Matematiska Institutionen, KTH

Tentamen SF1692, Analytiska och numeriska metoder for ordinira differenti-
alekvationer, den 28 oktober 2021 kl 08.00-13.00.

Examinator: Péar Kurlberg (08-7906582).

OBS: Inga hjilpmedel, utover de bifogade formelbladen, ar tillatna pa tentamensskriv-
ningen. Formelblad finns efter tentalydelsen. For full podng krévs korrekta och vél pre-
senterade resonemang.

1. Betrakta systemet

#(t) = (;) g) (1), (1)

Finn alla kritiska punkter och klassificera dessa med avseende pa stabilitet.

2. Los begynnelsevardesproblemet
' +y=a", y1)=1
(glom inte att ange existensintervallet.) Ledtrad: anvénd substitution.

3. Ekvationen
(1 -2y —2xy' +2y=0, —-l<z<l (2)

har en 16sning pa formen y(z) = ax + b dér a, b ar konstanter.

(a) (1p) Finn en icke-trivial 16sning till ekvation (2).
(b) (3p) Bestéam den allménna 16sningen till ekvation (2).

4. (4p) Betrakta ekvationen
y'(t) +4y(t) = A-6(t —to), y(0) =0,4(0) =1

dédr A och ty dr konstanter. Bestim A samt det minsta ¢y > 0 sa att 16sningen till
ekvationen uppfyller y(t) = 0 for alla ¢ > 10.

5. (4p) Betrakta ekvationen

A’z dz 0

e A T
Genom att lata y(t) = 2/(t) kan ekvationen skrivas som ett system, och detta system
har en kritisk punkt. Finn den kritiska punkten och anvéind Lyapunovs metod for att
visa att systemet ar stabilt. Ledtrad: ekvationen mf% —i—c‘fl—f +kx = 0 kan tolkas som
rorelseekvationen for en massa m > 0 som héngs upp i en fjiader, med fjaderkonstant
k > 0, med en ddmpningskraft ¢2 (dér ¢ > 0). Prova att anvéinda den total energin

(dvs rorelse + potential) i systemet som Lyapunovfunktion.
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6. (4p) Lat yi(t), y2(t) vara tva losningar till ekvationen
y'(8) + Pty () + Q()y(t) = 0

dar P,Q ar kontinuerliga funktioner pa ett intervall I. Bilda Wronskianen W (t) =
W (y1,y2), och lat to € I. Visa att W (t) # 0 for alla t € I om och endast om

W(to) # 0.

7. (4p) Lat F vara en funktion fran R? till R* med egenskapen att |F(z1) — F(z2)| <
Clxy — x| for alla 1, 15 € R?, dir 0 < C' < 1. Visa att F' har en unik fixpunkt, dvs
det finns precis en punkt zy € R? sa att F(zy) = zo. Ledtrad: Beviset av Picards
sats.
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Basic Forms

/m”dac = Lx"“
n+1
/ldx =In|z|
x
/udv:uvf/vdu

/a$+bdmi In |az + b|

Integrals of Rational Functions

/‘#dx L
(x+a)?2" z+a

. n+1
/(:c+a)"dm = %,n # -1

) n,_ (z+a)" ((n+ 1)z —a)
JRCESOREE D +2)

1
—— _dr=tan 'z

1+ 22
/ 7ltarflf
a2+;r2 S a
1 2, 2
/a2+m2 :iln\a +a|
1T
/02+T2dz717atan .

_ 1o
/a2+x2d 27

1 2 _1 2ax+b
> dr = tan
az? +bx +c V4dac — b? Vdac — b2

%ag In|a® + 27|

1 1 a+x
———dzx = ——1 b
/(x+a)(z+b) v b—an‘b—&-ac"a?é

/.de* a +1Inla+ z|
(x+a)??2"  a+az

z P 1 7 2 v >
/ mdxf % In |az” + bx + ¢
b _1 2ax+0

- tan
av/dac — b? Vdac — b2

Integrals with Roots

/\/de = %(m —a)®/?

