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1. SHORT GAPS BETWEEN PRIMES

1.1 Introduction

Let p1 = 2 < py =3 < p3 =5 < --- be the sequence of all prime numbers,

and let m(z) == > .
theorem implies that 7(2z) — 7(z) ~ z/logx as * — oo, and in this sense the

1 be the prime counting function. The prime number

“average” gap between consecutive primes of size around x is about logx. Of
course, such gaps are sometimes less than log z, and one might well ask whether
it can happen infinitely often that the gap between consecutive primes is much
shorter than average. Indeed, in 2005!, D. Goldston, J. Pintz and C. Yildirim
[15] succeeded in proving that, given any e > 0, there exist arbitrarily large x
for which the interval (z, z + €log x] contains two or more primes, thereby laying
to rest an 80 year-old conjecture of Hardy and Littlewood?. In words, the gap
between consecutive primes is infinitely often arbitrarily smaller than average.

The work of Goldston-Pintz-Yildirim represented a major breakthrough in
multiplicative number theory, and was the culmination of decades of work by
various authors. Prior to the groundbreaking work of Goldston-Pintz-Yildirim,
the most significant progress on the problem of short gaps between primes had
been due to Bombieri and Davenport [2], who proved that there exist arbitrarily
large z for which the interval (z, z+nlog x] contains two or more primes, provided
n > (2++/3)/8 = 0.46650. ... More important than their value for n was the
fact that they introduced Bombieri’s work [1] on the large sieve to the problem
of gaps between primes. What is now commonly referred to as the Bombieri-
Vinogradov theorem, one of the greatest achievements of 20th century number
theory, has been an essential feature of all progress in this area, including the
work of Goldston-Pintz-Yildirim.

Of course, the aforementioned conjecture of Hardy and Littlewood, which
is now a theorem thanks to Goldston-Pintz-Yildirim, only hints at the most

famous of all conjectures concerning gaps between primes, namely the twin prime

! Published in the Annals of Mathematics in 2009, “Primes in tuples I” appeared on the
preprint archive in August 2005: http://arxiv.org/abs/math/0508185v1.
2 This conjecture was made in the unpublished manuscript [23] (see [2]).
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conjecture. The twin prime conjecture asserts that the gap between consecutive
primes is ifinitely often as small as it possibly can be, that is, p,+1 — p, = 2 for
infinitely many n. Goldston-Pintz-Yildirim[15] were able to use their method to
prove, conditionally, that p,, .1 —p, < 16 for infinitely many n. The condition here
is that the Elliott-Halberstam [4] conjecture is true. This conjecture concerns
the “level of distribution” of the primes. We will precisely define this notion in
the next chapter (see Section 2.2), but loosely speaking, to say that the primes
have level of distribution 6 is to say that, for large z, the primes are very well
distributed among the arithmetic progressions modulo ¢, for ¢ up to (almost) .
The Bombieri-Vinogradov theorem states that § = 1/2 is an admissible level of
distribution for the primes, and the Elliot-Halberstam conjecture goes beyond
this to assert that the primes have level of distribution 6 = 1.

Naturally, the announcement of the results of Goldston-Pintz-Yildirim gener-
ated a lot of excitement, and at the time it was hoped that their method would
be applicable to many other interesting open questions in multiplicative number
theory®. Though some remarkable results have indeed been proved using the
method of Goldston-Pintz-Yildirim, this initial optimism has perhaps not been
fully borne out. The purpose of this thesis is, therefore, to gather together some
of the results that can be seen as applications of the method of Goldston-Pintz-
Yildirim, and to add to this list a novel result concerning the divisor function at

consecutive integers (see Theorem 1.8).

1.2 Organization of the thesis

In the next section, we will state the main result of Goldston-Pintz-Yildirim,
as well as some of its extensions. We will then give some applications of their
method, including our result on the divisor function at consecutive integers. We
will end this chapter with a brief historical survey of the incremental progress
towards the establishment of the conjecture of Hardy and Littlewood on short
gaps between primes, and beyond.

In Chapter 2, we will begin with a discussion of the prime k-tuple conjecture,
including a heuristic that lends credence to it. We will then give an exposition of
the proof of the main result of Goldston-Pintz-Yildirim (Theorem 1.1), highlight-
ing some of the most important ideas involved. We will also give a more-or-less

self-contained proof of this theorem.

3 For instance, see Angel Kumchev’s notes from the December 2005 ARCC workshop on
gaps between primes: http://www.aimath.org/WWN/primegaps/WorkshopProblems.pdf.
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In Chapter 3, we will very briefly discuss the result (Theorem 1.4) of Goldston-
Pintz-Yildirim to the effect that there are infinitely often bounded gaps between
almost primes. This will be the starting point for the proof of our result on the
divisor function at consecutive integers (Theorem 1.8). We will then discuss the
Erd6s-Mirsky conjecture on the divisor function at consecutive integers, before

proving Theorem 1.8.

1.3 The main results

In the introduction we stated that the “average” or gap between consecutive
primes around x is about logx, by virtue of the prime number theorem. An
alternative way of phrasing this is to say that we “expect” the nth prime gap,
DPni1 — Pn, to be about logp,. For the prime number theorem implies that

n ~ p,/logp, as n — oo, whence

1 . Pnt+1 — Pn

N = log pp

~1 as N — oo,

and consequently we also have

A = liminf 22 P < (1.3.1)

n—00 log p,,
We can now state the main result of Goldston-Pintz-Yildirim[15] as it is usu-
ally given, namely, it states that A = 0. This is easily seen to be equivalent to
the statement that there exist arbitrarily large = for which (z, x+€log x| contains

(at least) two primes, for any given € > 0.

Theorem 1.1 (Goldston-Pintz-Yildirim (2005)). Let py =2, po =3, p3 =5, ...

be the sequence of all primes. We have

lim inf Prt1 = Pn

=0. 1.3.2

Theorem 1.2 (Goldston-Pintz-Yildirim (2005)). Let py =2, po =3, p3s =15, ...
be the sequence of all primes. If the primes have level of distribution 6 > 1/2,
then there exists a constant c(6), depending only on 0, such that

lim inf(p,41 — pn) < ¢(0). (1.3.3)

n—
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Moreover, if 6 > 20/21 (in particular, if the Elliott-Halberstam conjecture is
true), then we can take c(0) = 16.

In Chapter 2 we will prove both of the above theorems, except in Theorem
1.2, in the case 6 > 20/21, we will only prove that ¢(f) = 20 is admissible.

Goldston-Pintz-Yildirim also generalized (1.3.1) for primes in arithmetic pro-
gressions a mod ¢ with a fixed ¢ and any a with (a,¢) = 1 and obtained analogue
of (1.3.3) for Ey numbers (i.e. numbers which are product of exactly two distinct

primes).

Theorem 1.3 (Goldston-Pintz-Yildirim (2006)). Let a coprime pair of integers
a and q be given, and let p; < py, < --- be the sequence of all primes in the
arithmetic progression a mod q. Then

/ o
lim inf Pui1 = Pn

= 0. (1.3.4)

Theorem 1.4 (Goldston-Graham-Pintz-Yildirnm (2009)). Let ¢ = 6, ¢» = 10,
gz = 14,... be the sequence of all numbers, which are products of exactly two

distinct primes. Then

liminf (¢,41 — ¢n) < 26. (1.3.5)

n—oo

An old conjecture of Chowla asserts that there exist infinitely many pairs
of consecutive primes py, pry1 such that pp = pry1 = a mod ¢. In 2000, Shiu
[37] proved this conjecture. Combining the ideas of Shiu and Goldston-Pintz-

Yildirim, Freiberg [9] improved their result in another direction

Theorem 1.5 (Freiberg (2010)). Let py =2, po = 3, ps = 5, ... be the sequence
of all primes. Let a coprime pair of integers a and q be given, and fixz any € > 0.

Then there exist infinitely many n such that

Pni1 — Pn < €logp, and p, = ppr1 =amod q.

Applying the Goldston-Pintz-Yildirim construction to the set of powers of a

fixed integer, Friedlander and Iwaniec [10] obtained the following result

Theorem 1.6 (Friedlander-Iwaniec (2010)). Let a > 2 be an integer. There are

infinitely many n € N that have two distinct representations

n=p+am =p +a", (1.3.6)
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where p,p’ are primes and m,m' € N.

One of the interesting applications of the Goldston-Pintz-Yildirim method
is the solution of Erdds-Mirsky conjecture on the divisor function at consecu-
tive integers. Erdés conjectured that d(n) = d(n + 1) infinitely often. In 1984
Heath-Brown [24] succeeded in proving this conjecture. Using the method, which
yielded the existence of small gaps between primes and bounded gaps for Fs
numbers, Goldston-Graham-Pintz-Yildirim [19] were able to show the following

stronger variant of the Erdos-Mirsky conjecture:
Theorem 1.7 (Goldston-Graham-Pintz-Yildirim (2010)). For any positive in-
teger A with 24|A, there are infinitely many integers n with

din) =d(n+1) = A. (1.3.7)

Let E denote the set of limit points of the sequence {d(n)/d(n+ 1) : n € N},
and let L denote the set of limit points of {log(d(n)/d(n + 1)) : n € N}. Erdés
conjectured [6] that E = [0, co], or equivalently, L = [—o0, c0].

We can now formulate the main result of this thesis

Theorem 1.8. (a) For any number v > 0 we have

ILN[0,2] > g and |LN[-z,0]| > % (1.3.8)
where | - | denotes the Lebesgue measure. Moreover, there exists a number A > 0
such that, for any number x > A, we have
—A —A
ILN[0, ]| > “”T and |LN[~z,0] > < —. (1.3.9)

(b) There exists a number B > 0 such that, for any number x > 0, we have

xr
B+1

IEN(0,2]] > (1.3.10)

It should be mentioned that Kan and Shan [30],[31] proved that for any real
number « > 0, either a or 2« is in E,; and deduced from this that [E N[0, z]| >
x/3 for z > 0.

