LECTURE 2

STRONG APPROXIMATION  FoR

THIN MATRIX GROUPS AND
DIOPHANTINE APP LICATIONS

PETERZ JSARNAK

BRISTOL X016



Affine Sieve

I" a group of affine polynomial maps of affine
n-space A" which preserve Z". Fix a € Z".

O .=1"-a ,the orbit of a underI".

O C 7",V :=Zcl(0), the Zariski closure of O.

V is defined over Q).

Diophantine analysis of O:

e Strong Approximation; for g > 1

red mod q.
/4

0,

V(Z/q7Z).

What is the image?



e Sieving for primes or almost primes.

If f € Z|x1,x,,...x,], not constant on O; is the set
of x € O for which f(x) is prime (or has at most
a fixed number r prime factors) Zariski dense in
V?

Examples of I" and Orbits:

(1) Classical (automorphic forms)

I' < GLs(Z) generated by

—122] [122 1 —2 2]
—212|,1212|and |2 —1 2],
—223| [223 2 23

I"is a finite index subgroup of O((Z), where

2, 2 2
fx1,x2,X3) = X7 + X5 — X3



I'" is an arithmetic group
O=TI"-(3,4,5)

yields all (primitive) Pythagorean triples.

(2) I linear and “thin", not so classical:

['=A C GL4(7Z) the Apollonian Group generated
by the involutions S, 5>, 53,54

—1222] [1 0 00] [10 0 0] [100 0
0 100 [2-122] {01 0 0] {010 0
0 010[’[0 0 10[’{22-12{"{001 0
0001 |00 01] |00 0 1] [222 -1



§; corresponds to switching the root x; to its
conjugate on the cone

F(x) =0, where

F(x1,%0,x3,%4) = 2(x5 4 x5 + X3 4+ x3)
— (X1 +x2 +x3 —I—x4)2.

A< Or(Z)

but while Zcl(A) = Of, A is of infinite index in
Or(Z), i.e. “thin".

The orbits of A in Z* corresponds to the
curvatures of 4 mutually tangent circles in an
iIntegral Apollonian packing.

For example O = A.(—11,21,24,28)

corresponds to:



d=diameter

d; = 24mm

\ s u
NR7eR pOLL

= 504
di = fZmm

RATIONAL!



Scale the picture by a factor of 252 and let
a(c) = curvature of the circle ¢ = 1/radius(c).

The curvatures are displayed. Note the outer
one by convention has a negative sign.

By a theorem of Apollonius, place unique circles
In the lunes.



The Diophantine miracle is the curvatures
are integers!




[ R MORE GENERAW

L] Gl, (Z) S - INTEGRM)

G= 20‘(]") , 2ARISKk1 CLOSURE OF
N, @& ALEedRAL GRoUP

‘ rl IS ARITHMETIC IF (T /5 FIITE
NDEX W G (Z) AD T Is THIN IF NoT,

IF [ s ARITHMETIC THE

DIoPHANT 1NE PRoBLEMS FoR 0' = ﬁ @
BecomME THE USVAL ONES FoR V(Z)
V= 2c4(6). IF THE oRBIT Ga Is

Closed ,V & G/u WITH H REDUTIVE,
AND G IS SEMISImPLE , THEN V(Z)

CoNSISTS OF FiNITE Ly MAN Y
ORBITS ( BoREL- HARISHCHANDRA) .



\3
USING THE THEGRY oF ARITYMETIC

GROUPS AND AVTOMuRPHIC FoRmMS

(AND ERGODIC THEoRy ) TE THE SPECTRAL
nEcompostTion oF L( (1| G(R)) LNDER
THE RIGHT GIR) AcTioN , ALlows Fer
A DIOPHANTINE AWALYSIS OF [.e .