1
dr = +
/m v r=a
\/alfxdz:f%/afx

/z\/z —adx = ;a(x a)®? + g(z —a)®?
. 5

/\/am+bd:v= (;—Z+2§) vaxr +b

/(ax +b)*dz = 5—(@96 +b)°/?

\/%dx = %(m F2a)Vrta

(a —x)

vz(a—x)—atan !

/\/Edmzf 2(a— 1) - “;T

Va(a+z)—aln[vVz+Vz +a

/ S -
a+x

(13)

(14)

(15)

(17

(18)

(19)

(20)

(21

(22)

(23)

(24)

(25)

/1\/ax + bdx =

b b? T
/3 I hd
/ a%(az + b)de [12(1 8a’x + 3}

Table of Integrals”

F( 20° + abx + 3a°z*)Vaz + b (26)

/\/x(ax+b )dz = ™ 3/2 [2ax+b) az(ax + b)

~n|ova+ Valazr +5)[]  (@7)

z3(ax +b)

+ &f%ln|a\/5+ m) (28)

1 1 -
/\/inanw: 5,@\/&62ia2i§a21n|m+\/$2ia2|

(29)
/ Va2 —z2dr = l90\/ a? —x? + la2 tan~! ——2
2 2 a2 — 22

(30)

/x\/ 2 + a?dx = % (x2 + 0,2)3/2 (31)

/mdr71n|7‘+ \/ZQﬂ:a2| (32)
x

1 w1 .
/ —— dz = sin o (33)
x
[ Gt = Vs oy
#dz — a2 — g2 (35)
/a2 — 22

2

1 1
i dx:§zx/xzia2¢§a2111‘x+\/x2ia2‘

(36)

Va2 £ a?

/\/ax2+bx+cd$: %\/a12+bm+c

4ac —b?
+ Wln|2(m+b+2\/a(a$2 +bz+c)| (37)

/zx/a12+bz+c 150 d/2 <2\/E\/az2+bz+c
X (731)2 + 2abx + 8a(c + aacQ))

+3(b3 — 4abc) In ‘b + 2ax + 2v/av/ ax? + bx + CD

/ —111’2a£+b+2x/ a22+bx+c‘
\/a12+bx+c
(39)
T 1 ;
/7d$:*\/(l$2+b$+c
Vaz? +bx +c a

b
— Wln)2¢m+b+2\/a(ax2+bx+c)‘ (40)

dx _ T 41
@+~ et ()

Integrals with Logarithms

/ln ardr = xlnax — x (42)

Inaz , _1 2
/ . dx72(1nax) (43)

/ln(az +b)dz = <m + g) In(az +b) —z,a #0 (44)

/ln(z2 +a%) dx = zIn(z? 4 a®) + 2atan™* Lo (45)
a

/111(162 —ad*)dx =2zIn(z® — a®) +aln THO o, (46)
z—a
/ln (ax2 +bx+c) dz = —+/4ac — b2 tan! \/2%
— 2z + <2i + z) In (a:L‘2 + bz +¢) (47)
a
br 1 5
1 =2 2
/x n(az + b)dx 5 1%

i % <w2 _ ﬁ) In(az + b) (48)

/zln (a2 - b2(L‘2) dz = 7%1'2«%

2 a® 2 2 2
PG In (a® — b°z%)  (49)

Integrals with Exponentials

az g _ 1 ez
/e dr = P (50)
- v W
/fe d‘L*Ef +2 3/2erf(z\/ﬂ)7
where erf(z) = / (51)
N
[E— @
. T 1 az
/me dx:(g—ﬁ>e (53)
/9626%{90 = (2" -20+2)c" (54)
2
2 a0 T 2x 2 ax
/ dx = (; —Z + aj) € (55)
/963ezda: = (2 - 32" + 62— 6) " (56)
/“ qeo T / @ le®dz (57)
o a a
/z”eaz dzr = (_131 Il +n, —ax],
an
i (58)
where I'(a, ) :/ et at
/e”-’”2 dz = —%erf (ZI\/E) (59)
/ —aaz? dz = Fert (xf) (60)
—an? g 1 —as? 61
/ze X = *%e (61)