1.4 A survey of results

Hardy and Littlewood [23] were the first who investigated
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Tab. 1.1:
Year Author A
1926 Hardy,Littlewood [23] <2
1940 Erdés [5] <1
1954 Ricci [35] <
1965 Wang Yuan, Hsiek, Yu [40] < §—§
1966 Bombieri, Davenport [2] < 2+8‘/§ = 0.4665...
1972 Pilt’jal [34] < 22— (04571,
1975 Uchiyama [39] < 9=V8 — (0.4542...
1977 Huxley [26] < 0.4425...
1984 Huxley [27] < 0.4394...
1988 Maier [32] <0.2484...
2005 Goldston,Pintz,Yildirim [15] 0
A, = liminf 22t~ Pn (1.4.1)

n—oo  logpy
where p, is the nth prime. The prime number theorem trivially gives A, <
v. Using the circle method and under assumption of the Generalized Riemann
Hypothesis (GRH) for Dirichlet L-functions, they proved

Ay <

[GVRI )

. (1.4.2)

Many authors improved this bound (see Table 1).

In 1940, the first step toward showing unconditionally A; = 0 was taken
by Erdés [5], who obtained the bound A; < 1— ¢, where ¢ is an unspecified
explicitly calculable constant.

In 1965 Bombieri and Davenport [2] proved unconditionally that

A, <v-— % (1.4.3)

Combining their method with that of Erdds, for the case v = 1 they obtained

Ay < 0.4665... (1.4.4)

This was possible by replacement of GRH in Hardy-Littlewood method by
the Bombieri-Vinogradov theorem, one of the most powerful tools in analytic

number theory.
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Later Huxley [26] refined (1.4.4) to

Ay <0.44254... (1.4.5)
and for general v > 2
5 1

A <v—=—4+0|—-]). 1.4.6

<v-g+o(3) (1.46)

In 1988 Maier [32], using his matrix method, improved Huxley’s result (1.4.4)
1

to Ay < e77 - 0.4425.. = 0.2484..., where v = lim (Z— — logn) is Euler’s
n—o00 k

k=1
constant.

Finally, in 2005 Goldston, Pintz and Yildirim proved that for any € > 0, there
exist infinitely many n such that p,.1 — p, < elogp,, i.e. A; = 0. Moreover, for

general v > 1 Goldston-Pintz-Yildirim[15, Theorem3] proved the following

Theorem 1.9 (Goldston-Pintz-Yildirim (2009)). Suppose that the primes have
level of distribution 6. The for v > 2

and unconditionally for v > 1 we have
A, < (Vv —1)> (1.4.8)

By combining Maier’s method with their own, Goldston-Pintz-Yildirim re-
fined (1.4.8) to

A, <e - (Vv—1)>~ (1.4.9)

In [16] the result A; = 0 was strengthened to

lim inf Pt — Pn < 0. (1.4.10)

n=oo (logp,)!/?(loglog pn)?
In fact, Goldston-Pintz-Yildirim [16] obtained the following general result for

VEry sparse sequences

Theorem 1.10 (Goldston-Pintz-Yildirim (2011)). Let A C N be an arbitrary

sequence of integers satisfying

A(N) = |{n;n < N,n € A}| > Cy/log N(loglog N)> for N > Ny, (1.4.11)
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where C' is an appropriate absolute constant. Then infinitely many elements of

A — A can be written as the difference of two primes, that is,
(P—-P)N(A—-A)| =, (1.4.12)

where P denotes the set of primes. (Here we use the notation A — B = {a —b:

a€ AbeB})

Some sequences for which this method works are:

A={k™> | k>2 fixed (keN),

m=1>

A= {2 | k>2 fixed (keN).

Let S denote the set of limit points of the sequence {-%-} where d, =

logn

Pni1 — Pn. It is conjectured that S = RT U {oc}. Goldston-Pintz-Yildirim’s
result implies that 0 € S (as was shown by Westzynthius co € S). In 1988

n1 has arbitrarily large finite

Hildebrand and Maier proved that the sequence {ljgn

limit points. In fact, they proved the following general statement

Theorem 1.11 (Hildebrand-Maier (1988)). Let k be a positive integer, and let
S®) be the set of limit points in R of the sequence

=1.2.3. ..
logn’ "7 logn (n 2:3,)

Then we have, for any sufficiently large number T,

1S® [0, T]| > e(k)TF,

where | - | denotes the Lebesque measure in R* and c(k) is a positive constant

depending only on k.

Goldston-Pintz-Yildirim [20] have recently proved, by adding a new idea to
their method, that short gaps between primes make up a positive proportion of

all gaps between primes, in the sense of the following theorem.

Theorem 1.12 (Goldston-Pintz-Yildirim (2011)). There exists a constant ¢ > 0

such that, for any given n > 0, we have

1
— Z 12 e 2 . (1.4.13)
m(z)

Pn<T
Pr+1—pn<nlogpn
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(The notation f(x) 2 g(x) stands for limsup,_,. g(z)/f(z) < 1.)

Even under the strongest assumptions the Goldston-Pintz-Yildirirm method
has limitations. It fails to prove that there are three or more primes in admissible
k-tuples with large enough k. In this connection the following result of Maynard
[33] is of interest

Theorem 1.13 (Maynard(2012)). Let k > 1 be an integer and assume that the
primes have level of distribution 1/2 < 6 < 0.99. Let

240k>

r(0, k) = m

Then there exists constant C(0,k) such that are infinitely many integers n for
which the interval [n,n+ C(0, k)] contains two primes and k integers, each with

at most r(0, k) prime factors.



2. THE METHOD OF GOLDSTON-PINTZ-YiLDiRiM

Notation

Throughout this thesis, we use the notation F < G, G > F and F = O (G)
as shorthand for |F| < ¢|G| for some constant ¢. Unless stated to the contrary,
¢ shall denote an absolute constant. When we write FF <4 G, G >4 F or
F = 04 (G), we mean that the implied constant ¢ depends on A. We may
sometimes write F' < G to denote that FF < G < F.

2.1 The prime k-tuple conjecture

One of the greatest unsolved problems in mathematics is to show that there exist
infinitely many twin primes, that is pairs of prime numbers that differ by 2 (like
5and 7, 11 and 13, etc.). This a special case of the k-tuple conjecture, which we
will now explain.

Let us consider k distinct linear forms
/H:{gll‘+h1,gglf+h27...,gk.l‘+hk}, gZZL'—F]'LZ GZ[JI], g; Z 1. (211)

If, for a given x = n € N, g;n + h; is a prime for each 7,we say that (2.1.1) is a
prime k-tuple. It is natural to ask how often (2.1.1) is a prime tuple for n € N.
Consider, for example, the tuple (n,n + 1). For n > 2 one of the numbers is an
even. Likewise, the tuple (n,n +2,n 4 4) can’t be a prime tuple since for n > 1
one of the components is the multiple of 3. On the other hand, we expect that
there are infinitely many prime tuples of the form (n,n + 2). This is the twin
prime conjecture. In general, (2.1.1) can be a prime for at most finitely many n

if Q2,(H) = Z/pZ for some prime p, where

Q,(H) :={n mod p: H(gzn + h;) = 0 mod p}.

i=1
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In other words, (2.1.1) is a prime k-tuple if
0, (H)] <p  for all primes p. (2.1.2)

We say that H is an admissible k-tuple if (2.1.2) holds. Hardy and Littlewood
[22] conjectured that admissible tuples will infinitely often be prime tuples.

The prime number theorem states that the number of primes less than N

is around So if we choose a random integer m from the interval [1, N],

TR
the probabllglty that m is a prime is around to e N . In other words, the primes
behave like independent random variables X (n) Wlth X(n) =1 (nis prime) with
probability P(X(n) =1) = logn and X (n) =0 (n is composite) with probability
P(X(n) =1) =1-— @. This is known as the Cramer’s model. These ideas

can be used, for example, to predict the probability that, given a prime number

Pn, the next prime lies somewhere between p, + alogp, and p, + (logp, with
0 <a< f. Thus we want p, +1,...,p, + h — 1 to be composite, and p,, + h
to be prime for some integer h € [alog p,, flog p,]. According to our heuristics,

this occurs with probability

2 H( log(pn +J))10g(pi+h>

alogn<h<fBlogn i=1

1\ 1
~ 1—
Z < logn> logn

alogn<h<Blogn

since, as p, ~ nlogn and i < h < logn, log(p, + i) ~ logn. This gives

1\ “h/logn L ’ —t
g 1— ~ E e 8N ~ e 'dt,
logn logn logn o

alogn<h<Blogn a<h/logn<p

for large n since the middle sum looks like a Riemann sum approximation to the
right hand side integral.

Now consider
gln+hl792n+h’27"'7gkn+hk’7 1§gln+h2§N

By our heuristics, for each n the number of g;n + h; should be prime with
probability 1; If the probabilities that each term is a prime are independent
then the whole set should a be prime with a probablhty ) But this is not

true in general and we need an extra factor to correct our naive estimation. The
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n contrast

probability that each element of (2.1.2) is coprime to p is 1 — w

to (1 — Il?)k, which would be true if the events p | g;n + h;, p | gjn + h; were

—k
pairwise independent. So the correction factor for p is (1 — %) (1 — %)

and we have to multiply m with the product of all correction factors mod p.

