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Abstract

In this paper, we clarify dependence properties of elliptical distributions by deriving
general but explicit formulae for the coefficients of upper and lower tail dependence and
spectral measures with respect to different norms. We show that an elliptically distributed
random vector is regularly varying if and only if the bivariate marginal distributions have
tail dependence. Furthermore, the tail dependence coefficients are fully determined by
the tail index of the random vector (or equivalently of its components) and the linear
correlation coefficient. Whereas Kendall’s tau is invariant in the class of elliptical
distributions with continuous marginals and a fixed dispersion matrix, we show that
this is not true for Spearman’s rho. We also show that sums of elliptically distributed
random vectors with the same dispersion matrix (up to a positive constant factor) remain
elliptical if they are dependent only through their radial parts.
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1. Introduction

The class of elliptical distributions provides a rich source of multivariate distributions which
share many of the tractable properties of the multivariate normal distribution and enables
modelling of multivariate extremes and other forms of nonnormal dependences.

In this paper, we aim to clarify dependence properties of elliptical distributions. Dependence
between the components of a random vector is, of course, related to the shape of the joint
distribution. For elliptically distributed random vectors, the shape of the distribution is given
by the dispersion matrix ¥ and the radial random variable R (see Theorem 3.1). The simple
structure of elliptical distributions enables explicit computations of interesting quantities such
as the coefficients of tail dependence and spectral measures associated with regularly varying
random vectors (see Definition 2.6). From our explicit formula for the coefficient of tail
dependence we conclude that it is fully determined by the corresponding linear correlation
coefficient (as defined in Definition 3.2) and the tail index of the radial random variable in the
general representation (see Theorem 3.1) of elliptically distributed random vectors. For this
class of multivariate distributions, regular variation and tail dependence are closely related.
Existence of tail dependence of the bivariate marginals and of regular variation is equated to
regular variation of the radial random variable in the general representation.
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Standard estimators of the linear correlation coefficient for elliptical distributions are based
on the assumption of finite second moments. Kendall’s tau and Spearman’s rho (and their
sample versions) do not rely on the existence of certain moments. It has been proved by
Lindskog et al. [9] that Kendall’s tau is invariant in the class of elliptical distributions with
continuous univariate marginals and a fixed dispersion matrix (up to a positive constant factor).
This implies that the robust estimator of Kendall’s tau can be used to estimate linear correlation
coefficients without any assumption on the underlying distribution other than that of continuity
of the univariate margins and joint ellipticality. We might also expect Spearman’s rho to be
invariant in the class of elliptical distributions with continuous marginals and a fixed dispersion
matrix. We give a counterexample showing that this is not true.

It is known that sums of independent elliptically distributed random vectors with the same
dispersion matrix are elliptical. In Theorem 4.1, we prove that sums of elliptically distributed
random vectors with the same dispersion matrix are elliptical if they are dependent only through
their radial parts. This result has applications to multivariate time-series. It should be noted that
the dispersion matrices are allowed to differ by a positive constant factor, see Remark 3.1(b)
for details.

In this paper we use the spectral measure to answer questions about dependence of extremes
for regularly varying elliptically distributed random vectors. In doing so, itis crucial to consider
a spectral measure with respect to a norm which corresponds to the question we are trying to
answer. We discuss and exemplify this in Section 5. In particular, for a bivariate elliptically
distributed random vector, we compute the spectral measure with respect to the Euclidean
2-norm and with respect to the max-norm.

The paper is organized as follows. In Section 2, we recall the definitions of various
dependence concepts. Section 3 introduces elliptical distributions, in particular we give the
general stochastic representation of elliptically distributed random vectors. This representation
is fundamental for the subsequent analysis. Section 4 contains the main results and in Section 5
we discuss the interpretation of the spectral measure with respect to different norms. All proofs
are given in Section 6.

2. Preliminaries

To begin with, we recall the definitions of the concordance measures Kendall’s tau and
Spearman’s rho.

Definition 2.1. Kendall’s tau for the random vector (X1, X2)" is defined to be
T(X1, X2) == P{(X1 — X])(X2 — X3) > 0} — P{(X1 — X})(X2 — X3) <0},
where (X', Xé)T is an independent copy of (X1, XQ)T.
Definition 2.2. Spearman’s rho for the random vector (X1, X ») T is defined to be
ps(X1, X2) :=3(P{(X1 — X])(X2 — X3) > 0} — P{(X1 — X])(X2 — X3) < 0)),

where (X, Xé)T and (X7, X’2’)T are independent copies of (X1, X2)'.

An important property of Kendall’s tau and Spearman’s rho is that they are invariant under
strictly increasing transformations of the underlying random variables. If (X1, X) " isarandom
vector with continuous univariate marginal distributions and 7 and 7> are strictly increasing
transformations on the range of X and X» respectively, then 7(71(X1), T2(X»)) = 1(X1, X2).
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The same property holds for Spearman’s rho. Note that this implies that Kendall’s tau and
Spearman’s rho do not depend on the (marginal) distributions of X and X».

Next we introduce some measures of dependence of multivariate extremes. Perhaps the
most commonly encountered measures of dependence of bivariate extremes are the coefficient
of upper and lower tail dependence.

Let F be a univariate distribution function. We define the generalized inverse of F as
F~'(u) := inf{x e R | F(x) > u)} for all u in (0, 1).

Definition 2.3. Let (X, X2) | be a random vector with marginal distribution functions F| and
F>. The coefficient of upper tail dependence of (X1, X2) " is defined to be

Ju(X1, Xo) 1= lim P(X2 > Fy o) | X1 > Fy o),

provided that the limit Ay € [0, 1] exists. The coefficient of lower tail dependence is defined
to be

mmxw=@ﬂ&sHWHmsﬁw»
u

provided that the limit Ap. € [0, 1] exists. If Ay > 0, then we say that (X, X>2) T has upper tail
dependence, and if Ap, > 0, then we say that it has lower tail dependence.

For a pair of random variables, upper and lower tail dependence are measures of joint
extremes. That is, they measure the probability that one component is at an extreme of size
(large or small) given that the other is at the same extreme, relative to the marginal distributions.

The other measure of dependence in multivariate extremes that we discuss in this paper is the
spectral measure associated with a regularly varying random vector (see Definition 2.6 below).
Let us first recall the definition of regular variation for a (univariate) random variable.

