POISSON SPACING STATISTICS FOR VALUE SETS
OF POLYNOMIALS

PAR KURLBERG

ABSTRACT. If f is a non-constant polynomial with integer coeffi-
cients and ¢ is an integer, we may regard f as a map from Z/qZ to
Z/qZ. We show that the distribution of the (normalized) spacings
between consecutive elements in the image of these maps becomes
Poissonian as g tends to infinity along any sequence of square free
integers such that the mean spacing modulo ¢ tends to infinity.

1. INTRODUCTION

Let f be a non-constant polynomial with integer coefficients. Given
an integer ¢, we may regard f as a map from Z/qZ to Z/qZ, and the
image of this map will be denoted the image of f modulo q. The pur-
pose of this paper is to investigate the distribution of spacings between
consecutive elements in the image of f modulo ¢, as ¢ tends to infinity
along square free integers. The main emphasis will be placed on the
highly composite case, i.e., by letting ¢ tend to infinity in such a way
that the number of prime factors of ¢ also tends to infinity, but we
will also present some results for ¢ prime that might be of independent
interest.

The case f(z) = x? and ¢ prime was investigated by Davenport. In
(6, 7] he proved that the probability of two consecutive squares being
spaced h units apart tends to 27" as ¢ — oco. We may interpret this as
if spacings between squares modulo prime g behave like gaps between
heads in a sequence of fair coin flips.

The case f(x) = z* and ¢ highly composite was studied by Rudnick
and the author in [16, 15]. If we let w(q) be the number of distinct prime

pt+l

factors of ¢, then the number of squares modulo ¢ equals Hp| ¢ 7 and
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the mean spacing between squares modulo ¢ is given by
9 _ @1 L_

ptl ’
Hp|q 2 plg p + 1

Sq:

Hence s, — 00 as w(q) — 00, so we would expect that the probability
of two squares being 1 unit apart vanishes as w(q) — oo, and it is
thus natural to normalize so that the mean spacing is one. A natural
statistical model for the spacings is then given by looking at random
points in R/Z; for independent uniformly distributed numbers in R/Z,
the normalized spacings are said to be Poissonian. In particular, the
distribution P(s) of spacings between consecutive points is that of a
Poisson arrival process, i.e., P(s) = e ® and the joint distribution
of | consecutive spacings is a product of [ independent exponential
random variables (see [8]). Using Davenport’s result together with
the heuristic that “primes are independent”, it seems reasonable to
expect that the distribution of the normalized spacings between squares
modulo g becomes Poissonian in the limit s, — 0o, and the main result
of [16] is that this is indeed the case for squarefree ¢ (the general case
is treated in [15].)

What can be said about general polynomials f € Z[z|? For p prime,
let

Q, ={teZ/pZ :t= f(xy) mod p for some zy € Z/pZ}

be the image of f modulo p, where f denotes the reduction of f modulo
p. Given an integer k > 2 and integers hy, ha, ..., hi_1, let

Nk(<h1,h2, .. .,h,k_l),p) = |{t € Qp : t+h_1, S hip_1 € Qp}|

be the counting function for the number of k-tuples of elements in the
image of the form ¢,¢ + hy,...,t + hj_1, where h; € Z/pZ denotes the
reduction of h; modulo p. The average gap between the elements in
2, or the mean spacing modulo p is then, for general f, given by

SP = p/|QP|7
and the “probability” of an element being in the image is 1/s,. Thus, if
the conditions ¢t € €, t+h; € €2, ..., t+h;_1 € ), are independent, we

would expect Ni((ha, ha, ..., hx—1),p) to be of size p/s}, and a natural
analogue of Davenport’s result is then that

(1) Ni((h1, ha, ... k1), p) = p/sh + o(p),

as p — oo provided that 0, Ay, ..., hy_1 are distinct modulo p. In [11]
Granville and the author proved that

(2) Nk((h17h27"'=hk—1)7p> :p/sﬁ—i_Oﬁk(\/ﬁ)
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holds if f is a Morse polynomial and 0, Ay, ..., hx_; are distinct modulo
p. Using this, Poisson spacings for the image of Morse polynomials in
the highly composite case follows from the following criteria (see [11],
Theorem 1): Assume that there exists € > 0 such that for each integer
k>2,

(3) Ni((hy, o, hy1),p) = = (L4 Ok((1— 5,1 )p ™))

S

provided that 0, hy, h, ..., hy_1 are distinct mod p. If s, = p°Y for all
primes p, then the spacings modulo q become Poisson distributed as the
mean spacing modulo q tends to infinity?.

What about non-Morse polynomials? Rather surprisingly, it turns
out that (1) does not hold for all polynomials — that is, there are
polynomials such that the spacing distribution of the image modulo p
is not consistent with the coin flip model! (That is, independent coin
flips where the probability of heads is given by [€2,|/p.) For example,
in [11] it was shown that for f(z) = 2* — 222,

2/3-5+0(/p) ifhi==x1 modp,p=1 mod 4
Ny((hy),p) =< 4/3- % +O0(y/p) ifhi=+1 modp, p=3 mod 4
5 +0(\/p) if hy 2+1,0 mod p

Hence the assumptions in (3) are violated. However, we can prove
that (2) holds for most values of (hy, ..., hx_1):

Theorem 1. Let f € Z[x] be a non-constant polynomial. Given a
prime p, let

(4) R, :={f(&): f'(§) =0,£ € F,}

be the set of critical values modulo p. If the sets" R, R, — hi, R, —
ho, ... , Ry — hy—1 are pairwise disjoint®, then

(5) Ni((h1, ha, ... hi1),p) = p/sh + Op(v/D).