Denote this product by

G(H) := H(l — mp%)') (1 - 1) B (2.1.3)

p

This is a so-called singular series!. If H is admissible then G(H) # 0. Indeed,

1k
for large p |2,(H)| = k, and for such p, H(l - E) (1 - —) = H(l +

p>k p p p>k

1

Oy (—2>) converges and G(H) >, 1. Now we can state the prime k-tuple
p

conjecture in the quantitative form:

Conjecture 1 (Hardy-Littlewood [23]). Let H = (¢g1x+h1, gox+hs, . .., grr+

hi) be an admissible k-tuple. Then

#{n < x:gin+hy, ganthe,...,gn+h, are prime} ~ G(H)L, T — 00.
(log z)*

2.2 The level of distribution of the primes

The level of distribution of the primes plays an important role in the proof of
theorems 1.1 and 1.2, and indeed most of the significant results on short gaps
between primes. We will discuss the level of distribution of the primes in this
section, and precisely define this notion.

The level of distribution of the primes concerns the distribution of primes in

arithmetic progressions. Given a modulus ¢ > 1 and an integer a > 1,

m(N;q,a) = Z 1

p<N
p=a mod q
is the prime counting function for the primes in the arithmetic progression a mod
q. For obvious reasons, this progression contains more than one prime only if
q and a are coprime, and there is no apparent reason for suspecting that the

primes might be biased towards any particular arithmetic progression a mod ¢

! Hardy and Littlewood originally defined this as a series.
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with (¢,a) = 1. In other words, we expect the primes to be equidistributed

among the possible arithmetic progressions to the modulus ¢q. Thus, we expect

that
(V)
o(q)’

where ¢(q) — Euler’s totient function of ¢ — counts the number of congruence

7(N;q,a) ~ N — oo,

classes a mod ¢ with (¢,a) = 1.
The prime number theorem for arithmetic progressions states that this expec-
tation is indeed the truth. We state it in the following form: for any A > 0 we

have, for fixed ¢ and a,

> logp:%- <1+O<m))’ (2.2.1)

p<N
p=a mod q

provided (g,a) = 1. Recall that the prime number theorem for arithmetic pro-
< e—cllog N)'! > which by partial sum-

gressions asserts that 7(V; ¢, a) =

mation, is equivalent to the more elegant expression
I(N;q,a) ' => p<nv logp = ¢(q + 0 <Ne’c(1°gN)1/ >, where ¢ is a constant
p=a mod q

(not always the same one). The Siegel-Walfisz theorem [3, §22] states that (2.2.1)
holds uniformly for ¢ > 1 and a with (¢, a) = 1. This, however, is only non-trivial
for ¢ < (log x)*.

The Grand Riemann Hypothesis (GRH) implies

T 1
logp = —— 4+ O (z2(log z)?) , 2.2.2
> lowr= g0 (2 (10g2)?) (2.2.2)
p=a mod q

where the constant is absolute and this is non-trivial for ¢ < 22 (log )2 [29].
Although GRH is unattackable by current methods of the prime number the-
ory, there is a good approximation for it.
Let

In) = { logn if n prime,

0 otherwise,

and consider the function
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Theorem (Bombieri-Vinogradov) For any A > 0 there exist a B = B(A) such
that, for Q = Nz(log N)~B

(2.2.3)

N
> max [J(N;q,a) — . | <a

2o, o) < Tlog M)

(For a proof see [1]). If (2.2.3) holds for any A > 0 and any € > 0 with
Q = N%¢, then we say that the primes have level of distribution 6 . Thus by
Bombieri-Vinogradov theorem the primes have level of distribution 1/2. Elliott
and Halberstam [4] conjectured that the primes have level of distribution 1.

Let ‘H = {0,2m}. This is clearly admissible for every k, and let A(n) denote
the von Mangoldt function which equals log p if n = p*, s > 1, and zero otherwise.

The Hardy-Littlewood conjecture asserts that

> AM)A(n+2m) = S(H)N +0(N), N — co. (2.2.4)

n<N

In the above sum, we substitute A(n) with the truncated von Mangoldt func-

-Sane(£)

din
d<R

For R > n obviously Ag(n) = A(n). Then

tion

=Zu<d)1og(§) S Am)

d<R n<N+2m

n=2m mod d

= Zu(d) log (g) U(N + 2m;d, 2m), (2.2.5)

d<R

where

U(N;q,a) ZA

n<N
n=a mod q

The contribution from the terms with (d,2m) > 1 is O (Rlog N); thus the
right hand side of (2.2.5) is equal to
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(N+2m) > “Z (R>

d<R
(d,2m)=
N+2
+ Z d) log (R) <\I/(N+2m;d,2m)—ﬂ> + O (RlogN).
o $(d)
(d,2m)=1

(2.2.6)

Estimation of the second sum in (2.2.6) depends on the level of distribution
of the primes. For large R (hence, for large #) the sum (2.2.5) is quite near to
the expected asymptotic value (2.2.4) (see [12]).

2.3 The Goldston-Pintz-Yildirim sieve

Consider the following weighted sum

> (Z V(n + hi) — log(3N)> Ag(n; H,0)?, (2.3.1)

N<n<2N \heH
where Ag(n;#H, () is a non-negative weight to be defined later. If & > 0 then
there exist at least two integers h;, h; € H, such that n + h;,n + h; are primes.

Thus we can conclude that hm 1nf (Pas1 — o) <  Jpax |h; — hyl.
<7

The main idea consists in approprlate choice for the Ar(n;H,¢) such that it
detects n for which {n + hy,n + ha,...,n + hi} contains at least two distinct

primes. One candidate for this role is the k-th generalized von Mangoldt function

k

=> pd (log ) ,

djn

which is 0 if w(n) > k (of course, it detects also prime powers, but their ef-
fect is negligible). This can be verified using the recurrence formula Ag(n) =
Ax—1(n)logn + Ag_1(n) * A(n), where * denotes the Dirichlet convolution. Thus

our prime tuple detecting function is

where Py(n) = Hle(n + h;) is the polynomial corresponding to the k-tuple
H ={x+hy,x+hs,...,z+hs} and the factor % is for simplification of estimates.
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Instead of (2.3.2), we consider the truncated divisor sum

1 RrR\"
Ap(miH) =7 > p(d) <1og 3) , (2.3.3)
d|Px(n)
d<R
which is smooth approximation to (2.3.2) and show the same behaviour as
Ag(n;H) on some averages.
This approximation is not adequate to prove A = 0 (with the aid of (2.3.3)
Goldston and Yildirim [14] obtained only A < %)
Rather than approximate only prime tuples, we consider tuples with many

primes in components, that is w(Py(n)) < k + £, where 0 < £ < k and specify

Ag(n;H, 0) = (k—il-f)' Z w(d) (log %) : (2.3.4)

iy
The following two lemmas collect the main results on Ag(n;H,¢) [13, Lemma
1, Lemma 2J:
Lemma 1. Let H = {hy,ho,..., bt} C [1, H|NZ with h; # h; for i # j;
k, ¢ are arbitrarily, but fized positive integers, |H| = k. Provided H < log N <
logR < logN and R < NY%/(log N) hold with a sufficiently large C > 0

depending only on k and ¢, we have

> An(nsH, )

- <k6$2)! (2;) N(log R)***" + O(N(log N)***!(loglog N)).  (2.3.5)

Lemma 2. Assume H < log N < log R < log N hold and primes have level
of distribution 0. Then for R < N%/?
(
S () 1o 7+
+O(N (log N)¥*2*~(loglog N)¢) if h ¢ H
> Inth)Ap(nH, k+0)? =

N<n<2N S(H) (20641 .
(k+20+1)! ( (e+1 ))N(log R)kt2+

| +O(N(log N)*2(loglog N)¢)  if h € H.
(2.3.6)
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Proof of Theorem 1.2. Suppose § = 1/2+6, 6 > 0. Fix an € € (0,/4) so that
0/2 — € > (14 6)/4. Fix integers k = k(A) = k(8) and ¢ = [v/k] such that

2(20+1) k Q_E, e
(+1 k+204+1\2 N ’

for some € > 0. Then set R = N2, Let H = {hy, ..., h}, where the h; are
any integers such that H is admissible.

Now applying (2.3.5) and (2.3.6) we get as N — oo

Si= Y (Z I(n + hi) — log(SN)) Ag(n;H, 0)?

N<n<2N \h;eH
20 + 2\ (log R)k+26+1
(e+1) (i +20+ 1)
20\ (log R)F+2¢
( ) (k 1 20)
_ ( 2k 20
E+204+10+1
log R)+2
= (e 0(1))((kg+ )26)!

(S(H) +o(1))N

—log3N< (6(H)+o(1))N

log 2 — {1+ 0(1)} log 3N) (log R)k+2¢ (26

(k + 20)! £>6(H)N

20

(E)G(H)Nlog N. (2.3.7)

The term inside the brackets is greater than a positive constant. Assuming

0 > 20/21, we can take £ = 1 and k = 7. Since the 7-tuple {0,2,6,8,12,18,20}

(or {0,2,8,12,14, 18,20}) is admissible, we have liminf(p, 1 — p,) < 20. ]
n—oo

Proof of Theorem 1.1 . Now consider the modified weighted sum

S = Z ( Z 19(n+h0)—10g3N> Z Ar(n; H, 0)2. (2.3.8)

n=N+1 \1<ho<H HC{1,...,H}
H|=k
For any fixed n, the inner sum is negative unless there exist at least two
integers 1 < h; < h; < H, such that n + h;,n + h; are primes. Fix € > 0 first
of all and let N be a parameter. Set h = elog N. Set ¢ = ¢/100, which we may
suppose is less than 1/4. Set R = N'Y/4~¢. Fix integers k = k(e) and ¢ = [V/k]

such that 5(90 4 1 " .
(+1 k+20+1\4

[NRINe
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To evaluate (2.3.8), we need a result of Gallagher [11], namely that

> S(H)=(1+o0(1)H". (2.3.9)
S

Applying (2.3.5), (2.3.6) and (2.3.9), we obtain

2 20+1 k+20+1
S:i= > (k;m( ) )6(H)N(logR)

HCA{L,....H}
1=k

1 20 k+2¢
+ ) T ( ) (7 U {ho})N(log R)
1<h0§H
ho&H

— log 3Nm (2;) S(H)N (log R)*% + O(N (log N)***(log log N)C)>

2k 204+1 1 20
= loc R+ H —1log3N | ——— N H*(log R)*+2¢
(k:+2£+1 (g1 ol Tos )(k+2£)!(£> (log R)

+ o (NH"(log N1 | N — . (2.3.10)

Hence, there are exist at least two primes in the interval (n,n+H], N <n < 2N.

