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1. LECTURE

Sobolev& Lieb-Thirring Inequalities, Mass Transportation

Let xl ∈ Rd, l = 1, . . . , N . Consider many-body Schrödinger
operator

−
N∑
l=1

∆l +
∑
k>l

v(xk − xl),

defined on normalized fermions, functionsϕ(x1, . . . , xN) anti-
symmetric with respect toxl. Special important example: let
ψj be orthonormal functions inL2(Rd), then

ϕ(x1, . . . , xN) = (N !)−1/2 Det|ψj(xl)|Nj,l=1.

The condition of orthogonality is caused by the Pauli exclusion
principle.

One of the proofs of the problem of stability of matter is based
on a so-called generalized Sobolev inequality:

(1.1)
∫
R
d

[ N∑
j=1

|ψj(x)|2
] 2+d

d

dx ≤ Cd,N

N∑
j=1

∫
R
d

|∇ψj(x)|2 dx.

If j = 1 then (1.1) becomes∫
|ψ|

2(2+d)
d dx ≤ Cd,1

∫
|∇ψ|2 dx, ‖ψ‖ = 1.
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If d ≥ 3, then the usual ”critical” Sobolev ineq.+ Hölder ineq.
imply

Sd

∫
|∇ψ|2 dx ≥

(∫
|ψ|

2d
d−2 dx

)d−2
d ≥

∫
|ψ|

2(2+d)
d dx

[∫
|ψ|2 dx

]− 2
d

.

Lieb-Thirring’s conjecture (open):Prove thatsupN Cd,N ≤ Sd,
d ≥ 3.

1D case

Let{ψj}nj=1 be in orthonormal system of function inL2(R) and
let

ρ(x) =
n∑
j=1

ψ2
j (x).

Generalised Sobolev inequality in 1D case:

Theorem 1.1(Eden& Foias).∫
R

ρ3(x) dx =

∫ ( n∑
j=1

|ψj(x)|2
)3
dx ≤

n∑
j=1

∫
R

|ψ′j(x)|2 dx.

Proof. We first derive a so-called Agmon inequality

‖ψ‖L∞ ≤ ‖ψ‖1/2
L2 ‖ψ′‖1/2

L2 .

Indeed

|ψ(x)|2 =
1

2

∣∣∣ ∫ x

−∞
|ψ2|′ dt−

∫ ∞
x

|ψ2|′ dt
∣∣∣ ≤ ∫ |ψ||ψ′| dt ≤ ‖ψ‖L2‖ψ′‖L2.

Let nowξ = (ξ1, ξ2, . . . , ξn) ∈ Rn. Then by Agmon inequality∣∣∣ n∑
j=1

ξjψj(x)
∣∣∣ ≤ ( n∑

j,k=1

ξj ξ̄k(ψj, ψk)
)1/4( n∑

j,k=1

ξj ξ̄k(ψ
′
j, ψ

′
k)
)1/4

≤
( n∑
j=1

ξ2
j

)1/4( n∑
j,k=1

ξj ξ̄k(ψ
′
j, ψ

′
k)
)1/4

.
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If we setξj = ψj(x) then the latter inequality becomes

ρ(x) =
n∑
j=1

|ψj(x)|2 ≤ ρ1/4(x)
( n∑
j,k=1

ψj(x)ψk(x)(ψ′j, ψ
′
k)
)1/4

.

Thus

ρ3(x) ≤
n∑

j,k=1

ψj(x)ψk(x)(ψ′j, ψ
′
k).

Integrating both sides we arrive at∫ ( n∑
j=1

|ψj(x)|2
)3
dx ≤

n∑
j=1

∫
|ψ′j|2 dx.

�

Spectrum of Schr̈odinger operators

Let {ψj}∞j=1 be the orthonormal system of eigenfunctions cor-
responding to the negative eigenvalues of the Schrödinger op-
erator

− d2

dx2ψj − V ψj = −λjψj,

where we assume thatV ≥ 0. Then by using the latter result
and Ḧolder’s inequality we obtain∫ ( n∑

j=1

|ψj(x)|2
)3
dx−

(∫
V 3/2 dx

)2/3
∫ ( n∑

j=1

|ψj(x)|2
)3
dx
)1/3

≤
∑
j

∫ (
|ψ′j|2 − V |ψj|2

)
dx = −

∑
j

λj.

Denote

X =
(∫ ( n∑

j=1

|ψj(x)|2
)3
dx
)1/3

,
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then the latter inequality can be written as

X3 −
(∫

V 3/2 dx
)2/3

X ≤ −
∑
j

λj.

Maximizing the left hand side we findX = 1√
3

(∫
V 3/2 dx

)1/3
.

This implies
1

3
√

3

∫
V 3/2 dx− 1√

3

∫
V 3/2 dx = − 2

3
√

3

∫
V 3/2 dx ≤ −

∑
j

λj

and we finally obtain
∑

j λj ≤ 2
3
√

3

∫
V 3/2 dx.

This is the best known constant in Lieb-Thirring’s inequality.
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Mass Transportation and Functional Inequalities

We shall consider two examples of functional inequalities with
sharp constants:
”Critical” Sobolev inequality withp > 1, p∗ = np

n−p :

‖f‖Lp∗(Rn) =
(∫

R
n

|f |p∗ dx
)1/p∗

≤ Sn(p)
(∫

R
n

|∇f |p dx
)1/p

= ‖∇f‖Lp(Rn).