G HOSH - @ORODNIK AND NEVO HAVE
ORTAINED QUAT:TATNE RESV LTS ON

THE DIOPHANTINE APPROXIMATION PRoBLEM

(STRONG AP?RongA'nou) (N THis ConTEXT,
- IN 'PAﬁ.‘nchﬂR IN CERTAIN sﬁses

WHERE THE 'FulLy TEWERED VERSww
OF TME RAMANVIAN CONTECTURES HoLD

THE SHoW THAT ALMOST ALl PoINTS OF

V(R) HAVE OPTIMALLY SHARP DIGPHANTINE
E XPoNENT,

.TF [P |S TeiN THE
DICPHAN TINE PROBLEMS ArE 1073
EXoTic AND THE FAMILIAR TooL, GoNE.



@

ToolS: |
STRONG APPROXIMATION |

oln‘to
pasc case:  Sln (@) ——>3L. (Z6z)

Te [1 $Shs (Z) AND 1S 2ARISK|
Dense INn T L, ( covwd BE T#A ! )
unle vt [T — Sh("4#) T

THEOREM (MAT¥EWS - NEISFELER- VASERSTEN
ALso NORI , LARSEN =P )

THeRE Is A FnTE seT S=S(1)
Sven THAT  Fok (‘L i pe

n = ySnLi#z) Is st

ONT |

L e s

—F

MOBE GENERALLY THE ABoveE IS
Tve WITH G REPLACAE Sl ,
(G SgmlI-SrmpLg  Ard S/IMmMPLY CONKECSTED,



TW6 NoVEL Tools INVOLVE D ARE.

(L)EXPANSION OR SUPERSTRONG APPROXIMATLON

Tr HAs ITsS ReeTs IN THE GENERAL.

RAMANUTAN CONTECTURES /N THE
THEORY OF AUTO MORPHIc FORMS,

M€ GLA(R) Frimey GoEATED
LeT S 8 A SymmeTRic 3BT OF
GeweraTors (3¢S & s7¢ S).

For %Z 1 LeT [Ulg,) Be THE
KERNEL OF REDUCTION - MOD @ AND LET
X(4) Be THe |S| - REGULAR "coN GRUENCE

@RA?H"
(l"/n(q,hs) . VERTICES P/r"('(,)

JoINEW

Al xn(y) e S% [7(s)
FoR SE€ .



THE. CRITICAL FEATVRE IS THAT THESe
CONGRVENCE GRAPHs X (q) Folm AW
ExpaNDBR FAMILY AS P —>%.

The MAIN  EXPANSION THEOREM WHIcH

IS A CONSEQUENCE ©F MANY ADVANCES
FRoM SPectAL To CEVERAL AND CHRONOLOG(CALLY

r COE-S , GAMBURD , HELFGOTT, BOORGAN-

GAMBURD , BOURGAIN - ¢AMBURD -S , PyBER—
SzABo, BREUVI L LARD —GREEN “TAO, \/(-EQ:ru_L

THEOREM SUPERSTRONG: APPROXIMATION [SALEH! -
— VARV 2011 )

Tac CONGRUENCE GRAPHS X(%) AS
ABVE FORM An  EXPANDER FAMILY [FF

GO THE (DENTIT ) comPolENT  OF
G= 2«L([7) (s PERFECT,
E. G = [G%6°]



&

Ths Expansioy PROPERTY HAS MmANY
APPLICATIONS BESIDES THE DIOPHAMTINE

oR&AT METHOD.

(RN, LVBOTERY

« SIEUNGE (N GEROVL P S
ME R\ ,kowALsKt,-u)

« BeTrt NUMBERS ©OF RANDoM  SMANi FoLDs
( KOWALSK L, DUNFIELD ~THURSTEN MODEL )

o HEEGARD GENUS ©F HyPERBoOLIC
3-MANIFOLD S (L AckenBY, Loné-LuR oTeky-RE)

o [ARGE DISTORTION FeR (soTopy CLASEs
o knets N SP(ERoMoV - GUTH)

e GoNALITY OF TOWERS OF CURVEs

(206RAF, ELLENZERG _HALL-KOWALSKI  TO
DIOPHAN TN E (Nt TENESS THEORENMS).