Therefore, lim inf Pt 7 Pn _ 0, as desired. [

n—oo lOg pn

2.4 Proof of the key estimates

In this section we shall outline the proofs of Lemma 1 and Lemma 2. First of all
we extend to arbitrary squarefree moduli d the definition of ,(H). Let Z/dZ
be the ring of integers mod d and define

QuH)={n€eZ/dZ: Py(n)=0 (modd)},

where Py (n) = Hle(n + h;) is the polynomial corresponding to the k-tuple
H={x+hy,x+ hy,...,x+ h}. We have to state some auxilary propositions.
Proposition 1. (a) We have

> 1= Qu(H)] (% +0 (1)) : (2.4.1)

N<n<2N
d| Py (n)

(b) For every A > 0 and d < (log N)*, we have, given hy and squarefree d
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S 00+ ho) = () (% 40, (ﬁ)) | (2.4.2)

N<n<2N
d| Py (n)

where H = H U hy and |5 (H")| = [Q,(H*)| — 1 for each prime p. Note that

when hg € H then Ht = H.

Proof. (a) For each m mod d, d|Py(m) we get [§] values of n = m mod d,

n € (N,2N]. The number of such m by definition is |Q4(H)].

(b) Nonzero terms of sum (2.4.2) comes from n such that n + hg is prime.

Then Z d(n+ hy) = Z Y(n). This sum over n can be replaced
N<n<2N N+ho<n<2N-+hg
d| Py (n) (n,d)=1
d| Py (n—ho)
d d
by Y (2N +hg;d,v) = (N +ho;d,v)). Now let f(d)= > 1 This
(dqjvz)lzl (d?u:):1
d| Py (v—ho) d| Py (v—ho)

is multiplicative function of d (by the Chinese Remainder theorem) and f(p) is
the number of solutions of Py (v —hg) =0 mod p with 1 <v <p—1. If hy € H,
say hg = h;, then we exclude the possible solution v = hy — h; since it contradicts
the condition (p,v) = 1. Thus f(p) = [Q,(H)| — 1 and so f(p) < k — 1 (note
that |Q,(H)| < k if and only if p| H |h; — hi]). On the other hand, when

1<i<j<k
pt [ 1k — hil, we have f(p) = k—1. If hg & H , then f(p) = |Q,(H*)| — 1
1<i<j<k
and so f(p) <k and when pt [ |k — il we have f(p) = k.
0<i<j<k
By the virtue of the Siegel-Walfisz theorem, we can replace (2N + hg; d, v) —
J(N + hg;d,v) by %. Hence (2.4.2) holds. O

Proposition 2. For anyt € N and x > 1

w(d)
> <(logz 4+ 1), (2.4.3)
d<zx
Z t“@ Lx(logz + 1)1, (2.4.4)
d<z

where summation is over squarefree integers.
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Proof. For the first inequality, we have

9 t

M(dldt) 1 t

— = < — | < 1)".
2. a2y ) <tz

di...di<z n<x

For (2.4.4), we note that the left-hand side is

» e w(d)
2 =) rdsed

d<z d<x d<z
and we apply first inequality. O]

Proposition 3. Assume that primes have level of distribution 6 > 1/2 and
let t € Z". Denote by

. — _ T
E*(N,d) = max max ] Z 6(n) |.

(ad)=1 z<n<2z ¢(d)

n=a mod d

Then for any positive constant C' and any € > 0, we have

S° OB (N, d) < N(log N)=C (24.5)

d<N9—e¢
where summation is over squarefree integers.

Proof. For E*(N,d) we have the bound E*(N, d) < N(log N)/dsince 9(N;d,a) =
Z Y(n) < log N Z 1 < N(log N)/d. Using the Cauchy-Schwartz in-

n<N n<N
n=a mod d n=a mod d

equality we get

1200(d) 1/2 1/2
> tw<d>E*(N,d)<<NlogN > y ) ( > E*(N,d))

d<N9—e d<N9—e d<NO9—e
<<h,e,A N(lOg N) (t2fA+l)/2.

In the last line we have used (2.4.3) (A is positive integer from the definition
of the level of distribution of the primes). Setting A = h? + 1 — 2C, we obtain
(2.4.5). 0
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Proposition 4 (Gallagher). For each fized k € N

> o SH)~H (2.4.6)
0<hi,ha,...hx<H
h1,ha,....hx

distinct

Proof. Take y = 1log H. First note that [Q,(H)| = k if p ¥ Q, where Q =
H |h;—h;i|. Note that ) is the absolute value of the Vandermonde’s determinant
i<j

and by the Hadamard’s inequality Q < k*/2H*. The number of prime factors of
Qis O <M> =0 ( log 1 ) since in the worst case if () = sz- and then by

loglog @ log log H
i<r

the prime number theorem we have w(Q) = r = 7(p,), log Q = Z log p; = 9(py)
i<r

and w(Q) ~ ;?g;i ~ log)ng. For any hy, ha, ..., h; by the binomial theorem we

have

(- (-5) = J(wo() T (o)

P>y p|H,p>y ptH,p>y

log H 1
=1 — | =1 — . 2.4.
+O(yloglogH) +O<loglogH) (24.7)

Using (2.4.7), the left hand side of (2.4.6) can be written as the product M N,

where

—k
M:(1+O(;>><1—1> N Y H(l_w)
log log H D P
0<hi,ha,....hi;<H p<y

77777
hi,h2,....hg
distinct

By simple combinatorial reasoning we have N = N’ + O (H k_l), where N’

corresponds to the sum without the condition that hy, ho, ..., h; are distinct. Set
P = Hp and note that by the prime number theorem P = e¥+o®) = pl/2+e(1)
Py

Now, in the expression for N the product is

%H@ _0,H)) = [{n mod P : (n+ hi,PP) =1 for each z}| (2.4.8)

p|P

Indeed, first note that [ (H)| :=p — [Q,(H)| = [{nmod p: (n+hy)...(n+
hi) #Z 0 mod p}|. By the Chinese remainder theorem for distinct primes p and ¢
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we have an isomophism
Q,(H) x Q(H) = Q,,(H) (amod p,bmod q) — n mod pq,

where n = a mod p and n = a mod ¢, and (2.4.8) follows by noting that (n +
hy)...(n+ hg) #Z 0 mod p if and only if (n + h;,p) = 1 for each i.
Therefore

N' = Z 113 H | Z p(d;)

_HkH<1__> +O(Hk 1/2+0(1 ’

p<y

since d;|P (1 < i < k) and denominators of the fractions in the error term can
contain primes up to the power k£ — 1. Combined with the expression for M, this
proves (2.4.6). O

We are now ready to give the proofs of Lemma 1 and Lemma 2.

Proof of Lemma 1. Using (2.4.1), we find

2N
Z AR(nv 7-[7 6)2

n=N+1

—m Z p(dy)pu(dz) <10g£)k+£ <10gd£;>k+£ Z 1

" di,d2<R

1 N R\ Rkt
= — d)p(ds) |2 N (e Y (10 B
k+0)2 > uldi)p(dy)] [dl,dz}(HN[dl’dQ] (Og dl) (og dQ)

" di,d2<R

, W
where T = > [Ny ehanel[ayan ()] Ao = 220 (1og %) (i = 1.2) and

dy,d2<R
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[d1, d3] denotes the least common multiple of d; and dy. By (2.4.4)

T < (log R)**+0 Z feo(ldid2])

d1,d2<R

< (log R)* )~ (3k)*") < R*(log R)™ < N'™,

r<R?
provided R < N'/27¢. We have also used the fact that |Q4(H)| < k“@, which

follows from the multiplicativity property of |Qq(H)|.

Using Perron’s formula [3, §17]

1 x® 0, it0<z <1

2mi Jioy sMT | Qg g g > g

with (¢) the vertical line in the complex plane passing through ¢, we can rewrite

the main term of (2.4.9) in the following form

R81+82
7 := (81, 82;Q)—————ds1dss
27m / / 192 8182)k+£+1 )

where

Flonss29) = 3 ple () L)

11 (1 _ ‘Q](Tp)’ (pi L ]% _ pi)) , (2.4.10)

Define the function

Cls1 + 1) (52 + 1>)’“ | (2.4.11)

G(s1,82; Q) = F(s1,52; Q) ( it st

which is absolutely convergent in the region Re sy, Ress > —c. Note that using

the Euler product expansion of the right side of (2.4.11), we have
G(s1, 82; Q) < exp(c(log N) "7 loglog log N) (2.4.12)

with o := min(Re s, Ress,0) > ¢. We'll use this bound in truncation of the

infinite integral.
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Now we get

1 C(s1+ 82+ 1) )’“ Rotee
r= Glsr, 523 ) ds ds».
(2mi)? /(1)/(1) (51, 82i ) (4(51 +1)C(sa+ 1)) (5189)kHH1 51052

(2.4.13)

Take U = exp(y/log N). Define the following contours:

Ty = {co(logU) ' +it : t € R}

T, = {co(logU) "t + it : |t| < U}

Ty = {co(2logU) ™" +it : t € R}

Ty = {co(2logU) ™ + it - [t| < U/2}
Ti = {—collogU) ™ +it: |[t| <U}

T = {—eo(2logl) ™ + it |f] < U2},

where ¢o > 0 is a sufficiently small constant. We write the integrand in (2.4.13)

as

H (s, 89)R51152

(81 + 89)F(s189)H1"

where

(s1+ s2)¢(s1 + 52 + 1))k (2.4.14)

