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ABSTRACT. We study the fine distribution of lattice points lying on expanding circles in the
hyperbolic plane H. The angles of lattice points arising from the orbit of the modular group
PSLy(Z), and lying on hyperbolic circles, are shown to be equidistributed for generic radii.
However, the angles fail to equidistribute on a thin set of exceptional radii, even in the presence
of growing multiplicity. Surprisingly, the distribution of angles on hyperbolic circles turns out
to be related to the angular distribution of Z2-lattice points (with certain parity conditions)
lying on circles in R?, along a thin subsequence of radii. A notable difference is that measures in
the hyperbolic setting can break symmetry — on very thin subsequences they are not invariant
under rotation by 7, unlike the Euclidean setting where all measures have this invariance

property.

1. INTRODUCTION

1.1. Background and motivation. We study the angular distribution of lattice points on
hyperbolic circles — the boundary of balls with respect to the hyperbolic distance — and show
that equidistribution holds “generically” as the radius grows. We also show that there are
subsequences where equidistribution fails to hold, even if the multiplicity is growing. Refined
equidistribution results of this style have been studied for the case of Euclidean circles in [30].
For the case of the n-dimensional hyperbolic space H" equidistribution results for large annuli
of fixed width were studied in [1, 15, 32, 39, 41, 44].

In this paper we focus on the 2-dimensional case. Let H := H? denote the hyperbolic plane
which can be identified with the upper half plane

H={z+iy:x € R,y € Ryo}.
The plane H is equipped with the hyperbolic distance p(-,-), that for z,w € H is given by the

relation
|z —wp?
23(2)S(w)
The projective special linear group PSLy(R) := SLy(R)/{£I} acts on H by Mdbius transfor-
mations: for

(1.1) cosh(p(z,w)) =1+

and z € H fixed, the standard action is given by
() az+b
z) = .
7 cz+d

In fact, PSLy(RR) is precisely the group of orientation preserving isometries of H.
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We will consider discrete subsets of H given by the orbit of various subsets of the modular
group I' = PSLy(Z). (The case of congruence subgroups introduces some interesting novel
features, and will be addressed in future work). With w =i and z = (i) we have

(1.2) 2cosh(p(7(2),7)) = [II* = a® + b + ¢ + d*.
Forn € Nlet I :={y € T': ||7]|> = n}, and define the set
(1.3) N:={neN:I'">0}= {n:a2+b2—|—02+d2€N: (CCL 2) EF}.

We wish to determine the distribution of the points {7() : v € ['"} as n grows along integers
n € N. It is convenient to conformally map H into the hyperbolic disc D = {z € C, |z| < 1}
(endowed with the hyperbolic metric) by

(14) fle) = 1.

Clearly f(i) = 0, and the points f(v(i)), for v € I'" all lie on a circle centered at 0. Thus,
to determine the distribution of lattice points on the original hyperbolic circle it suffices to
determine the distribution of angles (or complex arguments)

0(v) := arg f((4))

as 7y ranges over elements in I'". In order to study the set of possible configurations we define
probability measures p,, (for n € N') on S* supported on a finite number of points, by letting

(1.5) [ = |rn > Sor-

yelm

zZ—1

1.2. Statement of the principal results.

1.2.1. Generic equidistribution. Our first result states that lattice points arising from the action
of the modular group are asymptotically equidistributed for “generic’ n € N, in the sense that y,,
weakly tends to ppaar for n tending to infinity along a generic subsequence, where fiy,,, denotes
the Haar measure on S' normalized to have mass one. (For an illustration of approximate
equidistribution, we plot two example point configurations in Figure 1). In fact, stronger than
that, we give a quantitative bound for the discrepancy.

Theorem 1.1. Letting N'(xz) = {n € N : n < z} we have [N (z)| < x/logx. Further, for all
but o(|N'(x)|) integers n € N(x), we have |I'™| < (logn)'°82+°(M) and moreover

I I I 1
sup {v € (v el} | 7
1cs! Iy 2m| TPl

where ¥ = log(m/2)/log2 = 0.651496129 . . ..

As a corollary to Theorem 1.1, we determine the distribution, for generic n € N tending
to infinity, of the real parts {Rvy(i) (mod1) : v € I'"}, and show (cf. Section 6) that the
corresponding probability density function is given by

1 1 cosh(m) - sinh(m)
1.6 S——
(16) p(z) Z 1+ (z+ k)? cosh( )2 — cos(mx)?’

That is, for an interval I C [O 1], the proportion of those v € I'™ with Rvy(i) (mod 1) € I is
asymptotlcally given by f ;p(z)dr as n — oo along a density one subsequence of n € N. This
can be viewed as a thin set analogue of the equidistribution result attributed to Good for the

set {Ry(z) (mod 1) : v € PSLy(Z),3v(z) > €}, as € — 0 (see [36, Theorem 6.2], [16, Eq.

€ [0, 1].
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n? — 4= 100000760001440, r{n” — 4) = 96 n® —4=100003180025277, r(n” —4) = 128

FIGURE 1. Left: Points (z,y) € Z? s.t. #2+y? = n?—4. Right: Points (z,y) € Z>
s.t. 22 +y?> =n? —4 and x even.

(3.27)] and [39, Theorem 1.2]). However, while real parts modulo one are equidistributed when
ordering by the imaginary part (in particular having constant probability density functions),
ordering by distance to ¢ introduces minute fluctuations, cf. Figure 2.
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FIGURE 2. Left: The plot of the asymptotic probability density function p(z) =
% of {Rv(i) (mod 1) : v € T} along a generic sequence {n} C N.

Right: Same plot, magnified in the y-direction.

A key ingredient in the proof of Theorem 1.1 is the remarkable fact that the set of hyperbolic
angles {0(7) : v € '} is the same as the set of angles of Euclidean Z?-lattice points, having
even z-coordinate, on the circle of radius v/n? — 4. (In essence, integer points on the surface

given by the two equations a? + b? + ¢ + d?> = n and ad — bc = 1 can be identified with integer
points on the curve given by 42% + y*> = n? — 4.)
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Proposition 1.2. Let S := {z*> + y? : x,y € Z} denote the set of integers expressible as sums
of two integer squares. Then N = {n € Z : n* — 4 € 8} and, for n € N, we have

(1.7) {0() : v €T} ={arg(z +iy) : z,y € Z,x = 0(mod 2), z* + y* = n” — 4} .

