HEXAGONAL LATTICE POINTS ON CIRCLES
OSCAR MARMON

ABSTRACT. We study the angular distribution of points in the
hexagonal lattice (i.e., Z[%ﬁ]) lying on a circle centered at the
origin. We prove that the angles are equidistributed on average,
and show that the discrepancy is quite small for almost all circles.
Equidistribution on average is expressed in terms of cancellation
in exponential sums. We introduce Hecke L-functions and investi-
gate their analytic properties in order to derive estimates on sums
of Hecke characters. Using a version of the Halberstam-Richert
inequality, these estimates then yield the desired results for the
exponential sums.

An interesting consequence of these bounds is that the discrete
velocity model (DVM) for the Boltzmann equation is consistent
when using a hexagonal lattice.
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1. INTRODUCTION

1.1. The Hexagonal Lattice. We will study the properties of a lat-

tice in R? that is spanned by the vectors (1,0) and (%, ?), see Figure
1. We are interested in the following two questions: given a circle with
radius r, centered at the origin, whose perimeter contains at least one

lattice point,

(1) how many lattice points lie on the circle and
(2) how are these distributed around the circle?

Why are these questions interesting? Well, aside from the intrinsic
number theoretic and geometric importance, there is, perhaps surpris-
ingly, an application to the Boltzmann equation in the kinetic theory
of gases.

1.2. The Boltzmann Equation. Under certain hypotheses, the be-
havior of a gas is described by the Boltzmann Equation:

0 0
) Lo,

Here f(z,v,t) : R3 x R? x RT — RT is the phase space density of the
gas, that is, it describes the expected mass density of the gas at time

FIGURE 1. The hexagonal lattice
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FIGURE 2. Lattice points on the circle with radius r = 21

t in the point (z,v) in six-dimensional phase-space, where z € R? is a
position in space and v € R3 is a velocity.

If we replace 3 with any spatial dimension d, the Boltzmann equation,
although losing its physical sense, is still of mathematical interest. We
will consider the case d = 2. Q(f, f) is called the collision term and is
given in the 2-dimensional case by

@ QU N = [ (/ (f(v’)f(vi)—f(v)f(v*))q(|w|,cosf))d9) dv.,

where v, v, are the velocities after the collision and v’, v/ those before.
Moreover, ¢(|w|, cos ) is a quantity describing the probability that two
particles with relative velocity 2w, i.e.

vV — Uy

(3)
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where u is a unit vector with u = (cos#,sin @), which follow from the
laws of conservation of energy and momentum. In other words, v" and
vl are endpoints of a diameter of a circle with radius |w|, centered at
(v +v.)/2.

In a discrete velocity model (DVM), one considers a discrete set of
possible velocities. (See [1] for more details.) Here we will consider a
DVM where the velocities belong to the set AL, where h > 0 and L is
some lattice in R?. Set

= Z fav:héa

el

so that f* — f as h — 0, in some suitable sense. We want to prove
the consistency of the DVM, i.e. the property that

(4) QU™ () — Q(f, f)(v) for all v € AL, as h — 0.
Let
golw,0) = () F0L) = F(0) £ (0 )a(fwl, cos ).

Then, by a change of variables,

(5) Qf, Hv) = 4/ (/ gv(w,ﬁ)dﬁ) dw.

When we discretize the integral in (5), the outer integral turns into a
sum over all lattice points w = h(, ( € L, while for the inner integral we
get a sum over all u such that v" and v/ belong to hlL. A necessary and
sufficient condition for this is that u = %, where £ € L and [£| = |(].
Thus we get

Q(fh fh _h2 LZ

w(hC, ;
Z i 2 9.(hG,erg8)

IE\ \CI

where 11, is the area of a fundamental region of I and

r(n) == #{§ € L; [¢]* = n}.

It is clear that g,(w,#) is a 27-periodic function of 6, and so can
be expressed as a Fourier series. It turns out that, assuming certain
regularity conditions on g,(w, #), a sufficient condition for (4) to hold is
that we have sufficient nontrivial cancellation in the exponential sums

= Y e

peL
lul?=n
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as n grows, if A € Z, A+#0.
Fainsilber, Kurlberg and Wennberg proved [2] that if we choose L to be
Z?, then (4) holds provided g,(w, ) is a C*-function. This is done by
identifying Z? with the ring of Gaussian integers, Z[i] C C, and apply-
ing number theoretic methods. The results of this paper indicate that
we can equally well consider the hexagonal lattice defined above, corre-
sponding to the ring of integers in the algebraic number field Q(v/—3).
Similar methods to the ones used here should give the same results for
every imaginary quadratic number field Q(v/—d) with class number 1
(and thus unique factorization into irreducibles). There are exactly 9
such fields: Q(v/—d) has unique factorization if and only if d takes one
of the values 1, 2, 3, 7, 11, 19, 43, 67 or 163 (see [17], Ch.13,81).
Moreover, it is reasonable to expect (4) to hold for any lattice L such
that

limsup r,(n) = co.
For dimensions d > 3 (i.e., including the physically relevant case d =
3), the consistency of a DVM based on the lattice Z? was proven by
Bobylev, Palczewski and Schneider [1], using deep number theoretic
results.

1.3. A Number Theoretic Point of View. To answer the questions
on Page 3, we will view the lattice not as a subset of R? but of C, and
use number theoretic methods. We identify the lattice with the set

Zw)={a+bw; a,beZ},

where

g _1 V3

w =e€3
2 2

This is in fact the ring of integers O in the algebraic number field
K := Q(v/-3). Since K is a quadratic number field, the norm N(«)
of an element o € K is just the squared complex modulus |«|?. Hence
question (1) above can be rephrased as:

How many elements of O are there with a given norm?

Let a,b € Z, so that a + bw € 9. Then we have
N(a+bw) = (a+bw)(a+bw) = a*+ (w+ D)ab + wwb® = a* + ab + V?,

so that yet another formulation of the first question would be:

How many integer solutions (a,b) exist to the equation
a’+ ab+ b* = R for a given R € Z?
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This is a classical question, and the answer we present is by no means
new (see for example [3] , Ch. 12.9). The norm of a quadratic number
field induces a quadratic form, in our case

Qz,y) =2° +ay +y°.

The quantity we seek is then
ro(n) == #{(a,b) € Z*;Q(a,b) = n},

the number of representations of n by the form (). The key point is,
that each lattice point a+0bw on the circle with radius r corresponds to a
representaion of r? as a product of two elements a+bw and a+bw in O.
Fortunately, © is a principal ideal domain, hence a unique factorization
domain, so all such representations can easily be found by factorizing
r? into rational primes.

For every rational prime p, one of the following three cases is true:

e p =7 -7 where 7 is a prime in . We say that p is split in O.
e p = 72 where 7 is a prime in 9. We say that p is ramified in
9.

e p remains prime in 9. We say that p is inert in O.

These factorizations are unique up to multiplication by a unit. The
unit group of Z[w] is

U={£l, +w, +u?*} = {w,w?, ..., "}

Moreover, all primes in Z[w] can be found in this way. For odd p it
is known that (see for example [17], Ch. 13,§1) p is split if (_?3) =1,

ramified if (_73> = 0, and inert if (_73) = —1. Moreover it is easily
seen that 2 is inert, since the equation a? + ab + b* = 2 has no integer

solutions. We thus have:

Proposition 1. Let p be a rational prime. Then

(1) pis split iff p=1 (mod 3).
(2) p is inert iff p =2 (mod 3).
(3) p is ramified iff p = 3.

We see that to each rational prime p with p = 1 (mod 3) corresponds

a unique prime 7, = \/foewp in Z[w], if we choose 6, to lie in the interval

[0, %] Indeed, for every 7, one of the numbers wr, ..., wor, w7z, ..., W07

must lie in this interval. For p=3, analogously, if we set
3 3 -
. \/_ \/gelg ,

2 2
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we have 3 = m3T3. We note however that T3 = Wms, so that 3 = mg,
confirming that 3 is ramified.
Now let n € Z and suppose that n has the rational prime factorization

n = 3ap?1 . ..pgkqlﬁl . .qigl’
where py,...,pr =1 (mod 3) and ¢1,...,¢ = 2 (mod 3). For each p;
we choose the unique prime m; = \/ﬁeiel’i. Then the complete factor-
ization of n in Zw] is

o a_a_oa1=a] ag=ar B1 B
n—w7T37T1 7T1 "'ﬂ-k 7Tk‘ q]. "'ql,

for some a € N. It follows that if we have the factorization
(6) n = (A+ Bw)(A+ Bw) = A* + AB + B?,

then the multiplicity of m; in A + Bw can be any integer m with 0 <
m < «;, and the multiplicity of 7; must then be o; — m.