51C(s1 4+ 1)s2C(s2 + 1)

is regular in a neighborhood of (0,0). Now, we recall some standard facts about

Hs152) = 6o

the Riemann zeta-function. There exists a small constant ¢; > 0 such that
((o +1it) # 0 in the region

461
>1-— -1 2.4.15
7= Tog(lt| + 3) (2:4.15)
for all t. Moreover,
it) — ——— < log(|t| + 3 2.4.16
o+ it) =~ < log([t] + 3), (24.16)
1
— < log(|t| + 3 2.4.17
gy < loalld +3 (2417)

in this region. From (2.4.11), (2.4.15) and (2.4.16), we get the following estimates
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if s1, s9 and s7 + s9 lie in the region (2.4.14) then
H(s1, ) < (loglog NY(log(lsi| + 3))%(log(|s| + 3))* (2.4.18)

and
H(s1,82) < (loglog N)¢ if |s1],]s2] < 1. (2.4.19)

We will show now that

51752 R81+82
dsidsy < exp(—cy/log N). (2.4.20)
Ty J T\T|

(s1+ s2) 8182)“1

The same bound holds if the domain of integration is T} x Ty \ Ty. If (s1,55) €
T1 X T2 then

S1+52

c 3
—— < (loglog N)¢(log U)kR2fogOU < exp((ﬂ +¢)/log N)
(31 + Sg)k 2

(loglog N)°©
and so by (2.4.17)

817 82 R81+S2
] ds1dss
Ty T\T) (51 4 52)%(s152)

3co (log(|s1] +3))*  (log(s2| + 3))*
< ex —+c\/loN// . dsidss.
p(( 2 ) 8) Ty T\T| Efias Eae e

(2.4.21)

Now, since £ > 1

1 2k o] 1 t 2k 1 2k
/ (1og(|s1] +3)) i< | (log(t +3))* . _ (log )
Ti\T; U

|31 |£+1 t£+1 U

and

1 3))2k Tog H o U'HOO 1 3))2k
[ Lol o g [ / (oglsa| +3)* ,
Ts

|82|£+1 210gU U+Z ‘S2,€+1
(log(t + 3))
< (logU) + / dt
H+1
< (log U)*.

By Fubini’s theorem, the double integral in the right-hand side of (2.4.20) can
be written as the product of the two integrals we have just estimated and from
this (2.4.19) follows.
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We shift the s;- and sg-contours to the lines T} and 75 respectively, then we
truncate them to get 7) and T,. Thus

/ / 51,82 Rsl 52
d31d52
271Z J T 81 + 82 8182)5 1

RS1+82
// / / // H(s1,5) 7 dsidsy
2m T\, Ty J T\T)| (51 + 52)%(5152)

S1+S2
51,52 )R dsidsy + O <exp<_c‘ flog N)> (2.4.22)

(s1 4 s2)k(s182)¢F!

by (2.4.19).
Now we shift the sj-contour to the line 7;. We have singularities at s; =
0 and s; = —s9, which are poles of orders ¢ 4+ 1 and k, respectively (since

limO(C(l + 51))¥s," = 1). By Cauchy’s residue theorem we get
51—

81782 R81+82
€+1d81d82
(s1 4 $2)*(s182)
81,82)R51+32 dsd
(s1 4 s2)F(s152) ! 12
a 7'1UK1 1 2 152

. H(Sl, SQ)RSlJrSQ
= 27rz/ { Re(s)+81fie_s;2 } Gr 1 32)’“(5152)€+1d81d52

S1+582
/ / His1, )R ds1dss, (2.4.23)
1ok, (81 + 82)F(s189)

where K| = {0 +iU : |o| < co(logU)~" + it} and C; = T, UT; U K. Similarly
0 (2.4.19), one can obtain that

s1+s2
/ / 51732)R d81d52 < exp(—C\/log N) (2424)
THUKy

81 + 82 (8182)“1

We’ll show that the residue at s; = —ss may be neglected. For this we rewrite

the residue in terms of the integral over the circle C; : |s; + so| = (log N)™!

R H(Sl,Sg)R81+S2 1 / H(Sl,Sg)RSI+S2
es = —
si=—s2 | (81 + 82)F(s182)H! 211 Jo, (514 s2)%(s152)¢H!

By (2.4.11), (2.4.13) and (2.4.16), we have G(s1, $2; ) < (loglog N)¢, ((s1 +
ss+1) < log N, R*152 = O (1). Also (s1¢(s1+1))7! < (|s2] + 1) log(|s2| + 3)

ds;.  (2.4.25)
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since |sg| < |s1] < [s2|. Altogether this gives us

Res

S1=—82

{ H(Sl, 82)R51+82

2%
logOS?’ +2) |82|_2€_2.
(81 + 89)F(s182) !

log N)*~*(loglog N)*
b << (1og 3o og vy (22 L

(2.4.26)

Inserting this into (2.4.25) we have

! H (51, 50) o k-+0—1/2 c
I= (27i) /T’ 598 { (51 + 52)F(s150)1 dsy + O ((log N)*-12(log log N)°) .

(2.4.27)

Note that H(si, s2) is holomorphic near (0,0) and

H(s1, 55) ¥ R> (9\" [ H(sis2)
R - R 2.4.28
510 { (s1 4 52)F(s152) ! U537 \0s1) g L(s1 4 82)" - |

since the pole has order £+ 1. We insert this into (2.4.27) and apply the similar

argument: that is, we shift now the ss-contour to the line 7;. Again, it can be
shown that the new integral is O (exp(—c\/log N )) and all we get is the residue

at s = 0. Therefore

7 = Res Res

$9=0s1=0

H(Sl, 82)R51+s2
(814 $2)k(s182)¢t!

}+Om%NW6. (2.4.29)
Take some sufficiently small » > 0 and let Cy : |s;| =7, C5 : |so| = 2r. Then

we can rewrite (2.4.29) in the form

51’ 82 RS1+S2

o, (51 + 52)F(s182)H1

dsidss + O ((log N)***) . (2.4.30)

C3

We now introduce new variables ¢, A such that s; = t, sy = t\ with contours
Cy: |[t| =7, C5: |A\| = 2. Then the double integral is equal to

t t)\ Rt()r‘rl
27-‘-7/ / / )\+ k)\€+1tk+2f+1 dtd}\

Thus we get

H(0,0) k2o [ (A DX kb1 .
— m(log R) /C’ N d\+ O ((log N) (loglog N) ) ,

3

where we used (2.4.12) and regularity of H(sy, s2) around (0,0).



2. The method of Goldston-Pintz-Yildirim 31

1 A+1)%* (A+1)% 2
(2.4.14) and Euler’s product formula ((s) = H(l —p %)~ we have H(0,0) =
p
S (H). This completes the proof. O

Proof of Lemma 2 . Let hg & H and H™ = H U hy. Applying (2.4.2) we see

2N
> Ar(n; HE, 020 (n + ho)
n=N-+1
1 R k+¢ R k+¢
“ Gt > pldy)p(dy) (10g d_) (10g d_) > 9(n+ ho)
© d1,da<R 1 2 N<n<2N
[d1,d2]| Py (n)
1 N R\ FH R\ FHt
- = d )\ u(do) |1 HT —(lo —) (10 —)
(l{‘—{—€)|2 dl%;Rlu( 1)1“( 2)' [d17d2]( )|¢([d1,d2]) gdl gdg
+O(Th)
N (1(HT)| - 1) ( 1 1 1 )) Rsits2
= omi)? 1- — - dsyds
(2mi)? /(1)/(1)1;[( (p—1) psl ps2 psits2 (5189)F et 1052
+0(TY)

N C(s1+s2+1) )k_l Rs1ts2
~ (2mi)? G (51, 82: 02 dsids
(2mi)? /(1)/(1) (51,52 ) (C(Sl +1)((s2 + 1) (s189)k+eH1 192

+0(Ty),  (2.4.31)

where

o (011 k—1
(1 _d p((p_)l)| ) <pi1 + piz — Iﬁ)) (1 - m)

1 k-1 1 k—1
(1 - p1+sl> (1 - p1+52)

Ty =) [N rao il |y 4 | E*(N, [d1, da))

d1,d2

b

G*(s1,52;) = H
P

d;
convergent when Re s, Resy > —1/2. The result follows from Lemma 1 (with
the translation k — k—1, ¢ — ¢+1) since G*(0,0) = S(H™T). We have to justify

our estimation by evaluating error term 7; and showing that it is negligible.

k+t
and Ay, = (’,ﬁg! (log R) , (1 = 1.2) Note that G*(s1, s2;2) is absolutely
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By (2.4.5)

Ty < (log R0 Y~ (3k)*E*(N,r) < N/log N, (2.4.32)

r<RZ2

provided R < N9/2-
If hg € H then we can aplly above evaluation with £ — 1 in place of k and
¢+ 1 in place of /. n



3. ALMOST PRIMES IN TUPLES AND THE DIVISOR
FUNCTION AT CONSECUTIVE INTEGERS

Using the same technique, which was successfully applied for short gaps between

primes, Goldston, Graham, Pintz and Yildirim [17] proved the existence of small

gaps between Ey numbers (i.e. numbers which are products of exactly two dis-

tinct primes). Instead of ¥(n) we consider the function ¥ x¥(n) := Z ﬁ(d)ﬁ(%).
d|

Note, that ¥ x 9¥(n) # 0 if and only if n is a product of two primes or n is a
square of a prime. If n € (N,2N] then ¥ % J(n) < M. Further we need the
following natural analogue of Bombieri-Vinogradov theorem for Fs numbers and

analogue of Lemma 2 for the function 9 * ¥(n)

Theorem. Let E(N;q,a) be defined by

N 1 ~
Z 19*19(71):—(] 10gN+Co—QZ -t + E(N;q,a),

N<n<2N ¢( ) p|q p

where Cy is the absolute constant. Then for every A > 0, there exists B > 0
such that if Q < N*Y/2log B N

Zm<ax max |E(x;q,a)| <4 N(log N)™.

qéQ (a7q):1

Lemma 3. Suppose that H = {hy, ha, ..., h} C [1, H] N Z with h; # h; for
i #jg;k, 0,0 <<k are arbitrarily, but fized positive integers, |H| = k and
{z+hi,x+hy,...,x+hs} is an admissible k-tuple. Suppose that the primes have
level of distribution 6 and above theorem is satisfied with @ < N%~¢; R < N(¥=9/2,
If hy € H then

Z 9 *9(n + ho)Ar(n; H, () = { (2;_:_12) (Nlog N)S(H)

N<n<2N

(10g R)k+2£+1
(k+20+1)!

