IVIIg:
E} < 57C fork=M-9,...,M—1.
We have obtained that, for k as in (b).
62V 12,
|Ak+Ak+1|<51|47—k fOI‘k:l,...M—lO and
3IVIIg
A+ Ars1] < 5 fork=M-9,...,M — 1.
Since we have ¢ < 11,
© 62| V|)? V|2 1
11 < IVlie, | 5IVIc: —IV]lc2.
5M—k 57 2
k=10

Collecting the above estimates,
[3690 (0, &) < IVl c2- (7.18)

The second derivative in ¢ is estimated by 1 in a similar way. This finishes the proof of
the lemma. |
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The next lemma gives analogous estimates for the backward iterates.

Lemma 7.2. There exists Ao such that for & > Ag the following hold. Let ¢ € £_, and suppose
that an interval I C Iy and an integer M > 100 satisfy the following properties: for any point
(6o, r0) € (I + Mw) x R; we have forallk =0,... M
Iropg ool SSTMTORTY and ey eeropr? 2 | < 5TNTRR

for —M < —p+1<—k, if|r_,q| <11 (7.19)
Denote

B={0,r)|0el+Mw, r € R}.
Then we have

B=o M B)=(0.r) [0 cl+o, ¥~ 0.6) <r < Y*@.e),

where the functions y* satisfy the following estimates:

WE©, o) < 1,

0<v*(0.0) =Y~ (0.0) < .

10: %0, )| < 5. (7.20)
10690, &) <2077,

1900 =0, &) < |Vl c2, 1990, &)] < 1.

8. Induction

This section contains the inductive procedure on which the proof of the main theorem is based.

8.1. Conditions (C1)g, (C2)o and (C3)o.

In order to keep the formulation of the inductive lemma below (lemma 8.2) more compact, we
introduce the following notation.

Suppose that integers My < ... < M, non-empty closed intervals Iy D I} D ... D I,
and £_; D & D ... D &, are chosen. Let the sets X, O, /ij(e) and éj(e) be defined as in
section 3.

Condition (C l)f . Assume that 6y € ©,,_|,ro € R, and e € £,_;. Let N > 0 be the smallest

natural number such that 6y € I,,. Then forany k =0,..., N
lri...rn| 2> 5(1/2”/2””)(1\/7")”, and Irk2'~ri—1rp N 5(1/241/2)(N=k)+1
fork<p—1<N, if [rp—1| = 1/11; 8.1)
n—1 M;+1
¢ Re=0cex =] JU+mo). (8.2)
i=0 m=1
Condition (C l)f. Assume that 6y € ©,,_1,r) € Ryand e € &,_;. Let N > 0 be the smallest
natural number such that 6_y € I,. Then forany k =0,..., N
ren ...r—] < 5—(1/2+1/2”+1)(N—k)—1’ and |r_y - --L,,rpr ""3k| < 5—(1/2+1/2n+1)(1\]—k)—1
for = N < —p+1<—k, if [r_,u| <11 (8.3)
n—1 M;+1
n¢R=0exl =) U -mo). (8.4)

i=0 m=0
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Condition (C2),,. Forj =0,1,2,3,1, £ (M, + j)wliein ®,_;.
Condition (C3),. Define the functions ¢ (0, ), ¥(9, €) : (I, + w) x E,-1 — R:

Aue) =10.1) |0 € L +w.9,(0.0) <r < g;0.0), .5)
By(e) ={O.r) |0 €l +w, ¥, 0, <r <y, 0,8}
Then these functions are C2, and for all (9, €) they satisfy the following conditions:
0E0,8) =eV( —w)+10+ 928, &), (8.6)
where ¢ : (I, + ®) x §,_1 — R, and
0<¢y—¢, <5 0<yy—y, <5, (8.7)
9a¢p, (6, &)] < 217177, gy (0, &) < 22717, (8.8)
|0:¢0 0, &) < 55, 10: 9, (6, )] < 555 (8.9)
|9aa ¢ (0, ) < [V ]2, 19009y (0, ) < |V llc2, (8.10)
|0ccy (0, )] < 1, |0y (0, 8)] < 1. (8.11)
Moreover,
@ 0,e) < ¥ (6,8 forall® € (I +w) \ (31, +®), &€& 1. (8.12)
Finally, writing &, = [e,, €5] we have
A,NB, =0 fore € le, |, ¢,), (8.13)

there is a unique point 0* € 11, +w  s.t. ¢} (0%, &,) =¥, (0*,¢,), (8.14)

there is a unique point 0** € 11, + s.t. @, (0™, &}) = ¥ (0™, &)).
(8.15)

8.2. Basic step

Recall that |Iy| = 2471/, By lemma 4.4, we know that for any 6, € I, we have 6; ¢ I, for all
k] =1,2,...N,where N = [c;A/©®D] ¢; = (k/2)!/". We define

My = A1), (8.16)
Then M, is of order v/N.

