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KENDALL’S TAU FOR ELLIPTICAL DISTRIBUTIONS∗

FILIP LINDSKOG, ALEXANDER MCNEIL, AND UWE SCHMOCK

Abstract. By using well known properties of elliptical distributions we show

that the relation between Kendall’s tau and the linear correlation coefficient

for bivariate normal distributions holds more generally (subject to only slight

modifications) for the class of elliptical distributions. We mention applications

of this result to calibrating elliptical distributions and their copulas in the

context of multivariate financial time series models and portfolio credit risk

models in particular.

1. Introduction

It is well known, and easily demonstrated, that for the two-dimensional normal
distribution with linear correlation coefficient ρ the relation

τ =
2
π

arcsin �, (1)

between Kendall’s tau and the linear correlation coefficient holds (cf. [2, p. 290],
where the calculations are traced back to publications of T. J. Stieltjes from 1889
and W. F. Sheppard from 1898). However, it does not seem to be at all well known
that the elegant relationship (1) also holds (subject to only slight modifications) for
all non-degenerate elliptical distributions, and this is the main result (Theorem 2)
of this short communication.

The result is not only of theoretical interest; it is also extremely useful for sta-
tistical purposes. For example, it can be used to build a robust estimator of linear
correlation for elliptically distributed data.

Many multivariate datasets encountered in practice, such as financial time series
data for market and credit risk management, are not multivariate normally distrib-
uted but may plausibly be modelled by another member of the elliptical family with
heavier tailed margins. In this situation it is well known that the standard estima-
tor of correlation, based on normal assumptions and maximum-likelihood theory,
is both inefficient and lacks robustness; many alternative covariance and correla-
tion estimators have been proposed including M -estimators, estimators based on
multivariate trimming and estimators based on variances of sums and differences of
standardized variables (cf. [3] for an overview). Formula (1) provides an appealing
bivariate method; we simply estimate Kendall’s tau using the standard textbook
estimator and invert the relationship to get the Kendall’s tau transform estimate of
ρ. Simulation studies suggest that this simple method performs better than most
of its competitors, see Figure 1 and [8]. Note that, unlike almost all other methods
of correlation estimation, the Kendall’s tau transform method directly exploits the
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Figure 1. For 3000 independent samples of size 90 from a bi-
variate t3-distribution with linear correlation 0.5, the upper graph
shows the standard estimator and the lower graph Kendall’s tau
transform estimator for the linear correlation.

geometry of elliptical distributions and does not require us to estimate variances
and covariances. This is advantageous when interest focusses explicitly on correla-
tions, as it often does in financial derivative pricing applications. More generally the
relationship can be used to calibrate the correlation matrices of higher dimensional
elliptical distributions, although in some cases the matrix of pairwise correlations
must be adjusted to ensure that the resulting matrix is positive definite; see [8] and
[10] for details.

In the context of portfolio credit risk modelling, elliptical distributions—in par-
ticular t-distributions—and their copulas have been suggested to describe the de-
pendence structure of latent variables representing asset values (or their proxies)
in so-called structural models of defaults [7]. In these models, pioneered by Black
and Scholes (1973) and Merton (1974) in the univariate case, defaults are caused by
firms’ asset values falling below their liabilities. Standard industry models (KMV,
CreditMetrics) implicitly assume multivariate normal dependence, and the differ-
ence between such models and models based on latent variables with other elliptical
distributions can be profound, see the simulation studies in [6] and [7]. When we
implement latent variable models based on multivariate t- or more general elliptical
distributions, we require statistically robust and computationally feasible methods
for calibrating them to asset value data, or other suitable proxy data such as equity
returns; see [9] for practical applications of this approach.

In Section 2 of this note we review the definition and some properties of elliptical
distributions. The new result is stated in Section 3 and proved in Section 4.
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2. Definitions and basic properties

All random variables mentioned in this paper are real or R
n-valued and all ma-

trices have real entries. Furthermore, all random variables mentioned are assumed
to be defined on a common probability space (Ω,A, P).