Brézis - Lieb - Sobolev inequality:

‖f‖Lp∗(Ω) ≤ Sn(p)‖∇f‖Lp(Ω) + Cn(p)‖f‖Lp̃(∂Ω),

wherep̃ = (n−1)p
n−p and∂Ω is locally Lipschitz.

Main idea:

We use the following statement:

Let µ and ν be two probability measures onRn (
∫
R
n dµ =∫

R
n dν = 1).

Let dµ(x) = F (x) dx anddν(y) = G(y) dy. Then there exists
a convex functionϕ such that

(1.2) F (x) = G(∇ϕ(x)) det(∇2ϕ(x)),

where∇2ϕ is a Hessian ofϕ.
The latter equation is known as Monge-Ampère equation.
It is highly non-linear.

Optimal transportation

Let (X,µ) and (Y, ν) be two measure space with probability
measures

µ(X) = 1 ν(Y ) = 1.

1) For anyA ⊂ X andB ⊂ Y , µ(A) andν(B) measure the
”mass” of the subsetsA andB respectively.
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2) c(x, y) - cost function - tells how much it costs to transport
one unit of mass fromx to y.

Problem: Minimize the cost of transportingX to Y .

Mathematical formulation:

Let dπ(x, y) be a probability measure which measures the
amount of mass transfered fromx to y.

We say thatπ is admissible (π ∈ Π) if∫
Y

dπ(x, y) = dµ;

∫
X

dπ(x, y) = dν.

or equivalently
(1.3)∫∫

X×Y
(ϕ(x)+ψ(y)) dπ(x, y) =

∫
X

ϕ(x) dµ(x)+

∫
Y

ψ(y) dν(y).

The problem of minimizing the cost of transportation is equiv-
alent to finding

inf
π∈Π

I[π] =

∫∫
X×Y

c(x, y) dπ(x, y).

- L.V. Kantorovich ( Nobel Prize 1975).
Findingπ gives optimal transport plan.

Theorem 1.2. (Kantorovich Duality)
Let

I[π] =

∫∫
X×Y

c(x, y) dπ,

J(ϕ, ψ) =

∫
X

ϕ(x) dµ(x) +

∫
Y

ψ(y) dν(y)

and letΦc be a class of functions such that

Φc = {(ϕ, ψ); ϕ(x) + ψ(y) ≤ c(x, y)}.
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Then
inf
π∈Π

I[π] = sup
(ϕ,ψ)∈Φc

J(ϕ, ψ).

More restrictive problem:

Consider a subclass of measuresπ ∈ Π such that to each lo-
cationx we assign a unique locationy (no mass split). This
means that there exists a measurable vector functionT : X →
Y such that

dπ(x, y) = dπT (x, y) = dµ(x)δ(y − T (x)).

Then obviously

I[π] =

∫
X

c(x, T (x)) dµ(x)

and (1.3) is equivalent to∫
X

ϕ(x) dµ(x)+

∫
Y

ψ(y) dν(y) =

∫
X

(
ϕ(x)+ψ(T (x))

)
dµ(x)

or

(1.4)
∫
X

ψ(T (x)) dµ(x) =

∫
Y

ψ(y) dν(y),

which is the same as

ν(B) = µ(T−1(B)), B ⊂ Y.

Remark 1. If dµ(x) = F (x) dx anddν(y) = G(y) dy, y =
Tx, then (1.4) is equivalent to

(1.5)
∫
X

ψ(T (x))F (x) dx =

∫
Y

ψ(y)G(y) dy

=

∫
X

ψ(T (x))G(T (x))| det∇T (x)| dx.

This implies

(1.6) F (x) = G(T (x))| det∇T (x)|.
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Remark 2. If T (x) = ∇ϕ thenϕ is a solution of the Monge-
Ampère equation (1.2).

Quadratic cost

LetX = Y = Rn and the cost functionc be quadratic

c(x, y) =
|x− y|2

2
.

Assume that

M2 =

∫
R
n

|x|2

2
dµ(x) +

∫
R
n

|y|2

2
dν(y) <∞.

Then obviously the total costI[π], π ∈ Π, is bounded

I[π] =

∫∫
R

2n

|x− y|2

2
dπ(x, y) ≤

∫∫
R

2n

(|x|2+|y|2) dπ(x, y) = 2M2.

In particular,

(ϕ, ψ) ∈ Φc ⇔ ϕ(x) + ψ(y) ≤ |x− y|
2

2

⇔ x · y ≤
[ |x|2

2
− ϕ(x)

]
︸ ︷︷ ︸

ϕ̃

+
[ |y|2

2
− ψ(y)

]
︸ ︷︷ ︸

ψ̃

.

Let us define

Φ̃ = {(ϕ, ψ) : x · y ≤ ϕ(x) + ψ(y)}.
Then

inf
Π
I[π] = M2 − sup

Π

∫∫
R

2n

x · y dπ(x, y),

and
sup
Φc

J(ϕ, ψ) = M2 − inf
(ϕ,ψ)∈Φ̃

J(ϕ, ψ).
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Double convexification trick

Kantorovich’s duality is equivalent to

sup
Π

∫∫
R

2n

x · y dπ(x, y) = inf
(ϕ,ψ)∈Φ̃

J(ϕ, ψ).