A necessary and sufficient condition for n to be representable in the
form (6) is that all the §; are even numbers. However, the ¢; have no
effect on the number of solutions nor on the arguments of the solutions
A+ Buw.

The power « of 3 in n, increases the argument of each solution by a
multiple of %, but has no effect on the number of solutions, since the
prime factors of 3 are associated. Finally, A + Bw can be multiplied
by any unit. This yields that the number of solutions to (6) is

(7) rq(n) =6- __H( )(ai +1).

Example. The circle in Figure 2 has radius » = 21. The lattice points
on the circle therefore correspond to factorizations of

217 = 32. 7
in Z[w]. Here
3=(iV3)(—=iv3), T=03B-w(3-o).

If 1 = A+ Buw lies on the circle, so that 212 = ug, then p is one of the
three numbers

33—w)?, 21 or 3(3-w)?
multiplied by any of the six units, giving 18 lattice points.

We have answered the first question on page 3, and consequently
devote the rest of the paper to the second one.
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1.4. Equidistribution through Exponential Sums. We want to
study the distribution of hexagonal lattice points on circles. What we
would like to conclude is that the arguments of all the lattice points of
a given circle is in some sense evenly distibuted in the interval [0, 27).
Let us define equidistribution of a sequence in the following intuitive
way:

Definition. A sequence {z,}ncz, C [A, B) is said to be equidistributed
if
#{n < N;z, €la,b)} b—a

Am N T B_A

forall A<a<b<B.

Equidistribution can be formulated in terms of cancellation in expo-
nential sums as follows:

Theorem 2 (Weyl’s Criterion). The sequence {x,} is equidistributed
in [0,27) if and only if

N—o0

1 &
lim — > e ™ =0
im 2 e
for all integers k # 0.

Proof. The proof is based upon the observation that a characteristic
function of an interval can be approximated by trigonometric polyno-
mials. (See [4], Ch. 1, Th. 2.1.) O

To what extent are the arguments of hexagonal lattice points on
circles equidistributed? In Section 5 we will show that there exist arbi-
trarily large circles with arbitrarily poorly distributed lattice points, so
we do not have equidistribution for all circles. We can however prove
that lattice points on circles are equidistributed on average. Inspired
by Weyl’s Criterion, we introduce exponential sums:

Definition. Let n € N, A € Z \ {0}. Define
S(n,A)= > e,

neod
lul>=n
Then the main result of this paper, states that the arguments of
hexagonal lattice points on circles are equidistributed on average in
the following sense:
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Theorem 3. If6 1 A then S(n,A) =0. If A # 0 and 6 | A we have

for every § >1—2  asz — oo and A = O,(eV'%5"),

i S 1S(n, A)| <5 (logz) ™.

n<x

One can interpret this result in the following way: the trivial estimate
for 3-,<, |S(n, A)] is

> 1S(n, A)| <> rg(n) ~ ma.

n<x n<lx

By Theorem 3, however, the sum is o(x), ergo the terms are in some
sense smaller than expected. This is enough for the application to the
Boltzmann Equation.

We will also show that the arguments of the hexagonal primes, or
equivalently, prime ideals, are equidistributed. We can define a unique
argument of every prime ideal in the following way:

Definition. Let p be a prime ideal. If p = («) there is a unique o/
among the associates of a satisfying —¢ < arga’ < §. We then define
b, = argo’.

We will then prove

Theorem 4. The sequence {6,}, where p ranges over all prime ideals

of O, ordered by growing N(p), is equidistributed in [—%, %).

1.5. Outline of what to come. In Section 2 we will introduce two
number theoretic concepts related to the exponential sums described
above - Hecke characters and Hecke L-functions. The definition of
the Hecke characters is in general much more complicated than in this
special case, where matters are simplified by the unique factorization in
the ring of integers of K. The main result of Section 2 is the functional
equation for the Hecke L-functions, a special case of the ones derived
by Hecke for general algebraic number fields in [6].

In Section 3 we will use analytic methods to estimate a sum of Hecke
characters over prime ideals. The methods are essentially those that
are used in the classical proofs of the Prime Number Theorem and
the Prime Number Theorem for Arithmetic Progressions (with error
terms). In his paper [9], Kubilius proved these results for the Gaussian
number field Q(7).

In Section 4 we will prove equidistribution on average of lattice points
on circles, using a lemma on mean values of multiplicative functions.
The method is similar to the one used in the papers by Katai-Kornyei
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20] and Erdés-Hall [10] concerning the distribution of Gaussian inte-
gers.

Section 5 contains a theorem about the density of prime ideals in
circle sectors, and a construction of circles with many points that are
poorly distributed.

Finally, in Section 6 we give an estimate for the discrepancy, which
is another measure of equidistribution.

2. CHARACTERS AND L-FUNCTIONS

2.1. Definitions and Basic Properties. Let K = Q(1/—3) and let
O = Z|w], the ring of integers in K. If a is an ideal in O, we will write

a<9.

A Hecke character (modulo (1)) of the number field K is a function
x5 from the ideals of O to the unit circle defined by:

6a __ . ba o i o a
() = x “”‘(w) el

This is well defined since every ideal in O is principal, and since (u) =
(v) implies p = ev, where €% = 1.
The Hecke L—function L(s, X6a) is defined by

Lis,x*) = 3 &

a<O

Re(s) > 1.

N( ) Z |'u|25+6a Z |M|2s+6a

(Following the conventional notation, we use the complex variable s =
o +it.)
Remark. When a = 0, the L-function reduces to the Dedekind zeta
function

Cr(s) =)

a9

1
N(a)*

We must of course prove that the series defining the L-functions
converge. First of all we note that the series
1
where p runs through all prime ideals in O, converges for ¢ > 1. Indeed:

N(p)7 §22p:p_ <22n:n_ < 00

p

Now we prove
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Proposition 5. The series

x%(a)
2 Nay

converges absolutely for o > 1 and uniformly for o > 1406 > 1, making
L(s,x%") an analytic function for ¢ > 1. Furthermore, for ¢ > 1, we
have the following Fuler Product representation.:

6a\ __ _XGa(p) !
®) o) =T (1Y)

where the infinite product is absolutely convergent.

Proof. The general factor of the right side of (8) is

6a -1 [oe] 6a (am
X (P)) ( X"(p )
1-— = ex E ],
( N(p)* P& N (p)ms
This is bounded by

exp (i N(;)m(f) = exp (%) < exp(2N(p)~7)

m=1

since N(p) > 2 for all prime ideals p. Thus, by the above remark the
product in (8) is absolutely convergent for o > 1.

Now,
O X5 (p) X0 (p)?
1] (1 N(p)s) - 1 (”N(p)s*zwp)zs*'“)

N(p)<z N(p)<z
* 6a
X (a)
(9) =
2 Ny
6a a * 6a a
S LI ]
N(a)<z (Cl) N(a)>x (Cl)

where the star indicates that a runs through those ideals whose divisors
all have norm < z. In particular, letting @ = 0 and s = ¢ > 1 in (9),
we see that

1

2wy <1l (- N<§o>0>_l’

p

establishing the convergence of
3 1
N(a)7

a
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Also, by (9)
6a -1 6a *
1
(R R g
N(p)<z N(p) N(a)<z N(Cl) N(a)>z N(a)
when x — oo, which completes the proof. Il

Proposition 6. For Re(s) > 1

_L'(s,x™) = X2 (p™) log N(p)
L(S Xﬁa ;m:1 p)ms

Proof. By (8) we have, for o > 1
xﬁa(p)) e = XM
—log L(s, % Zlog( N(p)e) zp: > N (g

Differentiation yields

Remark. From now on we assume that a # 0.

2.2. A Theta Formula. The analytic continuation of the L-function
to the whole plane will be proved through a transformation formula
for a so called theta-function. We will give the theta formula that was
proved by Hecke [6], in the particular case of the field K = Q(+/-3).
The idea behind the proof is to use two-dimensional Poisson Summa-
tion. We shall recall some Fourier theory. For variables in R? it is
always to be understood that z = (z1,22), y = (y1, y2) and so on.

Definition. A function f € C*(R?) is called a Schwartz function if it
approaches zero faster than any inverse power of x as |z| — oo, as do
all of its derivatives.