In other words, the analogue of Davenport’s result holds for all but
O(p*2) elements in (Z/pZ)*~'. Allowing for overlap between two
translates of the set of critical values, we also have the following weaker
upper bound on Ni((hq, ha, ..., hg_1),p):

8n [11] it was also shown that for the image of a Morse polynomial, the mean
spacing modulo ¢ tends to infinity as w(g) — 0.

"By R, — ; we mean the set {r — & : 7 € R,}.

“In the case f(x) = x? this condition is equivalent to 0, hq,...,hx_1 being dis-
tinct modulo p. However, for general polynomials (including the case of Morse
polynomials), the two conditions are not equivalent.
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Proposition 2. Let p be a prime. There exists a constant Cy < 1,
only depending on f, with the following property: if the sets

(R,UR, —h1), R, —hg, ..., Ry — hy_y
are pairwise disjoint and hy Z0 mod p, then
C
Ni((hi, ha, .. hi1),p) < Sk—f}l p+ Ori(y/D)
P

unless f is a permutation polynomial ¢ modulo p.

It turns out that these two results are enough to obtain Poisson
spacings in the highly composite case. However, rather than studying
the spacings directly, we proceed by determining the k-level correlation

functions. Given a square free integer ¢ and a general polynomial
f € Zx], let

Q, ={t€Z/qZ:t= f(zy) mod q for some xq € Z/qZ}

be the image of f modulo q (here f denotes the reduction of f modulo
q), and let

Sq = q/]€Y]
be the mean spacing modulo q. By the Chinese Remainder Theorem
(since g is square free), Q24| = T, [$2,], where p ranges over all prime
divisors of ¢, and thus s, = Hp‘q sp. Given h = (hy, ho, ..., hy_1) €
ZF1 put

Ni(h,q) :=|[{t € Qy:t+hy,t+ha, ..., t+he 1 € Q)
For X C R*71, the k-level correlation function is then given by
1
Ry(X,q) == ] > Ni(hg)
" hes,xnzk-1

The main result of this paper is then the following:

Theorem 3. Let q be square free, k > 2 an integer, and let X C RF!
be a convex set with the property that (xg,x1,...,x5-1) € X implies
that x; # x; if © # j. Then the k-level correlation function of the
image of f modulo q satisfies

Rk(X, Q) _ VOl(X) + Of,k <871/2+o(1) + CS)(Q)U*O(U))

q

as s; — 00, where Cy < 1 is the constant given in Proposition 2.

df is said to be a permutation polynomial modulo p if |Q,] = p.
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Using a standard inclusion-exclusion argument (see [16], appendix A
for details), this implies that the spacing statistics are Poissonian. In
particular we have the following:

Theorem 4. For q tending to infinity along a sequence of square free
integers such that s, — oo, the limiting (normalized) spacing distribu-
tion® of the image of f modulo q is given by P(t) = exp(—t). Moreover,
for any integer k > 2, the limiting joint distribution of k consecutive
spacings is a product Hle exp(—t;) of k independent exponential vari-
ables.

1.1. Some remarks on the mean spacing. We note that the only
way for which s, = 1 for all primes pis if f(z) is of degree one. However,
there are nonlinear polynomials f such that s, = 1 for infinitely many
primes. For example, if f(x) = 2* and we take ¢ to be a product of
primes p = 2 mod 3, then s, = 1 for all plg, and s, = leq sp = 1
clearly does not tend to infinity. On the other hand, if deg(f) > 1,
there is always a positive density set of primes p such that s, > 1.
Moreover, if f is not a permutation polynomial modulo p, Wan has
shown [17] that

p—1

deg(f)

Thus, for primes p such that s, > 1, s, is in fact uniformly bounded
away from 1.

It is also worth noting that Birch and Swinnerton-Dyer have shown
[1] that for f Morse, || = ¢y -p+ Oy(y/p) where ¢y < 1 only depends
on the degree of f, hence s, = 1/c; + O(p~'/?) for all p, and thus
sq — 00 as w(q) — o0.

(6) €[ <p—

1.2. Related results. There are only a few other cases for which Pois-
son spacings have been proven. Notable examples are Hooley’s result
[12, 13] on invertible elements modulo ¢ under the assumption that
the average gap s, = ¢/¢(q) tends to infinity, and the work by Co-
beli and Zaharescu [3] on spacings between primitive roots modulo p,
again under the assumption that the average gap s, = (p—1)/¢(p—1)
tends to infinity. Recently, Cobeli,Vajaitu, and Zaharescu [2] extended
Hooley’s results and showed that subsets of the form {z mod ¢ : z €
I, 2~ € J,} have limiting Poisson spacings if the intervals I, .J, have

°By normalized spacings we mean the following: with 0 < 21 < xp < -+ <
T|0,] < q being integer representatives of the image of f modulo g, the spacings
between consecutive elements are defined to be A; = x;41 —x; for 1 < i < |Q,], and
Ajg,| = 1 — 7|, + ¢- The normalized spacings are then given by A; := A;/s,.
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large lengths (more precisely, that |I,| € [1—(2/900glogs ) ) o1 4
|J,| € gt~/ (elo89)® ¢]) as ¢ tends to infinity along a subsequence of
integers such that q/¢(q) — oo.