Definition 1. If X is a p-dimensional random (column) vector and, for some vector
µ ∈ R

p, some p × p nonnegative definite symmetric matrix Σ and some function
φ : [0,∞) → R, the characteristic function ϕX−µ of X−µ is of the form ϕX−µ(t) =
φ(tTΣt), we say that X has an elliptical distribution with parameters µ, Σ and φ,
and we write X ∼ Ep(µ,Σ, φ).

When p = 1, the class of elliptical distributions coincides with the class of one-
dimensional symmetric distributions.

Theorem 1. X ∼ Ep(µ,Σ, φ) with rank(Σ) = k if and only if there exist a ran-
dom variable R ≥ 0 independent of U , a k-dimensional random vector uniformly
distributed on the unit hypersphere {z ∈ R

k |zTz = 1}, and a p × k matrix A with
AAT = Σ, such that

X d= µ + RAU. (2)

For the proof of Theorem 1 and details about the relation between R and φ, see
Fang, Kotz and Ng (1987) [5] or Cambanis, Huang and Simons (1981) [1].

Remark 1. (a) Note that the representation (2) is not unique: if O is an orthogonal
k × k matrix, then (2) also holds with A′ � AO and U ′ � OTU .

(b) Note that elliptical distributions with different parameters can be equal: if
X ∼ Ep(µ,Σ, φ), then X ∼ Ep(µ, cΣ, φc) for every c > 0, where φc(s) � φ(s/c) for
all s ≥ 0.

For X = (X1, . . . , Xp)T ∼ Ep(µ,Σ, φ) with P{Xi = µi} < 1 and P{Xj = µj} <

1, we call �ij � Σij/
√

ΣiiΣjj the linear correlation coefficient for Xi and Xj . If
Var(Xi) and Var(Xj) are finite, then �ij = Cov(Xi, Xj)/

√
Var(Xi) Var(Xj).

Definition 2. Kendall’s tau for the random variables X1, X2 is defined as

τ(X1, X2) � P{(X1 − X̃1)(X2 − X̃2) > 0} − P{(X1 − X̃1)(X2 − X̃2) < 0},
where (X̃1, X̃2) is an independent copy of (X1, X2).

3. Main Results

The main result of this note is the following theorem; its proof is a combination
of Lemmas 2 and 7 below. For the case of normal distributions, see also Lemma 6.

Theorem 2. Let X ∼ Ep(µ,Σ, φ). If i, j ∈ {1, . . . , p} satisfy P{Xi = µi} < 1 and
P{Xj = µj} < 1, then

τ(Xi, Xj) =
(

1 −
∑
x∈R

(P{Xi = x})2
)

2
π

arcsin �ij , (3)

where the sum extends over all atoms of the distribution of Xi. If in addition
rank(Σ) ≥ 2, then (3) simplifies to

τ(Xi, Xj) =
(
1 − (P{Xi = µi})2

) 2
π

arcsin �ij , (4)

which further simplifies to (1) if P{Xi = µi} = 0.
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The following lemma states that linear combinations of independent elliptically
distributed random vectors with the same dispersion matrix Σ (up to a positive
constant, see Remark 1) remains elliptical. This lemma is of independent interest.

Lemma 1. Let X ∼ Ep(µ,Σ, φ) and X̃ ∼ Ep(µ̃, cΣ, φ̃) for c > 0 be independent.
Then for a, b ∈ R, aX + bX̃ ∼ Ep(aµ + bµ̃,Σ, φ∗) with φ∗(u) � φ(a2u) φ̃(b2cu).

Proof. For all t ∈ R
p,

ϕaX+bX̃−aµ−bµ̃(t) = ϕa(X−µ)(t) ϕb(X̃−µ̃)(t)

= φ
(
(at)TΣ(at)

)
φ̃
(
(bt)T(cΣ)(bt)

)
= φ(a2tTΣt) φ̃(b2ctTΣt).

4. Proof of Theorem 2

The following lemma gives the relation between Kendall’s tau and the linear cor-
relation coefficient for elliptical random vectors of pairwise comonotonic or coun-
termonotonic components. It proves Theorem 2 for the case rank(Σ) = 1.