Lemma 8.1 (Basic step). Let A in the definition of V be sufficiently large. Then there exists
an interval & = [g, , e§1 C £y such that conditions (C1)o, (C2)o and (C3)o hold.

Proof. Assume that A is sufficiently large depending on «, T and V. Condition (C1)¢ follows
from lemmas 4.1 and 4.2. Condition (C2) is trivial, since ®_; = T.

Now we shall choose & = ¢, 86] C &_; in such a way that (C3)( holds. Define Ao and
By as in (3.6)0, (3.7)0, and let 93 (0, &) and ¥/ (8, &) be as in (8.5)0.

Estimates (8.7)0—(8.11)( for the functions (,00i and 1//0i follow from lemmas 7.1 and 7.2.

It can be verified by a calculation that (8.12)¢ holds for all ¢ € £_,. In fact, it is easy to
prove a stronger estimate (recall that V (9) < 0.88 outside 1;)):

@50, ¢8) < —1 foralld € (Ih+w)\ (Iy+w), &€&_.
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Let us verify (8.14)o and (8.15)o. Note that By(¢) C (Ip + w) x R, and ®;'(A(e)) C

(Io X Ry). Let A(g) = ®,(Iy x R,) and denote its ‘upper’ and ‘lower’ boundaries by ¢* (8, ¢)
and ¢~ (0, ¢), respectively:

AE©)={6.1) 10 €lh+w, ¢~ (0,8) <r < g0, )
Then Ag(g) C A(e) or, in other words,

@ (0,8) <@y (0,8) <g56,8) < 9*(0,¢).
One can verify by computation the following two statements. For ¢ < &7, = 10%,
A(e) N (Ip+w) x Ry = @, which implies that ¢ (0, e~,) < ¥ (0, ¢Z,) for0 € Iy+w. On the
other hand, for ¢*, = 10%, ¢~ (0, e*)) = 1/5, which implies that ¢, (0, e* ) > 7 (0, *,).

By (7.2), (7.6) and (7.20), for 6 € I+ w and all ¢ € £_; we have

3 (@5 (0, 8) — Y (B, e) > 0.88—1/10 > 1/2.
In particular, this implies that in the interval £_; = [e,, e“jl] there is g, such that
@y (6,8) <y (0,¢)forallf € Iy+wand ¢ < g, and for any ¢ > ¢ there is 6 € (I[ + w)
such that ¢ (6, €) = ¥, (6, ¢). This gives (8.13),. To see that there is a unique point 6* such
that ¢ (6%, g;) = ¥, (65, &; ), it is enough to show that the function

h(9,e) = @50, €) — vy (6, 8)
has a unique non-degenerate maximum. Recall the definition of ;) from (3.4). For any fixed
0 e (p+w)\ (Ij+w)andall ¢ € £_;, we have h(0,e) < —1. Therefore, it is enough to
verify that dp9h1(6, €) is negative for all 6 € 1;. By (3.5) and (8.10)o,

dph(0) < &5 (—3IV[c2) +2[|V]lc2 < 0.
This proves (8.14). Similarly we find & and 6** such that (8.15)¢ holds. Finally, define

50: [80_,88]. O

8.3. Induction step

The following lemma contains the induction step as well as some extra information that is
needed for the proof of the main theorem.

Lemma 8.2. There exists Ay > 0 such that for all . > Lg the following holds. Suppose that
My, & and 1y are as above, and we have chosen integers 0 < My < ... M,, non-empty closed
intervals 16 DL D...DLand& D& D ... D&, (n > 0)with the following properties:

My = [A1/127), SMis AT My <2 SM AT =, (8.17)
o] = lp = 227/6, ;| =1o5™M=72 j=1,...,n, (8.18)

and (C1),, (C2), and (C3), hold.
Then there exists an integer M, 1 satisfying (8.17) with j = (n + 1), a non-empty closed

interval I,y C I, (Iy C I} if n = 0) satisfying (8.18) and a non-empty closed interval
B # Enrt = €415 Enpy] C En such that (C1),41, (C2)n41 and (C3),41 hold. Moreover,

if0 € (I,\ Ijs) +wand (0, r) € Ay, (0, s) € By, then |r — 5| > 4.5 Mt (8.19)
Al C A, B,.1 C B, (8.20)

and

Apst N Byt 9 for e € &, Apsi N By =0 fore ele,, e, (8.21)

Furthermore, suppose that A,NB, =0 for some ¢ € E,_1. Then the following extension
of (C1),41, call it condition (C1),41, holds: assume that 6y € ©,, ro € R,. Let N > 0 be any
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integer such that Oy € I,,. Then foranyk =0,..., N

I ] > SUHZTIWN=0 - gpg

8.22

P2 yry ey ] 2 SUPEOWN for k < p— 1 KN, f [rpg] > 1/11 (822
n Mi+1

¢ Re=0ex =JJU+mo). (8.23)
i=0 m=1

Let Ny > 0 be any integer such that 0_y, € I,. Then foranyk =0, ..., N;

oy o] < STUAZDNO g ey 2 2] < ST
for — Ny <—(p—1 < —k, if|r_,u| <11
n M+l
¢ Re=0exf=JJU—mo).
i=0 m=0

The ‘Furthermore...” part of the lemma differs from (C1),; by the fact that in the former
we do not assume N > 0 to be the smallest natural number such that 6y € I,,;; we only need
that 91\/ el,.