Definition. We let (-,-) be the standard scalar product in R?:
(T,y) == 211 + T2y

Definition. For a Schwartz function f we define the Fourier transform

f by
:/f(x)e%i(m’mdx
RQ
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Theorem 7 (Poisson Summation Formula). Let f be a Schwartz func-
tion. Then for every x € R? we have

Zf$+m Zf 2mmz

mez? mez?
Proof. See Lang ([8], XIIL,§1) O
The Fourier transform of the function
h(x) = e ™ @)
is particularly simple - it is easily seen that we have
(10) h=h.

Definition. Let f be a Schwartz function, B a non-singular real ma-
trix. Define

fo(z) = f(B).

Obviously, fp is then also a Schwartz function. The Fourier trans-
form is easily found:

Lemma 8. We have

Lo i
Eﬁ«B )" y),

where |B| is the absolute value of the determinant of B.

fB(y) =

Proof. We have
y) = /f(Bx)e’2”<x’y>dx.
By the change of variables z = Bx we get

Folw) = gy [ e =

::|£;|j/j(z)e—2WN2(B1ﬂ@>dz
F(B™)"y).
O

Definition. Let Q(x) be a positive definite quadratic form given by a
matrix A (that is, Q(z) = (Ax,x)). We define the Schwartz function

fq(z) by

fQ(m) — Q)
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Lemma 9. We have

A 1
foly) = \/ﬁf@(y),
where Q'(x) = (A7 x, x).

Proof. Since A is positive definite, there exists a real matrix B such
that B? = A. Then Q(z) = (Az,z) = (Bz, Bx), so that we have

fo(x) = hp(x),
where h(z) = e~™®* Thus, by Lemma 8 and (10),

foly) = h(y) = ﬁﬁw—ly) _ oy = L

Now we prove a formula from which the desired theta formula will
follow.

Theorem 10. Let x1, x5 be real variables and define

Uy =T + Wxy,
Uo = T1 + WZo.

(11)
Moreover, lett be strictly positive Then we have the following formula:

(12> Z 6727rt(,u+u1) ptuz) Z e—§|y|2 3 (Tuz— I/ul)
ned \/_ veo

Remark. For real xq,x, we have u; = uy. Later we will extend this
result to complex z1,xs in which case this relation does not hold in
general.

Proof. Define the positive quadratic form Q(y) by

Q(y) = 2ty + yow!® = 2t(y; + y1v2 + ).
Then Q(y) = (Ay,y), where

o

I

[\

~
N
N[t

=N

N———

Since

we get

, ~ 2
Q'(y) = (A"y,y) = g(y? — 1y + 12).
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Now let us define

_ _ 2
F( Z e 2mt(ptur) (B+uz) Z e 27rt|u+u1\
neoO neoO

Then we have
F(l’) _ Z 6—27rt\m1+m2w+1’1+a:2w\2 _ Z 6—7rQ(m+m) _ Z fQ($+m)

meZ? meZ? meZ?

Using Poisson Summation and Lemma 9, we get

1 y .
Z fQ 27rz (m,z) Z e*Tl'Q (m)+2mi(m,z) )
meZ? \/ |A’ meZ?

Solving (11) for xy, xo yields
1 =

(2

7
(m,z) = myxy + maxe = %@1 (M — mg) — ug(miw — m2)>

(Wuy — wuy),
( (75} + Ug).

&
ki

Thus we get

Put v = mw — my. Then if m runs through Z2, v runs through ©O.
Moreover

2 2
Q(m) = 3 (m3 — mymy + ) = = |of
and
7
(m,z) = ﬁ(yul — Tug).

We conclude that

Z e 3t \1/|2+\/_ Tug— Vul)

VGD
as stated. O

We will now extend this result to complex numbers x1, 5. As before
we let

Uy = T, + wro,
Uy = T + WTs.

Note that when we allow arbitrary complex values for x; and xs, uq
and us become independent complex variables.

Proposition 11. The series

Flz)= Y ettt gng Gz) = Y e 5 M ETRm)

neod veo
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are absolutely convergent for all (x1, 1) € C% Moreover, they converge
uniformly in the region Qr = {(x1,22) € C* : max(|z1], |22|) < R}
for every R > 0.

Proof. Let
Pu(x) = 2mt(p + wr) (1 + u2),
so that
Fr) =Y e M),
neod
Expanding

Pu(e) = 2mt(|pf* + puz + fur + wus),
we see that, in Qpg,
Re(P,(x)) > 27t(|uf® — 4|u|R — 4R?) > |u|*.
Thus, for all but a finite number of p,

_ _ 2
e Pul@)| < gmelul?,

_ 2 .
and >, e °lnl” clearly converges, so the uniform convergence of the
series F'(x) follows. Moreover,

G(z) = Z G—Qu(w),

vew
where 5 )
QV(ZL') = 3—7;|l/|2 — %(UUQ - I/Ul).
In Q2 we have
2 4R
Re(Qu(x)) > gl = =l > ol

so the uniform convergence of G(z) follows by an analogous argument.

0

Thus both sides of (12) define entire functions of the complex vari-
ables 1, xo. Since they agree for real x1, x5, they must be equal. Thus
we have proven

Theorem 12. Fort > 0 and arbitrary complex numbers uy, us we have

— o 1 —2—”|V|2+2—”(ﬁu2—uu1)
(13) Z e~ 2mt(ptur)(Ftuz) — Z e st Vel _
peo V3t i

From Theorem 12 we derive our theta formula:

Definition. Let

b(t,a) == 3 pe BT
HED
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Theorem 13. We have
1
0(t,a) = t_l_Gaﬁ(g, a)

Proof. We let p € O be arbitrary. Furthermore we introduce the vari-
able z, and set
Uy = p Uy =2+ p

Now (13) is equivalent to

(14) Y exp{ = 2mt(ju+ ol + 2(u+ )|

ned

1 2m 5 2 _
:E%exp{—gluf +%(V(Z+P)—Vp)}-

We differentiate (14) 6a times with respect to z. This yields

(15) D> (u+p)* exp { — 27t + pl* + 2(p + p)}
S

- <ﬁ>l+&:§3ﬁ6“ eXp{ - E—ZIVP + %(5(2 +7) — Vp)}-

Setting z = 0, we get

(16) > (u+p)*™ exp{ — 27t + pIQ}

neO
1+6a
1 e 2 2
B (@s) S P exp | — g W+ )|
veD

Put t = % As p ranges over O, so does p + p, since p € 9. Thus the
left side of (16) equals

Z ,Lt6a672_¢%7‘“‘2 = 0(r,a).

HED
We note that

1, 2
7§(VP —vp) = —Z%Im(up)

But Im(vp) = m? for some m € Z, and thus we can neglect the term
%(W — up) in the exponent of the right side of (16). Therefore the
right side equals

1 1+6a _ 2m 12 L _2m 1,2 1 1
(—) Z ?6“6 \/57"1/' =T 1=6a Z V6a€ \/§T|V| =T ! 6a9(_7 CL)
T ved ved T

since when v runs through 9, so does 7. This finishes the proof. [J
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2.3. The Functional Equation. We will now see how the L-functions
can be extended to the whole complex plane.

Definition. Let

cls.1%) = (52 Do+l Ls )

Theorem 14. £(s, x5%) is entire and satisfies the functional equation
5(57 Xﬁa) = 5(1 -5, X6a)

Proof. Since L(s,x5%) = L(s,x*C%) we can assume that a is positive.
For 4 € K and 0 > 1 we have

o

P(S + 3a>|u|—2(s+3a) _ /€—t|u|2ts+3a—1dt’
0

and hence
F(S+3a / 60, —tpl? gs+3a—1 gy
0
27T>S+3a70 6a ——U|H| s+3a—1
Thus
3 s+3a 00
I'(s + 3a) <2—> L(s,x / oo~ VIl a1 gy,
T
(17) oo

(w<
1 6a **U|,u|2 s+3a 1
6 dU

90

For Re(s) large enough, (17) is absolutely convergent, and hence we
can change the order of integration and summation to get

s+3a %)
3 1 2|2
(s + 3a) <\2/;> L(s, %) = é/ZMGa lul? s+3a—1 g,
0

HeD

(18)

| =

/Q(U,a)vs+3“_1dv.
0
The right side of (18) is

1 o0

1 1
= 6/0(1),@)1)5*3“*10&) - g/ﬁ(v,a)vswa’ldv.
0 1
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Using Theorem 13, this is

1 00
1 1 1
— 6/9(5761) s—3a— 2dU 6/ S+3a_1dU
0 1
17 17 :
= 61/9(1),@) TSty 4 61/ Jostelqy,

Thus we have proven (for Re(s) large enough)

(19)  &(s,x%) = é (g) /G(U,a)(vs+3“_1 + 0753 dy.