Definition 2.4. The nonnegative random variable R is said to be regularly varying at oo with
index o > 0 if, for all x > 0,
. P{R > tx}
lim —— =x
t—oo P{R > t}

—o

Throughout the paper we use the shorter ‘regularly varying with index « > 0’ for ‘regularly
varying at oo with index o > 0’.

To prepare for the definition of regular variation for random vectors, we recall the concept
of vague convergence. Let X be a Polish space, i.e. there exists a metric d on X which makes
(X, d) aseparable and complete metric space. A set B C X is said to be relatively compact if its
closure B is compact. Let B(X) be the Borel o-algebra on X generated by d. A measure /4 on
(X, B(X)) is called a Radon measure if u(B) < oo for all relatively compact sets B € B(X).

Definition 2.5. Let u, 1, p2, ... be Radon measures on (X, B(X)). We say that {u,},eN
converges to ju vaguely, written i, — pu, if

lim f f(S)Mn(dS)Z/ J($)p(ds)
n—oo x x

for all continuous functions f : X — Ry with compact support.

A useful equivalent formulation of vague convergence is given in the following theorem.
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Theorem 2.1. Let w, i1, 2, ... be Radon measures on (X, B(X)). Then the following
statements are equivalent:

() pn — pasn — oo,
(i) limy,— o0 wn(B) = w(B) for all relatively compact B € B(X) with u(0B) = 0.

For a proof, see [8, p. 169]. For further details about vague convergence we refer the reader
to [8] and [11].

We denote by S?~! the unit hypersphere in R¢ with respect to a norm | - |, and by B(S¢~1)
the Borel o -algebra on SY~!. We write 8‘2171 = {z € R¢ | z"z = 1} for the unit hypersphere
in R? with respect to the Euclidean 2-norm | - |5.

Definition 2.6. The d-dimensional random vector X is said to be regularly varying with index
a > 0 if there exists a random vector ® with values in S¢~! almost surely such that, for all
x>0ast— oo,

P{IX|>1tx,X/IX|€e} v _, . d—1
PIX| = 1] —->x “P{® e} onB(E“T).

The distribution of @ is referred to as the spectral measure of X and « is referred to as the fail
index of X.

For more on multivariate regular variation see [11] and [10]. In the definition we did not
specify the choice of norm | - |. The reason for this is that whether a random vector is regularly
varying or not does not depend on the choice of norm in Definition 2.6. This is stated in the
following lemma the proof of which is given in Section 6.

Lemma 2.1. Let | - |4 and | - | be two norms on R? and let X be a d-dimensional random
vector. Then X is regularly varying with index o > 0 with respect to the norm | - | 5 if and only
if X is regularly varying with index o > 0 with respect to the norm | - | p.

It is clear that the corresponding spectral measures do not coincide for different norms; see
Section 5 for explicit examples. When we want to emphasize the choice of norm, we say that
the distribution of ® is the spectral measure of X with respect to the norm | - |.

The following result on the effect of adding a constant vector to a regularly varying random
vector turns out to be useful in the study of regular variation properties of elliptical distributions.
The proof is given in Section 6.

Lemma 2.2. Let X be a d-dimensional regularly varying random vector with tail index o > 0
and spectral measure P{©® € -} with respect to the norm | - |, and let b € R be a constant
vector. Then X + b is regularly varying with the same tail index and the same spectral measure
with respect to the norm | - |.

3. Elliptical distributions

The main topic of this paper is to understand various measures of dependence through
elliptical distributions. In this section, we introduce the class of elliptically distributed random
vectors and give some of their properties. For further details about elliptical distributions, we
refer the reader to [7] and [4].

Definition 3.1. If X is a d-dimensional random vector and, for some vector u € R4, some
d x d nonnegative definite symmetric matrix ¥ and some function ¢ : [0, 00) — R, the
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characteristic function ¢x_, of X — u is of the form px_, () = qb(tTEt), then we say that X
has an elliptical distribution with parameters u, X and ¢, and we write X ~ E;(u, X, ¢).

The function ¢ is referred to as the characteristic generator of X. When d = 1, the class of
elliptical distributions coincides with the class of one-dimensional symmetric distributions.

For elliptically distributed random vectors, we have the following general representation
theorem.

Theorem 3.1. We have X ~ E; (i, X, ¢) with rank(X) = k if and only if there exist a
nonnegative random variable R independent of U, a k-dimensional random vector uniformly
distributed on the unit hypersphere Sg_l ={zeRF|z"z =1}, and ad x k matrix A with
AAT = X, such that

X =+ RAU. 3.1

For the proof of Theorem 3.1 and details about the relation between R and ¢, see [7] or [4].

Remark 3.1. (a) Note that the representation (3.1) is not unique: if O is an orthogonal k x k
matrix, then (3.1) also holds with A’ := AQ@ and U’ := O T U.

(b) Note that elliptical distributions with different parameters can be equal: if X ~ E4(u, 2, ¢),
then X ~ E;(u, cX, ¢.) for every ¢ > 0, where ¢.(s) := ¢(s/c) forall s > 0.

Example 3.1. Classical examples of elliptical distributions are the multivariate normal distribu-
tion and the multivariate t-distribution. Let X = u~+ RAU ~ Egz(u, 2, ¢), where rank(X) =
d. Then X is normally distributed if and only if R% ~ xdz, and X is t-distributed with v degrees
of freedom if and only if R?/d ~ F(d, v), where F(d, v) denotes an F-distribution with d and
v degrees of freedom.

If the elliptically distributed random vector X has finite second moments, then we can always
find a representation such that cov(X) = X. To see this we use Theorem 3.1 to obtain

cov(X) = cov(u + RAU) = AE(R?) cov(U)A ",

that is, cov(X) exists if and only if E(R?) < oco. To compute cov(U) let Y ~ Ny(0, 1y).
Then Y = |Y|,U, where |Y|; and U are independent. Furthermore |Y|§ ~ x[%, SO E(|Y|%) =d.
Since cov(Y) = I; we see that if U is uniformly distributed on the unit hypersphere in R4,
then cov(U) = 1;/d. Thus cov(X) = AATE(R?) /d. By choosing the characteristic generator
¢*(s) = ¢(s/c), where ¢ = E(Rz)/d, we get cov(X) = X.

The following result provides the basis of most applications of elliptical distributions.

Lemma 3.1. Let X ~ Eg(u, X, @), let B be a g x d matrix and let b € R4. Then
b+ BX ~ E,(b+ Bu, BSB', ¢).
Proof. By Theorem 3.1, b + BX has a stochastic representation
b+ BX =b+ Bu+ RBAU

and the conclusion follows from Definition 3.1.