Proof. We assume that A is sufficiently large, depending on «, T and V, to make sure that
the statements below hold true. Since the proof of this lemma is quite long, we split it into a
number of steps.

Basics. It follows from the choice of || and M,, by lemma 4.4 that

M, M,
(I, — Myw) N U (I, + mw) = and (I, + Myw) N U (I, —mw) =¥, (8.24)
m=0 m=0

if 6 € I, — M, then k = M, is the smallest positive integer such that 0 + kw € I,, (8.25)

if 0 € (I, + M,w),
then k = M,, — 1 is the smallest positive integer such that 6 — kw € (I, + w). (8.26)
Step 1. Here we define the critical set 7,,;. The idea is that the projection onto the base T of

the intersection A~,, e)n 1§,, (¢) should be in (1,41 + w) forall € € &,. For 8 € I,, + w consider
the functions

@E0,e) =eV( —w) —10+¢(, e), and vE@O, e),

defined in (8.5).
If n = 0 we note the following. By definition we have V (0) < 0.88 for 6 ¢ I;. Since
o] < 1/5 and |y5°| < 1/5, it thus follows that

Yo (0, 8) — g0, ¢€) > 1 for e g\ 1), eecé&_. (8.27)

In other words, Ag(¢) and f?,, (e) are ‘far away’ outside I + w.
For ¢ € &,, we need to estimate the length of the sets:
Ke)={0el+olg,0.¢) =1y, o)}

Recall that, by (8.7), ¢ (0, &) — ¢, (0, &) < 5 M+ and ¥ (9, &) — ¥, (0, &) < 57+ Ttis
easier to estimate the length of slightly larger sets:

K@) CK' () ={0ecl,+ol|p, 0,8 +5M* >y-0,¢) —5 M),
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By the above argument we must have K'(¢) C Ij+w if n = 0. If n > 0 we have this by
assumption, since I, C I;. In order to estimate the length of K’(¢), consider

h(©,8) =g, 0,¢) + 5 Matl _ WO, ) — 5= Moty

If n = 0, we think of & as being defined for 6 € 16 +w. By (8.9), for each fixed 6 € I, + w we
have

9:h(©, &) = min [V(O)] — I dullc, — 1¥nllc, = 0.88 = 1/10 > 1/2,
0

i.e. h(0, €) grows with ¢ for each fixed 6. Therefore, K'(¢) C K'(e}) forall ¢ € &,. It is left
to estimate the length of K'(e;}). Let us fix ¢ = ¢, and omit the dependence on «.

By (8.12), (8.15) and by the choice of &,, h(8) < 2-5 Y+ forall § € I, + w with the
equality only for & = 6**. Therefore, #(6) has a maximum at the point 8** (this is the reason
why we estimate K'(¢) rather than K (¢)). Recall that 6** is in (1/3)1, + w, so it lies well
inside I, + w (when n = 0, it is clear from (8.27) that 6** must be in /j + w). In order to show
that this maximum is non-degenerate (quadratic), as well as to estimate the length of K’, we
shall verify that the maximum of dp9/s(6) over 6 € K’ is negative and large in absolute value
if A is large. By (8.10), (3.5) and (3.1),

dph(0) < ex(=31Vlc2) +2[VIic2) < —4A.
Hence, /(9) has a unique quadratic maximum at 8**. The above estimate also permits us to
prove that K'(e) is contained in an interval J,,; + , centred at 6™, of length {—UOS*M"/ 2 (we

estimate the set of 6 for which () > 0). Recall that [, = 2A~!/5. Moreover, by estimating
the set of 0 for which h(8, &) > —4 - 5 M+ we get

Vo0, 8) — @@, e) > 4.5 Mt for@ € (I, \ Ju1) +o, &€&, (8.28)
Recall (8.27) in the case when n = 0. In particular we have
7o(An(€) N By(e)) € Jpe1 + @ forall ¢ € &,.