But since this integral converges absolutely for all s, (19) represents an
analytic continuation of £(s,x%) to the whole plane. The functional
equation also follows, since the right side of (19) remains unchanged
when we replace s by 1 — s. 0

From this theorem we see that L(s, x%) is an entire function. Using

our knowledge of the Gamma function, we also deduce that L(s, x5
must have zeros at s = —3|al, —1—3Jal, —2—3|al, ... . These are called
the trivial zeros. Moreover, for ¢ > 1 it can be seen from the Euler
product that L(s, x%*) # 0.
There is however an infinite number of non-trivial zeros in the so called
critical strip, 0 < o < 1. It is generally believed that all of them lie on
the line Re(s) = % This statement is part of the generalized Riemann
Hypothesis, and if we assume it, the estimates in Section 3 can be made
much sharper. In the next section, however, we will unconditionally
narrow down the region in which the non-trivial zeros can appear.

Corollary 15. In the strip —% <o<H4
L(s, x%) = ket
for some positive constants ki, ky (depending on a).

Proof. By (19),
s+3a
I'(s+ 3lal) (2—\/§> L(s,x*) < /e Vit dy = 0,(1),
s

and hence

v () it =0 ()
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Stirling’s Formula states that, in the angular region —m + 0 < args <
7+ 0 for any fixed 0 > 0, we have as |s| — oo

1 1
logT'(s) = (s — 5) logs — s+ 5 log 27 + O(|s|™h).

and hence
1

1
logm = (5 — S)lOgS+3+O(1)
In the strip —1 < o <4, since —2 < arg(s + 3|a|) < Z, we get

1 1
Re <log m) =3 log ’8 + 3]a|‘ — (0 + 3lal) log ‘8 + 3]@\‘
+ targ(s + 3|a|) + o + 3la| + O(1)
< kalt].

The corollary follows. O

3. AN ASYMPTOTIC FORMULA FOR 3y (p) <z X*(P)

Following Kubilius [9] and Landau [12] we will in this section obtain
an estimate for -y )<, x**(p) in terms of 2 and a, by finding zero-free
regions for the Hecke L-functions L(s, x%) and estimates for the log-
arithmic derivatives of L(s,x%) in these regions. For the convenience
of the reader we recall the following two lemmas from Landau’s book:

Lemma 16 (Landau [11], Satz 374). Let r > 0. Suppose f(s) is
analytic for |s — so| < r. Furthermore, suppose

‘ f(s)
f(s0)

<eM for|s —so| <r

and
f(s)#0  for|s—so| <r, Re(s)>Re(so)
Then the following holds:
1)

2) If there is a zero p on the line between so— 5 and sq (exclusive),

then
f/(So) 4M 1
_Re<f(50)>< r _SO—P‘
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Lemma 17 (Landau [11], Satz 225). Let r > 0. Suppose f(s) is
analytic for |s — so| < r and there satisfies
Re(f(s)) < M

Let 0 < p <r. Then for|s—so| <p

()] < (Tf—rmgum £ o).

Remark. From now on, ¢, ¢, ... will denote suitably chosen positive
constants (independent of a).

Theorem 18. In the strip —% <og<4
|L(s,X°)| < ex(1 + [a])*(1 + [t])*.

Proof. From the functional equation we have

—2-2it
1 L2 —it+3
’L (——ﬂ't,xﬁ“) (¥ (g — it + 3lal) ‘L(é—zt X )
2 27 [(—1 + it + 3al)
Since
’L (3 1 6a> <y o
5 WX — 3 = )
2 G N(p)?
we get

1 P —it+3

() <ol S
2 [(—35 + it + 3|al)

Applying twice the functional equation of the Gamma function we get

< Cy

1 1 1
’L (—5 + it,X6“> < a5 — it +3lal| | =5 — it + 3al| < ey(1+]a)*(1+]t)?.
Furthermore
| L(4 +it, X \<Z O(1).
Counsider now the function
L(s, x%)

A =
T P
A(s) is holomorphic in the strip —3 < o < 4, and since

!L(S,X “l
Als)| < :
A< T e+ e
A(s) is bounded on o = —% and ¢ = 4 by the above. Furthermore

it is O(e) in the whole strip by Corollary 15. Thus, by Phragmén-
Lindel6f’s Theorem, A(s) is bounded in the whole strip, and the theo-
rem follows. ([l
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Lemma 19. In the strip 1 < o < 2,

Proof.

=1=-3)"' [ a=p2 [ @—p>)"
= p=2(3)
=[[a-p=)" II O =p7)"

(14+p=)~"
p=1(3) p=2(3)

where ((s) is the Riemann zeta function, and L(s, x) the Dirichlet L-
function for the character
-1 ifn=2 mod 3
x(n)=< 0 ifn=0 mod3 .
1 ifn=1 mod3

Now
IC(s)] < in_” < 1+7u_”du— 1+ ! < 2
et - / B c—1 o-1

Furthermore,

- x\n I -5 7 —5—

Ls) = 3 M = fumafy iy = [ur (X0 i)

n=1 n 1 n<u 1 n<u

S0 since ‘anw X(n)’ <lforall xz>1,
[L(s,x)] <1

and the lemma follows. ([l

The next theorem gives zero-free regions for the Hecke L-functions,
of the same form as can be obtained for the Riemann zeta function and
the Dirichlet L-functions.

Theorem 20 (Zero-free Region). There exist positive constants cs, cg
such that L(s,x%) has no zeros in the region defined by

1- L for |t| > cg
R R ()

—]1- L for |t] < c.
es og ((1+]al) (1+]cs) )
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Re

Zero—free
region

Ce T+

_CG 4

FIGURE 3. A zero-free region for L(s, x%)

Proof. Logarithmic differentiation of (8) yields

LG x™) X" (p) log N (p)
Team T N

p m=1

for o > 1. We recall the definition of 6, on Page 10 as a unique angle
in [~%, 5). In terms of 6, we have, for every p and m,

X" log N(p) _ log N(p)
N(p)™s N(p)™me

Using the inequality

exp (i(6m&9p — mtlog N(p)))

34 4cosp + cos2p = 2(1 + cos p)* > 0,

we deduce that

(i (o) L'(o +1it, Xﬁa) L'(o + 2it, x12)
(20) - 3CK(0) — ke <L(J Fit, %) ) — Re (L(a ¥ 2it, y12a) )

=2 Mg

p

log N (3 + 4 cos (6ma6 — mtlog N(p))

+ cos (12ma9p — 2mtlog N(p))) > 0.

Let so = p+i7, where 1 < p < 2. (p is later to be suitably chosen as
a function of 7.) In the disk |s — so| < 2 we have, by Theorem 18 and
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Lemma 19
L(s, x%) 9 2 6ay—1
hG;;@-<qa+wm<r+m>M@mx> |
. 2 2 M
(21) = c1(1+ [a])*(1 + [t]) (za; N(a)®

< er(1+ Ja])* (1 + [¢])*Cxe (o)
T a7,

<

Suppose now that p + it is a zero of L(s, x%), where p — % < p<p.
Then, applying 2) of Lemma 16 with
3 Cr

r=—, M =
2 p—1

(1 +la)*(1+|7])?

we get

(22) _m{ggj;§3><§mau+mm+hm

8 1
——log(p—1) — —— +cs.
3 p—
Moreover, by 1) of Lemma 16

L'(p + 2iT, x12%)
L(p + 2iT, x1?)

(23) — Re< ) - 13—610g((1 Flah( + 7))

8
~3 log(p — 1) + cs.

!