Partition X, ;1 and X as follows:

X
¥ — (X1>’ = </1«1)’ 5 (gn glz) ’
2 w2 21 X2
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where X1 and p) are r x 1 vectors and X1 is an » X r matrix. We then have the following
consequence of Lemma 3.1.

Corollary 3.1. Let X ~ E (., X, ¢). Then

X1~ E (1, 211, ), X2 ~ Eqg—y(2, T2, @).

Hence, marginal distributions of elliptical distributions are elliptical and of the same type
(with the same characteristic generator).

Next we introduce the linear correlation coefficient for a pair of random variables with a
joint elliptical distribution.

Definition 3.2. Let X ~ E;(u, X, ¢). Fori, j € {1,...,d},if ¥;; > Oand X;; > 0O, then we

call

Pij = —m——
v ZiZjj
the linear correlation coefficient for X; and X ;.

If var(X;), var(X ;) € (0, 00), then

3.2)

cov(X;, X;)

Pij = V/var(X;) var(X ) '

We want to emphasize that the linear correlation coefficient as defined by (3.2) is an extension
of the usual definition in terms of variances and covariances. We want to interpret the linear
correlation coefficient as a scalar measure of dependence and, as such, it should not rely on
finiteness of certain moments. Clearly, (3.2) only makes sense for elliptical distributions.
On the other hand, linear correlation is not always a meaningful measure of dependence for
nonelliptical distributions, whereas Kendall’s tau and Spearman’s rho remain meaningful; see
for example [6, p. 206].

In this paper, we primarily consider elliptically distributed random vectors having compo-
nents with continuous distributions. It is therefore relevant to present necessary and sufficient
conditions for the components of an elliptically distributed random vector to be continuous
random variables. Throughout the paper, we say that a random variable is continuous whenever
it has a continuous distribution function. The proof of Lemma 3.2 is given in Section 6.

Lemma 3.2. Let X ~ E (u, X, ¢), with P{X; = w;} < lforalli € {1,...,d} and with
representation X = u+ RAU according to Theorem 3.1. Ifrank(X) = 1, then X1, ..., Xy are
continuous random variables if and only if R is continuous. If rank(X) > 2, then X1, ..., Xy

are continuous random variables if and only if P{X; = u;} = O for all i or, equivalently, if and
only if P{R = 0} = 0.

4. Main results

The sum of two independent elliptical random vectors with the same dispersion matrix is
elliptical. The next theorem shows that the sum of two dependent elliptical random vectors
with the same dispersion matrix, which are dependent only through their radial parts, is also
elliptical.

Theorem 4.1. Let R and R ‘be nonnegative random variables and let X = p + RZ ~
Eq(pn, 2, ¢) and X := i + RZ ~ Eq(it, £, ¢), where (R, R), Z, Z are independent. Z"hen
X+ X~ Ei(u+ @, 3, d*). Moreover, if R and R are independent, then ¢*(u) = ¢ (u)p(u).
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For the expression for the characteristic generator, ¢*, see the proof in Section 6. A natural
application of Theorem 4.1 is in the context of a multivariate time-series.

Example 4.1. Let X; = 0;Z;, t € 7Z, where the random vectors Z; ~ E4(0, X, ¢;) are
mutually independent and independent of the nonnegative (univariate) random variables o; for
all . The o; are allowed to be dependent. Then, for every ¢ € Z, X; is elliptically distributed
with dispersion matrix ¥, and so are all partial sums S, = > /| X;.

The relations (given below) between Kendall’s tau, Spearman’s rho and the linear correlation
coefficient are well known for bivariate normally distributed random vectors. As stated in the
next theorem the relation between Kendall’s tau and the linear correlation coefficient holds more
generally for all elliptically distributed random vectors with continuous univariate marginals.

Theorem 4.2. Let X ~ E (u, X, ¢), where X; and X j are continuous fori, j € {1,...,d}.
Then

2
7(Xi, Xj) = — arcsin pj;.
. - ,

For a proof of an extended version, see [9]. As a consequence, we have the following
well-known result for Spearman’s rho, for which we give an easy proof in Section 6.

Corollary 4.1. Let X ~ Ny(u, X), where i, Xj; > 0 fori, j €{l,...,d}. Then
6 .
ps(Xi, Xj) = — arcsin 'Oi “4.1)
T 2

In the light of Theorem 4.2, we might expect Spearman’s rho to be invariant in the class
of elliptical distributions with continuous univariate marginals and a fixed dispersion matrix.
However, the counterexample below shows that this is not true.

Counterexample. Let X ~ N, (i, X), where X171, 227 > 0. According to Theorem 3.1, X has
a stochastic representation X = i+ RAU, where R ~ X22- We construct a counterexample
by deriving a relation between Spearman’s rho and the linear correlation coefficient for the
bivariate elliptically distributed random vector W := AU. The relation is given by

3 4
ps(Wy, Wp) = — arcsin p — —3(arcsin p)3,
b4 T

where
212

p=——
V211222

This relation differs from (4.1) between Spearman’s tho and the linear correlation coefficient
for a bivariate normal distribution. The difference ps(X1, X2) — ps(Wy, W») as a function of
the linear correlation coefficient p is plotted in Figure 1. We see that the difference is small
but clearly not equal to zero. For more details on this counterexample, see Section 6. It should
be noted that there are other choices of R (other than R? ~ X22) for which the difference
ps(X1, X2) — ps(W1, W,) becomes much bigger.

In Section 2, we introduced two concepts for measuring dependence of multivariate extremes
of random vectors, the coefficient of tail dependence and the spectral measure associated with a
regularly varying random vector. In the next theorem, we clarify the connection between these
two concepts. We also derive an explicit expression for the coefficient of tail dependence for
two random variables with a joint elliptical distribution.
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FIGURE 1: The difference between (6/7) arcsin(p/2) and (3/7) arcsin p— (4/713)(arcsin ,0)3 as a function
of p for p € [0, 1] (see the counterexample in Section 4).
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FIGURE 2: The coefficients of upper and lower tail dependence for regularly varying bivariate elliptical
distributions with (211, 2722, p12) = (1, 1, 0) as a function of the tail index « (see Remark 4.1).

Theorem 4.3. Let X = 1 + RAU ~ Eq(u, T, @), with X;; > Ofori =1,...,d, |pijj| <1
foralli # j, and where u, R, A and U are as in Theorem 3.1. Then the following statements
are equivalent.