(IOg R) k+20+2

+2T(k, 0)N G(H)m

}{1 + O (loglog N/log N)}
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20+ 3 2042
=) (1)

R0 = > A,

where

d| Py (n)
Ade = p(d) le 6(2;; Z : (log R/rd)",
(rd)il
Fd)= =L fd) = fu(d)
T MY T

and the implied constant depends at most on k.
Now, consider the weighted sum
log 3N
= ¥ <Zﬁ*ﬁ (n+ hs) <°g ! )ARm;H,z)?. (3.1)
N<n<2N \h;eH

For each n, the inner sum is negative unless there are two values h;, h; € H such

that n + h;,n + h; are products of two primes. From Lemmas 1 and 3, one can

obtain
2
S, > 20+ 2 k Q+2 2042 o 20+ 3 k 6*
(+1)(k+204+1)12 (+1 (+1)) (k+20+2)! 4
1/2¢ k 20+1 k
- N(1 N21 k+2¢ _
2(@)(“25)!16(%) (log )" (log R) {e+1 PEETEEL

—_

6P+ 11044 k 92__}
(C+1)(l+2)(k+20+1)(k+20+2) 2

X <2;) WG(H)N(bg N)?(log R)**2

Assuming the level of distribution of primes is § = 1/2 —¢, R = N0=9/2 we
want to find the minimal & > 1 such that there exists ¢ > 0 with

20+ 1 k B 602 +110+4 k -
(4+1k+2041 200+ 1)(0+2) (k+20+1)(k +20+2)

The answer is k =9,/ = 1. Indeed

{=0: T2 <0 s impossible,

(=1: 2k>—11k—48>0= k > 8.36,
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(=2: 8k®—37k—360>0=Fk>94,
¢=3: 30k®—131k—2240 > 0= k > 11.09,
(>4: >4 460+2>90=k> 948,

because 1 < 256l < 2, 354 > 2 for £ > 4. Since H = {0,2,6,8,12, 18,20, 26, 30}
is an admissible set the limit infimum of gaps between products of two primes
(i.e. E5 numbers or prime squares) is bounded by 30. With a more elaborative

weight Goldston-Graham-Pintz-Yildirim [17] were able to prove

Theorem 1.4. Let ¢, denote the n'™ number that is a product of evactly two
primes. Then assuming the level of distribution of primes is = 1/2 — ¢, we
have

liminf (¢u+1 — ¢n) < 26.

n—

As an application of their work in [18], Goldston, Graham, Pintz and Yildirim
[19] have shown, among several other interesting results, that d(n) = d(n+1) =
24 for infinitely many integers n, where d(n) is the number of divisors of n. That
d(n) = d(n+ 1) for infinitely many n is the well-known Erdds-Mirsky conjecture
[7]. In 1983 Spiro [38] showed that d(n) = d(n+5040) for infinitely many n € N.
We sketch the key idea behind the Spiro’s proof. Consider the set of 8 primes

{p1,....ps} = {11,17,23,29, 41,47, 53,59}

and denote by L the least common multiple of the pairwise differences of these
8 primes:
L=lecm{p;—pi:1<i<j<8}

Define the polynomial
8

F(n) =[] +1).

i=1
By a result from sieve theory [21, Theorem 10.5], there exist infinitely many n

such that w(F(n)) < 34. Moreover, one can require F'(n) to be, in addition,
8

squarefree and (F'(n), L Hpk) = 1. Indeed, a restriction of the type p(F'(n)) >
k=1
2°, § = const > 0, where p(n) denotes the least prime factor of n, is implicit in

the proof of the sieve-theoretic result, and using this property, one sees that the
8

contribution of the non-squarefree integers is negligible. Since Zz =36 > 34
i=1
and F'(n) is squarefree, it follows that for each of these values of n, two of the
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linear factors of F'(n), say p;n + 1 and pyn + 1, have the same number of prime
8

factors, are squarefree and are relatively prime to L H pj. In fact, by the pigeon
j=1
hole principle there exist a fixed pair (¢, k) with 1 <4 < k < 8 such that above

conditions hold for infinitely many n. Now, it is easy to verify that, for each such
n € N, the integers

L L
= pilpen +1), np =
DPr — pi Pr — Di

ny pr(pin+1)=ny+ L
have the same number of divisors. Since L = 5040, it follows that there are
infinitely many integers ny with d(n;) = d(ny 4+ 5040).

In 1984, Heath-Brown [24], using Spiro’s argument, proved the conjecture of
Erd6s and Mirsky. The key idea behind his proof was to try replace set of primes
in Spiro’s construction by a set of positive integers {a;}¥, (for arbitrarily large

N) having the properties
CLj—CLZ'|Clj (1§Z<]§N)

and
) = d(ay)d(—2

d(a;)d( ) (1<i<j<N).

|a; — ai la; — ai

Moreover, he showed that for large x

D(x)=#{n<z:dn)=dn+1)} > Tog 2]

Hildebrand [25] improved the lower bound to ( Using a heuristic ar-

loglgoﬁg:c):"
gument, Bateman and Spiro claimed that D(z) ~ cz(loglogz)~'/? for some
constant ¢ > 0.

d(n)

The Erdos-Mirsky conjecture is equivalent to the statement that Tt = 1

holds for infinitely many n. More generally, one can ask which numbers occur as
limit points of the sequence {d(n)/d(n + 1)}22,. Let E denote the set of limit
points of the sequence {d(n)/d(n + 1)}, and let L denote the set of limit points
of {log(d(n)/d(n+ 1))}. Then the Erdés-Mirsky conjecture implies that 1 € E.
Erdés conjectured [6] that E = [0, 00|, or equivalently, L = [—o0,00]. Erdés,
Pomerance and Sarkozy [8] proved that for any o € R, at least one of the 7
numbers 2'«, i € {0,41,+2, 43}, belongs to E. This result was improved by
Kan and Shan [30],[31], who showed that for any real a > 0, either a or 2«

belongs to E. On the other hand, it can be shown under assumption of the
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prime k-tuple conjecture that for any r € Q7 there exist infinitely many n € N

d(n)
such that Tt D)

= r. For this we need the following

Conjecture ([36, C2]). Let a,b, c € N such that (a,b) = (a,¢) = (b,¢) =1 and
2|abe. Then there exist infinitely many pairs of primes (p, ¢) such that ap—bg = c.

Proof. Since (a,b) = (a,c¢) = (b,c) = 1 and 2|abc, there exist natural numbers
r and s such that ar — bs = c¢. Set fi(z) = bx + r, fo(x) = ax + s, therefore
f1(z) fo(x) = aba® + (ar + bs)x + rs.

If there were a prime p such that p|fi(x)fs(z) for any integer z, then (for
x =0) p|rs and (for x = £1) plab £ (ar + bs). Hence p|2ab and p|2(ar + bs). If
p = 2, then from p|rs we had either 2|r or 2|s. If 2|r, we can not have 2|s since
then 2|ar &+ bs, so 2|ab and 2|c contrary to (ab,c) = 1. So if 2|r, s is odd and
2|ab + (ar + bs) implies 2|(a + 1)b. That is a is odd or b is even. If b is even
then, according to ar — bs = ¢, ¢ is even unlike (b,¢) = 1. So b is odd, a is odd
then also ¢ = ar — bs is odd unlike 2|abc. Therefore r can not be even, hence s
is even. Repeating again above argument, we see that s also can not be even.

Hence we have p # 2. As p|rs, p|lar?+brs. From this p|ar? and p|ar. Similarly
we get implications plars + bs?, p|bs?, p|bs. Thus p|ar — bs which is impossible
since (ab,c) = 1.

Therefore fi(z) and fo(z) satisfy all conditions of the prime k-tuple conjecture.
So there exist infinitely many « € N such that fi(x) = p and fa(x) = ¢ are prime
numbers. Then bz + r = p, ar + s = ¢ which gives ap — bg = ar — bs = c. O

Now take r = % for some k,l € N, (k,l) =1 and set a =371, b =281 ¢ =1
in the above conjecture. Then there exist infinitely many primes p, ¢ such that

3-1p — 2¥=1g =1 and for n = 2¥7'¢ we have

dn+1) d(2'q+1)  d(31p)

d(n) d2*'q) _d(2"'q) K
g

Hildebrand [25, Theorem 3] proved that for z > 0,

x x
LNIo > —, |LNn|=z,0]| > —. 3.2

We will now show how the results in [19] can be used to improve upon this.

