


Affine Sieve

Γ a group of affine polynomial maps of affine
n-space An which preserve Zn. Fix a ∈ Zn.

O := Γ ·a , the orbit of a under Γ.

O ⊂ Zn, V := Zcl(O), the Zariski closure of O.

V is defined over Q.

Diophantine analysis of O:

• Strong Approximation; for q � 1

O
red mod q−−−−−→ V (Z/qZ).

What is the image?
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• Sieving for primes or almost primes.

If f ∈Z[x1,x2, . . .xn], not constant on O; is the set

of x ∈ O for which f (x) is prime (or has at most

a fixed number r prime factors) Zariski dense in

V?

Examples of Γ and Orbits:

(1) Classical (automorphic forms)

Γ � GL3(Z) generated by




−1 2 2
−2 1 2
−2 2 3



 ,




1 2 2
2 1 2
2 2 3



and




1 −2 2
2 −1 2
2 −2 3



 ,

Γ is a finite index subgroup of Of (Z), where

f (x1,x2,x3) = x
2
1+ x

2
2− x

2
3
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Γ is an arithmetic group

O = Γ · (3,4,5)

yields all (primitive) Pythagorean triples.

(2) Γ linear and “thin", not so classical:

Γ=A⊂GL4(Z) the Apollonian Group generated
by the involutions S1,S2,S3,S4





−1 2 2 2
0 1 0 0
0 0 1 0
0 0 0 1



 ,





1 0 0 0
2 −1 2 2
0 0 1 0
0 0 0 1



 ,





1 0 0 0
0 1 0 0
2 2 −1 2
0 0 0 1



 ,





1 0 0 0
0 1 0 0
0 0 1 0
2 2 2 −1
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S j corresponds to switching the root x j to its
conjugate on the cone

F(x) = 0 , where

F(x1,x2,x3,x4) = 2(x2
1+ x

2
2+ x

2
3+ x

2
4)

− (x1+ x2+ x3+ x4)
2.

A ≤ OF(Z)

but while Zcl(A) = OF, A is of infinite index in
OF(Z), i.e. “thin".

The orbits of A in Z4 corresponds to the
curvatures of 4 mutually tangent circles in an
integral Apollonian packing.

For example O = A.(−11,21,24,28)

corresponds to:
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Scale the picture by a factor of 252 and let
a(c) = curvature of the circle c = 1/radius(c).

The curvatures are displayed. Note the outer
one by convention has a negative sign.
By a theorem of Apollonius, place unique circles
in the lunes.
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The Diophantine miracle is the curvatures
are integers!
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