(i) R is regularly varying with index o > 0;
(i1) X is regularly varying with index o« > 0;
(i) foralli # j, (Xi, Xj)T has tail dependence.
Moreover, if R is regularly varying with index o > 0, then for alli # j,

/2
f(ﬂ/Zfarcsin pij)/2 cos¥ t dt

foﬂ/z cos® ¢ dt

Au(Xi, Xj) = AL(X;, Xj) =

Remark 4.1. Note that (i) and (ii) are equivalent even if the condition that |p;;| < 1 for all
i # j is not satisfied.
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From the theorem above we can conclude that whether or not the bivariate marginals of
an elliptically distributed vector X have tail dependence depends only on whether or not the
radial random variable R in the representation X = u+ RAU is regularly varying. The linear
correlation coefficient p;; only affects the magnitude of the coefficient of tail dependence. An
interesting consequence is that if X ~ E;(u, X, @), then (X;, X j)T can have a coefficient
of tail dependence significantly larger than zero even if the linear correlation coefficient for
X, X j)T is zero or negative. In Figure 2, we have plotted the coefficient of tail dependence for
an elliptically distributed bivariate random vector with uncorrelated components as a function
of the tail index «.

5. Multivariate extremes for elliptical distributions

In this section, we discuss how to interpret the spectral measure with respect to different
norms. The discussion is general but in the case of elliptical distributions we can explicitly
compute the spectral measure with respect to different norms and compare different choices.
Real data, e.g. financial asset price log returns, often indicate that the underlying distribution is
elliptical or at least close to elliptical, and many statistical models are based on the assumption
of ellipticality. Hence, the following discussion should be relevant for many applications,
especially in risk management.

By Lemma 2.1 we know that if a random vector X is regularly varying with respect to
some norm on R, then it is regularly varying with respect to every norm on R?. For every
choice of the norm, the spectral measure is a measure of dependence between extreme values.
However, the choice of norm becomes essential when interpreting the spectral measure. The
choice of norm must be related to the question we are trying to answer. A natural question
would be: what is the dependence between the components of a random vector given that at
least one of its components is extreme? In the literature (see e.g. [12]) most authors consider
the Euclidean 2-norm, | - |>. However, if we want a measure of dependence between the
components—given that at least one of the components is extreme—then we should use the
max-norm | X |so := max{| X1/, ..., |Xg4|}. Clearly, if we take x = 1 in Definition 2.6, we find
that

X
P{Oy € -} =t1§1o101>{W - ‘ 1X oo > r}
o0

X
=limP{—€-||X{|>tU---U|Xy4| > 1y,
t—>00 | X oo

from which it is seen that the max-norm corresponds to the question posed. However, if the
components are not identically distributed, then it might be more natural to condition on the
events {|X| > Gl_l(u) U---U|Xy4l > G;l(u)}, where G; is the distribution function of | X;|
andu /' 1. For X ~ E;4(0, X, ¢), this is achieved by considering the weighted max-norm
| X oo, s = max{|X1]/+/ 211, ..., |Xal/+/2aa }, since in this case

. X

lim P{ — -
=00 [X]o0,m

P{®u,x € -} [X|oo,x >t}

lim P{ —_
u/1 |X |oo,2
is the spectral measure of X with respect to the norm | - |, 5. The corresponding question in
this case would be: what is the dependence between the components of a random vector given
that at least one of its components is extreme relative to its marginal distribution?

€- ‘ X1 > G @y u---U Xy > G;l(u)}
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In the following two examples, we compute the spectral measure with respect to the Euclidean
2-norm and the max-norm for bivariate regularly varying elliptical distributions. This can also
be done for elliptical distributions of higher dimension, but the corresponding computations in
spherical coordinates become quite tedious.

Example 5.1. Let X ~ E»(0, X, ¢), with X1, Z2» > 0, be regularly varying with index
o > 0, and let X = RAU be a stochastic representation according to Theorem 3.1. Without
loss of generality, we can choose A and U such that

(X]) 2 e Vi 0 (cosgo)
X2) \VEnen VEn/1-ph) \sing)’

where ¢ ~ U(—m/2,3m/2), i.e.

D . T
(X1, Xz)—r = (w/ Y11Rcos g,/ Znp1oRcose + /Loy / 1 — ,0122R sin go)
= (W Z11Rcos ¢, v/ X2 R sin(arcsin p12 + <p))T,
where ¢ ~ U(—m/2,3m/2). Let

f@) = (Zn cos’ 1 + Y sinz(arcsin pij + t))l/z,
T
- fort = — 2,
> or w/
._ b))
g(t) == arctan( 2—22(,012 +4/1— p%2 tan t)) fort € (—m/2,7/2),
V 11
gt—m)+m fort € [/2,31/2).

Then,

AU cos g(¢)
RAU = R|AU =R .
AV f(‘”)(sing«o))

Since X is regularly varying and X/|X|, has continuous distribution on Sé, there exists a
random vector ® such that, for every x > 0 and every S € {B(Sé),

P{R|AU|; > zx, AU/|AU|» € S}

lim =x“P{O € S}.
00 P(RIAU|, > 2}

Moreover, by Theorem 4.2, R is regularly varying, which implies that there exists a slowly
varying function L, i.e. a positive, Lebesgue measurable function on (0, co) satisfying

L(tx)
m =
t—oo L(t)

for x > 0, such that P{R > x} = x"“L(x). Let Sy, 9, = {(cost, sin nH’ | 61 <t < 6>}, where
by symmetry we can assume that — /2 < 61 < 6, < /2. The case |p12| = 1 is trivial, so we
consider only the case |p12| < 1. Then,

1 (ﬁ

! tant — ,012)) for — /2 <t <m/2,
1 2
VT P12

-1
g ()= arctan(
22
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b
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FIGURE 3: Densities of the spectral measure of X ~ E»(u, X, ¢) with respect to the Euclidean 2-norm
where (211, £22, p12) = (1, 1, 0.5), and tail index a = 0, 2, 4, 8, 16. Larger tail indices correspond to

higher peaks (see Example 5.1).

and
i PIRIAUL> > zx, AU/|AU; € S)
z—00 P{R|AU|; > z)
1(9) —a —o a
. [z FOL(zx/f () dt
o0 [T f(1) O L(z/f (1) dt

L i SO LG O L@

=X im 5
oo [ FOYL(z/f(1)/L(z) dt

o o
T reea

Y 11((9912))(211 cos? 1 + Ty sin? (arcsin p1y + 1))*/% ds
fo (S11cos? 1 + Sop sin(arcsin pia + 1))@/2dr