1.2.2. Non-equidistribution. We can also show that there are subsequences n; € N tending to
infinity in such a way that |I"™| — oo, yet the angles {0() : v € I} fail to equidistribute.
The constraint [["| — oo is natural, since equidistribution clearly fails along sequences so that
[T | stays bounded (such sequences do exist, see e.g. [29, Proposition 2.1]).

We will construct a wide family of weak-* partial limits of the sequence { i, }nenr of probability
measures on S, by comparing the hyperbolic setting to its Euclidean analogue, i.e. the case of
the angular distribution of the points of Z? C R2. To describe the setup we need some further
notation. Given n € Z, let

r(n) = {(x,y) € Z* : 2* + y* = n}]|

denote the number of representations of n as sum of two squares, and given n € S, define a
probability measure v, on S* by

(18) Up 1= m Z 5arg(ac+iy)>
(z,y)€22:22+y2=n
supported precisely on the angles corresponding to these representations.

We say that a probability measure on S! is attainable from lattice points on circles, or simply
just attainable, (cf. [30, Definition 1.1]) if it is a weak-* partial limit of {1}, }nes. Our second
principal result asserts that every attainable measure, under a small perturbation, is a weak-x
partial limit of {u, fnen in (1.5).

Theorem 1.3. There exists an absolute constant C' > 0, so that for every probability measure v
on S that is attainable, there exists a sequence {n;} C N and a probability measure v supported
on at most C points on S, such that

fin; = V *U.

Whether or not v is supported on a finite number of points, we may impose the further condition
that |I™| grows as n; — 0o.

In particular there exists a sequence {n;} C N such that || — oo, and the weak-* limit
p = lim; o pn, is highly singular in the sense of having support on a finite number of points,
see Figure 3 for illustration.

Further, there are hyperbolic limiting measures p = v *  that are singular continuous — for
example, we may take v to be a measure of Cantor type with arbitrary small support (cf. [30,

§4.3]).

1.2.3. Breaking symmetry. We remark that for n = 0(mod4) the parity condition on the z-
coordinate in (1.7) is illusory: both x and y must be even if z* + y?> = n? — 4 = 0 (mod 4), and
in this case the angles are obtained from all lattice points on the circle of radius vn? — 4. In
particular, any measure (1.5) (or any weak-* limit along even n € N') must be invariant under
(z,y) = (v, —y) as well as rotation by 7.

However, for n odd, the parity condition breaks the quarter rotation symmetry, yet the
limiting measures along “generic” odd n’s are equidistributed by Theorem 1.1 — hence invariant
under all rotations. A natural question is whether or not there exist limit measures of u,,, along
subsequences n; so that |[I'"| tends to infinity, that are not invariant under rotation by 7. This
is indeed the case.
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n? — 4= 496585999947995219021, r(n* —4) = 64
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FIGURE 3. Points (z,y) € Z? s.t. 2° + y*> = n? — 4 and x even.

Theorem 1.4. There exists weak-x limit points of {{in}nen, along subsequences so that |I'|
tends to infinity, which are asymmetric in the sense of not being invariant under rotation by 3.
In particular, the weak-+ limit points of {in}nen do not coincide with those of {vy }nes-

1.3. Comparison with the Euclidean case. It is natural to compare our results with those
for the case of lattice points of Z? inside R2. In that case, a more precise description of the
(aforementioned “attainable”) limit measures can be given; in fact, a partial classification of the
first two nontrivial Fourier coefficients of the limit measures was done by Kurlberg and Wigman
[30], and Sartori [42], building upon the pioneering works of Cilleruelo [6], Katai-Kornyei [26]
and Erdés-Hall [9]; our discrepancy bound can be viewed as a thin subset analog, of comparable
strength, to the discrepancy bounds in [9, 26].

In the Euclidean setting the set of limit measures turns out to have a surprising ‘fractal
structure’ in terms of its Fourier coefficients [30]. For the orbit points of the modular group,
one can pursue a similar strategy to classify their angular distributions in the space of Fourier
coefficients, and these are likely to exhibit a similar fractal structure to the Euclidean case, and
this would follow from a plausible strong form of the twin primes conjecture of the type [29,
Hypothesis 1], except the lack of the symmetry for n odd in relation to our Theorem 1.4.

1.4. Discussion on hyperbolic lattice point counting. The study of the orbit under the
action of Fuchsian groups on the hyperbolic plane with the use of spectral theory goes back to
Delsarte [7] (also see [8, pp. 829-845]), Huber [21], Selberg [43] (with the best error term), and
Patterson [38]. Nicholls [37], using ergodic theory, worked out the case of the n-dimensional
space, and Giinther [17], using spectral theory, generalized Selberg’s result for the case of
rank one spaces. Refined results in the hyperbolic lattice point problem have been extensively
studied, such as the angle distribution [1, 15, 32, 39, 41, 44] and the pair correlation density [2,
3, 32, 27, 40]. Second moment estimates of the error term and their applications to the study of
quadratic forms and correlation sums of r(n) were addressed by Chamizo [4, 5] and Iwaniec [24].
Further, Friedlander and Iwaniec [11] studied a modified ‘hyperbolic’ prime number theorem.
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Although coming from a different problem, their work is more ‘arithmetic’ in flavor rather than
spectral, and it is closer to our own approach.

Our investigation was inspired by the results of Marklof and Vinogradov [32], who resolved
the local statistics of lattice points lying on spherical shells of fixed width, projected on the
unit sphere, including the correlation functions of arbitrary order, finer than their angular
equidistribution due to Nicholls [37]. Namely, for v € I' and a fixed point w € H, denote
by ¢(yw) = ¢;(yw) the intersection of the unit hyperbolic circle centered at ¢ € H and the
semi-infinite geodesic starting at ¢ and containing yw. Fix s > 0, and, for t > s large, consider
the projection

Pu(s,t) ={p(yw) : v € T/Ty, t — s < p(yw,i) < t}

of the emerging spherical shell to the unit circle. Here I',, is the stabilizer of the point w € Hi,
which is a finite cyclic group [24, Ch. 2]. These notions easily extend to the case of a lattice T’
acting discontinuously on the n-dimensional hyperbolic space H" for n > 2.