Clearly
(ϕ, ψ) ∈ Φ̃ ⇔

⇔ ψ(y) ≥ x·y−ϕ(x) ⇒ ψ(y) ≥ sup
x∈X

[x·y−ϕ(x)] := ϕ∗(y),

whereϕ∗ is the Legendre transform ofϕ and therefore convex.
We also obtain that

J(ϕ, ψ) ≥ J(ϕ, ϕ∗).

The pair(ϕ, ϕ∗) ∈ Φ̃. If we shall go on one more time we
arrive at

ϕ(x) ≥ sup
y∈Y

[x · y − ϕ∗(y)] := ϕ∗∗(x) ⇒

J(ϕ, ϕ∗) ≥ J(ϕ∗∗, ϕ∗) and (ϕ∗∗, ϕ∗) ∈ Φ̃,

where both functionsϕ∗∗ andϕ∗ are convex.

Remarks
If ϕ is convex thenϕ = ϕ∗∗. Moreover

∇yϕ
∗(y) = (∇ϕ)−1(y).

Indeed
x · y = ϕ(x) + ϕ∗(y) ⇒

y = ∇xϕ(x) x = ∇yϕ
∗(y) ⇒

y = ∇xϕ(∇yϕ
∗(y)) ⇒ ∇yϕ

∗(y) = (∇ϕ)−1(y).

Lemma 1.1.The following equality holds true

(1.7) inf
(ϕ,ψ)∈Φ̃

J(ϕ, ψ) = inf
φ
J(ϕ∗∗, ϕ∗) = inf

ϕ∈Conv.f.
J(ϕ, ϕ∗)



10

Corollary 1.1. If F andG are measurable function∫
R
n

F (x) dx =

∫
R
n

G(y) dy = 1,

then there exists a convex functionϕ such that

F = G(∇ϕ) det |∇2ϕ|.

Proof. LettingT = ∇ϕ we apply Kantorovich duality, the last
Lemma and (1.6).

Functional inequalities

Theorem 1.3. (Critical Sobolev inequality)Let p ∈ (1, n)
andp∗ = np

n−p . Then

‖f‖Lp∗(Rn) ≤ Sn(p)‖∇f‖Lp(Rn).

In order to prove Theorem 1.3 we need the following statement:

Theorem 1.4. (Mother Inequality I)
Letp ∈ (1, n), q = p

p−1 andp∗ = np
n−p . Assume thatf andg are

two normalized functions, such that‖f‖p∗ = ‖g‖p∗ = 1. Then

(1.8)

∫
|g|

p∗(n−1)
n dy(∫

|y|q|g|p∗ dy
)1/q ≤

p(n− 1)

n(n− p)
‖∇f‖p.

Proof. Since|∇|f || = |∇f | we can assume that bothf, g ≥ 0.
Denote

dµ(x) = F (x) dx = f p
∗
(x) dx, dν(y) = G(y) dy = gp

∗
(y) dy.

Mass transportation theory implies that there exists a convex
functionϕ such that

F (x) = G(∇ϕ(x)) det∇2ϕ(x).
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Notice that for a Hermitiann×nmatrixA we havedet1/nA ≤
1
nTrA. Therefore

G−1/n(∇ϕ) = F−1/n(det∇2ϕ)1/n ≤ 1

n
F−1/n∆ϕ.

Multiplying both sides byF and integrating the latter inequal-
ity we obtain∫

G−1/n(∇ϕ)F (x) dx ≤ 1

n

∫
F 1−1/n∆ϕdx.

Identity (1.5) implies∫
G1−1/n(y) dy ≤ 1

n

∫
F 1−1/n∆ϕdx ≤ −1

n

∫
∇
(
F 1−1/n

)
∇ϕdx.

SubstitutingF = f p
∗

andG = gp
∗

and using Ḧolder’s inequal-
ity we have∫
g
p∗(n−1)

n dy =

∫
g
p(n−1)
n−p dy ≤ −p(n− 1)

n(n− p)

∫
f
p
p
n(p−1)
n−p ∇f ·∇ϕdx

(1.9) = −p(n− 1)

n(n− p)

∫
f
p∗
q ∇f · ∇ϕdx

≤ p(n− 1)

n(n− p)
‖∇f‖p

(∫
f p
∗|∇ϕ|q dx

)1/q
.

Finally, by using the mass transportation identity (1.5) again
we arrive at∫

g
p∗(n−1)

n dy ≤ p(n− 1)

n(n− p)
‖∇f‖p

(∫
gp
∗
(y)|y|q dy

)1/q
,

which completes the proof.

Let

(1.10) hp(x) =
1

(σp + |x|q)
n−p
p

,
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whereσp is chosen such that‖hp‖p∗ = 1. It is easy to check
that if we substitutef = g = hp into the Mother Inequality I
we obtain identity.

Choosing nowg = hp and lettingf 7→ f/‖f‖p∗ we prove
Theorem 1.3.

