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1 Problem 1

I start with a general problem in spectral theory, which has been also de-
scribed in [4]. Consider on a Hilbert space H an essentially selfadjoint positive
definite operator L with compact resolvent.

Suppose there is a finite group & whose actions commute with L. Let
{D;}"_, denote the irreducible representations of & and their degree d;.
Corresponding to the irreducible representations we can decompose H into
H = @H;. Associated to the H; we have essentially selfadjoint operators L;
such that

Let \; be the lowest eigenvalue of L; and denote by m; its multiplicity, i.e.
the dimension of the associated eigenspace.

For a large class of selfadjoint second order elliptic operators one knows
that the lowest eigenvalue is simple. This motivates the following questions:
When s it possible to give upper bounds to the m; in terms of the d;, in
particular for which cases m; = d;?

When is it possible to find a labeling of the h irreducible representations
such that
/\1<)\2S§/\h7

In [4] these two questions were completely answered affirmatively for the
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case that L is a Schrodinger operator L. = —A 4+ V' defined on a bounded
domain ©Q C R? with Dirichlet boundary condition. Thereby L was assumed
to commute the the actions of the dihedral group Dy, i.e. the group of the
regular n-gon. Note that these results are in some sense "universal”, hence
basically of topological nature. Indeed, the proof constructs via perturba-
tion theory and the analysis of nodal sets a simple topological obstruction.
Thereby the fact that the elements of Dy, include not only rotations but also
reflections are important.

In [5] these results were generalized to periodic problems in 2 dimensions
and in [6] the first question was answered for periodic problems in higher
dimensions. Also there the reflection planes played an essential role.

One can of course take the two questions as a starting point for a whole
series of problems. This is probably much too ambitious. Here I want to
state one problem explicitely since we, this is the authors of [4], worked hard
on this without success.

Replace the dihedral group by the rotation group Z, in R% Hence the
actions are just the rotations by 2k7/n and we have no reflection lines. One
can analyze fairly easily Z, i.e. the case of a center of inversion and also Z,
is doable. Here comes the problem which is just the simplest one.

Suppose H = —A + V is a Schrodinger operator defined on a bounded
domain §2 with Dirichlet boundary condition so that H commutes with the
actions of Z3. Then, just considering the real case, we can write H = H;® H,
where H, is the operator restricted to the subspace which is invariant with
respect to rotations by 27/3. H, is then the operator related to the other
representation which has degree 2 for the real case (rotation by £27/3). Ob-
viously the groundstate eigenvalue A, is simple and the lowest eigenvalue of
H,, A\, must have an even multiplicity m,.

Problem:

Prove or disprove that m, = 2.
If it turns out that m, can be greater than 2, the following seems to be
interesting.

Problem:

Prove or disprove the existence of a universal constant m such that mg, < m.



2 Problem 2.

Consider again a selfadjoint Schrodinger operator on a bounded domain €2 C
R?, say, with Dirichlet boundary conditions and bounded potential V. H
has compact resolvent and the eigenvalues orderd increasingly so that

M< A< Al

tend to infinity. Without loss we can assume the eigenfunctions uy to be real
valued. We define the nodal set of a uy by

N(ug) ={z € Q } ug(x) = 0}.

The nodal domains of uy, are then the connected components of €\ N (uy).
The number of nodal domains of u; will be denoted by p. One of the clas-
sical results in spectral theory is Courant’s nodal theorem *:

This is in fact an extension of Sturm’s oscillation theorem which says for a
Schrodinger operator on an interval, i.e. a Sturm Liouville problem, that
pr = k. In 1956 Pleijel [8] showed that in (2.1) equality holds only finitely
many times. In 1976, H. Lewy [7] showed for spherical harmonics that

lim kinf = 2.

Later on, [2], related results were obtained for eigenfunctions of Laplacians
on specific manifolds. The result by Lewy came quite as a surprise since
for the typical examples, rectangles, or other problems which can be con-
structed from one-dimensional problems the number of nodal domains tends
to infinity.

Here I want to pose a problem which could have been asked quite a long
time ago, for instance by Prleijel about 50 years ago.

Problem.
Can it happen that for some Schrodinger operator

lim sup pxp < 007

k—oo

Of course one might pose the same problem for Schrodinger operators on
compact manifolds. It might make a difference whether one considers the
2-dimensional case or higher dimensions.

Isee also [1] for some recent results which generalize Courant’s theorem.
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Once I mentioned this problem, David Jerison and independently Nikolai
Nadirashvili came up with a related, presumably, simpler question. Consider
for simplicity a Schrodinger operator H on the sphere S%. Let C(k) denote
the number of critical points of uy. Is it true that

lim sup C(k) = o0?

k—o0

There are many related problems. Smilansky and coworkers, [3], recently
investigated in some very interesting work u; for specific cases in relation
with the famous problem ”can you hear the shape of a drum?”.
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