1.3. Acknowledgements. The author would like to thank Juliusz
Brzezinski, Andrew Granville, Dan Haran, Moshe Jarden, Zeév Rud-
nick, and Thomas J. Tucker for helpful discussions, and the anonymous
referee for valuable suggestions on improving the exposition. The au-
thor is also very grateful to Peter Miiller for a major simplification of
the proof of Lemma 11.

2. PROOF OF THEOREM 1

Allowing for a worse constant in the error term, we may assume that
p is large enough so that p > deg(f) and that f(z) is not constant
modulo p. We note that Ny((hy,...,hr_1),p) only depends on the
reduction of hq,...,h;_1; modulo p, so if h € IF’;_I then Ni(h,p) is in
fact well defined. To simplify the notation, the reduction of Ay, ..., hi_1
modulo p will also be denoted by hq, ..., hg_1 in this Section. Thus,
given a non-constant polynomial f € F,[x] and k distinct elements
ho = 0,hy,he, ..., hx—1 € Fp, we wish to count the number of ¢ € F,
for which there exist o, ..., z5—1 € F, such that

f(zo) =t+ho, f(x1) =t +hy, ..., flar_1) =t + hp1.
For ease of notation, put
h:= (hi, h,... hp_1) €F3 .
Given h € F,, define a polynomial F}, € F,[T][X] by
F(X,T) := f(X)— (T +h).
Since the T-degree of F}, is one, F}, is irreducible, and thus

Ky = F(T)[X]/(Fu(X, T))

is a field. Fix once and for all a separable closure IF,(T") of F,(7"), and
for i = 0,...,k — 1, choose embeddings of K, into F,(T), as well as
an embedding of F, in m. Further, let L;, be the Galois closure of
Ky, in Fy(T'), and let

(7) G = Gal(L,/F,(T))

be the Galois group of the field extension L;/F,(T"). Since we assume
that p > deg(f), all field extensions L, are separable, and no wild
ramification can occur.
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The following Lemma shows that G and Lj N IF_p are independent
of h.

Lemma 5. Let h € F,. Then G, 2 Gy and L, NF, = Lo NF,.

Proof. Define a F,-linear automorphism o : F,[T] — F,[T] by o(T) =
T + h. Since o(Fy) = Fj, we may extend o to an isomorphism o’ :
Ly — Lj. Moreover, given 7 € Gy, and o'7(0’)"! € Gy, the map
7 — o'7(0")7! gives an isomorphism between Gy and GY,.

Let Iy = Lo N IETD and let [, = L N E. Since ly/F, is normal,
lo = o'(ly) C Ly,NF, = I}, and the same argument for (¢/)~! gives that
I, C lg, hence I}, = . O

Thus

l:=LyNF,
is the field of constants for L, for any h € F,. Arguing as in the proof
of Lemma 5 we obtain:

Lemma 6. For h € I, let
Hh = Gal(Lh/l(T))
Then H;, = H,.

Our next goal is to obtain a criterion for linear disjointness for the
field extensions L, /I(T') as h varies.

Lemma 7. Let Ey, E5 be finite Galois extensions of F,(T), both having
the same constant field 1, and degree smaller than p. If Ey/I(T) and
EyJU(T) have disjoint finite ramification, then EyNEy = [(T') and hence
Ey and Ey are linearly disjoint over [(T'). Furthermore, 1 is the field of
constants in the compositum EiFEs.

Proof. Let E = E1NE,. By the assumption, £/I(T) can only ramify at
infinity. Moreover, the ramification must be tame. With gg denoting
the genus of F, the Riemann-Hurwitz genus formula now gives

—2<2gp — 1) = [E: 1(D)]2(0 — 1) + > _(e(P/o0) — 1) deg(P)
Ploo

= =2(E: [(T)] + [E: UT)] = deg(P) < —[E: (T)]
Ploo
and thus [E : [(T)] < 2.

As for the final assertion, we argue as follows: Let m be the constant
field of Ey E5. The degree [mE; : m(T')] is then equal to [E; : {(T')], and
similarly [mEy : m(T)] = [Es : I(T)], and m is the constant field of both
mkFE; and mF,. Applying the the first part of the Lemma to mE; and
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mEs,, we find that mFE; and mF, are linearly disjoint over m(7"), hence
[EyEy - m(T)] = [mEy - m(T)] - [mEy - m(T)| = [Ey : (T)] - [Ey : 1(T)],
which in turn equals [E1 Ey : [(T')]. Hence m(T) = {(T') and m = .
O
For k > 2, denote by
L¥ = Ly Lp, ... L, ,
the compositum of the fields Ly, ..., Ly, _,, and let
L' := Ly, = L.

We now easily obtain the desired linear disjointedness criteria, and can
also determine the field of constants in L*.

Proposition 8. If the sets R,, R,—hi, R, —ho, ..., R, —hy are pair-
wise disjoint, then the field extensions Lo/I(T'), Lp, JU(T), ..., Ln,_, /U(T)
are linearly disjoint. Moreover, 1 is the field of constants of L*.