Brézis - Lieb - Sobolev Inequality

Theorem 1.5.Let p ∈ (1, n), p∗ = np
n−p and p̃ = (n−1)p

n−p . Then
for anyΩ ⊂ Rn, with locally Lipschitz boundary∂Ω

‖f‖Lp∗(Ω) ≤ Sn(p)‖∇f‖Lp(Ω) + Cn(p)‖f‖Lp̃(∂Ω).

For proving this inequality with sharp constantsSn(p) and
Cn(p) one needs

Theorem 1.6. (Mother inequality II)
Assume thatf and g are two normalized functions, such that
‖f‖Lp∗(Ω) = ‖g‖Lp∗(Rn) = 1. Then for anyy0 ∈ Rn there exists
a constantR such that

n‖g‖p̃Lp̃(Rn) ≤ p̃
(∫

R
n

gp
∗|y−y0|q dy

)1/q
‖∇f‖Lp(Ω)+R‖f‖Lp̃(∂Ω).

The proof of this theorem uses the same idea. The boundary
term appears when integrating by parts as in (1.9).

One more inequality

If ‖g‖p∗ = 1 then the Mother Inequality I (Theorem 1.4) im-
plies that there exists a constantC such that∫

|g|
p(n−1)
n−p dy ≤ C

(∫
|y|

p
p−1 |g|

np
n−p dy

)p−1
p

.

Lettingg 7→ g/‖g‖p∗ we have
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Corollary 1.2. There exists a constantC such that following
inequality holds true:

(1.11)
∫
|g|

p(n−1)
n−p dy ≤ C

(∫
|y|

p
p−1 |g|

np
n−p dy

)p−1
p ‖g‖p∗.

Remarks.
• The best constant in (1.11) can be found by substituting

in (1.8)f = hp defined by (1.10).
• A.Nazarov has noticed that (1.11) could be considered as

known. After rearrangement it reduces to functions de-
pending only on|x|which is a particular case of Bellman
Ineq. (Duke, v.10 (1943), 547-550). The sharp constant
was found by Levin (DAN SSSR, v. 59 (1948), 635-
639).

An Open Problem

Find the best constantCp,d in the inequality(∫
xd=0
|u|

p(d−1)
(d−p) dx′

) (d−p)
p(d−1) ≤ Cp,d

(∫
xd>0
|∇u|p dx

) 1
p

,

wherex = (x′, xd) ∈ Rd, d ≥ 2, p ∈ (1, d).
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2. LECTURE

Lieb-Thirring inequalities

2.1. Consider a Schrödinger operator inL2(R)

Hu = − d2

dx2u+ V u = λu,

whereV is a real function,V → 0 rapidly enough. Then
typically the spectrum ofH might have negative eigenval-
ues{−λj}∞j=1 and is continuous on the interval[0,∞). Lieb-
Thirring inequalities

(2.1)
∑
j

λγj =
∑
j

λγj (V ) ≤ Lγ,1

∫
V
γ+1/2
− dx

Semi-classical formula∑
j

λγj (αV ) ∼α→∞ Lclγ,1

∫
(αV−)γ+1/2 dx

= (2π)−1
∫∫

(ξ2 + αV )γ− dξdx.

In particular this impliesLclγ,1 ≤ Lγ,1.
It is known that

• γ = 1/2 ⇔ Lγ,1 = 2Lclγ,1 = 1/2 (Weidl,
Hundertmark-Lieb-Thomas).
• γ ≥ 3/2 ⇔ Lγ,1 = Lclγ,1 (Lieb-Thirring, Lieb-

Aizenman).
• if 1/2 < γ < 3/2, thenLγ,1 are unknown.

Remark. If γ < 1/2, then L-Th inequalities (2.1) do not hold.
However, if0 < γ ≤ 1/2, then there are finite constantsL̃γ,1,
such that ∫

V γ+1/2 dx ≤ L̃γ,1
∑
j

λγj ,
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(Damanik-Remling ’05). It known that̃L1/2,1 = 4. Other val-
ues ofL̃ are unknown.

L-Th inequalities for γ = 3/2

There are three proofs of Lieb-Thirring inequalities forγ =
3/2.

Buslaev-Faddeev-Zakharov trace formula

Let ψ solves the equation

− d2

dx2ψ+V ψ = k2ψ, ψ(x, k) =

{
eikx, asx→∞
a(k)eikx + b(k)e−ikx, asx→ −∞.

Fundamental property:
if k ∈ R thenW [ψ, ψ̄] = ψψ̄′ − ψ′ψ̄ = const.

This implies1 = |a|2 − |b|2⇔ |a| ≥ 1.

Let
−λj = (iκj)

2, κj > 0.

BFZ trace formula
3

2π

∫
k2 ln |a|2 dk +

∑
j

κ3
j =

3

16

∫
V 2 dx,

which , in particular, implies∑
j

λ
3/2
j =

∑
j

κ3
j ≤

3

16

∫
V 2 dx.

Proof. Let H0 = − d2

dx2 andB(k) = Πj
k+iκj
k−iκj . One can prove

that
a(k) = det(H − k2)(H0 − k2)−1.