The third equality follows from the fact that L(¢x)/L(z) — 1 uniformly on intervals [a, b], 0 <
a < b < oo (see Theorem A3.2 in [5, p. 566]) and from the fact that there are constants
0<c) <cp <oosuchthatcy < 1/f(t) < cpforallt € [-7/2, w/2]. Now we can identify

the spectral measure as
(Z11 cos? t + oy sin®(arcsin pia + 1))¥/2 dt

fg 11( 2)
o
P{O € Sy 4} = L —

fO (211 cos? t + Xy sin?(arcsin pp + 1))%/2 dt

Note that the spectral measure depends on the tail index « and that limy_0 P{® € S}
P{AU/|AU|, € S} for all S € {B(S‘zi_l). We see that the spectral measure is absolutely
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FIGURE 4: Densities of the spectral measure of X ~ E»(u, X, ¢) with respect to the max-norm, where
(Z11, 222, p12) = (1, 1,0.5), and tail index @ = 0, 2, 4, 8, 16. Larger tail indices correspond to higher
peaks (see Example 5.2).

continuous and hence it has a density. The density is plotted in Figure 3 for bivariate regularly
varying elliptical distributions with (211, 222, p12) = (1, 1, 0.5) and with tail indices o« =
0,2,4,8, 16 (we write « = 0 for the limit measure limy—.o P{® € -}). From this figure it can
be seen that as « increases—that is as the tails become lighter—the probability mass becomes
more concentrated in the main directions of the ellipse (in this case /4 and 57 /4).

Example 5.2. Let us now compute the spectral measure with respect to the norm | - |-
Proceeding analogously to the previous example but replacing the function f by

f(t) = max{y/ X1|cost|, v/ Ly |sin(arcsin p1o + 1)|},

we find that
AU

|AUlo”

RAU = R|AU |

where AU/|AU|s = f(¢) with ¢ ~ U(—n/2,37/2). Following the computations in the
previous example we obtain the spectral measure with respect to the max-norm as

1o . .
;’_1((012)) (max{+/Xq1|cost|, o/ 2az|sin(arcsin p12 + 1)|H)* dt
T (max{/S11lcos 1], /Saalsin(arcsin pia + 1)) dt

P{O € Sp,.0,} =

where Sp, 4, is the radial projection of Sp, 4, (see Example 5.1) on S4°!, the unit circle with
respect to the max-norm. The density of the spectral measure is plotted in Figure 4 for bivariate
regularly varying elliptical distributions with (211, X22, p12) = (1, 1, 0.5) and with tail indices
a =0,2,4, 8, 16. From this figure it can be seen that as « increases—that is, as the tails become
lighter—the probability mass becomes less concentrated in the main directions of the ellipse
(in this case /4 and 57/4). This is quite intuitive, for (bivariate) regularly varying elliptical
distributions with lighter tails, the probability of joint extremes (that both components are
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extreme) becomes very small compared to the probability that one component is extreme. This
can be seen from the fact that the coefficient of tail dependence tends to zero as the tail index
increases (see Remark 4.1 and Figure 2).

Note the striking difference between the spectral measure with respect to the Euclidean
norm and the spectral measure with respect to the max-norm. By choosing a norm which
does not correspond to the question we are trying to answer, we might draw completely wrong
conclusions about dependences between extremes. The best illustration of this is the comparison
of Figure 3 with Figure 4.

6. Proofs

There exist several definitions of (multivariate) regular variation equivalent to Definition 2.6
(see e.g. [1]), one of which will be useful in the proof of Lemma 2.1 and Theorem 4.3.
A statement similar to the following has been proved in [1], but we include a proof for
completeness.

The following lemma gives an equivalent definition of (multivariate) regular variation in
terms of vague convergence on R? \ {0}, where R := R U {—00, 0o}. There is a metric d on
this space which makes it separable and complete and the o -algebra B(R? \ {0}), generated by
d, coincides on R¢ \ {0} with the standard Borel o-algebra R on R, that is, JB’(Rd \{0h N
@RI\ {0}) = R4 N (RY\ {0}). Finally, foru > 0and S € B(S?1),let V,, s := {x € R\ {0} :
x| > u,x/|x| € S}.

Lemma 6.1. Let X be a d-dimensional random vector. Then the following statements are
equivalent.

(i) The vector X is regularly varying with index o > 0 in the sense of Definition 2.6.
(ii) There exists a nonzero Radon measure jn on B(RY \ {0}) with w(RY \R%) = 0anda

relatively compact set E € B(R? \ {0}) with w(duE) = 0 for every u > 0 such that, as

r— 00,
PXE) v ) on 8@\ (O] 6.1
P{XetE}_)M. on \ {0O}). .

Moreover, if (6.1) holds, then there exists an o > 0 such that w(uD) = u~*u(D) for
every u > 0 and relatively compact D € B([R? \ {0}) with u(dD) = 0.
Remark 6.1. If (ii) holds, then

~(.)__—P{Xet-} = () ast— oo
M= pix ey ’

with ,U,(-)~= u(~)/u(1§) for any relatively compact set E e :B(Rd \ {0}) such that ,u(E) >0
and w(dE) = 0. This follows directly from the fact that

P{X et} P{X etE} ~

PX c Bl px By MY BT

if the set E satisfies the above conditions.

Remark 6.2. If 1 is a Radon measure on B(R4 \ {0}) such that, for some o > 0, u(uD) =
u"*u(D) for every u > 0 and relatively compact D € B(R? \ {0}), then it follows that u
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assigns no mass to spheres (with respect to any norm on R%). To see this, suppose that there
exist u, ¢ > 0 such that u(uSd_l) = c. Then, for v > u,

u(vu,sfz—l\vv,gd-l>zu< U qu_1>: > u@sh

q€QN(u,v] q€QN(u,v]

> c<§>_a Z 1 =o00.

q€QN(u,v]

Since V, ga-1 \ V, sa-1 is relatively compact, this is a contradiction and we conclude that
wuSt1 = 0. Ifwe impose the additional condition that w(RY\R?) = 0, then 1(d Vigd-1) =
0 for every u > 0. This implies in particular that ©(9V, s) = u(Vy ss) for every u > 0 and
S e B(EI.