. UNIFpRm LMt MULTIPLICITIES



@

fe Zx.,x,,...xﬂj 0= v

we say That ©,£) SATURATES
IS {1V<o0 JVCH THAT

IE THERE

{xé G : £le) kAs AT MOST 17 PRINE mcrm}

s 2ARISKI DENSE (N 2 (O).
Is THE

e THE MINIMAL SVUCH T
<atoraTion numser  To(8)F )

EXAMPLE S CCLASSICALY:
TWIN PRIME

1) ﬁ(ﬂ,x(x-l-z))zz IFF
9) P, (Z, xlery)<eo BruN 9IS
3) 15 (Z ) ¢ (¢+2)) £3 CHEN [T7%F3
4) 15 (Z ) x(xtk)) = FoR SOME Reeo
Y- 2HANG |, XO(3

s) GIvEN m THERE ARE o < Ry -+ < Rom

sueH THAT TmAYNARD
2 [ 2, L) k) L)) s



®

FUNDAMENTAL SATURATN THEREM
OF THE AFFNE__ JtEve (sALERI-S 2012):

F’)‘F AS ABWE a”:—rlu—c.zﬂ

1¢ & =2£(n) s LEVI =
SEMI SIMPLE ( Te RAD(G) CONTAINS

No ToRus) TTHEW 1':(5’/;)400.

ARGUMENTS SHOW

CoNDITiON ©ON RAD (&)
£ SSARY FoR SARRATIN]

¢ HEVRISTIC
THAT THE
1S PROBABLY NEC

. FOR EXAMPLES OF THE
THEORY APPLIED TO LocAL [GLloBAL
PRAINC(PLES FoR INTEGRA L
APOLLO Nt AN PACIKINGS, SEE

E. FUCH S |
A. KonToRoVici+ BAMS 013,



@

UBIQUITY OF THN MATAKX GROUPS |

B

v -THERE 15 NO DECISION PROCEDURE “To
TELL WHETHER A GVEN Ay Ay

N Sy (Dx 3L (Z) GSNERATES A
yP OR NoT ( MiHALOVA (959) .

Tan GR®
« [N PRACTICR IF [T IS IN FAeT
A CONGRVENCE suBGROLE ©OF

Given IN TERMS OF

CENERATORS, THEN OWNE c AN VERIFY
T#s By PRODUCIN ¢ GCENERATORS .
However F M (s TN How CAN
WE CERTIFy THIS ?
o« FoOR A TRUE GRoUP THEOREST y THIN
)s THE RULE ! Given A,Bée S, z)
CHOSEW AT RANDOM , “THEN ’7=<A)B¢>
Hps G=Sle , 7 S FREE A
“THIN . ( AOUN F,UCHS)O |

G(Z) AND IS



@

UNIVERSAL QUANTUM GCATE GROUPS

7HE PRIMARY GolLDEN GATE GRwp [T
WAS GENERATED DbY

C CLIFFORD GRoVP OF oRDER A N
G = PU(2)

AND | __ o

(" - ¢aTE")
THE KEY WAS THAT 1 IS ARITHMETIC
WHAT F INSTEAD WE ADP ToO C A
’r/tu GATE ( IT Wit STILL BE umvERsA-L)
'\ O
‘):1 = [o CW/“] ?

a<hec avel Studied ForesT, GISSET
( Shed! ‘ * K‘:.cut'ﬁ'lclmov,l\ickwon)

In ($Aﬂnﬁk LEYTER 201S) I /ADICATE R
PRooF THAT UNLESS M= 3,¢4,5,12

[ Wit Be THIN |



HypeAdoie Ghoups (Viwzere):
Plyy..aXn) A RATiONAL QUADRATEC
FoRM OF SI-NATURE (m-151) »N3S.

(‘F‘Dg G(Z) ARITHMETC.