A triple of linear forms is called admissible if for every prime p, there is at
least one m mod p such that L;(m)Ls(m)Ls(m) #Z 0 mod p. Unconditionally we

have
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Lemma 1 ([19, Corollary 2.1]). Let L;(x) := a;x+b;, i = 1,2,3 be an admissible
triple of linear forms, and let ri,r9,73 be coprime integers with (r;,a;) = 1 for
each i and (r;,a;b; — a;b;) =1 for each i # j. Then there exists 1 < i < j < 3
such that there are infinitely many integers n for which Li(n) equals ry times an

E5 number that is coprime to all primes < C, for k =1, .

In the lemma, C' can be any constant. Hildebrand deduced (3.2) from the fact
that among any 7 integers aq, . . ., ar, there exists ¢ < j such that d(n)/d(n+1) =

a;/a; for infinitely many n. We can replace x/36 by /3, in view of

Corollary 2. Let ay,as,as be positive integers. For some v < j, there are in-

finitely many integers n such that d(n)/d(n + 1) = a;/a;.

Proof. Define a triple of linear forms
Li(z) =92z +1, Lo(z):=8x+1, Ls(x):=6x+1,
and note that
8Li(x) +1=9Ls(x), 2Li(x)+1=3Ls(x), 3La(x)+1=4Ls(x).
Choose any positive integers ay, as, az, and let
rp= 51T =372 g = 1%

We check that the hypotheses of Lemma 1 are satisfied. First of all the triple is
admissible because if m = 0 mod p then L;(m)La(m)Ls(m) = 1 mod p, for all
p. (It suffices to check this for p = 2,3.) We have (r;,r;) = 1 for i # j, and
(r,9) = (r,9-1-8-1) = (r,9-1—-6-1) =1, (r2,8) = (r,8-1—-9-1) =
(ro,8-1—6-1)=1, and (r3,6) = (r3,6-1—9-1) = (r3,6 -1 —8-1) = 1.

We put C' = 11 in the lemma. Then for some i < j, there exist infinitely many
integers m for which Ly(m) equals rj times an E5 number, all of whose prime
factors are > 11, for k =4, 7. If the forms are L;(z) and Lo(x), then for infinitely
many m, we have Es numbers A; and Ay, such that (2-3-5-7-11,4;4;) =1

and

d8Li(m))  d(8Ly(m))  d(2*rA;)  d(2¥)d(5mV)d(A)  a

A(SLi(m) + 1)  d(9La(m))  d(3%rady)  d(33)d(T=)d(Ay)  ag’

Similarly, if L,(z) and Lz(x) are the relevant forms, then we have F; numbers
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Ay, A3 such that

d(2Li(m))  d(2Li(m)) d(2rA)  d2)d(ENdA) - ar

d(2Li(m) +1)  d(3Ls(m))  d(3rsAs)  d(3)d(11e-1)d(As) a3’
Finally, if the forms are Ly(x) and Ls(z), then

d(3La(m))  dBLs(m))  d(BrsAs)  d()d(Td(Ay)  ay

d(3La(m) + 1)  d(ALz(m))  d(22rsAy)  d(22)d(1leDd(Ay)  ag’

]

Let ¢ = Z—;, G2 = Z—Z be positive rational numbers. If we take a; = bybs,

as = bobs, ag = byby, then from Corollary 2 we get d(déi)l) € {q1,q, 192} for

every qi,q2 € QT. Since rational numbers are dense in R and every irrational
number can be approximated by rationals, we have that for every r;, 7y € RT
either r; e E or r, € E or 13 € E.

We are now ready to improve Hildenbrand’s result.

Proof of Theorem 1.8. (a) Let

d 1
L' = {log iy r,s €N; % =" for infinitely many n € N} (3.3)
s n s

It is obvious that L’ C L. Corollary 2 shows, that for any positive integers
ai,as, as there exist indices ¢ < j such that log Z—Z € L. From this follows that

given any positive real numbers uq, us, us we get

u; —u; € I C L for some i < j (3.4)

Applying (3.4) with u; = iu, (i = 1,2,3), we get that for all u > 0

uELU%

Now, using subadditivity and positive homogeneity properties of Lebesgue

measure, for x > 0 we have

v = 10,2 (WEU £ < LYo, 211 + 15 (Y0, 2]] < SIL (o, 24]

and therefore

IL)(0,]| > § (z > 0).
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A similar argument with u; = (4 — i)u yields

L0125 (@>0).

Hence (1.3.8) holds.
If L = R we're done. Otherwise there exist A > 0 such that A ¢ L. By
Corollary 2 for every x € R either A or x or A + x € L. Hence under our

assumption z or A+ x € L. Then

z = |L{[0. A JIA, A+2]}| < [L()0, A[+|L[ )[4, A+2]| < 2|L( )0, A+z|

and therefore L (N[0, z]| > 2 for z > A.
(b) If E = R* we’re done. Otherwise there exist B > 0 such that B ¢ E.
By Corollary 2 for every = € (0,00) either B or x or Bx € E. Hence under our

assumption z or Bx € E. Then

v = 0. EU ) < B0+ 15 0.1

If B > 1 then using subadditivity and homogeneity properies of Lebesgue

measure, we have

v < [B()0,4]| + %\EH[O,BJCH < Bgl\Eﬂ[O, Ball.

Hence
T

]Eﬂ[o,x]\28+1.

If0<B<1,thenB:%forc>1and

z = [0, 2] [ WE|J B} < [E[)0,2]] + [cE( )0, ]
< [E()0. ]| + c|E( 0, Bx]| < (14 ¢)[E[)[0,2]].

Therefore
T

1+c¢

[E()0,2]] >



[1]

[10]

BIBLIOGRAPHY

E. Bombieri, ‘On the large sieve’, Mathematika 12 (1965), 201-225.
MRO0197425 (33:5590)

E. Bombieri, H. Davenport, ‘Small differences between prime numbers’ Proc.

Roy. Soc. Ser. A, 293 (1966), 1-18. MR0199165 (33 #7314)

H. Davenport, Multiplicative number theory, 3rd edn (Revised and with
a preface by H. L. Montgomery; Springer-Verlag, New York, 2000).
MR1790423 (2001f:11001)

P. D. T. A. Elliott, H. Halberstam, A conjecture in prime number theory,
Symposia Mathematica, Vol. IV (INDAM, Rome, (1970), 59-72 MR0276195
(43 #1943)

P. Erdés, "The difference of consecutive primes’, Duke Math. J. 6 (1940),
438-441. MR0001759 (1,292h)

P. Erdos, ‘Some problems on number theory’, Analytic and elementary num-
ber theory (Marseille, 1983), Publications Mathématiques d’Orsay 86 (Univ.
Paris XI, Orsay, 1986), 53-67. MR844584 (87i:11006)

P. Erdos and L. Mirsky, ‘The distribution of values of the divisor function
d(n)’, Proc. London Math. Soc. (3)2 (1952), 257-271. MR0049932 (14:249¢)

P. Erdés, C. Pomerance and A. Sarkozy, ‘On locally repeated values of
certain arithmetic functions. II’; Acta Math. Hungar. 49 (1987), 251-2509.
MR869681 (88¢:11008)

T. Freiberg, ‘Strings of congruent primes in short intervals’, J. London Math.

Soc. (2) 84 (2011), 344-364. MR2835334 (2012j:11181)

J. Friedlander and H. Iwaniec, Opera de Cribro, AMS, Vol. 57, Providence,
2010. MR2647984 (2011d:11227)


http://www.ams.org/mathscinet-getitem?mr=0197425
http://www.ams.org/mathscinet-getitem?mr=33:5590
http://www.ams.org/mathscinet-getitem?mr=0199165
http://www.ams.org/mathscinet-getitem?mr=33 #7314
http://www.ams.org/mathscinet-getitem?mr=1790423
http://www.ams.org/mathscinet-getitem?mr=2001f:11001
http://www.ams.org/mathscinet-getitem?mr=0276195
http://www.ams.org/mathscinet-getitem?mr=43 #1943
http://www.ams.org/mathscinet-getitem?mr=0001759
http://www.ams.org/mathscinet-getitem?mr=1,292h
http://www.ams.org/mathscinet-getitem?mr=844584
http://www.ams.org/mathscinet-getitem?mr=87i:11006
http://plms.oxfordjournals.org/content/s3-2/1/257.full.pdf
http://plms.oxfordjournals.org/content/s3-2/1/257.full.pdf
http://www.ams.org/mathscinet-getitem?mr=0049932
http://www.ams.org/mathscinet-getitem?mr=14:249e
http://dx.doi.org/10.1007/BF01956329
http://dx.doi.org/10.1007/BF01956329
http://www.ams.org/mathscinet-getitem?mr=869681
http://www.ams.org/mathscinet-getitem?mr=88c:11008
http://dx.doi.org/10.1112/jlms/jdr006
http://www.ams.org/mathscinet-getitem?mr=2835334
http://www.ams.org/mathscinet-getitem?mr=2012j:11181
http://www.ams.org/mathscinet-getitem?mr=2647984
http://www.ams.org/mathscinet-getitem?mr=2011d:11227

Bibliography 42

[11]

[12]

[13]

[15]

[16]

[18]

[19]

[20]

[21]

P.X. Gallagher, On the distribution of primes in short intervals, Mathe-
matika 23 (1976) 4-9, Corrigendum, Mathematika 28 (1981) 86.