Proof of Lemma 6.1. (ii) => (i). By Remark 6.2, (3 V) ga-1) = 0. Since u(R?\R?) = 0,
without loss of generality we can take £ C R? and, since E is relatively compact, there exists
au > 0 such that £ C V, o1 and u(V) gi-1) = u*u(V, sa-1) > 0 since u(E) > 0.
Furthermore, V) ga-1 is relatively compact. Hence, by Remark 6.1, we may put £ =V, ga-1.
For any x > 0 and § € B(S?~") with u(dVy. s) =0,

i PUX| > 12, X/|X| € S)
1m
=00 P(IX] > 1)

= tlglolo wi (Ve s) = nu(Ve s) = x (Vi s).

Since w(V1,.) is a probability measure on S9=1 there exists a random vector ©® with this
distribution. Moreover, by Remark 6.2, u(0Vy,s) = u(Vx,ss). Hence, X is regularly varying
with index o > 0.

(i) = (ii). We will prove the implication with E = V| ga-1. Fort,u > 0, define the
measures
P{X| > tu, X/|X| € -}
e (Vi) ==
P{|X]| > 1}
w(Vi) = u""P(O € )

’

on B(SY~1). This also defines set functions u; and u on the semiring P = {V, s 1 u >
0,5 € B(S4 ). By Theorem 11.3, [2, p. 166], u; and u can be extended to measures
ono(P) = B(R? \ {0}) NRR?. The extensions are unique since R\ {0} = U,fil Vijksi-1s
where,ut(Vl/k,Sdfl) < ooandu(Vl/k,Sdfl) < ooforeachk > 1. By definitionof u, u(V,,, s) =
u *u(Vis)foru > 0and S € J‘B’(Sd_l). Since £ is a w-system and yu; and p are o -finite on
&, this scaling property holds for arbitrary sets in o (). We extend w; and u to éB(Rd \ {0}
by requiring that u, (R \ R?Y) = n(RY \ RY) = 0. Let

A={Vus\Vos:0<u<v8eBShHY
Now u;(V,..) AN w(Vy,.) is equivalent to p,(V,.s) — n(V,.s) for each S € B(S41) with
u(Vias) = 0. By Remark 6.2, 1(dV, s) = (V. 55) foru > 0and S € B8(S?~!). Hence, for
eachset V,, s\ Vy.5 € A with u(dV,.s) =0, ast — oo,

MI(VM,S \ Vv,S) = I’LI(VLI,S) - /‘LZ(VU,S) - M(Vu,S) - //L(Vv,S) = M(VLI,S \ Vv,S)-
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Since u(R? \ RY) = 0, convergence on the z-continuity sets of 4 implies vague convergence
on B(R? \ {0}). Hence i, — w on B(R? \ {0}).

Letus also prove that if (6.1) holds, then there exists « > 0 such that u(u D) = u=* (D) for
every u > 0 and relatively compact D € B(RY \ {0}) with w(a D) = 0. Indeed, for u, v > 0,

. P{X € tuvE}
% P{X e tE}

— lim P{X € tuvE} P{X € tuFE}

t—oo P{X etuE} P{X € tE}

nWvE) =

= nWE)u(E),

that is, u — u(uE) satisfies the Hamel equation, and hence u(uE) = u~%u(E) for some
a € R. Since p is a Radon measure (u assigns finite measure to relatively compact sets) we
have ¢ > 0, and since w(R?\ R?) = 0, we have o # 0. For u > 0 and a relatively compact
D € B(R4\ {0}) with u(dD) =0,

P{X € tuD} P{X e rtuD}P{X € tuE}

D) = lim —— M2 _ — (D)
pub) = I e B A% P(X e E) PX e k] - P

(see [3, Theorem 1.7.1, p. 17]).

Proof of Lemma 2.1. Assume that X is regularly varying with index o > 0 with respect to
the norm | - |4. Then Lemma 6.1(ii) holds for some w. Proceeding as in the first part of the
proof of Lemma 6.1 with the norm | - | g proves the claim.

Proof of Lemma 2.2. Let x > 0 be arbitrary but fixed and let S € B(S?~!) be arbitrary but
fixed with P{® € 9S} = 0. For ¢ > 0, let

P{|X +b| > tx, (X +b)/|X +b| € S}

t =

’

P{IX +b| > ¢t}
L, = P{X| >tx+1b],(X+b)/|IX +b| €5}
P{|X| >t —|b[} ’
U, = P{|X| >tx —|b], (X +Db)/|X +Db| € S}.
P{IX| >t + DI}
Then
L = P{{X| >tx+|b|,(X+b)/IX+b| € S}P{|X]| >1+ |b|/x} _ L(I)L(z)
P{|X| > 1 + |b|/x} P{|X| >t —|b]}
U, = P{IX| > tx —|b|, (X +D)/IX +b| € S} P{IX| > 1 — |b|/x} —yhy@
P{IX| > 1 — |b|/x} P{|X| > 1+ |b|}

Since L; < A; < U, forallt > 0, L(z) U(z) — last — oo and L(l) U(l) with s =
t+2\b|/x,

P{X|>tx,(X+b)/|IX+bleS

lim A, = lim L, = lim U, = lim 02X > ™% X +D)/IX+b] €5}
t—00 t—00 t—00 t—00 P{|X| > t}
im P{|X| > tx, X/|X| € S}
1—00 P{|X| > ¢}

. P{X|>tx, X+b)/|IX+bleS,X/|X| &S}
+ lim

1—00 P{|X| > ¢}
~ lim P{X|>1tx, X+b)/IX+b| ¢S, X/|X| €S}

1—00 P{|X| > t} '
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The second to last term can be written as
lim P{X|>tx,(X+b)/|IX+b| €S, X/IX| &S}
t—00 P{|X]| > t}

P{|X|>tx}P{X+b S—¢S'|X|>tx}

= lim
t—oo P{|X]| > t} |X + b| 1X]
P{|X t
< fim DX X ool ix) s il = xepi@ e a5y =0,
t—oo P{|X]| > r} |X]
and similarly for the last term, from which the conclusion follows.

Proof of Lemma 3.2. Let X = u + RAU be a stochastic representation according to The-
orem 3.1. Suppose that rank(X) = 1, then A is a d x 1 matrix and U is symmetric {1, —1}-
valued. Furthermore, P{X; = u;} < 1 implies that A;; # 0. Hence, if rank(X) = 1, then
X1, ..., Xy are continuous random variables if and only if R is continuous. Now suppose that
rank(X) = k > 2. Define A; := (A;1,..., Ajx) and a := AiAl.T. Since P{X; = u;} < 1,
the case a = 0 is excluded. By choosing an orthogonal k x k matrix @ whose first column
is AT/a and using Remark 3.1(a) if necessary, we may assume that A; = (a, 0, ..., 0), and
hence X; = u; + aRU;. Note that U] is a continuous random variable because k > 2 Hence
P{aRU; = x} = O forall x € R\ {0}. Thus, if rank(X) > 2, then X1, ..., Xy are continuous
random variables if and only if P{X; = u;} = 0fori =1, ..., d, or equivalently, if and only
if P{R =0} = 0.