In this context the main research line has been on understanding the direction distribution in
Pu(s,t) ast — oo, with s fized. By work of Nicholls [37], asymptotics for the counting function
is known:

|Pw(87t)| ~ Cp (]. — 6_(n_1)8) . e(n_l)t’

for t — oo and s fixed (here ¢, is an explicit constant depending on n and I"). Further, by [37,
Theorem 2] it easily follows that the angles in P, (s,t) asymptotically equidistribute: for every
A C S"! with measure zero boundary and s fixed we have

vol(A)

Pu(s,t) NA| ~ vol(S™1y

| Pu(s; 1)]

as t — oo.

Our method differs from the usual attacks on hyperbolic lattice counting problem. The
equivalence between hyperbolic angular distribution and Euclidean angular distribution allows
us to use arithmetic tools (sieves) rather than results from spectral or ergodic theory.
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2. LATTICE POINTS IN H AND R2: PROOF OF PROPOSITION 1.2

2.1. Lattice points on hyperbolic and Euclidean circles. For v = (2%) € T" and i €
{1,2,3,4}, define the quadratic forms x; = x;(y) by

(2.1) r=a>+b, m=c+d% w3=ac+bd, x4=11— T
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we then find that v(i) = (x3 +i)/zo € H, and, using that 23 = z;z5 — 1, a short calculation
gives
. 213 + 11y
i) = —————
oty = 2t
Thus, with n = ||7]|? = a®> + b* + ¢ + d*> € N, the set of hyperbolic angles is given by the
angles (in R?) of the set of points

e D.

L, = {(2(ac+bd),a2+b2—02—d2):a2+b2+02+d2:n, (Z Z) GI‘}.

We observe that the set L = Ej L, is not a sublattice of Z?, and, in what follows, we will show
that L,, can be identified Witﬁ:tlhe set

L, = {(2353,334) L a3, 14 € L, 42 4+ 13 =n® — 4} )

To describe this identification in more detail, let a, b, ¢, d € Z satisfy
A+ +cE+d*=n, ad—bc=1.

Then, following [11] or [12, Chapter 14.7]" (see also [24, Ch.12] and [4]), we let
(2.2) nm=a+d, yYyp=b—c, ys=b+c, ys=a—d.
It is then simple to verify that

yi+ys=a’+b+c+d*+2(ad —bc) =n+2
and

ys+ys=a’ + b+ +d* —2(ad —be) =n — 2,
indicating a correspondence between hyperbolic lattice points, and Euclidean lattice points on

two circles. With N defined as in (1.3), and recalling that S = {n € Z : r(n) > 0}, the above
demonstrates that N C {n € Z:n+2 € S}.

2.2. The parity conditions. Conversely, we will now show that {n € Z:n+2 e S} CN.
This gives rise to certain parity conditions that must be taken into account.

First, note that if n € {n € Z : n £2 € S} then n + 2 # 3(mod4) (recall that k ¢ S for
any k = 3(mod4)). Also, if n + 2 = 2 (mod4), write n = 4m; as n+2 = 2(2m + 1) and
n—2=2(2m—1) we find that n +2 € S or n — 2 ¢ S. It remains to consider integers n with
n+2=0,1(mod4). Let yi, Y2, ys3, ys € Z satisty

(2.3) Y4 ys =n+2 and ys+yi=n—2.
Define
(2.4) a=(n+y1)/2, b=(y2+y3)/2, c=(ys—92)/2, d=(y1 —ya)/2.

Clearly, a®> + b*> + c? +d?> = n and ad — bc = 1. We also need that a,b,c,d € Z, i.e., that
y1 = y4 (mod 2), and ys = y3 (mod 2).

To analyze the implications, consider first the case n+2 =n —2 = 0 (mod 4). We find that,
by (2.3), y1, Y2, y3, Y4 all must be even, and the parity condition is satisfied automatically.

Otherwise, consider the case n+2 = n—2 = 1 (mod 4). By using (2.3) again, we find that y;, yo
must be of opposite parity, and the same holds for y3, y4. The parity conditions y; = y,4 (mod 2)
and ys = y3 (mod 2) are now nontrivial, and, by symmetry, only half the solutions on the two

ISee [12, Egs. (14.55) and (14.56)], though there appears to be a misprint: g and 34 should be interchanged.
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circles yield hyperbolic lattice points. The parity condition can be ensured, if necessary, by
interchanging y; and y,.

2.3. Proof of Proposition 1.2. We next relate the distribution of hyperbolic angles to the
distribution of angles of Euclidean lattice points, with even z-coordinates, on one circle.

Proof. We first show L,, C L,,. Let y1,...,ys be as in (2.2). We find that

(1 +iy2)(Ys +iya) = 11ys — Yoy + i(Y1ys + Y2ys)
= (a+d)(b+c)—(b—c)(a—d)

(2.5) +i((a+d)(a—d)+ (b—c)(b+¢))
2(ac + bd) +i(a® + b* — ¢ — d*)
= 23+ i1y

with 3, 24 as in (2.1); it is straightforward to check that 222 + 22 =n? — 4, so L,, C L,,.