As regards g—i we note that, because of the simple pole at 1,

G _ 1
(24 lp) “p—1 O

Now (20), (22), (23) and (24) imply
4 3 80
<

40
T < ooty s (A laD (LI = 5 log(p— 1) e

(25)

We may choose ¢g sufficiently large to ensure that for |7] > ¢4

401og(1001og 2(1 + |7])) 4+ 3c11 < 20log2(1 + |7|)
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and thus for all a # 0
(26) 40log (10010g<(1—%|aD(1—%|TD)) + 3cn

< 20log (1 + la])(1+|7])).
Now we put

1+ 1 for |T’ > Cg
100 log ((1+|a|)(1+ITI))

1+ 1 for |7 < cg
100 log ((1+|a|)(1+|06\)>

p:

First suppose || > ¢g. Put
£ =1log ((1+ la))(1 +|7]))
for short. Then (25), multiplied by 3, becomes

12
——— < 980L + 4010og(100L) + 3c13.-
p—p
Thus, by (26),

12
—— < 1000L,

and hence
12 1

1
_ S
100£  1000L 500L
for all eventual zeros p + i7.
Next suppose |7| < ¢g and put

£ =log ((1+[al) (1 + |eol))-

w<l1l-+

Then
12

2+ 80log ((1+ [a])(1+ |7])) — 40log(p — 1) + 3cny
> 12 .
980L’ + 401og(100L") + 3¢,
But by (26) (for 7 = c¢g)
4010g(100L") + 3cy; < 20L',

p— >

SO
12

1000L"’

p—Hu>
and hence
12 1 12 1

<p— =1 - —1——.
<P To0oz — T 1002~ 1000L 500L’
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We have proven the theorem. O
Lemma 21. On the line 0 = 2,

log L(s, X%") < cy6.
Proof. If s =2+ it we have

1 XGG(P)| -2
— = 1-— < 1+ N(p)
oo~ | gy < I )
<143 N(a)?=1+(x(2).
Thus )
- <L ’ 6a < 2 ,
so the logarithm is bounded. 0
Theorem 22. In the region € defined by
1-— L for |t| > cg
NN R (R |
- T 11— L for [t] < cg

ex2lo ((1+1a)(1+es))
where c19 > c5, we have
‘L'(&XGQ)
L(s, x%)
Proof. Let c¢14 > c¢5. For every sy = 2 + ity on the line Re(s) = 2, let
Cs, be the circle with center at sy and radius

< c13log® ((1 + ]a|)(1 + max(|to], cﬁ)>>.

1+ ! for [to| > cg
exatog ((1+]al) (1+o)) )

1+ ! for |to] < cg
extog ((1-+1a) (1+]co]) )

r =

We may freely assume that cg > %, so that
(I+1a])(1+cs) >3
Then we have for s = o 4 it in Cy:
log (14 [al) (1 + [t])) < log (1 + |al)(3+ [to]))
<log ((1+ [a])(1 + |to])) + log 3
Thus we get

(27) log ((1+]a)(1+]t])) < {

2log (1 +lal)(1+ [to])) if [to] > cq
2log

(L4 Jal)(1+le])) if fto] < c6”
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Now we want to use Lemma 17 with f(s) = log L(s, x®*), which is
analytic in the zero-free region of Theorem 20, and thus analytic in
Csy-

Also, by Theorem 18

|L(s,X™)| < er(1+ [al)* (1 + [¢])*
in Cy,, so by (27)
Re(f(s)) = Re(log L(s, X))
< 4log ((1 + la])(1+ ]t|)) +log ¢y
< 4log <(1 + |a|)(1 + max(|t0|,cﬁ))) + 5.

Set

1+ 1 for [to] > cg
erz 1og ((1+]al) (1-+ro)

P=Y 1+ ! for |to] < ¢
exa o ((1+al)(1+co)) )
where ¢ > c¢14. Now Lemma 17, with M = 4log((1 + |a|)(1 +
max(|to|,cs))) + ¢15, and Lemma 21 imply that in the disk |s — so| < p
we have

L'(s,x*) 2r
41 1 1 ¢
’ L(S,Xﬁa) < (’I" . p)g og <( + |a|)( + max(| O|,06))> + ci15 + |f(30)|
2r
< W (4 log <(1 + |a|)(1 + max(|t0|, CG))) —+ ClG) .
But
2r 2r 9
(r — p)? = (L - L)2 log ((1 + ]a\)(l +max(\t0\,c6)>)
4
ST log? ((1 + |a|)(1 + max(|tol, cﬁ)>>,
(e - )
The statement of the theorem follows. 0

Definition. Let
_y X% log N(p) |
p )
This series is easily seen to be absolutely convergent for o > 1, and

uniformly convergent for ¢ > 1+ 6, so K (s, x%) is analytic for o > 1.
We even have:

o> 1.
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Lemma 23. K(s,x%) is analytic in the region Q0 of Theorem 22 and
satisfies

K (s < 4 O 108 (L+la)(X+1t) it > o
T easlog® (T [al) (1 + les])) f ) < e
there.

Proof. By Proposition 6 we have, for o > 1

I O . B

p m=2

But the logarithmic derivative is analytic in 2, and the sum on the
right is absolutely convergent for o > % and uniformly convergent for
O'Z%-}-é 0 > 0, since

> log N(p log N(p)
2.2 ymis +5) =2 I 1

e N(p 7 N(p)2 ™ (N(p)2* —1)
2
<9 Elogp5
P p§+ (p270 —1)
logn
< 4 < 00.

Thus, (28) constitutes an analytm continuation of K (s, x%) to  (since
clearly Q lies to the right of the line ¢ = 1). From (28) it is also clear
that, in €2,

|K(8,X6a) + < C17.

Thus in 2 we have

K (5] < exglog® (1 +1a) (1-+ max(ltol, 0)) ) + e

(
< e15log? ((1 +lal)(1+ max(|t0|,cﬁ))).

]
Lemma 24.
2400 .
/:B—Sds— 0 ifo<z<l1
s2 | 2milogx ifx>1
2—100

Proof. Let x > 0 be fixed. The function i_; is analytic in the whole
plane, except for a double pole in the point s = 0 with residue logx.
Assume first that 0 < x < 1. Using the integration contour of Figure
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2+1R 2+4+1R
TR w

2 iR 2 iR

FIGURE 4 FIGURE 5

4 we have by Cauchy’s Theorem

24+iR

x x®
/ ?ds+/§ds=o.
YR

2R
But
x® x?
L/ 20 ST
R
so letting R — oo we get
24100
:L,S
—ds = 0.
/ 52 °
2—100

Assume instead that x > 1. We then use the contour of Figure 5. Since
(if we take R > 2) the pole lies inside the contour we get by Cauchy’s
Theorem

4R -

/ —ds + / —ds =2milog .
S S

2—iR WR

But

1.2

:US
V 208 =T h

R

so again we let R — o0, yielding

241400

xS
—ds = 2milog x.
52

2—i00
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Now we are ready to estimate sums of characters. We pave the
way to Y x(p) by estimating two weighted sums, with the weights
log N(p) log vy and log N (p), respectively. For the first one, we will
use the integral of Lemma 24 to pick out the portion of the L-series for
which N(p) < x. We will then shift the integration path a bit to the

left, close to the zero-free region.

Theorem 25. Forxz > 1

T log @

> X () log N(p)log oy < e T log? (1 +[al)

N(p)<z

Proof. By Lemma 24

= > x™(p)log N(p)log

N(p)<z

N(p)’

which is the sum we want to approximate. Now let w be the curve

defined by

1— 1 for [t| > cg
exatog ((1-+1ah(1+11) )

1— 1 for |t] < cg
210 ((1+1a) 1+ es))

g =

I claim that

2-+i00
x® x®
(30) / S—ZK(S,XG‘I)ds:/S—K(s,xﬁa)ds.
2—i00 w

To see this, consider for large T" the contour y7 defined in the following
manner (see Figure 6):

JFrom 2 — T to 2 4+ ¢T in a straight line,

JFrom 2417 to 1 — ﬁ + 4T in a straight line,

) 1 - 1 -
()From1—E1+2Tt01—H—ZTalongw

o —Tto2—iTina straight line.