Proof. Since L, is the Galois closure of K}, both extensions, rela-
tive to F,(7"), ramify over the same primes. The assumption of pair-
wise disjointness of R,, R, — hi,..., R, — hy—; means that there is no
common finite ramification among the fields Ly, Ly, ... Ly, ,. Hence
by using Lemma 5 and applying Lemma 7 inductively, we find that
Lo, Lp,, ... Ly, , are linearly disjoint, and that [ is the field of con-
stants in L*. U

If G = Gal(E/F,(T)) is the Galois group of a normal separable
extension E/F,(T) with constant field [, define (following Cohen, e.g.,
see [4, Section 1] or [5, Section 2])

(8) G":={o € G :olyr) =Frob(I(T)/F,(T))}

where Frob({(T")/F,(T")) is the canonical generator of Gal({(T")/F,(T))
given by 7' — T and o — o for all @« € [. For k > 2, define a
conjugacy class Fixgy, C Gal(L*/F,(T))* by

Fixyp, = {0 € Gal(L*/F,(T))* :

o fixes at least one root of Fj, for i =0,1,...,k—1}.

For k = 1 we define a conjugacy class Fix; C Gal(L'/F,(T))* (note
that there is no dependence on h and also recall that L' = L) by

Fix; := {0 € Gal(L'/F,(T))* : o fixes at least one root of F},}.

Given a finite separable extension E of F,(7'), let O g denote the integral
closure of F,[T| in E. If E/F,(T) is a Galois extension and 9 C O
is an unramified prime ideal lying above m C F,[T], let Frob(9|m) €
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Gal(E/F,(T)) denote the Frobenius automorphism. (In what follows,
the use of Frob(Mt|m) implicitly signifies that 2T/m is unramified.)

We can now relate Ni(h, p) to the number of degree one prime ideals
in F,[T] having a certain type of Frobenius action.

Proposition 9. We have

(9) Ni(h,p) =
= |{m C FP[T] : deg(m) = 1, Elim|m, oM C DLk, Frob(i)ﬁ|m) € FiXkth—i—Ok’f(l).

Proof. Since the coordinate ring F,[X;, T]/(Fp,(X;,T)) is easily seen
to be isomorphic to F,[X;], we find that F,[X;, T]/(F,(X;,T)) equals
O, , the integral closure of F,[T] in Kj,. Further, the condition that
t+h; = f(z;) for t,x; € F, is equivalent to a maximal ideal m} = (T —
t,X; —x;) CO Kn,» of degree one, lying above the maximal ideal m =
(I' —t) C F,[T]. In terms of the Frobenius automorphism, assuming
that m does not ramify in L*, this is equivalent to the existence of
a prime ideal M C Oyw such that Frob(M|m) restricted to Ly, fixes
one or more roots of Fj,. Moreover, Frob(9|m) must take values in
Gal(L* /F,(t))* since the action of Frob(90t|m) restricted to I(T') is given

by T'— T and o« — o” for all a € [. More generally, if ¢t = f(x¢),t +
hy = f(x1),...,t+hyy = f(xp_y) for t,zg,..., 751 € F, and m does
not ramify in LF, this is equivalent to the restriction of Frob(9)t|m)
to Ly, fixing at least one root of Fj, for all i € {0,...,k — 1}, ie.,
Frob(M|m) € Fixypn. Since there are at most Oy, (1) ramified primes,
the result follows.

U

Applying the Chebotarev density theorem (e.g., see [10], Proposi-
tion 5.16), we obtain

(10 Nl ) = e e+ Oy (V)

Our next goal is to determine | Fixgp |/| Gal(L*/1(T))|.

Lemma 10. Given k > 2, define

| Fixkn|
Culbsp) = T T )]
and
-
Ci(p) : e

T [ Gal(Z/U(T))|
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Assume that R,, R, — hy,..., R, — hy_1 are pairwise disjoint. Then
Cr(h, p) = C1(p)* where C1(p) = 1/s, + O;(p~'/?), and in particular

(11) Ci(h,p) =1/sk + Osu(p~'/?).

Proof. For simplicity, we consider only the case k = 2, and for ease of
notation, let h = (h;) = (h). The action of Gal(L?/F,(T')) on the roots
of Fy and F), allows us to identify Gal(L?/F,(T')) and Gal(L?*/I(T)) with
subgroups of S, x S,, where n = deg(f). Moreover, since Ly and Ly,
are linearly disjoint over [(T') and have isomorphic Galois groups, we
may identify Gal(L?/I(T)) = Hy x Hj, with a subgroup of S, X S, in
such a way that

Hy~2H x1cS,x1cCS, xS,

and
H,=21xH c1xS,CS,xS,
where H' = Hy = Hj, and H' is a subgroup of .S,,.

Define a Fy-linear map 7 : F,(T) — F,(T) by 7(T) = T + h, and
extend it to a map from Ly to L. Given py € G§ (recall (7) and (8)
for the definition of Gy and G}) let py = 73771, Clearly py € Gy,
and since Gal({(T')/F,(T)) = Gal(l/F,) is abelian, ju|yry = po|i(r) and
hence po € Gj. Since T gives a bijection between the roots of Fy and
Fy, we may label the roots in such a way that p; and ps correspond
to the same element in S,,. Let us consider the possible extensions of
f1, o to L2 After making a fixed, but arbitrary choice, of extensions
{1, iz we find that all pairs extensions are of the form (0, /i) where
0 € Hp, and v € Hy. Now, for any such pair of extensions, we have

Spin (yi2) ™t = Spinpia 'y € Gal(L?/U(T))
Since Gal(L?/I(T)) = Hy x Hj we may choose v and § in such a way
that 04142 'y~ = 1. In other words, it is possible to choose fi1, fis SO
that /Il = ,Jg.