Proof of Theorem 4.1. Let ¢ be the characteristic generator of (R | R = rZ, let ¢’ be
the characteristic generator of Z, and let Fr be the distribution function of R. Then, for all
t e R4,

Prziiz () = /Ooo Orz(OP | Repyz (D) AFR(r)
= /Ooo o't T 20" (1 TS dFR(r),
from which it follows that X + X ~ Eq(u+ i, =, ¢*), with
0w = [P0 w e,
Moreover, if R and R are independent, then & (u) = ¢(u) and

o*u) = /0 &' (rPu)¢" (u) dFr(r) = $p(u) /O @' (r*u) dFr(r) = ¢ (W) (u).

Proof of Corollary 4.1. Recall that
pi =
VR

Let X; = X; fori = 1,...,d be mutually independent and independent of X. Then
X ~ ~ Ng(, Z) where ¥ —dlag(E“,.. Y44). Hence, X* := X — X ~ Ny(0, X*), where
Y* =%+ 3. Let

*
Eij

X X
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Then,
N 2 Lk 6 . Pij
pS(X,-,Xj)=3r(Xl-,Xj)=3 —arcsin p;; | = — arcsin —-,
T T 2

where the second equality follows from Theorem 4.2 and the fact that the dispersion matrix
of a sum of two independent and identically distributed elliptical random vectors differs from
those of the terms by at most a positive constant factor.

Proof of Theorem 4.3. By Lemma 2.2 we can assume without loss of generality that u = 0.
(i) <= (ii). If rank(Z) = k < d, denote by (1 := (ATD)TACD the generalized inverse
of T, where ACD := (ATA)"LAT, that is, A(_l) solves ACCD A = [, where I, denotes the
k x k 1dent1ty matrix. Note that £-D = £~ if rank(¥) = d. By choosing the norm
x|y = (x "o Dx)1/2 in the definition of regular variation (by Lemma 2.1 we are allowed to
choose any norm), we obtain

P{|X|s >1x,X/|X|s €} P{R>1ix,AU €} P{R>ix}P{AU €}
P{|X|x > t} - P{R > t} h P{R > 1}

If R is regularly varying, then lim;_, oo P{R > tx}/P{R > t} = x~%, and hence P{| X |y >
tx,X/|1X|x € }/P{|IX|x > t} > x *P{AU € }ast — oo. Conversely, if P{|X|y >
tx, X/|X|s € }/P{|X|g >t} > x *P{® € -} ast — oo, then we must have ® = AU and
lim;_ oo P{R > tx}/P{R > t} = x7%.

(i) <= (iii). First note that if X ~ E4(0, X, ¢), with X; ~ F; and X; ~ F, then

= B
(1) = zj,-Ff () foru € (0,1).

Secondly, if limy 1 F;~ (u) < 00, ie. if X is a bounded random variable, then there exists a
ug € (0, 1) such that the events {X; > F;~ (u)} and {X; > F (u)} are disjoint for u > ug,
and hence

PX; > F ' (w), Xj > F; ')
/1 P(X; > F ' (w))

Therefore, without loss of generality, we only consider random vectors whose marginal dis-
tributions are such that lim, ~ Fl-_] (u) = o0, i.e. random variables with unbounded support.

Then
P{X; > V/Xiiz, X > \/ Z}
rM(X;, Xj) = lim
=00 P{X; > VXiiz)

(5) = (s vmrgiman) (o)

where ¢ ~ U (—m, 7), i.e.

T
(Xi, X;) Tz (\/ YiiRcosg, /ZjjpijRcosp + /Xjj, /1 Rsmgo)
= (\/E,-,-Rcosgo,\/ijR sin(arcsin p;;j +<p)> ,

Since X = RAU,
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with ¢ ~ U(—m, 7). Hence,

P{R cos , R sin(arcsin p; ;
Au(Xi, X;) = lim TIR€0S9 > 2 Reinfaresinpy + ¢) > 2}
700 P{Rcos¢ > z}

The numerator can be written as
P{R cos ¢ > z, Rsin(arcsin p;; + ¢) > z}
1

cos ¢ sin(arcsin p;; + @)

=P{R>zmax< ),cosg0>0, sin(arcsin p;; + @) >O}

1 /2 z
= - P{R > —} dz,
T (7r/2—arcsin p;;)/2 cost

and the denominator can be written as

1 /2
‘ ,cos<p>0}:—/ P{R>L}dt.
0s ¢ T Jo cost

Suppose that R is regularly varying with index « > 0. By Theorem A.3.2 of [5, p. 566], for
a>0,

P{Rcos¢ > z} :P{R >
c

P{R > zx}
P{R > z}

uniformly in x on each [a, 00). In particular, with x = 1/cost,

—-x % asz—> o

P{R > z/cost}

PR > 2) —cos®t asz — o0
uniformly in ¢ on [0, /2). Let

P{R > z/cost}
TUR > gjeosty o )

f(0) = P(R > z} orz € [0,7/2),
0 fort =m/2.

Then f,(-) — cos*(-) uniformly on [0, 7 /2], and hence

/2 /2
S/ aresin pipy/2 S (D) 1 (n/2—aresin pyy)/2 ©0” £ dt
)"U(XhXj): lim 772 - = 72 .
e fo fz()dt fO cos ¢t dr
Since i
T
(7w /2—arcsin p;;)/2 cos® 7 dt
lim 2 =0,
4o Jo/ 7 cos® ¢ dr

we conclude that Ay(X;, X;) > 0if and only if R is regularly varying with index & > 0 and
in that case
.[(7:1//22—arcsin pij)/2 cos® 1 dt

JT% cos® 1 di '
Moreover, because elliptically distributed random vectors are radially symmetric about pu,
Au(Xi, Xj) = AL(X;, Xj).

ru(Xi, Xj) =
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We close this section with a more detailed version of the counterexample already discussed
in Section 4.