(Here we have written for short £ = log ((1 + la])(1 + \T\)))
Since the integrand is analytic inside and on 7, by Cauchy’s Theorem

and from 1 —
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T1
w yr
AN
Cet
_06_.
_Tl
FIGURE 6
= /%K(s,xﬁa)ds
YT
(31) orir Vapz T logz—i T gy )
T
= / + / + / - / —K(s,x*")ds
2—iT 2+iT 1—0112£+z'T 1—012£—7,T
But by Lemma 23
24T - 2
S (5, X" ds| < Zerslog? (L + a1+ 1)),
fﬁiiT

so letting 7" — oo in (31) the horisontal integrals vanish, implying
(30). Thus we need to approximate the integral along w. Now, for an
arbitrary 7 > cg, we have by Lemma 23

c6 11—
i 6a - c1zlog((1+]al)(1+cq)) 3
/EK(&X )ds <</ 1 log ((1+ ya|)(1+c6))dt

</ /) 612103((1+‘ D(+1) o g3 ((1 + ‘a’)(l + t)>dt'

w
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The right side is

<< xl_clzlog((l-‘-l\a\)(l"'cfi)) 10g3(1 + |a/|)

®log® (1 + |al)(1 + ¢t
+xl_m/ g(( t|2|)( ))dt

1

®log® (1 + |a|)(1 +1t
. ((+lahr+D)
12
Putting together the first two terms we get
< ze caz TR () log3(1 + |al)

- ;log?’Tlog?’(l + |al).
Putting 7 = eV!°8%  we get

S log x
[ 55K (5,x5)ds < wlog?(1-+al) (—mr + o3 BlETY > |
S

w

But for large =,

3 log
—loglogx — \/logx < —cogy/logx < —c ,
9 g 108 g 20 g 2010g(1+]a\)+\/@

so, putting ¢13 = min(cyg, ca) and recalling (29) and (30), we deduce
that

> x*(p)log N(p)log

N(p)<z

T log @

—C18
< xe log(1-+|al)+y/log = 10g3(1 + |al).
N(p)

O
Theorem 26. For xz > 1

log =

Z Xﬁa(p) log N(p) < ze  Mogitla)+vloge log3(1 + |al).
N(p)<z

Proof. Set for short

log @

§ = 6(x) = ¢ 2 TRt +vioEs
With x replaced by (1 + 6)x, Theorem 25 gives

. 140z
S (o) log N(p) log L0
N(p)<(1+0)x (IJ)
(32) s log(146)x
< (1+8)ze  los(lah Vi Jog®(1 4 |af)

< 0%xlog*(1 + |al).
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We will now split the sum on the left side in two parts. First, again
using Theorem 25, we have

(33)
u 1+0)x u
> ) o Np)og Uy —log(148) 3 () og N (o)
N(p)<z p N(p)<=z
T
+ gN(p)lo
szx (p) log Np)
=log(14+4) Y x*(p)log N(p)
N(p)<z
+ 0(62$10g3(1 + |a\))
Secondly,
(34)
1496
> x%(p)log N(p) log (1+9) < dxlog((1+4 0)x)log(1 + )
<N (p)<(14+6)z ( )

< 8z log ,

since the number of terms in this sum is O(dx). By (33) we have

1+9)x
log(146) 3 x*()losN(p) = 3 x™(p)log N(p) log 10
N(p)<=z N(p)<z (p)
+ 0(52x10g3(1 + |a|))
(1+6)x
= > x™(p)log N(p)log
N <+ N(p)

Y % (p)log N(p) log |

<N (p)<(1+8)z
+ 0(62x10g3(1 + |a|)>

By (32) and (34), this is

0(52x10g3(1 + |a|)> + O(8*x log ) + 0(62x10g3(1 + |a|))
= O(éQxlogxlog?’(l + |a|)),
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whence

2

6a 3
E X “(p)log N(p) < ————=xlogzlog’(1+ |a

< dzlogxlog®(1 + |al)

1 log @
—=zc1g——=————+loglogx
= ge 2 sl ier 0 ¥ 003 (1 + |al)

log =

= Ie_czllog(1+|a|)+\/@ 10g3(1 + |a|)

The final result of this section now follows easily:

Theorem 27. Forxz > 1

log x

S x(p) =< e Mlog(tlal)ty/logs log® (1 + |al).
N(p)<z

Proof. Let

We employ partial summation:

T )= Y I (m) — I (m —1)
N(p)<z 2<m<a logm
= m 1 — 1 J(x)
N 2;:9:19( ) (10%7” log(m + 1)) - log([z] + 1)

By Theorem 26, this is

logm

—C2l T —— 1 !
< me - log(itlal)+/logm log3(1 + lal) < o )
2<%:<x logm  log(m + 1)

log x

e et Vioer log?(1 + |al).
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log x
c21 £
log

But since ze (+leD+viesz js monotone increasing for sufficiently
large x,

log m

Z me—cmm ]og3(1 + |6L|) ( ! B 1 )
>y logm  log(m + 1)

g losz 1 1
L ze  lesrlab+Vicss Jog3(1 + |al) ( B )
2<;<x logm  log(m + 1)

. log
Cae DR Jogh(1 + |al) (1022 - 1og([~“61] + 1))
< xeﬁmbﬂlﬂf‘% log®(1 + |al).
The theorem follows. 0
4. EQUIDISTRIBUTION OF LATTICE POINTS ON CIRCLES
4.1. A Lemma on multiplicative functions.

Definition. A function f: N — C is called multiplicative if
f(mn) = f(m)f(n)

whenever (m,n) = 1.

We will prove a form of the so called Halberstam-Richert inequality,
giving a bound for 3, ., f(n) via a bound for 3° -, %p). This version
appears in Katai [19)].

Lemma 28. Let f(n) be a nonnegative multiplicative function, and

assume that
f(p*) = O(a)
for every prime power p*, o > 1. Then we have

Zf(n) < lo:;xexp{z f(p)}

n<x pgmAAE;i
Proof. Let
Alz):=> f(n), B(z) =Y f(n)logn.

Then we have

B(z)=3)_ f(n) 3_ logq"

n<x q*[In
= > f(h)f(g™)logq®,
q*h<zx

(g%,h)=1
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since f is multiplicative Hence

(35) Z fh q*)log ¢".

q*<

tm

But for an arbitrary y > 2 we get, using the assumption on f,

Z f(g¥)log¢* <« Z o logq—Za Z log gq.

Ot<y 0t<y q<ya

By the Prime Number Theorem (see for example [15], §18)
>~ logq =O(y~),
g<ya

and thus

Zf ) log ¢* <<Zaya—y+2aya

q*<y a>1

For every « in the sum we have 2% < y, so

1 2
Satye< Y s < Y (1223) yz < y2log’y,

a>1 log y logy
I<a< log 2 1<Oé§log2

Q

since the number of terms in the sum is O(logy). Thus
2 @ logd" =y + O(y? log*y) = O(y).
*<y
Inserting this into (35) yields
(36) )<Y f(h Z fh
h<z h<z

But since f is nonnegative and multiplicative, we have

f(h) flp) | f(®*)
> =11 ( D 2 )

h<z p<z
§H<1+M> <1+f(]f)+f(23>...>.
p<e p p p

We claim that

11+ 190 90 ) <o

5 p P
Indeed, this product converges absolutely if and only if the series

5 (f(pz) LI )

>\ P P

37
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converges absolutely, and by the assumption on f this series is

<<Z§:£k<oo
p k=2 P
Thus
f(h) fp)\ _ f(p)
}%T<g<1+7> —@(p{;ﬁlog(l—f‘T)
)

:exp{; <%+O(p_2)>} < exp{ > %}

so, recalling (36), we get

(37) B(z) < zexp{ > Jp) :
p<w p
Now we can make a crude estimate of A(x): by partial Stieltjes inte-
gration we have (assume without loss of generality that = > 2)
(38)

[l B(z) [ 1
Alz) =1 =1 ——dB(t) =1 B(t)dt.
@ =1+ 3 1) +2[10gt (t) +10gx+2[ﬂog2t (®)

But by Merten’s Theorem (see for example [16], Ch. I.1, Theorem 9),
(37) implies

B(z) < zexp {Z E} < z(log )",

p<z

and hence
X

1 X
/ - B(t)dt < / (log £)°~2dt < {:‘
tlog™t J x

2—

if ¢ <2,
(logt)™t if ¢ > 2.

Putting these estimates into (38) yields
(39) Alr) < z'e
for an arbitrary € > 0. Now

Al@) - AWz) = > f(n) <

Jien<a ~ logx

B(r) < lozxeXp {Z @}

<
~ logx

But by (39),
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so this term is negligible, and the lemma follows. 0

4.2. Proof of Theorem 3. We recall the definition of the exponential
sums S(n, A) on Page 9, and define functions f4(n) in the following
way:

Definition. Let
S(n, A
7‘4(71) = 7| ( 5 >‘

These will prove to be multiplicative functions of n, thus allowing us
to make use of Lemma 28.

Lemma 29. fa(n) is a multiplicative function.