2 —az? 1 /= T _ga?
/x e dx = Z,/ajerf(z\/a) ~2a¢ (62)
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Integrals with Trigonometric Functions

/sin azdr = 7% cos ax (63)
/sin2 azdr = £ — sin 2az (64)
2 4a
/ sin” azdz =
1 11-n3
— Ecosaz o Fy [2, 5 2,005 ax (65)
. 3 _ _BCOS(w cos 3ax X
/sm azxdr = 1a + o0 (66)
/cos azdr = % sin ax (67)
2 ode — T i sin 2ax (68)
cos” avde = 3 + —
/ P 1 14+p
cos” axdr = —————cos ' " arX
a(l+p)
1+ D 1 3+ P 2
2 1|: 5 '3 9 , COS— ax (69)
3 _ 3sinazx | sin3dax
/cos azxdr = e + %0 (70)
. cos[(a=b)x] cos[(a+b)z]
/cosazsmbxdzf 2a—0b) 2atb) ,a#b
(1)
2 . _ _sin[(2a = b)z]
/blII ax cos brdx = “12a=b)
sinbz  sin[(2a + b)z]
2b 4(2a + b) (72)
/ sin® & cos xdx = % sin® & (73)
2 . _ cos[(2a —b)z]  cosbx
/cos ax sin brdr = 12a=0b) %
cos[(2a + b)z]
- coslla o)) 4
4(2a +b) (74)
/0032 az sin axdr = S cos® ax (75)
3a
"t o 2 _ @ sin2ax  sin[2(a — b)z]
/sm ax cos” brdr = 1 2a 16(a —b)
sin2bz  sin[2(a + b)z]
) 16(a +b) (76)
sin® az cos® axdz = & — sin daw (77)
8 32
/tan azdr = 7% In cos ax (78)
/tan2 axdr = —r + é tan ax (79)
nt1
/tan" azdr = tan~ ax X
a(l+n)
2 F <n+1,1,n+3,7tanzam> (80)
2 2
/tan3 azdr = 1 In cos ax + L sec” ax (81)
a 2a
/sec xdz = In|secx + tanz| = 2tanh ™! (tan %) (82)
/sec2 azdr = 1 tan ax (83)
a

1 1
/secamdx= 5secxtanx+§ln|secw+tanx\ (84)
/ sec  tan xdx = sec x (85)
/sec2 x tan zdr = % sec’ (86)
n 1 o n
sec” xtanzdr = —sec” z,n # 0 (87)
n
/cscacdx:ln|tan%| =In|cscx —cotz|+C  (88)
2 1
csc” axdr = — o cot ax (89)
5 1 1
csc” zdr = -5 cotxcscx + 3 In|cscz —cotz| (90)
n 1
csc" weotzdr = ——csc" x,n £ 0 (91)
n
/secxcsc zdz = In|tan x| (92)
Products of Trigonometric Functions and
Monomials
/ z cosxdr = cosx + xsinz (93)
1 T .
zcosardr = — cosar + —sinax (94)
a a
/z2 coszdr = 2zcosz + (z° — 2) sinz (95)
2 : 22 — 2
/z2 cos axdr = w + % sin ax (96)
a a
" 1
/ z" coszdr = 75(1’)"“ [(n+1,—ix)
+(=1)"T(n+ 1,iz)] (97)
n 1. J1n n .
/1’ cosaxdr = 5(2(1) [(=1)"T(n+ 1, —iax)
—I'(n+1,iza)] (98)
/ zsinzdr = —z cosx + sinx (99)
/zsin azdz = —£E89T s1n;zz (100)
a a
/902 sinzdr = (2 — xQ) cosz + 2xsinx (101)
2 —a2? 2w si
/zz sin axdr = # cosazx + Lgm (102)
af a