Lemma 2. Let X ∼ Ep(µ,Σ, φ) with rank(Σ) = 1. If P{Xi = µi} < 1, and
P{Xj = µj} < 1, then

τ(Xi, Xj) =
(

1 −
∑
x∈R

(P{Xi = x})2
)

2
π

arcsin �ij . (5)

Proof. Let X̃ be an independent copy of X. Let X d= µ + RAU and X̃ d= µ + R̃AŨ
be stochastic representations according to Theorem 1, where (R̃, Ũ) denotes an
independent copy of (R, U). In particular, A is a p× 1 matrix and U is symmetric
{1,−1}-valued. Furthermore, P{Xi = µi} < 1 and P{Xj = µj} < 1 imply Ai1 �= 0
and Aj1 �= 0. Therefore,

�ij = Ai1Aj1

/√
A2

i1A
2
j1 = sign(Ai1Aj1) =

2
π

arcsin �ij , (6)

(Xi − X̃i)(Xj − X̃j)
d= Ai1Aj1(RU − R̃Ũ)2 and

P{RU = R̃Ũ} =
∑
x∈R

(P{RU = x})2 =
∑
x∈R

(P{Xi = x})2. (7)

If Ai1Aj1 > 0, then by Definition 2

τ(Xi, Xj) = P{(RU − R̃Ũ)2 > 0} = 1 − P{RU = R̃Ũ}
Using (6) and (7), the result (5) follows. If Ai1Aj1 < 0, then

τ(Xi, Xj) = −P{(RU − R̃Ũ)2 > 0}
and the result (5) follows in the same way.

Lemma 3. Let X ∼ Ep(µ,Σ, φ) with rank(Σ) = k ≥ 2 and let X̃ be an indepen-
dent copy of X. If P{Xi = µi} < 1, then P{Xi = X̃i} = (P{Xi = µi})2.

Proof. Let X d= µ + RAU be a stochastic representation according to Theorem 1.
Define Ai � (Ai1, . . . , Aik) and a � AiA

T
i . Since P{Xi = µi} < 1, the case a = 0 is

excluded. By choosing an orthogonal k × k matrix O whose first column is AT
i /a

and using Remark 1(a) if necessary, we may assume that Ai = (a, 0, . . . , 0), hence
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Xi
d= µi + aRU1. Note that U1 is a continuous random variable because k ≥ 2.

Hence P{aRU1 = x} = 0 for all x ∈ R \ {0}, and it follows that

P{Xi = X̃i} =
∑
x∈R

(P{Xi = x})2 =
∑
x∈R

(P{aRU1 = x})2 = (P{Xi = µi})2.

Lemma 4. Let X ∼ Ep(µ,Σ, φ) with rank(Σ) = k ≥ 2, and let X̃ be an indepen-
dent copy of X. If P{Xi = µi} < 1 and P{Xj = µj} < 1, then

τ(Xi, Xj) = 2 P{(Xi − X̃i)(Xj − X̃j) > 0} − 1 + (P{Xi = µi})2. (8)

Proof. Since Y � X − X̃ ∼ Ep(0, Σ, φ2) by Lemma 1, there exists a stochastic
representation Y = RAU according to Theorem 1. By Lemma 3, P{Yi = 0} =
(P{Xi = µi})2 < 1 and similarly P{Yj = 0} < 1. Define Ai � (Ai1, . . . , Aik) and
Aj � (Aj1, . . . , Ajk). With the same arguments as in the proof of Lemma 3, it
follows that AiU and AjU are continuous random variables, which implies that
P{AiU = 0} = 0 and P{AjU = 0} = 0. Therefore,

P{YiYj = 0} = P{R = 0} = P{Yi = 0} = (P{Xi = µi})2.

Since τ(Xi, Xj) = 2 P{YiYj > 0} − 1 + P{YiYj = 0}, the conclusion follows.