Let (2u,v) € Z? with 4u® + v? = n? — 4. Since (n — 2,n + 2)|4, we have that n*> — 4 € S if
and only if n £2 € §. It follows that there exist integers vy, yo, y3, y4 With

ity =n—2 ytyi=n+2,
and (y; +1y2)(ys +iys) = 2u +iv. In particular, y;y3 — yoys must be even. Recall from Section
2.2 that we only need to consider n +2 = n — 2 = 0,1 (mod4). Hence, since 3193 — yoys is
even, the parity conditions y; = y4 (mod 2) and y, = y3 (mod 2) hold (interchanging y; and ys
if needed). Thus, for a,b,c,d as in (2.4) we have that a® + b* + ¢ + d* = n, ad — bc = 1 and
a,b,c,d € Z. By repeating the calculation performed in (2.5) we have 2u = 2(ac + bd) and
v =a®+b* - c? — d%. Therefore, £, C L,.
O

3. EQUIDISTRIBUTION DISCREPANCY ESTIMATE: PROOF OF THEOREM 1.1

3.1. Auxiliary notation. For Z € R? let (%) denote the angle between # and the positive
r-axis. Also, let 1g denote the indicator function of a set S. We also write

wi(n) ={p|n:p=1(mod4)}, and Qi(n)= Z a,
pElszﬂZdﬁl)

where p?||n, means p®|n and p®** { n. Further, let

(3.1) r*(n) = E 1.
i=(z,y)€Z?
#=n
I 1S even

If n is odd then r*(n) = 3r(n) since for every & = (z,y) with |Z|> = n cither z or y is even,
so by symmetry exactly one-half of the lattice points on the circle of radius y/n will have even
z-coordinate. Next, consider n = 2m with m odd then 7*(n) = 0 since for |Z]* = 2m there
exists a,b € Z with x + iy = (1 +i)(a + ib) = (a — b) + i(b + a) and either a or b is even (m is
odd) so x and y are both odd. Finally, if n = 4m and z2 + y? = 4m, then z + iy = 2(a + ib)
for some a,b € Z, so x,y are even and in this case r*(n) = r(n). In summary,

2-r(n) ifn==+1 (mod 4),
(3.2) r*(n) =<0 if n =2 (mod 4),
r(n) if n =0 (mod 4).
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Additionally, let

To(n) = Z 1

ni--ng=n

denote the ¢-fold divisor function, and define b(n) = 1 if n is a sum of two squares and to be
equal to zero otherwise (i.e. b(-) is the characteristic function of S = {n =0+ 0O}).

Definition 3.1 (Primary numbers). A Gaussian integer a + ib € Z[i] is primary if a + ib =
1 (mod2(1+14)). Equivalently, a + ib is primary if
b =0 (mod 2)
a=1—>b(mod4).
It is well-known that a product of two primary Gaussian integers is primary, and each primary
Gaussian integer can be factored uniquely, up to reordering, into primary Gaussian primes, see

e.g. [25, p. b4]. For a prime p = 1 (mod4), let m be the primary Gaussian prime with norm
N7 =p and $(7) > 0. We define

(3.3) 6, = Arg(m)

where Arg(-) is the principal value of the argument function.

3.2. Proof of Theorem 1.1. By Proposition 1.2, Theorem 1.1 is an immediate consequence of
the following discrepancy bound for integral lattice points, having even x-coordinate on circles
with radii v/n? — 4, together with (3.6).

Proposition 3.2. Let 0 < & < 1. For all integers n < X such that n®> — 4 is a sum of two

52
squares we have outside of a subset of size < X/(log X)'*% that r*(n? — 4) < (logn)'s2(1+)
and moreover

1 |1
3.4 sup |—— 1;,00(7)) — — | <K —,
(34) rcst |4 (n? — 4) :E':(%EZ2 16(2) 2| T pr(n2 — 4)°G50)
@ =n2—4

where ¥ = log(m/2)/log 2 = 0.651496129 .. ..

Towards a proof of Proposition 3.2 we record the following consequence of the work of Nair-
Tenenbaum [35, Eq. (7)]. Let h € Z and f, g be non-negative multiplicative functions such
that f(n) < 7(n) and g(n) < 74(n) for some ¢. Then

(3.5) g;f(n)g(n +h) < ng (1 + %) (1 * g(p;%l)

where the implied constant depends on h (alternatively see [12, Theorem 15.6], which would
suffice for our purposes). Additionally, let us recall the following result which has been proved
by Hooley [20, Theorem 2] and Indlekofer [23, Eq. (1.3)] that

> b(n)b(n+1) > %

n<X
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Consequently, since b(2°n) = b(n) and (n — 2,n + 2)|4 we have that

D b(n® —4) =) b(n)b(n+4) + O(1)

n<X n<X

>Zb b(n+1)+0(1) >

n<X/4

(3.6)
logX7

where the first inequality follows upon restricting to multiples of 4. Using (3.5) we get that

> b’ -4) < X [] (1+b(p)p+1) <<&.

n<X p<X

Finally we record the following estimate, which follows from the work of Erdés-Hall [9]. Given
an odd prime p = 1 (mod 4), define

(3.7) ¥, = arctan(y/x)

where p = 2?2 4+ y? with 0 < y < z, and note that | cos(k6,)| = |cos(kv,)| for k € Z with 2|k.
Hence, for any k € Z with 2|k it follows from repeating the argument in [9, Eqgs. (24)-(25)] that

1 X dt
: > =— [ — k| X e evios®
(3.8) | cos(kb,)] - /2 Tog 1 + O(| | Xe )
p<X
p=1 (mod 4)

for some ¢ > 0.
Before proving Proposition 3.2 we need the following simple estimate.

Lemma 3.3. Let 0 <e<1. Then

X
3.9 bn® —4) €« ———.
39 Y <
w1 (n2—4)§6—5) log log X
Also
X
3.10 b(n® —4) €« —————.