)
Ry(z) THe (NogmAL) SUBEROUP OF
‘B's WHIcH

GlZ) GenerATED BY
INDUCE HYyPERBOLIC REFLECTIONS ON

T Thew EXCEPT ForR RARE CASES
’ 60*(2)/&(7) l = 0.

MONODRoMy GRouPS: A NATURAL
d © SOURCE OF FIMITELY

GEOMETRI
CENERATED SUBGROUPS OF GL,(Z)
REPRESENTATION

1S THE MONODROM Y
oN COHomoLOD &y OF A FAMILY OF
A LGERRAIC VARIETIES) VARIATONS O©OF

LwBAR DIFFERRNTIAL EQUATIONS, - -~




O,
e “The. BASIC QUESTWON As To
WRETHER IN THE CASE OF VARIATiON
OF HoDGE STRUCTURES THE MONODRaMY

Is ARITHMETIC WAS ‘PodSed
1973 By GRIFFITHS AND SCHMID.

« THEY SHowW THAT IF The PehioD
MAP FROM THE PARAMETER SPACE

S 1o THE PERIOD poman D IS
OPEN THE .[7 IS ARITHMETIC

oNe_ PARMMETER MPERCEMETRIE




@

SOLVUTION S ARE

1P |

2 F (e ek Ve | 2)

WheRe ¥V MEANS omIT | R0~ Pe AN D
> )

BB 2

T F;H (f\) <5303 M "’q".‘lz)i=m)nﬁ

(x) 15 SwWGEUAR AT 2501, 9°0 AND

THg MoNoDRomy GROUP H(s¢)g) IS
GoTTEN BY ANALYTIC coNTINUVARTION

ALonG PATHS W [P |Sone} oF A
BASIS OF SQLUTIoNS.

We ResTRieT To K5P SvcH

THAT H(%Hp) s Vi TO
CONTu CATION N GLﬂ(Z).



@

BEUKERS AND HECKMAN CoMPUTE
G= Z&¢ (H‘.")F))

ExPLICITLY N TERMS ©F & ,PB.

1N THisS SELF-DUAL SETTING G 13

@) FNiTe (SPoRDIC LST N28 ,ONE Fanuy
k) On
(&) SPn  (oney occurs IF T Evén).

M

VEN KA TA RAMANA (2012) = N2 EwN

- L— —‘-m i“’ 3:-: - ¥ -‘-l- 13;;»

@("(z tanrzvaw) ’Z*a«M)
= (0,L+% LeE, - -L--t‘".?;ﬂ)

B TRz T} R "

tuen  GleGp) = OPa AR

H(x,p) 13 ARITHMETIC -



.
TheRe ARE N2 (,p)s GIVNG
Gl B) = SP"‘ ALL comiNG FRoM
VARIATIeNS OF (NTEGRAL Hoc D&GE
srRveTr URES (DORAN — MORGAR) .

OF Tuese MORe THAN HALF ARE

AiTHMeTIC ( SINEH _VENKATARAMANA
20(2)

|4 CORRESPOND To CALABI-YAVY

FAMILIES O©OF 3-FoLDs
e K=(0,0,0,0) , B=(% % %%
[DWoRK FAMLY ,
| CANDELAS ET A_ﬂ
BRAV=THOMAS (2012) SHoW THAT SEVEN
oF THESE ARE THN ,WHILE SINGH THAT
Twg OTHER SEVEN ARE ARITHMETIC,
BRAV-THOMAS SHow THAT THE
GEMERATORS OF T (®'\fo),%}),y A
AnD ¢ ABovT O AnND A PLAY

GENERALIRED PING-PONG ©N A
comPLICATED PolyHeorAL SuBsEr ©F TP.