Then

ln(B(k)a(k)) =
1

iπ

∫ ∞
−∞

ln |a(s)|
s− k

ds = − 1

iπ

∞∑
n=0

1

kn+1

∫ ∞
−∞

ln |a(s)|sn ds
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= lnB + Tr ln
(
I + V (H0 − k2)−1

)
∑
j

ln
(

1 +
2iκj

k − iκj

)
+
∑
n

(−1)n+1

n
Tr
[
V
(
H0 − k2

)−1]n
.

Lettingk = iτ , τ > 0, τ → ∞, and comparing the terms with
the same powers ofk, we obtain an infinite number of trace
formulae. �

II. Factorization method (Benguria & Loss)

Let suppV ⊂ (−c, c), c > 0 and let−λ1 < λ2 ≤ · · · ≤
λN be negative eigenvalues. Ifψ1 > 0 is the eigenfunction
corresponding toλ1 then

ψ1(x) =

{
c1e
−
√
λ1x, x > c,

c2e
√
λ1x, x < −c.

Let

f1 =
ψ′1
ψ1

=⇒ f ′1 + f 2
1 = V + λ1.

Besides

f1(x) =

{
−c1
√
λ1, x > c,

c2
√
λ1, x < −c.

From the Riccati equation we obtain that

H + λ1 =
(
− d

dx
+ f1

)( d
dx

+ f1

)
:= A∗1A1.

CommutingA∗1 andA1 we find

H̃ := A1A
∗
1 − λ1 = − d2

dx2 + V − 2f ′1.∫
(V − 2f ′1)

2 dx =

∫
V 2 dx+ 4

∫
f ′1(f

′
1 − V ) dx

=

∫
V 2 dx+ 4

∫
f ′1(λ1 − f 2

1 ) dx
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=

∫
V 2 dx+4

(
−2λ1

√
λ1 +

2

3
(
√
λ1)

3
)

=

∫
V 2dx− 16

3
λ

3/2
1 .

Finally we have
N∑
j=1

λ
3/2
j −

3

16

∫
V 2 dx =

∑
j=2

λ
3/2
j −

3

16

∫
(V −2f ′1)

2 dx = . . .

= − 3

16

∫
(V − 2

N∑
j=1

f ′j)
2 dx ≤ 0.

III. Soliton’s approach (Lieb & Thirring, Lax, Kruskal)

Let us consider the KdV equation

Ut = 6UUx − Uxxx, U |t=0 = V.

Then

Ut =
[
− d2

dx2 +U,M
]
, where M = 4

d3

dx3−3
(
U
d

dx
+
d

dx
U
)
.

• Discrete spectrum is independent oft:

λj

(
− d2

dx2 + U
)

= λj

(
− d2

dx2 + V
)
.

• a(k, t) = ei8k
3ta(k, 0).

•
∫
U 2(x, t) dx =

∫
V 2(x) dx.

It is known thatU(x, t) ∼t→∞
∑N

j=1 Uj(x−4λjt)+U∞,where

• ‖U∞‖∞ ≤ ε(t)→t→∞ 0 andUj are solitons

Uj(x) = −2λj cosh−2(
√
λjx).

•
(
− d2

dx2 + Uj

)
cosh−1(

√
λjx) = −λj cosh−1(

√
λjx).

Finally, since4
∫

cosh−4 x dx = 16/3, we obtain∫
V 2 dx ≥

N∑
j=1

∫
U 2
j dx =

16

3

N∑
j=1

λ
3/2
j .
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Lieb-Thirring inequalities for γ = 1/2

Theorem 2.1.LetH = −d2/dx2 +V , V ≤ 0 andV ∈ L1(R).
Then ∑

j

√
λj ≤ 2Lcl1/2,1

∫
|V | dx =

1

2

∫
|V | dx.

The proof is based on a Monotonicity Lemma due to [HLT].
Let A ≥ 0 be compact in a Hilbert spaceH and let‖A‖n =∑n

j=1 µj(A). The functionals‖ · ‖n, n = 1, 2, . . . , are norms
and thus for any unitary inH operatorU we have‖U ∗AU‖n =
‖A‖n.
We say thatA majorizesB orB ≺ A, iff

‖B‖n ≤ ‖A‖n for all n ∈ N.
Lemma 2.1(Majorization). Let{U(ω)}ω∈Ω be a family of uni-
tary operators and letg be a probability measure onΩ. Then

B :=

∫
Ω
U ∗(ω)AU(ω) g(dω)

is majorized byA.

Proof. This is a simple consequence of the triangle inequality

‖B‖n ≤
∫

Ω
‖U ∗(ω)AU(ω)‖n g(dω) = g(Ω)‖A‖n = ‖A‖n .

�

LetW =
√
|V | and denote

Lε := W

[
2ε
(
− d2

dx2 + ε2
)−1
]
W .

Obviously, Lε is a trace class operator and its trace equals
TrLε =

∫
|V (x)| dx.

Lemma 2.2(Monotonicity). If 0 ≤ ε′ ≤ ε, then

Lε ≺ Lε′
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Proof. Let A be the operator given by the kernelA(x, y) :=
W (x)W (y) (rank one operator). Introduce the following prob-
ability measure

gε(ξ) dξ = ε(π(ξ2+ε2))−1 dξ

and let(U(ξ)ψ)(x) = e−iξxψ(x). Then

Lε =

∫ ∞
−∞

U ∗(ξ)AU(ξ) gε(ξ) dξ.