Q1 (n2—4)>(14-<) loglog X
Remark. For r*(n) # 0, we have that
21(n) < px(p) < 2 (WH2
Hence, by (3.9) and (3.10) we have for all integers n < x with r*(n* — 4) # 0 that outside of
an exceptional set of size at most O(X/(log X))
(3.11) r*(n* — 4) =< (log n)log?(lig).
Proof. Applying Chernoff’s bound and (3.5) we have for any o > 0

Z b(n® —4) < logX 1 e) Zb emow (n?~4)

n<X n<X
w1 (n?—4)<(1—¢) loglog X

b(p)e  — 1)2

< X(log X)) [T (1 + ;.

p<X

log X a(lfs)Jre""fl'
< logX( og X)



DISTRIBUTION OF LATTICE POINTS ON HYPERBOLIC CIRCLES 11

Taking o = ¢ it follows that a(l — &) + e ® — 1 < —£%/2, which completes the proof of (3.9).
The proof of (3.10) follows from a similar argument, which we will omit. 0

Proof of Proposition 3.2. For n such that b(n) =1, n # 2 (mod4) and k € Z let

1 N 1 o
ug(n) = — Z 0@ vg(n) == Z k(@)

*

(3.12) r(n) l:f‘e?Zf r(n) f:|(f|§y)€ZQ
and

4 P
3.13 = o(7)
(313) )= o5 Y e

i‘:(xéy)eZ2
|Z]*=n

z+4y is primary

The function wy(-) is multiplicative, and for 4|k we have that wuy(n) is multiplicative (if 4 1 k
then ug(n) = 0). Also, for any integer m, if k is odd then vi(m) = 0, which can be seen
by noting that 0(—xz,—y) = 7 + 0(x,y) (mod 27); so if k is odd the terms corresponding to
(,y),(—x,—y) in the sum cancel with one another. Let us also record the following basic

property
(3.14) vi(n) = v_g(n),
which follows from making the change of variables (z,y) — (z, —y).

Since x + 4y is primary if and only if x — ¢y is primary, by grouping together terms with their
conjugates it follows that wy(n) is real-valued, so that

(3.15) wi(n) = wi(n) = w_g(n).
Below we will prove that if n is odd, then
(3.16) ve(n) = (=1)* 2wy (n),

for 2|k. Hence, by the Erdés-Turan inequality (see [33, Corollary 1.1]) and (3.16), it follows
that the Lh.s. in (3.4) is, for odd n < X, bounded by

by late-u)

k
1<k<log X
2|k

<

log X
Let € > 0 be sufficiently small but fixed and let
N(X)={n<X:b(n*—4)=1and wi(n®* —4) > (1 —¢)loglog X } ,

Noaa(X) = {n € N(X) : nis odd},
and Neyen(X) be defined similarly. By Lemma 3.3 and (3.6),

1 1
3.17 b(n® —4) <« ———,
(817) [{n < X :b(n* —4) =1} 7;( ( ) (log X )2
w1 (n2—4)§6—5) log log X
so, for results concerning a density one subsequence of integers with b(n? — 4) = 1, it suffices

to consider n € N(X).
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Applying Chebyshev’s inequality we get that

Hn € Noaa(X) : Z Jw(n” = 4)| > (logX)—1°g§+€}

k
1<k<log X
2k
(3.18) < (log X5 3 1 (i — 4)
0 E — E wg(n® — .
=~ (log L k
1<k<log X n<X
2|k w1(n?—4)>(1—¢) loglog X

n is odd

To bound the sum on the r.h.s. of (3.18) we apply Chernoft’s bound and (3.5) to get for any
a>0and 1 <k <logX that

1 awl(n awl(n—
Z ‘wk(nz — 4 SW Z |we(n + 2)|e 1(n+2) | |wi(n — 2)|e 1(n—2)
n<X n<X

wl(n2—4)26—5) loglog X n is odd
n is odd
X |wi(p)[e*b(p) — 1)2
L — 1+ :
(log X)a(1=<) g( ( p

Applying (3.8), the above quantity is bounded by

< <logX>ea%—a—1+as7

log X

and after taking o = log /2 we get that this is < %(log X)(=1+e)leem/2 [ging this estimate
in (3.18) along with (3.11) and (3.17) shows that the bound (3.4) holds for all odd n < X such
that b(n? — 4) = 1 outside a set of size

X (loglog X) X
(1OgX)1+sf€log7r/2 (10g X)l-i,—%(g? ’

This completes the proof of Proposition 3.2 for odd n.
We now show that for almost all even n the discrepancy (i.e. (3.4)) is small. For even n = 2m
we have 4|n? — 4, hence vy(n? — 4) = uz(n? — 4). Also,

Jur(n® = 4)| < |ug(m + 1) - up(m — 1),

which follows from the multiplicativity of uy(n) and the observation that |u(2%)| = 1 for 4]k,
which can be seen by analyzing the solutions z,y € Z to 2 + y* = 2% (recall if 4  k then
ur(n) = 0). Hence, proceeding as before, we obtain the desired discrepancy bound for almost
all even n as well.



DISTRIBUTION OF LATTICE POINTS ON HYPERBOLIC CIRCLES 13

It remains to establish the claim, i.e. (3.16). To see this first note that for a function with
f(2) = f(Z) we have

Z fla+1b) = Z f(i(a + ib))

a+ibeZ[i] a+ibeZ[i]
a is even a is odd
b is odd b is even
= Z f(=b+ai) + Z f(=b+ ai)
a+ibeZ[i] a+ibeZi]
a=1-b (mod 4) —a=1-b (mod 4)
(319) b is even b is even
= Y f(=b+a)+ D f(=b—ai)
a+ibeZ[i] a+ibeZ[i]
a=1-b (mod 4) a=1-b (mod 4)
b is even b is even
=2 > f(i(a+ib)),
a+ibeZ[i]

a+1b is primary
provided the sums above are absolutely convergent. Taking
f(Z) — (eikarg(z) + efikarg(z))l‘zpzn’
with 2|k, and applying (3.2), (3.14), (3.15) and (3.19) we get that
r(n
20(n) = vy(n) + v_g(n) = 2(—1)"2(wy(n) + wk(n))%(i) = 2(=1)"?wy(n),
which establishes (3.16). O

4. NON-UNIFORM LIMITS: PROOF OF THEOREM 1.3

In this subsection we show that there exist sparse subsequences of integers {n;}, such that
T*(njz» —4) — oo as j — oo, and the integral lattice points on circles of radii , /n? — 4 with even

x-coordinates fail to equidistribute as j — oo. A key ingredient (Lemma 4.1 below) is a result
of Kurlberg-Lester-Rosenzweig [29], which builds on related works of Huxley-Iwaniec [22] and
Friedlander-Iwaniec [12, Theorem 14.8].