/m" sinzde — 7%(7:)" [C(n+ 1, —iz) — (—1)"T(n + 1, —iz)]

(103)

Products of Trigonometric Functions and
Exponentials

1
/ez sinzdr = iez(sinz —cosx) (104)
/e”m sin axdr = ;ehm (bsinax — acosazx) (105)
a? + b?

/ e’ coszdr = %e‘” (sinz 4 cos ) (106)
/ebz cos axdr = az;webz (asinax +bcosax) (107)
/ ze” sinzdr = %ex (cosz —xcosx +xsinz)  (108)
1.
/ ze” coszdr = Qe" (zcosz —sinz +zsinz)  (109)
Integrals of Hyperbolic Functions
/cosh axdr = i sinh ax (110)
/ e’ cosh brdr =
———[acoshbz — bsinhbz] a#b
il (111)
2ax
42 a=b
4a 2
/sinh azdr = 1 cosh az (112)
a
/e” sinh bxdz =
fei[fb coshbz + asinhbzr] a#b
az — b (113)
2ax
¢z a="b
4a 2
/eaz tanh bzdr =
(a+2b)a
e a a b
¢ _F [1 24942 . ]
CETD i S T
_Lear,py [i, 1,1E, —e%’] atb (114)
ar 2ta —1[ az] 2b
€ an”'[e b
a
/tanhazdm = llncoshaz (115)
a
1 .
/ cos ax cosh brdr = ——— [asin az cosh bz
a? + b?
—+b cos ax sinh bz (116)
/ cos ax sinh bxdzr = pE [bcos ax cosh ba+
asin az sinh bz] (117)
/ sin ax cosh brdr = Lt [—a cos ax cosh bx+
T a2+ b2
bsin az sinh bz (118)
. . 1 .
/ sin ax sinh bxdr = ——— [bcosh bz sin az—
a? + b2
a cos ax sinh bx] (119)
1
/sinh az cosh axdx = = [—2ax + sinh 2ax] (120)
a
. 1 .
/smh ax cosh brdx = ——— [bcosh bx sinh az
[
—a cosh az sinh bz (121)



Table of Laplace Transforms

ft) LIf(#)] = F(s) ft) LIf(#)] = F(s)
1 aeat _ bebt s
1 - 1
s ) a—>b (s—a)(s—b) (19)
0 F(s —a) ) ; i
. te 6oy (20)
Uit~ a) : Q ,
fn eat (fﬁ (21)
f(t —a)U(t — a) e~ F(s) (4) e
5(t) 1 (5) e sin kt (s—a)]z—&—kz (22)
5(t —to) e~ sto (6) . s—a
0 e e cos kt Goariie (23)
(1) () (7) §
e% sinh kt m (24)
f'(t) sF(s) — f(0) (8)
) S F(s) = "1 £(0)- e coshikt Garw 25)
e f(nfl)(g) (9) ) 2ks
t t sin kt [CrSE (26)
/ f(@)g(t — x)dx F(s)G(s) (10) §2 _ 2
0 ' t cos kt m (27)
" (n=0,1,2,... Ll 11
( ) st ) tsinh kt % (28)
t* (x > -1 €R) % (12) s2 + k2
| . t cosh kt o1 (29)
sin kt o (13) .
. smtat arctan g (30)
cos kt =32 (14)
8 + k2 —ay/Ss
. L e (31)
et — (15) vt NE
_ 4 a?/a e Vs (32)
sinh kt SZ_LH (16) 2Vt
a eV
cosh kt ﬁ (17) erfc <M) s (33)
eat _ ebt 1
a—b (s—a)(s—b) (18)
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