We havêgε(t) = e−ε|t|. Thusgε = gε′ ∗ gε−ε′ and we find that

Lε =

∫
U ∗(p)Lε′U(p) gε−ε′(p)dp ≺ Lε′.

Indeed, letLε(x, y) the kernel of the operatorLε. Then

Lε(x, y) =

∫∫
eiξ(x−y)W (x)W (y)gε′(ξ − η)gε−ε′(η) dξdη

=

∫∫
ei(η+ρ)(x−y)W (x)W (y)gε′(ρ)gε−ε′(η) dρdη∫

eiη(x−y)
∫
eiρ(x−y)W (x)W (y)gε′(ρ) dρ︸ ︷︷ ︸

Lε′(x,y)

gε−ε′(η) dη.

This completes the proof. �

Proof of Theorem 2.1

Let

KE :=
1

2
√
E
L√E = W

[(
− d2

dx2 + E
)−1
]
W.

By Birman-Schwinger principle

1 = µj(Kλj)
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for all negative eigenvalues{−λj}j of the Schr̈odinger opera-
torH. Multiplying this equality by2

√
λj and summing overj

we obtain
2
∑√

λj =
∑

µj

(
L√

λj

)
.

By using the monotonicity we obtain

‖L√λ1
‖1 = µ1

(
L√λ1

)
≤ µ1

(
L√λ2

)
,

µ1

(
L√λ1

)
+ µ2

(
L√λ2

)
≤ µ1

(
L√λ2

)
+ µ2

(
L√λ2

)
= ‖L√λ2

‖2 ≤ µ1

(
L√λ3

)
+ µ2

(
L√λ3

)
,

etc. In the end this yields∑
j≤n

µj(L√λj
) ≤

∑
j≤n

µj(L√λn) for all n ∈ N.

Hence

2
∑√

λj ≤
∑

µj(L√λn) ≤ TrL√λn =

∫ ∞
−∞

W 2(x) dx

=

∫ ∞
−∞
|V (x)| dx.

Multidimensional Lieb-Thirring inequalities

The main argument is based on 1D matrix Lieb-Thirring ineq.
LetQ ≥ 0 be am×m matrix-function and letH = −∆−Q.
Then∑

j

λ
3/2
j (H) ≤ 3

16

∫
TrQ2(x) dx (Lapt& Weidl),

(can be proven by using BZF approach or by using factoriza-
tion (B&L)).∑
j

λ
1/2
j (H) ≤ 1

2

∫
TrQ(x) dx (Hundertmark, Lapt& Weidl).
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Lifting argument with respect to dimension
Let for simplicity d = 2, V ∈ C∞0 (R2), V ≥ 0, x = (x1, x2).
Then

H = −∆− V = −∂2
x1x1
− (∂2

x2x2
+ V )︸ ︷︷ ︸

H̃(x1)

.

Spectrumσ(H̃) of H̃(x1) has a finite number of positive eigen-
valuesµl(x1). ThusH̃+(x1) has a finite rank. Let, for instance,
γ = 3/2 ∑

j

λ
3/2
j (H) ≤

∑
j

λ
3/2
j (−∂2

x1x1
− H̃+)

≤ 3

16

∫
Tr H̃2

+(x1) dx1 ≤
3

16
L2,1︸ ︷︷ ︸

Lcl3/2,2

∫∫
V 3/2+1(x) dx.

Summary. Best known values of the constantsLγ,d:
• Lieb: L0,d, (L0,3

∼= 0.1156, compare with0.0780 given
by the Sobolev ineq.).
• Hundertmark-Lieb-Thomas:L1/2,1 = 2Lcl1/2,1.

• Eden-Foias:L1,1 ≤ 2
3
√

3
∼= 1.85Lcl1,1, whereas [HLT]

estimate givesL1,1 ≤ 2Lcl1,1.
• Aizenmann-Lieb, Lieb-Thirring:Lγ,1 = Lclγ,1, γ ≥ 3/2.
• Laptev-Weidl:Lγ,d = Lclγ,d, for anyd ∈ N, γ ≥ 3/2.
• Hundertmark-Laptev-Weidl:Lγ,d ≤ 2Lclγ,d, 1 ≤ γ <

3/2 andLγ,d ≤ 4Lclγ,d, 1/2 < γ ≤ 1, for anyd ∈ N.
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3. LECTURE

Inequalities for the Absolute Continuous Spectrum,
Some Hardy Inequalities

Let HD be a selfajoint operator inL2(R+) with Dirichlet
boundary condition at zero

(3.1) HDu = − d2

dx2u+ V u, u|x=0 = 0,

where V is a real function decaying at infinity. Spectrum
σ(HD) ⊂ R and we are interested in the properties of its a.c.
part belonging toR+.
If z ∈ C \ R, then the resolvent(HD − zI)−1 is bounded in
L2(R+). Let us fix a functionf ∈ L2(R+), ‖f‖ = 1, and
consider (

(HD − z)−1f, f
)

=

∫
dµf(t)

t− z
.

Properties:

• µf(R) = 1 andclos {t : µ′f(t) > 0} ⊂ σac(H
D).