We also use a construction, which exploits the fact that Gaussian primes are equidistributed
in narrow sectors. This follows from work of Kubilius [28] who proved that

1/10 Xono
‘{p < X :p=1(mod4) and |[¥,] < X~V }| > g X'
Using the estimate above, it follows that there exists Q < (log X)'/1* which is squarefree such
that [{p : p|Q}| < logloglog X and if p|Q then loglog X < p < (loglog X)?, p =1 (mod4) and
19, < (loglog X)~1/10.

Lemma 4.1. Let mg be an integer such that plmg implies p = 1(mod4). Suppose my = f2e
where e is squarefree, 1 < e < +/loglog X and f < 1. Also, let Q be as above. Then there exist
> W integers n < X such that

n®—4= mop1p2Qln

where py,py are distinct primes = 1 (mod4) with [9,] < (loglog X)~Y2, p1,ps > log X and
r*(¢,) =< 1. Additionally, mg, C,, p1,p2, Q are pairwise co-prime.
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Proof. This follows from [29, Proposition 2.1] with Qo = 1 and Q; = moQ and £ = (loglog X )~'/2,
and here n—2 = p1py and n+2 = myQ¥,, so (p1ps, {») = 1. Note that each of the prime factors
of ¢, are > X" for some small but fixed n > 0 so that (¢,,Q) = ({,, mo) = (Q, mg) = 1. O

Proof of Theorem 1.3. By Lemma 4.1 there exist > X/(log X)?>T°() integers n < X such that
n? — 4 = myl,,Q’', where Q' = Qpip>. Moreover @', ¢,,, my are pairwise co-prime. Also, for a
prime p|Q" we have 6, = [,Z 4+ O((loglog X)~'/1%) for some I, € Z, where 6, is as defined in
(3.3). Let u, = (—1)>#" % and using the fact that w(-) is multiplicative we have for 2|k

wi(Q') = H cos(kf,) = uk/% + o(1).

plQ’
Hence, for n as above we have for 2|k that
wi(n? — 4) = wi(Q"wy (Lamo) = (u/? + o(1))wy (Lumo).
Using this (3.2) and (3.16) it follows for n as above and 2|k that
vp(n? — 4) =(=1)* 2w, (n? — 4)
=u,* (= 1)* 2wy (£umo) + o(1)

Since the angles of primary primes equidistribute in sectors® we know there exist distinct primes

q1,q2 such that 6, = T 4 0(1), as ¢; — oo, for j = 1,2. Take my = q1g2mo With (Mo, q1¢2) = 1.
Also, 2|k so e*0 = ¢*(0+7) for any § € R. Hence,

(4.1)

~ ~ 1 kT ik ~
wi (q1g2m0) =wi(q1g2)wi (M) = Z(e M e ) 2w (mo) + o(1)
1

. Z (ez‘ke(f) 4 R O@+m) 4 ik(O@+3) eik(e(f)—%)) + o(1)
r(mo)

T=(z,y)€Z
|@2=n
r+14y is primary

:uk<7%0) —+ 0(1),

where uy, is as given in (3.12) (note that the definition extends to all n with b(n) = 1). Therefore
using this along with (3.16) and (4.1) we conclude for 2|k that

(4.2) vp(n? — 4) :uk(fﬁo)uim(—l)kﬂwk(ﬁn) + o(1).

Let v be a probability measure on S*, which is attainable. Since v is invariant under rotation
by Z we have U(k) = 0 if 4 t k, where U(k) = 5= [, e *du(t). There exists a sequence of
integers {m,} such that for each k € Z
(4.3) lim ug(m;) = v(—k).

j—oo
Write m; = 2%1;m; where p|l; implies p = 3 (mod 4) and p|m; implies p = 1 (mod 4). Observe
that if p = 3 (mod4) then ux(p*) = (1 + (—1)%)/2 so ux(m;) = ux(2%m;). Hence, taking
mo = mo(j) = gy’ m; where go = 1 (mod4) , with 6,y = % + o(1) and (go, q1g2;) = 1 we have
that

(4.4) uk(m;) = ug(mg) + o(1).

k
2To see this, note that xk((@) = (ﬁ) , where « is the primary generator of («), is a Hecke grossencharacter

(modm) of frequency k for any k € Z where m = (1) if 4|k and m = 2(1 +4) if 4 1 k [25, Eq’'n (3.91)]. Hence,
equidistribution of angles of primary primes follows from the standard zero free region for the L-functions
attached to these characters.
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Also, by passing to a subsequence {n;} of the integers n as above there exists a probability
measure 7 on S', which is supported on at most O(1) points, such that for each k € Z
(4.5) lim w¥/2(—1)" 2w (6, ) = D(—k).

j—oo J

Hence, by (4.2), (4.3), (4.4) and (4.5) we have for each k € Z that
lim vy (n? — 4) = D(—k)p(—k).
j—o0

Since by Proposition 1.2, fi,,(—k) = vx(n] — 4) we conclude that ji,, = v * 7, as claimed. [

5. BEYOND SYMMETRY: PROOF OF THEOREM 1.4

5.1. Outline of the proof of Theorem 1.4. As we have seen, by Proposition 1.2, the mea-
sures i, can be described in terms of the angles from lattice points on Fuclidean circles, namely
the set of points

(5.1) {(x,y)/\/n2 —4:(zy) €L +yP=n’—4d2= O(mon)}.

We will work with this interpretation. The proof of Theorem 1.4 uses a construction based on
producing a sequence of odd integers n such that r(n? —4) > 0 and Q(n* — 4) is bounded, and
then showing that almost all of the corresponding measures pu,, are asymmetric. Intuitively this
should not be surprising — measures supported on a finite number of points ought to be very
unlikely to be symmetric. However, we observe that this construction can be modified to show
the existence of asymmetric measures while allowing r(n? — 4) to grow, by ensuring Q|n — 2
where @ is a product of a growing number of primes p with 9, very small (the details will be
left to the interested reader). For the existence part we use a lower bound sieve. To show that
most measures within this sequence break symmetry, we use an upper bound sieve to show that
for rather few such n’s, n? — 4 is divisible by a “thin” set of primes, of relative density & for
0 > 0 small.