Proof. Suppose that n has the prime factorization of (6) on page 8. If
we exclude the trivial case where one or more of the (3; are odd, and
consequently fa(q”) = 0= fa(n), we get
5 aq g . . .
S(Tl,A) _ Z Z . Z wmAelA(C”T/Q“‘(al—zjl)em+~~-+(ak—2jk)9pk>'

m=0j1=1  jp=1

Since
(40) iwmA: 6 ifA=0 (mod 6),
0 0 otherwise,
we see that
. |S(n,A>| - [e%1 AL Z‘A((a1—2j1)9p1+...+(ak—2jk)9pk>
fab = =
1 Jk
aq (652
_ Z e’iA(Oé1—2j1)9p1 . Z eiA(ak—ij)Opk
n=1 Jrk=1
= fa(p1) -+ fa(pr),
so fa is multiplicative. 0

Furthermore, by (40), f4 =0 when A #Z 0 (mod 6), and in this case
all results are trivial, so we henceforth assume that 6 | A and substitute
A with 6a, a € Z.

We examine the values of fg, for prime powers:

o fe.(3%) =1.
e If g =2 (mod 3) we have

1 if ais even,

fea(d") = {0 if o is odd.
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e If p=1 (mod 3) we have

«

Z 6ia(a—27)6

fea(p Pl < o+ 1.

Thus fgs, clearly satisfies the hypothesis of Lemma 28. Moreover, we
have in particular

2| cos6ab,| ifp=1 (mod 3),
(41) fea(p) =<0 ifp=2 (mod 3),
1 if p= 3.

Jea(p) .

Now we need to calculate 3°,-, From Fourier analysis we

recall Fejér's Theorem ([18], Th. 1.5), stating that if g is a continuous
function on [0, 27], then the arithmetic means of the partial sums of
the Fourier series of g converge to ¢ uniformly on [0, 27]. Thus for each
e > 0 there exist k and ay, . .., a such that for every = € [0, 27]

k
|cosz| — > am,cosma

m=0

<e.

There are only cosine-terms in the Fourier series, since the function
| cos x| is even. Moreover

1 2
ag = —/|cosx\dx = —.
27T0 7r

By (41) we get

a 1 2| cos 6ab
Z foa(p) S Z | |
p<z p 3 p<z p
p=1 (3)
1 k_2a,, cos 6amo 2¢e
<-+ > (Z - p+—>
3 p<x m=0 p p
(42) p=1 (3)
42 1 2 1
=—+2(—+% >o-
3 7 e P
p=l (3)

n Z o Z 2 cos 6am,

m=1 pgx p
p=1 (3)

In order to estimate the sum on the right we will reformulate Theorem
27 a bit:
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Proposition 30. Ifx > 1, a # 0 and |am| = O(eV'*¢*) we have
> 2cos6amb, < we~ Ve,

p<z
p=1(3)

Proof. We take a closer look at the sum
> X p).
N(p)<=z

If p is a prime ideal, then either N(p) = p, where p is a split prime, or
N(p) = ¢*, where ¢ is an inert prime, or N(p) = 3. In the first case we
have (p) = pp = (7,) (7). Thus, if p=1 (mod 3) we have

> XM (p) = X (mp) + X (%) = 2 cos 6amb,.
N(p)=p

If ¢ =2 (mod 3) we have
> X)) =x""(a) = 1.

N(p)=q>
Finally
> XM (p) = X (ws) = (—1)"™.
N(p)=3
We conclude that
(43) S xX%p) = > 2cosbamb,+ > 1 £1.
N(p)<z p<z ?<z

p=1(3) a=2(3)

Moreover, if 1 + |am| < CeV'°8* we have
log x

> ("1 0<C' <1
log(1 + |am|) + v/logz — o8 ’

so by Theorem 27

—c log =
Z XGam(p> < ze 2llog(1+\am|)+\/m 10g3(1 -+ |am|)
N(p)<z

< we Vs (Jog 1)
< pe—cmy/loge.
Thus by (43)
> 2cosbamb, < we— V18T | g3 « gemeny/losr

p<w
p=1(3)

and the proposition follows. O
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Note the restriction on a. A simple partial integration now yields
the estimate we want:

Proposition 31. Ifz > 1, a # 0 and |am| = O(eV'°8%) we have

2 0
(44) 3 cos6amp:O(1).
p<z p
p=1(3)

Proof. By Proposition 30

Z 2 cos 6am9 /t_ { Z 2 cos 6am9p}

p<z p<t
p=1(3) p=1(3)

<O+ Vi o [ty
5

Now, by the change of variables u = y/logt, we have
0< /t temeaviosl g < /t ! —024v1°gtdt=/2ue—024“du= %
0

€24
and thus
2 cos 6amd, —car/logw
Z ——— L e MVRT L O(1) =0(1).
p<x p
Pp=1(3)

n

From the Prime Number Theorem for Arithmetic Progressions ([15],
Ch. 20) it easily follows that

(45) Z - = loglogx—i—O()

p<lz
p= 1(3)

Inserting (44) and (45) into (42), we get

fGa( ) 2
Z 3 —|— (7? + 5) loglogx + O (k lrgln%%ck |am|)

p<z p

2
= (— —+ 6) loglogx + 05(1)7
™

uniformly in @, provided a # 0 and a = O.(eV'°8%).
Now, using Lemma 28, we conclude that

2 2
Z f6a - exp { <7T + 6) log log:v + Oa(l)} < x(log ;13)?"'5_1’

n<x
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which proves Theorem 3. 0

5. THE DISTRIBUTION OF HEXAGONAL PRIMES IN SECTORS. BAD
CIRCLES.

Already in 1903 Landau [13] proved the so called Prime Ideal The-
orem, giving an asymptotic formula for the number of prime ideals
with norm < z in an arbitrary number field, then with the error term
O(ze~10g)™*) " The version we give here comes from [12]. First we
define the logarithmic integral:

Definition. For x > 2 we define

T

du

Li(z) := .
J log u

Theorem 32 (Prime Ideal Theorem). For the number of prime ideals
in a number field K with norm < x, we have

Ti(x) = Z 1 =Li(z) + O(xe_%\/@),

N(p)<z

where n s the degree of K, and b is a positive constant, independent

of K.

We will refine Theorem 32 in the particular case of the hexagonal
number field K = Q(y/—3) to a result measuring the number of prime
ideals p < O such that N(p) < z and such that 6, lies in a specified
interval [¢1, 2. Again we follow Kubilius [9].

To this end we will apply the results on the previous section to a
Fourier series. We will use a lemma of Vinogradov to prove that the
characteristic function of the interval [¢1, po] can be approximated by
functions with well-behaved Fourier coefficients.

Lemma 33 ([21], Ch.1, Lemma 12). Let r be a positive integer, and
let a, B, A be real numbers satisfying

0<A<l, A<L<pB—-a<1l-A.

Then there exists a periodic function ¥(x), with period 1, satisfying
(1) (z) =1 in the interval o + 5 <z < 3 — 2,
(2) ¥(z) =0 in the interval 3+ £ <z <1l+a—%

2
(3) 0 < Y(z) < 1 in the remainder of the interval o — % <z<
1+a—

)
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(4) (x) has an expansion in Fourier series of the form
Y(x) =0 —a+ > (amcos2rmz + by, sin 2rmaz),

m=1
where
|am|7 |bm| < 2(7Tm)_1,

2 r
|am|7|bm|<( . >

Tm \mmA

Remark. If we instead express the function v (z) above in a Fourier
series of the form .
w(x) — Z Cn€27r'inae7
n=-—oo

then we have
1 1
co=0—a, ¢,= §(an—ibn), Cp = i(an—l—ibn), (n>1)

so that

Lemma 34. Let 6 > 0 and suppose 20 < g — 1 < %—25. Then there

exist T-periodic functions f(p) and f(p) such that

(1) fl@)=1if o1 <p <
Fle)=0ifpo+d<ep<T+¢p —
0 < f(p) < 1 in the rest of the interval p; — 6 < p <
P11 —
p)=1lifpr+0<p<pp—9
0ifpr<p<5+¢
©) <1 in the rest of the interval o1 < ¢ < T+ ¢1.

+
=)

il
IN

@)= 3 @™ flp) = 3 apei

n=—oo n=—oo

then we have

a 3( +9) a, < ! a, < !