@ _
HyperzoLic HytercEoMEraics [ Tewni-s)

2013

(O()P) Is HHM I F G’(d)ﬁ)
IS ORTHOGOWNAL AND OF SIGNATURE
(m-1,1). (i~ THrs cASE I3 0bd)

THEOREM | (F-M~-3)
WITH THE EXcEPTIoN ©OF AN
gxpLiaT ( LonG) UsST ©F FrArTELY
MANY ()p)s ALt weTH NET,
AL HHM's ComE (N SEVEAN
INFINITE PARAMETRIC FAMILIES.

FoR THE HHMS WE GIE
A ROBUST OBSTRVCTroAN To
Hiv,g) BEINE ARITHMETIC , THAT
IS A CERTIFICATE FoR [ (¢, B)
To BE THIN.



£ A RATIONAL QUADRATIC FoRM

= (AN,K INTECRAL
-F(%) (,3¢) ON A LATTICE L

C)c.,‘)&) = o

e (>¢,x) >0

A\

( DC))C)( O

| "
D (x20)=-2 x.>0‘§ =IH
e (vW)Fo,veL THEN THE

LINEAR REFLECTION

2 [
nw= - Yl v, mow2lh,



@

- LF (U’,U’) > O TTHEN 'I“'u. IN DUCES
|

A HyPERBoLIC REELECTION ON [H

. 1T (Huv)<o THewn T, €6

INDVCES A CARTAN INVoLUTIon oN H.

Key POINT + FoR HHM'S
H(etp) = <A,B>

A LocAL MbNe DRaMy ABoVT 0

R LochAL MonoDRomy ABWT &

HAND C= A"B IS A CARTAN INVoluTioN

UP To COoMMENSURABIUTY H(«p)

IS GENERATED RY THE
CARTAN [NVoLVTioN s

A‘RCA.& s ke Z |



®
R,(L):= {u-é!_ : () =2
THE INTEGRAL ROOT VECTORS GIVING
HYPERBOLIC REFLECTIONS

R, (L)=§ el : (Vrv) =-2}
THE (INTEGRAL - ReooT VECTORS
GIUNG CARTAN  INVOLVTIONS

AcCCORDING To VINBERG [ NIKULIN
ExcepT FoR SPECIAL L's
| OW /R (L) [ =20

LET Ac R, (L)

We CIVE A CoAdITion UNDER
WHRICH 2 1w ea) HAS
FinTe  ImAGE IN O /Ry (L).



®
MINIMAL DISTANCE GRAPH X (L)

ThE VERTICES ©OF X(L) ARE
Tue CARTAn RooTs Ko (L) And

Toin U To w (F (U,W)=-3
[ MINIMAL DISTANCE THEY CAN 3E )

PRopoSITION TF A IS CoNTAwkp
e

IN A CONNECTED COMPoNENT
of X(L) “THEN

(T :U€l) HAs FiNITE IMAGE
N OWY/R, (L) .

WITH THIS WE CAN SHOW
THAT MOST OF THE HHM's
ARE THIN.



@
 “THEOREM m odd
B i

oz[0,0 3= )yl 4 a.
( Y ! ’"“""amm"’m)’ p= %)#'%\-' ’%')
AnD

J B W S SRR i - \ -
K (7- )an-2'ama) ! ;TJ'))P'(O'MIT,.‘,H':,':‘?;
ARE HYPERBelLIC HYPERGEOMETRIC AND
ARE ARITHMETIc IF N=3 AND THin N%S

coNJECTURE -THERE ARE onLY

m_____-mmmm_
Eih TELY MANY HHM's Whict ARE

ARITHMET IC .

Jlf. PARR [ THESIS 20(3)
SHOWS THAT THE HHM

A= (Oﬁ'g 3‘43'»;“-’){')1 P=(?"%)‘;-)%’%)

IS CEoMETRICALLY FINITE (AND THhN ),



&

REFs RENCES To MOST
ABOVE CAN BE Found (N THE

SURVE Y

oF THE

I NoTES ON THIN MATHIX GRous"

P. SARNAK

N\SRT PusL. 6! (2014) 343-3€2,