5.2. Preliminaries. Since multiplication of a Gaussian integer by ¢ interchanges the parities
of the real and imaginary parts, we can just as well study the distribution of angles of points
having even imaginary part. The advantage here is that this set is closed under multiplication.
Define a function x»(2) := (2/|z])? on Z[i] \ {0}, and let

1
Wa(n) = 3 Z X2(2).
2€Z[i]:|2|?=n
F(2)=0 (mod 2)
By using the relation with Euclidean lattice points (see (5.1)) it is not hard to see that the
measure /i, is asymmetric if Wy(n? —4) # 0, and we will justify this later.
To analyze Wy(n), first note that the set {z € Z[i] : ¥(z) = 0(mod2)} is closed under
multiplication, and for any element z of this set we can write

— €
= u]]x

7Ti|Z
with m; ranging over Gaussian primes with &(m;) = 0(mod2) and v = u(z) € {—1,1}. In
particular, y2(u) = 1, which for our purposes resolves the indeterminacy of the sign. If (p) =

(m)(m) (as ideals) for p split, it will be convenient to use the following sign convention: the sign
of the representative m of the ideal (7) with & (7) even can be picked arbitrarily, and then we
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choose the representative of the ideal (7) to be T (note that complex conjugation preserves the
parity of the imaginary part). Further, Wy(n) is multiplicative. We find that

Wa(p) = (7 + (=7)° + 72 + (7)) /(2p) = (7° + 72) /p = 2cos(26,),

where 6, is as in (3.3). Moreover, it is not hard to see that for any integer j > 0

LN araia sin((j+1)26,)
(5.2) M/z(p])—ﬁ;:;r”ﬂ2 # = EMCTRE

where the last step follows from evaluating the geometric sum (note that p’ = 7/7/). Also if

p = 3 (mod4) then
(5:3) Wa(p') = (1+ (=1))/2.

Hence, in order to bound Wy(n? — 4) away from zero, it is enough to bound Wy(p’) away from
zero for all p/||n? — 4 since we consider odd n for which Q(n? —4) = O(1).

As previously mentioned, our construction uses estimates provided by upper and lower bound
sieves. To state these results we will first introduce some notation. Let By be a sufficiently
large integer, and let 11,72 > 0 be sufficiently small numbers with 7, < ny. Define, for x large
and ¢ > 0 fixed,

(5.4) P.:= {p € [(logz)™,z] : p=1(mod4),|9,| < e},
where 9, is as in (3.7). Let
Pl.={peP.:p< xl/g}, Pl':={peP.:(logz)™ <p<a™}

P(z) := Hp.

p<z

and for z > 0, put

Further, for 7 € N let

0
B _ ) . . 7k _
Qs = {q = 1(mod4) : ¢ prlmeafl?e%l |9q 2(j+1)| < 2} )

Also, define
M=Mz):={m<z:m=pps,p € P.,ps € P/, b(m+4)=1,(m+4, P(a™)) =1}

and given ¢ > 0, let
Ms; ={m € M : glm + 4 for some ¢ € Qs;}.

Proposition 5.1. For e > 0 fized, we have

M| > 62:1;’(log log z)
(logxz)? '
and, for j € N and fixed 6 > 0,
_z(loglog )
Ms d————=
[Mss] < (log )2

where the implied constant depends at most on 1y and ns.

We will now deduce Theorem 1.4 from Proposition 5.1.
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5.3. Proof of Theorem 1.4.

Proof. We begin by noting that for a symmetric measure v, dv is invariant under the change
of variables ¢ — t + 7/2. Hence, 5= [, e*dv(t) = —5- [, €*"dv(t) and D(—2) = 0. Thus, a
measure v is asymmetric provided v(—2) # 0.

Let Ms = Up<j<i/n, M5 and set § = 3. Then by Proposition 5.1, for ¢ sufficiently small, we
have
z(loglog x)

(log2)
Also, by construction Q(m +4) < 1/n,. Hence, for m € M \ Mj it follows from (5.2) and (5.3)
that

| M\ M| > &?

Walm(m +4)] = Wa(m) ] Wale)| > 6/
pl[|m+4
Thus, for n = m + 2 the measure p, is asymmetric, for each m € M \ M; since Wo(n? — 4) is
uniformly (in n) bounded away from 0. It follows that there exists a subsequence {n;} of such
integers and a probability measure p on S such that u,, weakly converges to u. Let r*(n) be
as in (3.1). Moreover, using (5.1) we conclude that

SRR T B 1
,u(—2)—%/516 i) = Jm ey Y ()

|z|2=n2—4
R(2)=0 (mod 2)
—OWe(n2 —
= lim o(ni — 4) £ 0,
i—o0 T*(TL )
where in the last step we made the change of variables z — iz and used that xo(iz) = —x2(2).
Therefore, i is asymmetric. O

5.4. Proof of Proposition 5.1. Given P C N let 1p denote the indicator function of P. Also,
for two arithmetic functions f, g let f x g denote the Dirichlet convolution of f with g.

Lemma 5.2. Fore > 0 fized we have

,x(loglog x)
Z (1p, x 1py)(n)b(n+4) > ¢ “(logz)

n<x
(n+4,P(z"2))=1

Proof. By [29, Proposition 2.1] with Qy = @1 = 1, we have

e 1o ()bl 62:1:'(loglog:c)
> (n s m)blnc+4) > 2 HRERED,

n<x
(n+4,P(a"2))=1

where the implied constant depends at most on 7. The contribution from the terms with
n = pipe and 2™ < py < 2Y/? is then O(z/(logz)?). To see this, note that the upper bound
sieve (cf. [12, Theorem 6.9]) gives
x
> <

ot p(log z)
(n(pn+4),P(a72))=1

provided 7 is sufficiently small and p < /2. The result follows by summing over 2™ < p <
x1/9,

O
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Lemma 5.3. Let g € [2",22'7] be a prime. Then for n, sufficiently small in terms of ny we
have that

z(loglog x)
1 1pn b 4 —_—
> (nsle)hn+4) < < GO
(n+4,P(z"2))=1
g|ln+4

where the implied constant depends at most on 1y and 1s.