Let 7,4 be an interval of length lo5~Mn/2 centred at 0**. Since J,41 C I,4+1, We see that (8.28)
gives (8.19),+1. For later use we stress that we have

or <, forall 6 € (Iy41 +w) \ (Jur1 + @), € €&y, (8.29)
and
Jur1 = (1/10) Ly (8.30)

Step 2. Here we verify that condition (C1),+; holds. We shall start by considering forward
iterations. Let 6y € ®,,rg € R,, ¢ € &,, and let N > 0 be the smallest positive integer such
that Oy € I,. For an integer T denote (C1)[T'] the condition that forany k =0, ..., T

L rT| > 5(1/2+l/2"+')(T—k)+l and . rT| > 5(1/2+l/2"+')(T—k)+1’

|7 |r,?...r;_,r,,-
fork <p—1<T if|r,—q| > 1/11; (8.31)
re¢ Ry= 60X (8.32)

If I, is defined, then (C1)[N] coincides with (C1)¥

n+l*

LetO0 < Ty < Ty < --- < T, = N be the times such that 67, € 1,,. Since |1, = [o5~-1/2
(by assumption) and since (DC), . holds, it follows from lemma 4.4 that

Tin —T; > ¢5Mn1/20) c=ck,1,l. (8.33)
Moreover, since 6y € ®,, we also have

To > M,. (8.34)
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Condition (C1)[Ty] follows from the assumed (C 1)5 , which we can apply because
0, CO,_;and &, C &, .
Assume now that we have proved that (C1)[7}] holds for some j < p. We shall prove
(C1)[T}41]. First we show that (9T,-+1 s rT,-+l) € A,,. By the definition of 7; we have
Or;-m,> r1,-m,) € In — My.
By (C2),, I, — M,w C ©,_;. Moreover, from (8.24),
M,
(I — Myo) N Uy + me) = 0.
n=1
Hence,
n M;
(I, — Myo) N U +mo) = 0.
Jj=0m=1
By (8.34), T; — M,, > 0. Hence, we can apply (8.32), which gives us r7,_py, € R,. Then
O1,-m,, r1;—m,) € A, and

(1,41, 77,41) € Ay (8.35)

Since 07, ¢ Iy+1 (by assumption),

@141, 7141) & Bo. (8.36)
Therefore, (GTJJ,M”, rTj+M") ¢ By, ie. FTi4M, ¢ R;. By (C2),, neither GTJJ,MW nor 9T,+Mn+1 lie in
Iy. By lemma 4.1 we get

rrem,+2 € Ry
Then we can apply lemma 4.3, which gives that for any k € [T; + 1, T; + M,, + 2] (note that
112 < 5%)
Pk remgeal > (/DTS o (1530 kD g
2o ry gl = (P2 Praeel = (1/1D2XP7R (111 T3
> (1/5)3TiMa=hs3) fork <p—1<T;+M,+2, if|r,_1]>1/11.

From (C2), we have Or,4p,43 € I, + (M, +3)w C ©,_;. Now we apply inductive assumption
(C’l),iF to the point (07,+m,+3, r'1;+m,+3) and conclude that for each k = T; + M, +3, ..., Tjx
we have the following estimate (here N = T, — (T; + M,, +3) is the smallest positive integer
such that g(r/+M»x+3)+N e l,):

n+l o
i ...rg, | = SUWHYED @b and

P2 "’5_1”1: | 2 SW/ZH2ZD Tk for ke < p— 1 < T, if [rpq| 2 1/11;

(8.37)
n—1M;+l1

ngR = 6exl =] JU+mo). (8.38)
Jj=0 m=1

Combining the above estimates, we get for any k € [T; + 1, T; + M, +2]

_ _ L L (T —T;—M,—3))+1
Iric-- 'rTM' = |rk ’ ”rT/+Mn+2| |rTf+Mu+3 : "rT/+1| >5 3(T+M, k+3)5(2+2”*')( A I

and

1 1
2 2 —3(Tj+M,—k+3) g\ 2+ 3071 ) (Tjs1 =T =M, =3))+1
rg "'V,,_lrp"'rT,Hl >5 M 5(2 o+ )
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fork < p—1<Tj,if [rp_1| > 1/11. One can verify that

1 1
(E"'W)(Tj*'l_T/_Mn_3))+1_3(Tj+Ml’l_k+3)

1 1
> (5 + W) (Tj+1 — k)) +1.
Indeed, this inequality follows from a stronger one:

T —T;
W — SMn > 0.

The latter follows from (8.33) and (8.17) for any =, provided that A is sufficiently large. Thus,
forany k =T; +1,...T; + M, +2 we have

1 1 .
3t ) (T 0+ g

reer) = 20

1
i+

L) (T —k)+1 .
R B e ) 2 S P NI AR VT

(8.39)

Now (8.31)7,,, follows from (8.31)7,, (8.37) and (8.39). Thus (C1)[7}+1] holds. By induction
we see that (C1)[N], i.e., (C1)F, |, holds.

Note that if A, N B, = ¢ for some ¢ € &,_;, then (8.35) implies (8.36) directly. In this
case, to make the proof work we do not need to know that 67, ¢ I,,;. Therefore, we can
prove estimates (8.31) and (8.32) for any N > 0 such that 6y € I,. This is the content of the
‘Furthermore..” part of lemma 8.2.