Thus, there is an extension of ;1 € G§ to an element fi of Gal(L?/F,(T))*
in such a way that i embeds diagonally when regarded as an ele-
ment of S, x 5, i.e., there exists ¢ € S, such that i corresponds
to (0,0) € S, x S,,. Now, all elements of Gal(L?/F,(T))*, regarded as
elements of S, x S, must be of the form (do,vo) € S, x S, where
d,v € H'. In particular, if we let H” C H’ be the set of elements §
such that do has at least one fix point, we find that

_ ‘H//F _ |H”‘2 _ )
b p) =ty ~ [Cazjiae - W
since Gal(L?/I(T)) = Hy x Hy, and Hy, = Hy = Gal(L'/I(T)).
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To determine C'(p), we note that
1Q,| = p/s, = |{t € F, for which there exists zy € F, such that f(z,) = t}|.

Arguing as in Proposition 9, we note that f(x) = t for z¢,t € F,
means that for some M C O lying above m = (T —t) C F,[T],
Frob(M|m) € Gal(L'/F,(t)) will fix one or more roots of Fj,,(X,T) =
f(X) =T, ie., Frob(M|m) € Fix;. Thus, after taking O(1) ramified
primes into account, we find that

p/sp=H{m CF,[T]:
deg(m) = 1, 3Dm, M C O+, Frob(M|m) € Fix; }| + O4(1).

Again using the Chebotarev density theorem, we find that

(12) p/sp=Ci(p) -p+ Os(v/p)
and thus Cy(p) = 1/s, + Of(1/,/p). O

From (10) and (11) we immediately obtain Ny (h, p) = p/si+Ox (,/P)
and the proof of Theorem 1 is concluded.

3. PROOF OF PROPOSITION 2

We will begin by giving a proof for the case k = 2, and then show
how the general case can be reduced to this case. By allowing worse
constants in the error terms as before, we may assume that p > deg(f)
and that f(x) is not constant modulo p.

3.1. The case k = 2. We start by showing that the field extensions
Ky, K}, are linearly disjoint if h € F ;.

Lemma 11. Let f(X) € F,[X] be a non-constant polynomial. If h €
Fx and deg(f) < p, then f(X) — f(Y) +h € Fy[X,Y] is absolutely
wrreducible.

Proof. Write f(X) = 3¢, ;X" where d = deg(f) and a4 € Fyx. The

2

case d = 1 is trivial. For d > 1 we argue as follows: Let Z = X — Y.
Since f(X) — f(Y)+h = (X — Y)G(X,Y) + h, where G(X,Y) €
F,[X,Y], it is enough to show that Z - G(Y + Z,Y) + h is irreducible
in F«[Y, Z] for arbitrary k. Now, G(Y +Z,Y) =d-aq- Y '+ A(Y, Z)
where the Y-degree of A(Y, Z) is at most Y472, Letting W = 1/Y, we
find that

Z-GY +2,Y)+h=W" (2 (d-ag+W - AW, 2)) +h- W)
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where A is the reciprocal polynomial of A (with respect to the first
variable). Regarding

Z-(d-ag+W-AW,2)) +h- Wi

as a polynomial in W with coefficients in F,:[Z], the result follows
from Eisenstein’s irreducibility criterion with respect to the prime ideal

(2). O

Remark. The above proof, due to Peter Miiller [14], in fact shows that
J(X) = f(Y) + h is absolutely irreducible as long as p does not divide

deg(f)-

Proposition 2 in the case k = 2 now immediately follows from the
following Lemma and (10).

Lemma 12. There exists Cy < 1, only depending on f € Z[z|, with
the following property: for all sufficiently large p for which f is not a
permutation polynomial modulo p,
02(h7p> S CO/SP

for all h = (hy mod p) such that hy 20 mod p.

Proof. For f € Z|x] fixed there are only finitely many possibilities
for Gal(L?*/F,(T)), hence Cy(h,p) = | Fixan |/| Gal(L?*/I(T))| can only
take finitely many values. Thus since Cy(h,p) < Ci(p) = 1/s, +
O;(p~Y?) by (12), it is enough to show that Cy(h,p) = Ci(p) can
only happen for finitely many primes p (i.e., unless f is a permutation

polynomial modulo p.) B
Given a € F,, let M(a) = [{zo € F, : f(x¢) = a}|. Then

{0, 40 € Fp : f(20) = fyo) + M}| = ZM M(a — hy)
a€lFy

On the other hand, by Lemma 11, the algebraic set defined by flxo) =
f(yo) + hq is an absolutely irreducible curve, and hence the Riemann
hypothesis for curves (e.g., see [10], Theorem 4.9) gives that

{0, 90 € Fp : f(x0) = f(yo) + hi}| = p+ Os(y/p)
We have
{a: M(a) >0} = {a: M(a—h) > 0}] = [Image(f)| = p/s,
Thus, if
No(h,p) = |{a € F,: M(a) > 0,M(a — hy) > 0}| =
Calbh,p) -+ O(VF) = Co(p) - p + Os(y/B) = — p+ Osl(VP)

p
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then, since |{a : M(a — hy) > 0}| = |Image(f)| = p/s,, we have
{a €F,: M(a) = 0, M(a — Fy) > 0} = O(\/p)

Therefore
p+O0s(vp) = > M(a)M(a—hy)
aclF,
> Y M@a-h)+2 > Ma-h)
a€Fp:M(a)=1 a€Fp:M(a)>1
= Y M-h)+ Y = Ma-h)
a€Fp:M(a)>0 a€Fp:M(a)>1
=Y Ma-h)+ > Ma-h)- Y Ma-h)
a€lFp a€Fp:M(a)>1 a€Fp:M(a)=0
=p+ Y M(a—h)—0s/p)
a€Fp:M(a)>1
and thus
> M(a—hi) = 0s(\/p)
a€Fp:M(a)>1
Hence