Proof. Let m; < § < 1, be chosen later. Take z = 2% and note that if (n + 4, P(2™)) = 1 then
(n+4, P(z)) =1, hence

Y Unxlp)mbn+4) < Y (g xlp)(n)

n<x n<lx
(n+4,P(z"2))=1 (n+4,P(z))=1
g|ln+4 qln+4
(5.5) <2y ( > 1 +0<Z>)7
p<zM n<x/p
(n(pn+1),P())=1
qlpn+4

where we used the trivial bound |[{p < z}| = O(z) in the last step. Let
0p(d) = [{a (mod d) : a(pa +4) = 0 (mod d)}|.

Choosing 6 so that it is sufficiently small (in terms of 7)), it follows upon using an upper bound
sieve (cf. [12, Theorem 6.9]), that the innermost sum on the r.h.s of (5.5) above is, for p < 2™,

x Qp(r)) x
<L — 1-— <K ,
pq 11 ( r pq(log 2)?

r<z
r is prime

since ,(r) = 2 unless r = p. Using the bound above in (5.5) and summing over p completes
the proof. O

Lemma 5.4. We have that

log1
S Y (p s )b+ 4) < jetloBlEr)
211_772<q<x n<lx (10gﬂj>
q€Qs,;  (n+4,P(z"2))=1
g|n+4

where the implied constant depends at most on 1y and ns.
Proof. Note that

2x1 M2 <g<x n<z p<z™ 2z1-M2 <<z p1<z/p
q€Qs,;  (nt+4,P(z"2))=1 9€Qs; qlpp1+4
q|n+4 (pp1+4,P(2"2))=1

Now, for a prime p; with ¢|pp; +4 and (pp; +4, P(z™)) = 1 we have pp; +4 = qc < z + 4 with
(¢, P(z™)) = 1, and since ¢ > 2x'™™ we must have ¢ = 1. Hence the two innermost sums on
the r.h.s. of (5.6) are bounded by

(5.7) < ) 1+40@™) < > rs(n) + O(z™ + 2),

q<zx n<lz
4€Qs,; n(n—4)/p, 2 =1
10, (n(n—1)/p.722)

(454, P(am)=1
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where

rs(n) == Z 1,

j22=n
arg(z)€ls

z = 2%, where 0 < 1, is sufficiently small, and I5 is the union of §/2-neighborhoods around the

points % where 0 < k < 4(j + 1). We will assume that j < 1/(100) so that the intervals

I5 are disjoint. The case where j > 1/(104) is similar (here one can replace r5(n) with r(n)
on the r.h.s. of (5.7)). Let A = {Aj}a<p be an upper bound beta-sieve of level D = 2%

(see [12, Section 6.4]). Additionally, since A is an upper bound sieve we have 1, pe 1 =

(m7 2p -

Zd‘(m pe), p(n) < Zde pe)) A4, for any m € N. Hence, we find that
’ 2p > 2p

(5.8) Z rs(n) < Z Ad Z Z rs(n)

n<x d<D a (mod d) n<zx
(n(n—4)/p,%f>):1 d| PQ(? a(a—4)=0 (mod d) n=y (mod pd)
pln—4

where v = 7, = dd4 + ppa (here dd = 1 (mod p) and pp = 1 (mod d)) and note (v, pd) = (a,d).
For b,m > 0 let

mo(m) == [{a1, az (modm) : of + 3 = b(modm)}|.

By [29, Proposition A.1] we have for p < 2™

(5.9) Z: rs(n) = 4(j + 1)5(]9‘7”7)2%@@ + 02919,
n=~ (mod pd)

note that 7, (pd) = m(p)n.(d) (see [29, Eq'ns (A.10)-(A.12)]). For odd square-free d, let

1
g(d) = a Z na(d)
a (mod d)
a(a—4)=0 (mod d)

and note g(d) is a multiplicative function. Further, by [29, (A.10)],
2x4(p)

p

for p > 2, where x4 is the non-principal character (mod4). Using (5.9), we find that the right
hand side of (5.8) equals

(5.10) 9(p) =2+ xa(p) —

, m(p)x Aag(d
(5.11) 45 +1)8 1](92) > dd( )—1—0(:(:10/11).
d<D
d 52

Applying the Fundamental Lemma of the Sieve (see [12, Lemma 6.8, p. 68]) and (5.10) we get

Aag(d) 2+ xa(p) 1
(5.12) Yo ==« (- = .
= d o p (log 2)?
R

Combining (5.6),(5.7),(5.8), (5.11) and (5.12), as well as using that n(p)/p* < 1/p (see [29,
(A.11)]), and summing over p completes the proof. O
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Proof of Proposition 5.1. The first assertion of Proposition 5.1 is immediate from Lemma 5.2.
The second assertion follows from Lemmas 5.3 and 5.4. Namely, the contribution from large
q € [2z'7™ z] is, by Lemma 5.4, < jéz(loglogr)/(logz)?. Using the Lemma 5.3, together

with the estimate 1
> len
gelem 201-12]nQs 5 1
which follows from the Prime Number Theorem for Gaussian primes in sectors, we find that
the contribution from ¢ € [, 217 N Qs is also < jox(loglog z)/(log x)*. O

6. DISTRIBUTION OF REAL PARTS

In what follows we only sketch the proof of the distribution modulo 1 result, with fine details
left to the reader. The limit n — oo corresponds to |w| 1 1 on the Poincaré disk model
D := {|Jw| < 1} C C, via the map w = W(z) = Z=% from H to D. We choose a large
parameter K > 0, that will be sent to infinity at the last stage, and restrict to HN {|Rz| < K},
having the effect of removing a small angular sector around ¢ of . It then follows that,
under this restriction, all the imaginary parts Sv(i) are uniformly small, and, thanks to the
equidistribution of Theorem 1.1 (that is, the angular equidistribution on D) we deduce that the

density p is given by

(61 )= S W+ b)) 5= =3

kEZ

x € [0, 1], with the derivative given by W'(z) =
on the r.h.s. of (6.1) to derive (1.6).

ﬁ. It is then possible to sum up the series
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