Counterexample. Let X = u+ RAU ~ Ex(u, X, ¢), where X1, 2o > O and u, R, A
and U are as in Theorem 3.1. To construct a counterexample, we derive the relation between
Spearman’s rho and the linear correlation coefficient

X2

p=——
V211222

for W := AU. We only consider the case with rank(X) = 2, since the case with rank(¥) = 1
is trivial. From the invariance of Spearman’s rho under componentwise strictly increasing
transformations of the underlying random vector, we can assume without loss of generality that
Y11 = Xy = 1land Xjp = ¥ = p. We show that

3 4
ps (Wi, Wp) = — arcsin p — —3(arcsin ,0)3. (6.2)
b4 T

In the case of a bivariate normal distribution, i.e. R ~ X22, we know from Corollary 4.1 that the
relation between Spearman’s rho and the linear correlation coefficient is

6 . p
ps(X1, Xp) = — arcsin —.
b4 2

Since these two relations differ (the difference is plotted in Figure 1) we conclude that, contrary
to Kendall’s tau, Spearman’s rho is not invariant in the class of elliptical distributions with a
fixed dispersion matrix. It remains to be shown that (6.2) holds. This can be done by following
the steps below.

Step 1. Let (W1, Wa), (W[, W)) and (W', W}) be independent copies. Then
ps(Wi, Wa) = 12P{W] < Wi, W) < Wa} —3.

Step 2. For (W, W), W]/ , Wz” as above, we have that

1 [ 1
P{Wl/ < W, Wz’/ < Wy} = —/ <— + — arcsin(sin(arcsin p + 1))
27 0 2 T

1
— — arccos(cost)
2

1
- = arccos(cos t) arcsin(sin(arcsin p + t))) dz.
b4

Step 3. The following equalities hold:
2
@) f arcsin(sin(arcsin p +¢t))dt = 0,
0

21
(i1) f arccos(cost)dr = 712,
0

21 2
2 b4
(iii) f arccos(cos t) arcsin(sin(arcsin p + t)) dr = g(arcsin p)3 -7 arcsin p.
0
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Combining Steps 1-3 yields (6.2),
ps(W1, Wa) = 12P{W| < Wi, W) < Wp} —3

12 i 2 (arcsin p)? + 1 . 3
= — | T — — — —=(arcsin — arcsin —
2 2 372 Py T3 P

3 . 4 .3
= —arcsin p — —3(arcs1n p)”.
T b4

Proof of Step 1. Straightforward computations of Spearman’s rho for continuous random
variables yields

ps(Wi, Wa) = 3QP{(W; — W))(W2 — W5) >0} — 1)
=3@P{W] < W, W) =W} -1
= 12P{W| < Wy, W) < W} — 3.

Proof of Step 2. Let ¢, ¢', 9" ~ U(0, 27) be independent. Then
(Wi, W) = (cos @, sin(arcsin p + ¢)),
(W], W3) = (cos ¢/, sin(arcsin p + ¢')),
(W{', W}) = (cos ¢”, sin(arcsin p + ¢”)).
Conditioning on ¢ yields

P{W] < W, W) < Wy}
= P{cos ¢’ < cos g, sin(arcsin p + ¢’") < sin(arcsin p + @)}
1 2

=3 P{cost — cos ¢’ > 0} P{sin(arcsin p + t) — sin(arcsin p + ¢") > 0} dt.
T Jo

The factors in the integrand can be written as
1
P{cost —cos¢’ >0} =1 — 2—2 arccos(cos t)
T
and

P{sin(arcsin p + t) — sin(arcsin p + ¢”) > 0}

1
=1- 2—(71 — arcsin(sin(arcsin p + t)) — arcsin(sin(arcsin p 4+ t)))
T

1 1
= — + —2arcsin(sin(arcsin p + 1)).
2 2m
Combining these expressions yields

P{cost — cos ¢’ > 0} P{sin(arcsin p + t) — sin(arcsin p + ¢"") > 0}

1 1 1
= — 4 — arcsin(sin(arcsin p + 1)) — — arccos(cos t)
2 7 2

1 L .
- = arccos(cos t) arcsin(sin(arcsin p + t)).
b4
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Proof of Step 3. Parts (i) and (ii) are elementary. To compute (iii), we first split the integral
depending on arccos(cos ¢) and then use a variable transformation to obtain

2w
= arccos(cos t) arcsin(sin(arcsin p + t)) dr
7 Jo
2

1 T
= </ t arcsin(sin(arcsin p + t)) dt + (2w — t) arcsin(sin(arcsin p + t)) dt)
T 0

T

1 7T 4-arcsin p
— ( / (u — arcsin p) arcsin(sin ) du
T arcsin p

2 +arcsin p
+ / (2w — u + arcsin p) arcsin(sin u) du)
7 +arcsin p
arcsin p

l T
— </ (u — arcsin p) arcsin(sin u#) du — f (u — arcsin p)u du
T 0 0

m+arcsin p
+ / (u — arcsin p)(r — u) du
b4

2

+ (2w — u + arcsin p) arcsin(sin u) du

7 +arcsin p

(2w — u + arcsin p)(w — u) du

|
T T

27 -arcsin p
+ / (2m — u + arcsin p)(u — 27) du)
2

g

=I1-10+1I+1V—-V+VI

The six summands can now be computed separately:
b3
I = / (u — arcsin p) arcsin(sin u) du
0

/2 b4
= / (u — arcsin p)u du + / (u — arcsin p)(r — u) du
0 /2

3 a?

= i T(arcsin 0),

arcsin p
I = / (u — arcsin p)u du = —%(arcsin p)?,
0
7 +arcsin p
11l = / (u — arcsin p)(r — u) du = —%rr(arcsin ,o)2 + %(arcsin p)3,
T

2
1V = / (2w — u + arcsin p) arcsin(sin u) du
T

31/2 27
= / 2w —u + arcsin p)(r — u) du + / 2 — u + arcsin p)(u — 27) du,
b4 3m/2
= -Z T farsing)
=3 7 (aresin o),
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+-arcsin p
V = / 2m —u + arcsin p)(w — u)du = —%n(arcsin ,0)2 — %(arcsin p)3,
T

27 +arcsin p
VI = / Q2m —u + arcsin p)(u — 27)du = %(arcsin p)3.
2

v

Putting everything together yields
1
I==U-10+1+IV-V+VI)
b4
1 /2 .5 m? .
= =) §(arcs1n p)’ — > arcsin p

2_(arcsin p)® — = arcsi
= ——= (arcsin — —arcsin p.
372 =3 P
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