Qg = — - (02% T ap

0 T ©2 PY1 ) |n| 5|n|2
3 1 1

QOZ;(SOQ_SOI_(S% ay, < mv Qn<<
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FIGURE 7

Proof. This follows immediately from Lemma 33 if we take x = %cp and
r = 1, setting for f,

3 3 3 3 3
o= —@ — 757 /6 = —¥2 + 75) A= 76,
T 2T T 2 T
and for f
3 3 3 3 3
&= —p + 757 /8 = —p2 — 75, A= —0.
T 2 T 2 T

Definition. Let —5 S o1 < e < 5. Then we define

1 ,02] (l‘) = Z L.

N(p)<z
P10y <2

We now prove the theorem about the distribution of prime ideals in
circle sectors.

Theorem 35. We have
3
(w2 — ¢1)Li(x) + O(:ve“f%\/@)‘

Merel () = —

Proof. Define the functions f(p) and f(y) as in Lemma 34, with

§ = e C267 /log x
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Then we get

7T[<P1,§02]<x) = Z 1< Z Z anX

N(p)<z N(P)Sw N(p)<z n=—00
p1<0p <2
= aor(x)+ Z ay, ( Xﬁn(p))
n#0 N(p)<z

Thus, by Theorems 32 and 27,

5 1 —c ogx
7T[<m,<p2]( r) < ;(902 ©1+9) (LI(LL’) + O(xe 27@))
(46) o
+0 (Z |ﬁn|x@ " log (11 [n))++/log = log (1 + |TL|))
n#l

Analogously we deduce

7T[8017902](l‘) Z i Z Z _nX

(n)<z N(p) <z n=—00

(47) = —(p2 — 1 —96) (Li(az) + O<xer:27\/@>>

—Cgy ——Togz
’ (Z Jafre” " TR log? (1 + |n|>) |

n#l

We examine the sum on the right side of (46). By the bounds on |a,|
in Lemma 34 we get, if we split the sum in two parts:

log x
5™ e TV og? (1 + [nl)
n#l
log3n - 1g(1+5105z+\/1g + Z log
e T s .
on?

n>§—2

<<xz

1<n<s—2

For the first part we note that

log(1 +62) < logd 2 < y/log z,
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and thus
log®n —cpy— loge 1
Z e les(ltsmDtlesr < 10g3(5—2)6—028\/logw Z -
1<n<s-2 1<n<s—2 "

S e*Cng/log:{: 10g4(572)

= e VI (9000 log x)*
< e*CQg\/lOgI'
For the second part we have

log? 1log?(672
Z og2n<<_og(72 )
N on )

— 6—026\/10g$(2626 /10g$)3 S 6—630\/10ga,’.

Obviously we have the exact same bounds for the corresponding sum
in (47) containing a,,. Thus (46) and (47) yield

—ca54/logx
<K ze ,

= 0log®(672)

3 .
7T[9017802]<x> - ;(902 — 1) Li(x)
and we are done. 0

Since there is a one-to-one correspondence between prime ideals and
hexagonal primes (that is, primes of the number ring ) in the angular
interval [-%, &), we get
Corollary 36. The number of hexagonal primes in the circle sector

T T
{212 <V, 1 <argz < o}, where —g§901<902<6
18
3 . V/
~(ip2 — ¢1)Li(2) + O(ze~ eV IET),
T
We also have

Corollary 37. The same estimate holds if we consider only non-real
Primes.

Proof. The number of real hexagonal primes in the sector described
above is obviously

< \/E<< $6—631\/10g1“

Theorem 4 also follows directly from Theorem 35:
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Proof of Theorem 4. By Theorem 32 and Corollary 36 we have, for
— 5 <P <pa< 3

1+ 0(1)) (2(p2 — ¢1)Li(x
g M@ _ () (e —e)li) 3
z—oo  g(x) z—00 (14 o(1))Li(x) T
This is what is required in the definition of equidistribution on Page
9. O

We will now show that it is possible to construct arbitrarily “bad”
circles. We follow Cilleruelo [22].

Theorem 38. For every € > 0 and every k € N there exists n € N
such that the circle with radius \/n centered at the origin has more than
k lattice points, all of which are concentrated on the six arcs

{Vne'Vst9): o] <€}, v=0,1,...,5.
Proof. Let ¢ and k be fixed. Choose an integer m such that
S log k — log 6

Y

log 2
and let 0 < § < =. Then by Corollary 4 we can find m different primes
P1,--->Pm such that 6 <6, < =. Set

n=piPm
Then the solutions a € O to the equation n = a@ all have the form

0 = /el EE ) +ivs

In each case
|i0pli...19pm| < e,

and by (7) the number of solutions is
ro(n) =6-2" >k,
which proves the result. O
An example clarifies the method:

Example. Put
n = 7983607 = 157 - 211 - 241.

We have
157 =122 +12-1 + 12, O157 ~ 0.0692 < %
201 = 142 +14-1+ 12, Oo1, ~ 0.0597 < %
241 = 152 +15- 1+ 12, Oy ~ 0.0558 < ——

36
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so that
T
12
Thus the lattice points on the circle with radius /n, centered at the
origin, all have arguments lying, modulo %, between — {5 and 5. More-
over, this circle has 6 - 23 = 48 points. (See Figure 8.)

| £ 0157 & 0211 £ bonn| <

6. A FURTHER MEASURE OF EQUIDISTRIBUTION

We will in this section give a result that perhaps better justifies the
statement of equidistribution on average. In the case of true equidis-
tribution, the ratio of points lying in a specific subinterval would be
approximately equal to the ratio between the length of the subinterval
and the length of the whole interval. The discrepancy A(n) measures
how far off this approximation is.

Definition. Let
A - #C 1P =nagCelaf)}  f-al

su -
0§a<,(1?§27r rQ (n) 2

2500

2000

1500 |

1000 |

500 -

-500

—-1000

-1500

—-2000

—2500

—-3000 —-2000

-1000 0 1000 2000 3000

F1GURE 8. Lattice points on the circle with radius » = +/7983607.
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We will show that the discrepancy is small for all but a few values
of n, as n grows large. Obviously we must specify the meaning of “a
few” - from Section 1 we know that in some sense only “a few” circles
with radius y/n, n € N, have any lattice points at all (this happens if
and only if all prime factors ¢ = 2 (mod 3) occur in even powers in n).

We recall that @) is the quadratic form defined by

Qz,y) =2° +zy + 9>,

and that 7g(n) is the number of representations of the integer n by the
form ). We put

Ro(z) :={n <z ; ro(n) # 0},

Bq(z) := |Rq(2)]
The asymptotic formula for Bg(x) was found by Landau [14]:

Theorem 39. There exists a constant b > 0 such that

BQ( )Nb\/@

From now on let r(n) = rg(n). Our result will take the form:

Theorem 40. For almost alln € Rg(x), that is, with the exception of
o(Bg(z)) of them, we have

A(n) <rqn)™,

if vy < 25— 1.
In proving this we follow Kétai and Kornyei [20], who gave the anal-

ogous result for the square lattice, as did Erdés and Hall [10]. We will
need a result of Erdés and Turdn [23] concerning the discrepancy:

Lemma 41. Let ¢q,...,pn € R. Put

1 X
= —Zel i,
szl

Then for an arbitrary T > 0 we have

VI

a<e;<fB

—~ |Z
su << = —.
0§a<5§27r z:: k
Proof. See [23], Th. II1. O

Proof of Theorem 40. For 0 < vy < 1, put

)= > A(n)r(n)’

n<z
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and
M, (v) = #{n <z ; A(n) >r(n)"}.

Our aim will be to prove that C,(z) = o(Bg(x)), since then it follows
that M, (x) = o(Bg(x)). By Lemma 41 we have for an arbitrary 7" > 0

T S(n Al
A(n Z ,
and thus
r(n)? L |S(n, A)
Cl(r) < + r(n)”

’Y( ) = T = ( ) Azz:l AT(TL)
< LS+ Y L S I8t Aoy
< — r(n — n, A)|r(n

Tngaz A=1 Angx
<2y i L > 67ga(n)
= 7 ga\n),
T A=1 Angm
where

ga(n) = 677|S(n, A)r(n)~" = fa(n) (T)M‘

ga(n) is easily seen to be a multiplicative function of n, and since for
primes p we have

9a(p) =27 fa(p),  9a(@”) < (a+1)7 = O(a),

another application of Lemma 28 on Page 36 yields

> ga(n <<xlogx) Toe= L

n<x

for an arbitrary € > 0. Putting 7" = [log z] + 1 now yields

C,(z )<<K+m(logx) Fes Hoglog .

27 1
, 80 that = +¢& < 3,

If we choose v
we get

which completes the proof. 0
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