Note that (8.35) implies the first assertion of (8.20): Aps1 C A,.

The verification of (Cl)fH, as well as the second assertion of (8.20), B,y C B, is very
similar.

Step 3. Here we chose the number M,,,; and verify that (C2),; holds. The argument at this
step is an exact repetition of the corresponding argument in [1], but we decided to include
it here for completeness. For each j = 0,1, ...,n, let N; be the positive integer given by
lemma 4.4 when it is applied to I = 31;. By the inductive estimates (8.18), and the definition

of Iy, we get
P 1/t P 1/t Mo
N, = = — SMj-1/(er j=1,...,n. 8.40
I (3|1_,-|> <3lo> I e G40

Gipn J @) +me) =0, for j=0,1,...,n,

0<|m|<N;

We thus have

Note that M;, given by (8.17), is of the size \/N;. From this it is easy to deduce that the

following is true for each j =0, ..., n: Given any k € Z, we can have
2M;
Ui+po)n | Uj+mw)#0
m=—2M;

for at most 4M; + 1 integers p in the interval [k, k + N;]. Similarly,

2M;

Uj—qo)n | Uj+mo) #0

m=—2M;
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for at most 4M; + 1 integers g in [k, k + N;]. Using this, we see that in the interval [k, k + N, ],
there are at most

s:=2 ((4M,, +1)+@M,_+1) ([NN" ] + 1) +---+(@4My+1) ([%} + 1))
n—1 0

integers p such that

o 2M;
(In:I:pw)ﬂU U (I; + mw) # @.
j=0m=-2M;

Since

+ oot
Nn Nn—l N()

it follows from estimates (8.17) and (8.40) that s < N, for all large A, independently of 7.
Hence we have proved that for any k there is an integer a in the interval [k, k + N, ] such that

N, N,
s <100\ M, + M,,_; +...+ My— ) = 100N,
N, N

M, M, Mo)
ook — |,
n—1 0

no 2M;
Lh+@+po)ynl ) | Uj+mo)=0 for p=0,1,2,3.
Jj=0m=-2M;

By definition of ®,,, the latter implies that
(I, £(a+pw) CO, for p =0,1,2,3.

Take k = 5/ and take an integer with the above property in the interval
[5Mn/G0) 5Ma/GT) 4 N 1. Call this integer M,,,;. Since I,.; C I,, the above expression of
course implies the weaker condition

Lot + (M1 + p)o C ©,  for j=0,1,2,3. (8.41)
Hence (C2), holds. Moreover, since N,, < 5"/ we have
SMn/(4T) < My <2 x SM/x/(4I), (8.42)

as required.
From now on M, is fixed (this is the M,,,; in the statement of lemma 8.2).

Step 4. Here we choose the interval &,,; and verify that (C3),+; and (8.21) hold true.
Since (C1),,4+1 holds, it follows from lemmas 7.1 and 7.2 that the functions goniH and ¥
satisfy ((8.7)—(8.11)),+1. Recall that we have

LN U (It + mow) = a,

0<|m|<Mpsi

+
n+l

so we can indeed apply lemmas 7.1 and 7.2. Moreover, (8.20) implies the inequalities

@, (0,8 < 9,10, 8) < 0,10, ) < 9,0, ), 0€l+ow, (843
and

Y, (0,8) < Y,,,(0,8) < ¥y, (0,8) <Y, (0, 0), 0€lhn+ow, (844

for all ¢ € &,. Recall the definition of the interval J,,; in step 1. The above two inequalities,
combined with (8.29), give

(p;r1 ©®) < ¥,.,0) forall 0 € (1,41 + ®) \ (Jy41 + ®). (8.45)
By (8.30), this gives (8.12),41.
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Since ((8.14)—(8.15)),, hold, and since we have the inclusions (8.43) and (8.44) and the
derivative estimates on ¢+, ¥,+1, we can proceed as in the proof of lemma 8.1 to find a
non-degenerate interval £,,1 C &, such that ((8.14)—(8.15)),+1 and (8.21) hold.

The induction step is complete.

9. Proof of the main theorem

We are now ready to prove the main theorem. As before, assume that A is sufficiently large.
From the inductive construction in the previous section, we get a nested sequence of intervals
& = le;, )] Since g, < ¢,,, for each n, there is an &, such that &, — &5, asn — oo.
From the estimates in section 8 it follows that the cocycle (w, M) is uniformly hyperbolic on
each interval [¢,_,, &,) and therefore on [0, £«,). Indeed, if A,, N B, = @ for some n, then the
cocycle is uniformly hyperbolic as we shall see below. We shall also see that the cocycle is
not uniformly hyperbolic for ¢ = ¢4, and thus e, is the value ¢, in the statement of the main
theorem.