{a €F,: M(a) > 1, M(a— ) > 0} = O (v/p)
and we similarly obtain that
{a €F,: M(a) > 0, M(a— ) > 1} = Os(/p)
But then
P+ Of Z M CL - hl)

=Ha €F,: M(a) = M(a—hy) = 1}| + Of(v/p)

In other words, M(a) = 1 for all but Oy(,/p) elements, which, by Wan’s
result (see (6), section 1.1), can only happen if f is bijection once p is

sufficiently large.
O

3.2. The case k > 2. Here we return to the notational conventions
of Section 2, in particular hy = 0, hy, ..., hy—; denote elements of [F,.
Arguing as in the proof of Lemma 7, we find that the field extensions

(LhoLh1) /Z(T)> Lhz/Z(T>7 ce Lhk—?/l<T)7 Lhk—l/l<T)
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are linearly disjoint since they have disjoint ramification. Hence there
is an isomorphism

Gal (LhoLh1 ...... Lhk,l/l(T))
~ Gal (Lpy L, /U(T)) x Gal (Lp, /U(T)) x ... x Gal (Ly,_, /U(T))
Putting h’ = (hy) and arguing as in Lemma 10, we find that

‘FiXk7h| . ’FiXZ,h/l 1 . C (h/ ) 1
[Gal(ZF/UT))] — [Gal(Lu L, /UD)] 552~ 207 552

By Lemma 12, Cy(h/,p) < Cy/s, and by (10) the proof is complete.

4. PROOF OF THEOREM 3

In what follows we will use the convention that Ay = 0. For h =
(hi,...,hxg_1) € Z*! fixed, it follows immediately from the Chinese
Remainder Theorem that Ny (h, ¢) is multiplicative in g. The following
Lemma shows that we may assume that ¢ is a product of primes p for
which f is not a permutation polynomial modulo p, and hence that s,
is uniformly bounded away from 1 for all p|q.

Lemma 13. Given a square free integer q, write ¢ = q1qo where

41 = Hp7 42 = HP

plg plg
|Qp|<p |Qp|=p

Then
Rk(X> Q) = Rk(X> ql)

Proof. 1f p|gz we have s, = p/|Q,| = 1 and Ny(h,p) = p for all h €
ZF'. Thus s, = S4 - S¢ = S, and since for h fixed, Ni(h,q) is
multiplicative, we find that Ny (h,q) = Ni(h,q) - g2. Thus

1 42
Ri(X,q) = 155 Ni(h,q) = =57 Ni(h, q1)

162] 2 €2, {126, 2

hes, XNZk-1 hesg XNZk—1

LS Nuhg) = R(Xq)

€2, hesg, XNZk-1
O

We also note the following easy consequence of Theorem 1.

Lemma 14. Let [ be the largest integer such that R,—h;,, Ry—hi,, ..., R,—
hi, are pairwise disjoint for some choice of indices 0 < iq,19,...,4 <
k —1 (recall that hg =0). Then

Ni((h1, ha, .. hi1),p) < p/sb + Opi(v/p)
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Proof. It {h}, by, ... h;_;} is a subset of {hy, ha, ..., hiy_1} then trivially
Nk((hlﬂ ha, ..., hk*1>7p) < Nl((hlla hl2> R ;_1),}7)

and the Lemma follows from Theorem 1. O

4.1. Some remarks on affine sets. We will partition Z*~! according
to the size of the bounds on Ni(h,q) = [[,, Ni(h,p) given by Theo-
rem 1 and Proposition 2. In order to do this, we need to introduce some
notation: By an affine set L C Z*~! we mean an integer translate of a
lattice L' C Z*~!. We then define the rank, respectively discriminant,
of L as the rank, respectively discriminant!, of L. Similarly, we define
codim(L) as k — 1 minus the rank of L.
Let R be the set of critical values of f, i.e.,

R:={f(&): f(€)=0,¢€qQ}

and recall that R, = {f(&) : f/(€) = 0,£ € F,} is the set of critical
values of f modulo p. Let

R-=R—R={a—-p3:a,p € R},
put
]:Zoo = RN Z,

and let

R,:= (R, — R,)NT,.
If R, + h; "R, + h; # 0 then h; — h; € R,, so the affine sets to be
considered will be given by equations of the form
(13) hi—hj=r 1€ Ry
or congruences of the form
(14) hi—hj=m, modp, 1,€ Rp

We note that the bounds given by Theorem 1 and Proposition 2 only
depends on the congruence class of h, but we will treat the case of
equality separately since Ny (h,p) will be large for all p|q if h satisfies
an equation of the form (13).

To ensure that the equations defining the affine sets are independent,
we will need the following notions: Given

Ec{(i,j):0<i<j<k—1}

fo the discriminant of L’ C Z*~! we mean the index of L’ in Z*~1.
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we may associate a graph G(E) on the set of vertices {0,1,...,k — 1}
by regarding E' as the set of edges, i.e., two nodes i, j are connected by
an edge if and only if (i,7) € E. Let

AG :={FE C{(i,7):0<i<j<k—1}: G(E) is acyclic.}

be the collection of edge sets whose associated graphs are acyclic.
Given F € AG and a map a : E — R, define an affine set

L(E,a):={h e Z<"': h; — h; = a((i,j)) for all (1,5) € E.}.