Theorem 3.1. (Deift& Killip)
If V ∈ L2(R+), then there existsf , such thatµ′f > 0 almost
everywhere onR+.

The proof is based on the BZF trace formula. IfH =
−d2/dx2 + V in L2(R), then (lecture II)

3

2π

∫
k2 ln |a|2 dk +

∑
j

κ3
j =

3

16

∫
V 2 dx,

which allows us to control the absolute continuous spectrum

3

2π

∫
k2 ln |a|2 dk ≤ 3

16

∫
V 2 dx.
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Let us define theentropy:

S(µf , [α, β]) =

∫ β

α

log µ′f(λ) dλ.

By Jensen’s inequality

S(µf , [α, β]) ≤ log
(∫ β

α

µ′f(λ) dλ
)
≤ log µf [α, β] < 0, [α, β] ⊂ R+.

Therefore eitherS(µf , [α, β]) = −∞, or µ′f(λ) > 0 a.e. on
[α, β].

In order to prove Theorem 3.1 it is enough to prove that

S(µf , [α, β]) > −C1

∫
V 2(x) dx− C2(f).

Let z = λ+ iτ . Then

Im
(

(HD−z)−1f, f
)

= Im
∫
dµf(t)

t− z
dt =

∫
τdµf(t)

(t− λ)2 + τ 2 dt→ πµ′f(λ),

asτ → 0. Letψ1 andψ2 be solutions of the equation

−ψ′′ + V ψ = zψ, z = k2, Im k > 0.

Assume thatV (x) = 0, for 0 < x < δ, δ > 0. Then for suchx
the kernel of the integral operator(HD − z)−1 equals

K(x, y) =

{
ψ1(x)ψ2(y), y > x,

ψ2(x)ψ1(y), y < x.

where

ψ1(x) =
sin kx

k
and

ψ2(x) = cos kx+M(k)
sin kx

k
,

HereM is the Weyl function chosen such thatψ2(x) → 0,
Im k > 0, asx→∞. Let us choosef satisfying

• suppf ⊂ [0, δ) andf = f̄ .
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Then

lim
τ→0

Im
(

(HD − z)−1f, f
)

= ImM(
√
λ)|F (

√
λ)|2 = πµ′f(λ),

where

F (k) =

∫ ∞
0

sin kx

k
f(x) dx

F (k) is an analytic function fork ∈ C\{0}. Therefore for any
(α, β) ⊂ R+

∫ β
α log |F (

√
λ)| dλ is finite and we now obtain

S(µf , (α, β)) =

∫ β

α

log µ′f(λ) dλ ≥
∫ β

α

log ImM(
√
λ) dλ−C2(f).

It only remains to show that∫ β

α

log ImM(
√
λ) dλ ≥ −C1

∫
V 2(x) dx.

Let

ψ(x) =

{
eikx, x→∞,
a(k)eikx + b(k)e−ikx, x ∈ (0, δ).

Then

• The WronskianW [ψ, ψ̄] = ψ′ψ̄−ψψ̄′ is independent of
x and fork ∈ R

1

2ik
W [ψ, ψ̄] = |a(k)|2 − |b(k)|2 = 1,

• By using trace formula we have∫ β

α

k2 log |a(k)| dk ≤
∫
V 2(x) dx.

Now, since bothψ2(x), ψ(x) → 0, asx → ∞, Imk > 0,
thenψ2 = Cψ. Fromψ2(x) = cos kx + M(k) sin kx

k we find

M(k) = ψ′2(0)
ψ2(0) = ψ′(0)

ψ(0) . If k ∈ R then

ImM(k) =
1

2i

[ψ′(0)

ψ(0)
− ψ′(0)

ψ(0)

]
=

1

2i

W [ψ, ψ̄]x=0

|ψ(0)|2
=

k

|ψ(0)|2
.
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Thus by using|a|2 = |b|2 + 1 we have|b|2 < |a|2 and therefore

ImM(k)

k
=

1

|a+ b|2
≥ 1

2(|a|2 + |b|2)
>

1

4|a|2
.

We finally obtain∫ β

α

log
ImM(k)

k
dk ≥

∫ β

α

log
1

4|a|2
dk ≥ −C

∫
V 2(x) dx.

Open problem (Simon’s conjecture):If d > 1, then∫
R
d

V 2(x)|x|1−d dx <∞,

then there is an infinite number of functionsf , such that
µ′f(λ) > 0.
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Hardy’s type Inequalities for many particles

Jointly with Maria and Thomas Hoffmann-Ostenhof
and Jesper Tidblom

Let x ∈ R
nN , x = (x1, x2, . . . , xN) where thexi =

(xi,1, . . . , xi,n) are points inRn. Denoterij = |xi − xj| and
let NN = {x = (x1, x2, . . . , xN) ∈ RN

∣∣ xi = xj for some
i 6= j}.

Theorem 3.2. (1D Hardy ineq. with N particles). Let
u ∈ H1

0(RN \ NN), whereNN = {x = (x1, x2, . . . , xN) ∈
R
N
∣∣ xi = xj for somei 6= j}. Then

(3.2)
∫
R
N

|∇u|2dx ≥ 1

2

∫
R
N

|u|2
( ∑

1≤i<j≤N

1

r2
ij

)
dx.