Fix an arbitrary n > 0, and take any € € [¢,_, €, ). For this ¢, we shall construct the stable
and unstable invariant curves, I'* (0, ¢) and '~ (6, €), and prove that the minimal pointwise
distance between these curves is attained for 6 in the interval (I, + ). We shall also estimate
the derivative in ¢ of the minimal distance between I'* (6, &) and '~ (0, ¢). Finally, we shall
derive the statement of the main theorem. We begin by constructing a piece I'§ (6, ¢) of the
unstable invariant curve for 6 € I, + w.

9.1. Construction of the invariant curves T'* and T'~

For an arbitrary n > 0, fixan ¢ € [¢,_|, €, ), and let us omit the dependence on &. From the
inductive construction in the previogs secti01~1 we know that hypotheses (C;),—(C3), hold true.
By (8.13), for our fixed ¢ we have A, (¢) N B,(e) = 0.

The last part of lemma 8.2 implies condition (C;),+;. This condition will be used several
times during the proof. Choose a sequence of positive integers 7y > T;_1, k > 0, satisfying

I, — Tiw C ©®, for k > 0.
The possibility of such a choice was proved in step 3 of the inductive procedure above. Denote
J=1, — Tho, Cy = Ji x Ry, Cr = H(Cy), k>o0.

Each curvilinear rectangle Cy can be thought of as the kth approximation to I'j. Since
Jis Ji—1 C O,, condition (8.23) implies

QT T (Cy) C Jjot X Ry = Cry.

Therefore, the curvilinear rectangles Cy, form a nested sequence. Let
o0
ry =()C
k=0

Then I'j is defined for all 6 € I, + w. Moreover, the horizontal widths of Cy decay very fast
with k. Indeed, estimate (8.22), together with the fact that (1, — Tyw) C ©, C ®,_;, permits
us to apply lemma 7.1 with M = T. Denote by cki (6) the upper and lower boundaries of Cy.
Then (7.2) and (7.4) imply

max et (0) — ¢ (0)] < 57T,

n
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Hence, Fa’ is the graph of a continuous function, defined for all 8 € I, + w. Let
o0
I+ = U dI(TY).
j=0

Note that every point of the curve (8, ['*(0)) is a point of an orbit that starts in ®, x R,.
Therefore, by (8.23),

r‘@)¢ R, =0exf. ©.1)
We have to verify that this curve is a graph of a function over T. Suppose the contrary: there
exist an integer p, points 6y, 8, € I, and r # s, such that

r =Tg(6), (6o, 5) = D7(61, T5(61)).
Take k such that ®”(Cy) does not intersect Cy. By the definition of Cy,

&~ 1(C) = Cx = Ji X Ry
Therefore, the point

o1 (G, T3 (01) = &7 (6, )

liesin J; x (T \ R,). But this point belongs to an orbit that starts in ®, x R,. Therefore, by
(8.23), it has to be in J; x R,. This contradiction proves that I'* is a continuous curve. It is
forward invariant by definition and backward invariant since ® is a diffeomorphism. It is a
general fact that this curve is smooth in both 6 and ¢, see, e.g., [7,8].

Recall that I'j is the pointwise limit of ¢}. By lemma 7.1 with M = T} and ot = cki, and,
in particular, (7.6) and (7.8), ¢ (0) satisfy the estimates 1/5 < 3;¢i () < 2and |d..ci"(0)| < 1
forall 6 € I, + w. Since I'j is smooth, this implies the same estimates for I'j:

1/5 <8, T§(0) < 2, 10:: T <1, Oel,+w. 9.2)
The curve I'~ can be constructed in the same way. By lemma 7.2 we get the estimates
[0:. " ()] < 1/20, [0, (@) <1, 0€l,+o. 9.3)
We want to stress the following property, arising from (C l)fH:
I (@) ¢ R, =0 exhb. 9.4
Recall that, by construction, £ N £2 = ¢ (see the definition of £/ and £ in section 3
and remember that the intervals I; — (M; + Do, ..., I; + (M; + D are disjoint due to the

estimates on M; and |/;|, j € [0,n]). This fact, together with (9.1) and (9.4), implies the
following important property:

(@) ¢ R, =>T*0) R, and ") ¢ R, =T (0) €R;. 9.5)

In other words, one of the curves is always in its ‘good’ region.

9.2. The minimal distance, 5(g) = &, between I'* and '~ is attained at a point 6y € (I, + w)

Note that, by construction,

T*®) C A, C A,_,, r~©@cs,cB,, foroel, +ow,
so, by (8.7),—1, we have the following a priori estimate for §:
8§ < min |[TH0) =T~ (©)] <2 x5 M-+ < 1/1000. 9.6)
Oe(lp+w)

Indeed, since ¢ € [e,_,,¢,) C &,—1 we have from (8.21),_; that An_l N I§n_1 # 1, and

n—1°
therefore § is smaller than the sum of widths of A,_; and B,_;, which is estimated as above.
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Let the minimal distance between I'* and '~ be attained at the point 6. Denote
uy = I'*(6), so =T (6o).
Then é = |up — so|. Let us study different possibilities for the location of 8.