Lemma 5. Let X ∼ Ep(0, Σ, φ) and X̃ ∼ Ep(0, cΣ, φ̃) with rank(Σ) ≥ 2 and
c > 0. If P{Xi = 0} < 1 and P{X̃i = 0} < 1, then

P{XiXj > 0}(1 − P{X̃i = 0}) = P{X̃iX̃j > 0}(1 − P{Xi = 0}).

Proof. Take X d= RAU according to Theorem 1 and set W � AU . Then

P{XiXj > 0} = P{RWiRWj > 0}
= P{RWiRWj > 0 |R > 0}P{R > 0}
= P{WiWj > 0}P{R > 0}.

Furthermore, X̃ d=
√

cR̃W according to Theorem 2, and a similar calculation shows

P{X̃iX̃j > 0} = P{cR̃2WiWj > 0 |R̃ > 0}P{R̃ > 0} = P{WiWj > 0}P{R̃ > 0}.

As in the proof of Lemma 3, it follows that Wi has a continuous distribution.
Therefore, P{R > 0} = 1 − P{Xi = 0} and P{R̃ > 0} = 1 − P{X̃i = 0}, and
Lemma 5 follows.

Although the next result for normal distributions is well known, we give a proof
for completeness of the exposition and for showing where the arsine comes from.

Lemma 6. Let X ∼ Np(µ,Σ). If P{Xi = µi} < 1 and P{Xj = µj} < 1, then

τ(Xi, Xj) = 2 P{(Xi − X̃i)(Xj − X̃j) > 0} − 1 =
2
π

arcsin �ij ,

where X̃ is an independent copy of X.

Proof. Using σi �
√

Σii > 0, σj �
√

Σjj > 0 and �ij � Σij/σiσj , we have

Σij =
(

Σii Σij

Σji Σjj

)
=

(
σ2

i σiσj�ij

σiσj�ij σ2
j

)
.
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Define Y � X − X̃ and note that (Yi, Yj) ∼ N2(0, 2Σij). Furthermore, (Yi, Yj)
d=√

2(σiV cos ϕij + σiW sin ϕij , σjW ), where ϕij � arcsin �ij ∈ [−π/2, π/2] and
(V, W ) is standard normally distributed. By the radial symmetry of (Yi, Yj),

τ(Xi, Xj) = 2 P{YiYj > 0} − 1 = 4 P{Yi > 0, Yj > 0} − 1

= 4 P{V cos ϕij + W sin ϕij > 0, W > 0} − 1.

If Φ is uniformly distributed on [−π, π), independent of R �
√

V 2 + W 2, then
(V, W ) d= R(cos Φ, sin Φ) and

τ(Xi, Xj) = 4 P
{
cos Φ cos ϕij + sin Φ sin ϕij > 0, sin Φ > 0

}
− 1

= 4 P
{
Φ ∈ (ϕij − π/2, ϕij + π/2) ∩ (0, π)

}
− 1 = 4

ϕij + π/2
2π

− 1,

which simplifies to (2/π) arcsin �ij .

Lemma 7. Let X ∼ Ep(µ,Σ, φ) with rank(Σ) = k ≥ 2. If P{Xi = µi} < 1 and
P{Xj = µj} < 1, then

τ(Xi, Xj) =
(
1 − (P{Xi = µi})2

) 2
π

arcsin �ij . (9)

Proof. Let X̃ be an independent copy of X. By Lemma 4, we can use (8). By
Lemmas 1 and 3, X − X̃ ∼ Ep(0, Σ, φ∗) with P{Xi = X̃i} = (P{Xi = µi})2 < 1
and P{Xj = X̃j} = (P{Xj = µj})2 < 1. If Z, Z̃ ∼ Np(µ,Σ/2) are independent,
then Z − Z̃ ∼ Np(0, Σ). By Lemma 5,

P{(Xi − X̃i)(Xj − X̃j) > 0} = P{(Zi − Z̃i)(Zj − Z̃j) > 0}(1 − (P{Xi = µi})2).

Substituting this into (8) and using Lemma 6, the result (9) follows.

Remark 2. After completion of this note we found that relation (1) was already
proved by a different method in [4, Theorem 3.1] for elliptical distributions having
a density. The extensions (3) and (4) are not given in [4].
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