D. A. Goldston, ‘On Bombieri and Davenport’s theorem concerning
small gaps between primes’, Mathematika 39 (1992), 10-17. MR1176465
(93h:11102)

D. A. Goldston, Y. Motohashi, J. Pintz, and C. Y. Yildirim, ‘Small gaps
between primes exist’, Proc. Japan Acad. Ser. A Math. Sci. 82 (2006), 61—
65. MR2222213 (2007a:11135)

D. A. Goldston, J. Pintz, and C. Y. Yildirim, ‘The path to recent progress
on small gaps between primes’, Clay Math. Proc. 7 (2007), 129-139.
MR2362197 (2008j:11122)

D. A. Goldston, J. Pintz, and C. Y. Yildirim, ‘Primes in tuples. I' Ann. of
Math. (2) 170(2) (2009), 819-862. MR2552109 (2011¢:11146)

D. A. Goldston, J. Pintz, and C. Y. Yildirnm, ‘Primes in tuples. II' Acta
Math. 204(1) (2010), 1-47. MR2600432 (2011£:11121)

D. A. Goldston, S. Graham, J. Pintz, and C. Y. Yildirim, ’Small gaps be-
tween primes or almost primes’, Trans. Amer. Math. Soc. (10) 361 (2009),
5285-5330. MR2515812 (2010d:11108)

D. A. Goldston, S. Graham, J. Pintz, and C. Y. Yildirim, ‘Small gaps be-
tween products of two primes’, Proc. Lond. Math. Soc. (3) 98 (2009), 741
774. MR2500871 (2010a:11179)

D. A. Goldston, S. Graham, J. Pintz, and C. Y. Yildirim, ‘Small gaps be-
tween almost primes, the parity problem, and some conjectures of Erdés on
consecutive integers’, Int. Math. Res. Not. IMRN (2010), Article ID rnq124,
12 pages. doi:10.1093/imrn/rnql124

D. A. Goldston, S. Graham, J. Pintz, and C. Y. Yildirim, ‘Positive propor-
tion of small gaps between consecutive primes’, Publ. Math. Debrecen 79
(2011), 433-444. MR2907978

H. Halberstam and H.- E. Rihert, Sieve Methods, Academic Press (London,
1974).


http://dx.doi.org/10.1112/S0025579300006793
http://dx.doi.org/10.1112/S0025579300006793
http://www.ams.org/mathscinet-getitem?mr=1176465
http://www.ams.org/mathscinet-getitem?mr=93h:11102
http://projecteuclid.org/getRecord?id=euclid.pja/1146576181
http://projecteuclid.org/getRecord?id=euclid.pja/1146576181
http://www.ams.org/mathscinet-getitem?mr=2222213
http://www.ams.org/mathscinet-getitem?mr=2007a:11135
http://www.claymath.org/publications/Gauss_Dirichlet/yildirim.pdf
http://www.claymath.org/publications/Gauss_Dirichlet/yildirim.pdf
http://www.ams.org/mathscinet-getitem?mr=2362197
http://www.ams.org/mathscinet-getitem?mr=2008j:11122
http://dx.doi.org/10.4007/annals.2009.170.819
http://www.ams.org/mathscinet-getitem?mr=2552109
http://www.ams.org/mathscinet-getitem?mr=2011c:11146
http://dx.doi.org/10.1007/s11511-010-0044-9
http://www.ams.org/mathscinet-getitem?mr=2600432
http://www.ams.org/mathscinet-getitem?mr=2011f:11121
http://dx.doi.org/10.1090/S0002-9947-09-04788-6
http://dx.doi.org/10.1090/S0002-9947-09-04788-6
http://www.ams.org/mathscinet-getitem?mr=2515812
http://www.ams.org/mathscinet-getitem?mr=2010d:11108
http://dx.doi.org/10.1112/plms/pdn046
http://dx.doi.org/10.1112/plms/pdn046
http://www.ams.org/mathscinet-getitem?mr=2500871
http://www.ams.org/mathscinet-getitem?mr=2010a:11179
http://imrn.oxfordjournals.org/cgi/reprint/rnq124v1
http://imrn.oxfordjournals.org/cgi/reprint/rnq124v1
http://imrn.oxfordjournals.org/cgi/reprint/rnq124v1
http://imrn.oxfordjournals.org/cgi/reprint/rnq124v1
http://dx.doi.org/10.5486/PMD.2011.5140
http://dx.doi.org/10.5486/PMD.2011.5140
http://www.ams.org/mathscinet-getitem?mr=2907978

Bibliography 43

[22]

[24]

[25]

[20]

[27]

[28]

[29]

[30]

[31]

[32]

G. H. Hardy and J. E. Littlewood, Some problems of ‘Partitio Numerorum’:
III On the expression of a number as a sum of primes, Acta Math. 44
(1923), 1-70.

G. H. Hardy and J. E. Littlewood, Some problems of ‘Partitio Numerorum’:
VII. Unpublished manuscript.

D. R. Heath-Brown, ‘The divisor function at consecutive integers’, Mathe-

matika 31 (1984), 141-149. MR762186 (86¢:11071)

A. J. Hildebrand, ‘The divisor function at consecutive integers’, Pacific J.

Math. 129 (1987), 307-319. MR909033 (88k:11062)

M.N. Huxley, ’An application of the Fouvry-Iwaniec theorem’, Acta Arith.
43, (4), (1984), 441-443. MR756293 (85k:11043)

M.N. Huxley, ’Small differences between consecutive primes. 11, Mathe-
matika 24, (2), (1977), 142-152. MR0466042 (57 #5925)

A E. Ingham, The distribution of prime numbers, Stechert-Hafner, Inc., New
York, 1964 MR0184920 (32 #2391)

H. Iwaniec, E. Kowalski Analytic number theory, AMS Colloquium Publi-
cations, Providence, RI, 2004. MR2061214 (2005h:11005)

J. Kan and Z. Shan, ‘On the divisor function d(n)’, Mathematika 43 (1996),
320-322. MR1433278 (98b:11101)

J. Kan and Z. Shan, ‘On the divisor function d(n) I, Mathematika 46
(1999), 419-423. MR1832632 (2003c:11122)

H. Maier, ‘Small differences between prime numbers’, Michigan Math. J.
35, (3), (1988), 323-344. MR978303 (90e:11126)

J. Maynard, ‘Bounded length intervals containing two primes and an almost-
prime’, (2012), Pre-print, available at http://arxiv.org/abs/1205.5020v1

G. Z. Pilt’jai, ‘The magnitude of the difference between consecutive primes’,

Studies in number theory 4, (1972), 73-79. MR0392867 (52 #13680)

G. Ricci, "Sull’andamento della differenza di numeri primi consecutivi’, Riv.

Mat. Univ. Parma 5, (1954), 3-54. MR0067139 (16,675¢)


http://dx.doi.org/10.1112/S0025579300010743
http://www.ams.org/mathscinet-getitem?mr=762186
http://www.ams.org/mathscinet-getitem?mr=86c:11071
http://projecteuclid.org/getRecord?id=euclid.pjm/1102690578
http://www.ams.org/mathscinet-getitem?mr=909033
http://www.ams.org/mathscinet-getitem?mr=88k:11062
http://www.ams.org/mathscinet-getitem?mr=756293
http://www.ams.org/mathscinet-getitem?mr=85k:11043
http://www.ams.org/mathscinet-getitem?mr=0466042
http://www.ams.org/mathscinet-getitem?mr=57 #5925
http://www.ams.org/mathscinet-getitem?mr=0184920
http://www.ams.org/mathscinet-getitem?mr=32 #2391
http://www.ams.org/mathscinet-getitem?mr=2061214
http://www.ams.org/mathscinet-getitem?mr=2005h:11005
http://dx.doi.org/10.1112/S0025579300011803
http://www.ams.org/mathscinet-getitem?mr=1433278
http://www.ams.org/mathscinet-getitem?mr=98b:11101
http://dx.doi.org/10.1112/S0025579300007877
http://www.ams.org/mathscinet-getitem?mr=1832632
http://www.ams.org/mathscinet-getitem?mr=2003c:11122
http://dx.doi.org/10.1307/mmj/1029003814
http://www.ams.org/mathscinet-getitem?mr=978303
http://www.ams.org/mathscinet-getitem?mr=90e:11126
http://www.ams.org/mathscinet-getitem?mr=0392867
http://www.ams.org/mathscinet-getitem?mr=52 #13680
http://www.ams.org/mathscinet-getitem?mr=0067139
http://www.ams.org/mathscinet-getitem?mr=16,675e

Bibliography 44

[36] A. Schinzel and W. Sierpiniski, 'Sur certaines hypotheses concernant les nom-
bres premiers’. Acta Arith. IV | (1958), 185-208, MR0106202 (21 #4936)

[37] D. K. L. Shiu , ‘Strings of congruent primes’, J. London Math. Soc. (2) 61
(2000), 359-373. MR1760689 (2001f:11155)

[38] C.A. Spiro, Ph.D. Thesis (1981), 187 pp. MR2631715

[39] S. Uchiyama, 'On the difference between consecutive prime numbers’, Acta
Arith. 27, (1975), 153-157. MR0366839 (51 #3085)

[40] Y. Wang, S. K. Hsiek, K. Yu, "Two results on the distribution of prime
numbers’, J. China Univ. Sci. Techn. 1, (1965), 32-38.


http://www.ams.org/mathscinet-getitem?mr=0106202
http://www.ams.org/mathscinet-getitem?mr=21 #4936
http://dx.doi.org/10.1112/S0024610799007863
http://www.ams.org/mathscinet-getitem?mr=1760689
http://www.ams.org/mathscinet-getitem?mr=2001f:11155
http://gateway.proquest.com/openurl?url_ver=Z39.88-2004&rft_val_fmt=info:ofi/fmt:kev:mtx:dissertation&res_dat=xri:pqdiss&rft_dat=xri:pqdiss:8203602
http://www.ams.org/mathscinet-getitem?mr=2631715
http://www.ams.org/mathscinet-getitem?mr=0366839
http://www.ams.org/mathscinet-getitem?mr=51 #3085

	Short gaps between primes
	Introduction
	Organization of the thesis
	The main results
	A survey of results

	The method of Goldston-Pintz-Yıldırım
	The prime k-tuple conjecture
	The level of distribution of the primes
	The Goldston-Pintz-Yıldırım sieve
	Proof of the key estimates

	Almost primes in tuples and the divisor function at consecutive integers