(a) Suppose 6y ¢ X UXE. Thenug € R, and sy € Ry, see (9.1), (9.4). Thus, the distance
between the two curves is larger than 5, and the minimal distance cannot be attained for
this value of 6.

(b) Suppose that 8y € (8 \ Ip) U (ZF \ (Ip + w)). Consider first 8y € T\ (Ip + w).
Then so € Ry, = [1/100, 1/5]. Since, by assumption, |so — ug| < 1/1000, we have
ug € [1/1000, 1/4]. By lemma 4.2, both #_; and s_; € R,. Then, by (6.1)

lu_y —s—1| = |luo — sollu—1s—1| < /25 <6,
which contradicts 6 being the minimal distance. Hence, the minimal distance cannot be
attained at 6y € Ef \ (Ip + w). Assuming that 6y € Zf \ Iy, we arrive at the contradiction
in a similar way.
Combination of (a) and (b) shows that the only possible location of 6 is
6 € (ZEN 1)U Ef Ny +w)).
Now we shall restrict this possibility to
6 € (ZEN1L)UE N, +w).

(c) Suppose that 6, € (Ef NIy +w)) \ (Ix+1 +w)) forsome k = 0, ..., n— 1. We shall derive
a contradiction with § being the minimal distance between the invariant curves. Consider
three cases. First, let

(0o, uo) € Ag, (o, s0) € B.
Since k < n — 1, hypotheses (C});—(C3); hold true. By (8.19), |ug — so| > 4 x 5~ M+l
This contradicts the a priori estimate (9.6) for the minimal distance J.
Second, let
(6o, uo) & Ag.
Consider the point 6y — Myw € O;_;. Since O M(A) = Ay = Iy x R,, we have
that u_p, = I''(6) — Myw) ¢ R,. Then, by (9.5), s_y, € R;. By lemma 4.2, both
S—(M+2) € Ry and U_(M+2) € R;. By (42) and (66), |S—(Mk+2) — M_(Mk+2)| < 112(Mk+2)8.
Moreover, 8y — (My +2)w € O,_;. Let N be the minimal positive integer number such
that §) — (Mg +2+ N) € I;. Then N > const|I;|~"/* — My > 10M;. By (C)),,
Is—rs2eny — U—oazemy| < 1T1PPM20 578 06,
This contradicts § being the minimal distance.
Finally, assuming that (6, so) ¢ By, we arrive at a contradiction by the same argument.
A similar analysis proves that 6 cannot lie in ( Ef N I\ 1,.

(d) To finish the proof we note the following. Suppose that 8y € I,. Since I, N E,f =@,it
follows from (9.1) that T'*(0) € R, for 6 € I,. Hence ug € R,, and sy must be very close
to ug. Therefore [T (6p + w) — T (6 + w)| = |uy — 51| = |uog — Sol/|uosol < |uo — sol,
which is a contradiction.

9.3. Estimation of the rate of change of §(¢).

Let
£0o = lim g, .
n—o0
Note that the construction of the hyperbolic invariant curves of ®, was done for an arbitrary
n and an arbitrary fixed ¢ in the interval [, ,¢,.,), i.e. for any ¢ < &o. By (9.6), the
minimal distance § = §(¢) between the invariant curves goes to zero when & — &4,. Define
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by continuity é(¢x) = 0. Let us show that, for 6 € (I, + w), there exists a constant
—3 < a < —1/10, such that
5(e) =8(e) —8(ex) = (e — 800) +0(8 — £00) ase / Exo- 9.7

Since §(¢) — 8(ex0) = 0:8(€)(¢ — £) by the mean value theorem, it is enough to show
that 9.8(¢) converges to a finite constant when & goes to e.,. Let (g,), n = 1,2,...,
be any increasing sequence such that ¢, € [g,_,, e, ), i.e. converging to & from below.
Since, by (9.2),

10ee8(e0)| < max |87 (6, £,)| + max 3.7 (6,e,)| <2
Oel,+w oel,+o

n—1°

for all n, the numbers (9.6 (g,)) form a Cauchy sequence and, therefore, converge. It is evident
that the limit does not depend on the choice of the sequence (g,). Since —3 < 9.6(¢) < —1/10
by (9.2) and (9.3), the same is true for the limit.