(with the usual convention that hy = 0). Note that G(E) acyclic
implies that the equations defining L(FE, a) are independent. Further,
given E € AG, let

L(E) := {L(E,a) where o ranges over all maps o : E — R}

be the collection of affine sets defined by independent relations between
h; and h; for all (i,j) € E. We note that £(0) contains exactly one
element, namely the full lattice L((), —) = Z*~'. Moreover, if L € L(E),
then (since we assume that F € AG) codim(L) = |E|, and if h € L,
then Proposition 2 will, for all p|q, at best give the bound

Ni(h, p) < Co—rgr + Orr(v/D).
Sp

(The bound will not hold if the components of h satisfies additional
equations, i.e., if h € L' for some L' € L(E’) such that E' D E.)
Given L(E,«a) € L(E), let

L*(E,a):={h e L(E,a) :h g L(E',&/) forall E' D E, o/ : E' — Ry}

In particular, if h € L*(F, «), the components of h satisfy exactly |E|
independent equations of the form h; — h; = r;; where r;; € }?OO.

We also need to keep track of similar relations, modulo p, between
the components of h. Thus, given E, € AG and «,, : E, — R,, define
an affine set
Ly(E,, a,) :={h€Z": hi—h; = a,((i,5)) mod p for all (i,5) € E,}.

We note that the rank of L,(E,, o) is k — 1 and that the discriminant
of L,(E,,,) is p!¥l, and if h € L,(E,, a,), then Proposition 2 will at
best give the bound

Ny (h,p) < OO%EM + Ok (VD).
Sp

Now, given E € AG, let
L,(E) :={L,(E,, ) : E, € AG, v, : E, — R,, E,NE = (), E,UF € AG}
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and for L, € L,(E), let
LX={hel,:hgl foral I € L,(E), E, 2 E,}

Ifhe L*NLy for L € L(E) and L, = Ly(E), o) € L,(F), then
h = (hy,...,hx—1) (also recall that hy = 0) satisfies exactly |E| inde-
pendent equations of the form h; — h; = r;; where 7;; € Roo, and ex-
actly |E,| independent congruences of the h; — h; = ri; mod p where
i € Rp, and furthermore, there is no overlap between the equations
and congruences. The reason for keeping track of equalities and con-
gruences separately is that if h € L for L € L(F) and |E| > 0, then
the bounds given on Ni(h,p) given by Proposition 2 allows Ni(h,p)
to deviate quite a bit from its mean value for all p|g. On the other
hand, if we let ¢ be the product of primes p|q for which the bounds are
bad because of congruence conditions, rather than equalities, then we
can bound the size of ¢ (see Lemma 18). We can now partition Z*~!
according to the size of the bounds on Ng(h,p) given by Theorem 1
and Proposition 2:

Lemma 15. Let L = L(E,«a), L, = L,(E,, o) € L,(E), and assume
thath € L* N Ly. If |[E| + |Ep| =0, then
Ni(h,p) = 5, - p+ O s (p'1?),
whereas if k > |E| + |E,| > 0, then
Ni(h,p) < Cp - IEHIEka p+ Ok,f(pl/Q)-
where Cy < 1 s as in Pmposztzon 2.

Proof. The first assertion follows immediately from Theorem 1 since
R, + h;i N R, + hj # 0 implies that h; — h; € R,

For the second assertion, we argue as follows: Since h = (hy, ha, ..., hx_1) €
L*nN L; there are indices 1,49, ..., ik—|g|—|E,| such that h; # h;, and

(R, — hiy, UR, — hi,), Ry — hi,, ..., Ry — I,

Yk—|E|—|Ep|
are pairwise disjoint. Putting
h’:(h h“,h _hi17"'7hik—\E|—\Ep\ _hh);

the result follows from the bound for Ni(h', p) given by Proposition 2.
U

However, partitioning Z*~! according to the size of Ny (h, p) for indi-
vidual prime factors p|q is not quite enough; we need to partition Z*~*
according to the size of Ny(h,q) = ][, Ni(h,p). Thus, let

L(E):={LN (mpchp) L € L(E), Vp|c L, € L,(E) \ Lp((Z), -)}
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(where L,(0, —) € £,(F) is the maximal lattice, i.e., L,(0, —) = Z*1)
and given
Le= LN (NyeLy) € LE)
let

P

X, where L. € L.(F), E €
AG, and c|q. Moreover, as an immediate consequence of the definitions
and Lemma 15, we obtain the following:

LY o= L 0 (NyeLy) N (N Ly (0, )
We can now partition Z*~! into subsets LX

Lemma 16. Assume that L. = L N (NpjeLp(Ep, o)) € L(E) and that
helLr Ifpte, then

Ni(h,p) = s, - p+ Oy (p'?).
If p|ec, then
Ni(h, p) < Cp - SLEH'E”‘_IC - p+ O s (p'?).
where Cy < 1 is as in Proposition 2.