Remark. The constant1/2 appearing in (3.2) is better than
1

2(N−1) which can be obtained by adding up inequalities− ∂2

∂2xi
−

∂2

∂2xj
≥ 1

2
1
rij
.

Let

A(n,N) :=
∑

1≤i<j≤N

1

r2
ij

and

B(n,N) :=
N∑
j=1

∑
i 6=k, i,k 6=j

(xj − xi) · (xj − xk)
r2
ijr

2
jk

.

Define now

K(N) = max
B(3, N)

2A(3, N)
.

Theorem 3.3. (3D Hardy ineq. with N particles)Let u ∈
H1(R3N), then∫

R
3N

|∇u|2dx ≥ 1

2 + 2K(N)

∫
R

3N

|u|2
∑

1≤i<j≤N

1

r2
ij

dx,
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where(2 + 2K(N))−1 ≥ 1/N .

• Note that this is already a substantial improvement of
the factor(2N − 2)−1 which we would have gotten by
adding up.
• ForN = 3 and4 the estimate(2 + 2K(N))−1 ≥ 1/N

is optimal. Things are different forN larger and the
asymptotics ofK(N) is an interesting problem.
• K(N) ∼N→∞ cN . Indeed, we can obtain that ifQm =

[0, 1]m

inf
N
N ·K(N) ≥

∫∫∫
Q9

(x− y) · (x− z)

|x− y|2|x− z|2
dxdydz

[
2

∫∫
Q6

1

|x− y|2
dxdy

]−1
.

Finding the sharp value ofK(N) is an interesting prob-
lem from geometrical combinatorics.

Theorem 3.4. (3D Coulomb case with N particles)
Letu ∈ W 1,2(R3N). Then∫

R
3N

|∇u|2dx− 2

∫
R

3N

(∑
i<j

1

rij

)
|u|2 dx

≥ −
(N(N − 1)

2
+ L(N)

)∫
R

3N

|u|2 dx,

where

L(N) = max
N∑
j=1

∑
i 6=k, i,k 6=j

(xj − xi) · (xj − xk)
rijrjk

.

Remark. The sharp value ofL(N) is unknown except of
N = 3, 4, 5. However, we can show that

1

6
N(N − 1)(N − 2) ≤ L(N) ≤ 1

4
N(N − 1)(N − 2).
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2D Hardy Inequality

Following Alano Ancona we present here a result from his pa-
per J.London Math. Soc (2)34 (1986) 274-290, page 278, on
Hardy’s inequality.

Theorem 3.5.LetΩ ⊂ R2 be a simply connected domain,ϕ ∈
H1

0(Ω). Then ∫
Ω
|∇ϕ|2 dξ ≥ 1

16

∫
Ω

|ϕ|2

δ2(ξ)
dξ,

whereδ(ξ) is the distance fromξ to the boundary∂Ω.

In order to prove this theorem we apply a version of Koebe’s
theorem. LetD = {z ∈ C : |z| < 1} andC+ = {z = x+ iy ∈
C : x ≥ 0}.

Lemma 3.1.Letf be a conformal map fromC+ to Ω. Then

δ(f(z)) ≥ x

2
|f ′(z)|, z ∈ C+.

Proof. Indeed, the standard version of Koebe’s one quarter the-
orem claims that ifg : D→ Ω is a conformal mapping, then

(3.3) δ(g(0)) ≥ 1

4
|g′(0)|.

For any conformal mappingf : C+ → Ω we can now consider

gz(w) = f
(
z · 1 + e−iθw

1− eiθw

)
,

wherew ∈ D, z = x + iy ∈ C+ andθ = argz, −π/2 < θ <
π/2.
For a fixedz = |z|eiθ

hz(w) = z · 1 + e−iθw

1− eiθw
mapsD ontoC+.



29

Clearlyh(0) = z, gz(0) = f(z) and

g′z(0) = z f ′(z)
(
e−iθ + eiθ

)
= 2 cos θ z f ′(z).

Therefore by using (3.3) we obtain

δ(f(z)) = δ(gz(0)) ≥ 1

4
|g′z(0)| = |z| cos θ

2
|f ′(z)| ≥ x

2
|f ′(z)|.

�

Proof of Theorem 3.5.
If f : C+ → Ω is a conformal mapping,f(z) = u(x, y) +
iv(x, y), ξ = (u, v), then by using Hardy’s inequality for half-
plane we obtain∫

Ω
|∇ξϕ|2 dξ =

∫ ∞
0

∫ ∞
−∞
|∇(x,y)ϕ|2 dydx ≥

1

4

∫ ∞
0

∫ ∞
−∞

|ϕ|2

x2 dydx

=
1

16

∫ ∞
0

∫ ∞
−∞

|ϕ|2

2−2x2|f ′(z)|2
|f ′(z)|2 dydx ≥ 1

16

∫
Ω

|ϕ|2

δ2(ξ)
dξ.

The proof is complete.

Open problem: for non-convex case find the best constantK
in the inequality∫

Ω
|∇ϕ|2 dξ ≥ K

∫
Ω

|ϕ|2

δ2(ξ)
dξ.
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