9.4. Estimation of the rate of change of A(g).

Recall that we have been working in the coordinates which are tangents of the angles. Let
us return to the angular coordinates. Consider again ¢ € [e,, ¢,,,) for some n > 0. From
section 9.1 we get the invariant curves I'* (in tangent coordinates). Thus, in angular coordinates
we have the two invariant curves,

y*(0) = arctan(T'* (9)), ¥y~ (0) = arctan(I" (9)).
Define the distance between these curves in the following way:

d(9) = min 177(0) — 77 (0) + k|

From (9.5) it follows that there is no & € T such that both |[['*(0)| > 100 and |~ ()| > 100.
Thus the coordinate change can scale the minimum by at most a factor of 1/(1 + (200)?)
(darctan(x)/dx = 1/(1 + x?)). By the same analysis as in parts (a)—(c) of section 9.2, we
can prove (using the fact just mentioned) that the minimal distance has to be attained over
I, U (I, + w). Now we can proceed as in section 9.3 to get

A(g) = a(e — ex0) +0(8 — £50) as e /" €0, 9.8)

for some positive constant o.

Remark 2. If the function V (0) is even (which it is in our model case), then the minimal
distance A(g) is attained twice: at some 6 € I + w and at (—0 — ) € Io.
Note that if V (0) is even, then '~ (0) can be given by a simple formula. One can verify
that the function
1
I'(—6 + w)

is invariant under ®,, i.e. ' (0 + w) = ¢V (0) — 10+ 1/ '~ (8). This function is different
from I, (6)—this can be verified by comparing the integrals over T of the logarithm of the
absolute value of these two functions. Since in this case we can have at most two invariant
curves, '~ (0), given by this formula, is indeed the stable invariant curve. Expression (9.9)
implies that

r-©) = 9.9)

Yy () =y (—0+w) —7/2 forallg e T.



Universal asymptotics in hyperbolicity breakdown 585

Therefore,
d@ +w/2) =d(—0 + w/2),

which implies the desired result.

9.5. Estimation of the Lyapunov exponent A (¢).

Let
00 M;+1
=] U Uj+mo).
Jj=0m=—M;—1

Then ©4, C O, for all n. Moreover, by the estimates on |/;| and M; (j > 0) it follows that
|®s| — 1 as A — oo. In particular, ® has a positive measure for large A > 0.

Consider now ¢ € [0, ex]. If &€ < €4, then there is ann > 0 such that A,, e)n I§n () =0.
Take 6y € O and ry € Ry, andlet0 < T} < T, < T3 < - - - be the times when 07, € I,,. By
the estimates in the ‘Furthermore ...’ part of lemma 8.2 we get

lim sup 1 log |rory - - - r¢| = lim sup i log|rory---rr.| > 0.5log5.
k—00 k i—00 Tl '

If ¢ = &5, we do as follows. Take ) € Oy and ro € R,, and foreachn > 0, let 7,, > 0 be

such that 67, € I,. Then T, > M, — oo as n — oo. By condition (C1),, which holds for

each n, we again get

1 1
lim sup % log |rory - - - 1| = lim sup T log|rory -+ - rr;| 2 0.51og5.

k—00 i—00 i

Since O, has a positive measure, this implies that A*(¢) > 0.5log 5 for all ¢ € [0, &x].

Appendix

In this appendix we show how to use Herman’s subharmonic trick [6] to establish a positive
Lyapunov exponent for all ¢ and any irrational w. Note that in the proof of the main theorem,
we get the bound A*(g) > log(5)/2 for all & € [0, &.] (but we only needed C? assumptions
on V). Here we will get a better lower estimate, which holds for all ¢.

Fix ¢ and w, and let

M@©) = <8V(0) —10 1) ,

1 0

where V() = 1/(1 +4x cos?(6)). Since 4 cos?(w0) = e*? + e=21¢ + 2 we see that if

- & 10 1
F(Z)=<1+A(z+zl+2) )

1 0
then we have M (9) = F(e*?). The expression Ty can be written as 55— with
21 —1++4r+1 21 —1—+4r+1
w= 25 ’ a= 24 '

Note that |z9] < 1 < |z1] and that zp, z; — —1 as A — oco0. We now let
10 -20) (220
— — Z—Z Z—Z
G =(G—2)F@ = | z—21) 0 0
(z — 20) 0
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Then G (z) is analytic in the disc |z| < |z;|, which contains the disc |z| < 1. Next we introduce
the notation e, = e>""“. Using this, we now get

1 1
A*(e) = inf - / log || M" (0)]| dO
n 0

1 ! ) )
= inf — / log || F(en_1€¥) - - - F(epe® )| do
nnJo

o] - [ 270
:1r’:f; —;/0 log |exe — z0/dO

1
+ / log |G (en—1€”™0) ... G(epe®™ )| d@) )
0

By an application of Jensen’s formula, for example, the first sum vanishes (|z9| < 1). Moreover,
the function log [|G(ze,—1) - - - G(zep)|| is subharmonic in |z| < |z1], so the second integral is
greater or equal to log |G (0)"||. Thus, we have

1 1 _ n
A*(¢) > inf — log H( 0z ZO) H
n n —20 0
. 10 -1
= log |z0| + log (spectral radius of (_1 0 ))

= log |zo| + log(5 + +/26) > log 10

if A is sufficiently large. Recall that |z9| — 1 as A — oo.
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