Using the previous Lemma we can now bound sums of the form

zhequﬁLcX Ni(h, q).
Lemma 17. If
L.=LnN (mpchp(Epv o)) € L(E),

then
SElEl-1
Hhes, XNL} <[{he€s,XNL} <ppx — - +81;—|E\—2

Moreover, if h € LY, then

Ni(h, ) SLEIHEPI ~1/2 SLEI ~1/2
q/—S < H Gh—1 + Ok,f(p ) H CO CTE_1 + Ok,f(p )
1 ple

k
S
p p|% p

In particular,

(15) Z Nk(h> Q)

q/s
hes, XNLY /54

<SG (=4 2 a8 T (1 + Ons(07172)
q
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Proof. The first assertion follows from the Lipschitz principle® (e.g.,
see Lemma 16 in [16]) since L. is a translate of a lattice with discrim-
inant (relative to L) divisible by ¢. The second assertion follows from
Lemma 16. Thus

Ep
p

|
Z Ny (h, q) < H <5p
ple

q/s
hesy XNLX /54

+ O (0™ 2>> 11 (Co+ 00712

p|2
1
' 5q LI (55" + Oes %) - T] (Co + O s(0717%)
Ple Pl 2

k-1 k—1
c c

S

< CO—w(C)(S ) . C«SJ(Q) . H (1 + Ok,f(p_l/z))

S
e plg
O

Since the bound in (15) is not useful for large ¢, we will also need
the following:

Lemma 18. Let d be the degree of the field extension Q(R)/Q. If
L. € L.E) for some E € AG and s, X N LY # 0 then

d(®)|R
Cc <<X,R Sq(2)| |

Moreover, there exist a constant D, only depending on k and f, such
that
Lo(B)| <1y DO,

Proof. We first assume that all elements of R are algebraic integers.
Let B be the ring of integers in Q(R). For each prime p|g chose a
prime ‘B, C B lying above p, so that we may regard any element in Rp
as the image of an element in R under the reduction map B — B /B,
For0<i<j<k—1,reR andhe L}, let

Yijr(h) = H p

p:hi—hj=r mod P,

H Yi,jr(h)

0<i<j<k-1
reR:h;—hj#r

Then ¢ divides

8Actually, we have to be a little careful: if we embed L into Z¥~'~IEl and apply
the Lipschitz principle, there is an implicit constant in the bound that will depend
on L. However, the estimate is uniform since L only can be chosen in O(1) ways.
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Since h; —h; —r =0 mod P, for all p dividing 7; ;, we find that ;
divides NS(R)(hi —hj —r). Moreover, if h € s,X, then |h; — hj| <x s,
thus

N2 (b — by —r) < x5O

and hence

c< I NP, - hy — ) <y 5o

0<i<j<k—1
TER:hi—h]‘;ﬁT

(Note that Ng(R)(hi — h; —r) # 0 since h; — hj —r #0).

In case R contains elements that are not algebraic integers, we can
find an integer m, only depending on R, such that all elements of
m-R={m-r:r e R} are algebraic integers, and apply the above
argument to m - R and mh (for primes p not dividing m, but since c¢ is
square free this just makes the constant worse by a power of (¢, m) < m,
which is O(1).)

The second assertion follows upon noting that there are Oy, (1) pos-

sible choices of E, and «, for each pc.
O

4.2. Conclusion. We can now write Z¥~! as a disjoint union of sets
L* where L ranges over all elements in Ugc4gL(FE), and hence Ry (X, q)
equals

1
LRI R CUIEE D i ol SREC
' hes,xnzk-1 E€AG LeL(E) hesy XNL*

The term corresponding to £ = () in (16) will give the main contribu-
tion (note that if £ = (), then L = Lo (E, —) = Z*¥1.) Let

X :={heX:h —hjgRofor0<i<j<k-—1}
where we as usual use the convention that hy = 0. Then
s X NL* =5,X' NZH!

Note that X’ is just R*~! with some hyperplanes removed, so if X
is convex, we can write X’ as a finite union of convex sets. We now
rewrite (16) as follows:

— Z Ni(h,q) = Z Ni(h, q) + Errory

1€2] hes, XNZ+-1 hes, X/NZk—1
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where

Error; := |Q_1] Z Z Z Ni(h,q)

EcAG,|E|>0 LEL(E) hesg XNLX*

and the main term is given by
(17) Y. Ni(hg)
hesg X'NZ+-1
We begin by showing that Error; = o(1) as w(q) — oo.
Lemma 19. As w( ) — o0,

Error; = Z Y S Nu(hg) < oy,

EeAQ LeL(E) heésgXNLX*
|E|>0

Proof. Given E € AG with |E| > 0, we find that

189—2 ZNk

LGE(E) hes, XNL*

- Y Y X M

clg Le€Le(E )hGSqXﬂL

which, by Lemmas 17 and 18 is

w - w(c) k—1—w(c 1 1
(19) <G [[a+ow™) > DTG~ + )
plg c‘qk ] q
C<<SZ(2)|R\
Now,

— —wl(cC 1
>, DTG < [+ 0/p)
clq lg

A(3) 7

L84

and, for any 0 > 0,

k—1v—w(c)
- w(c) k 1, ~—w(c) 1 Se CO
Z D Co <0 sd(%)IR| Z cd

clg Sq clg

a(5) 17

< W [I(+o0/p") < W

Sq plg Sq

cKL8q
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Thus, taking § = 1/(2d(%)|R|), we find that (19) is

w _ 1 B
< C’o(q) ' H (1+00p"?)- 1/2 o(1) +H (1+0(p™)

plg plg

< Cg(q) . H (1 + O(p—1/2)) _ Og(tz)(l—o(l))

plg

Since there are O(1) possible choices of L € L(E) for E ﬁxed and E
1-o(1))

D

ranges over a finite number of subsets, we find that (18) is C

We proceed by rewriting the main term in terms of a divisor sum.
For p prime and h € Z*~!, let

Slgil ' Nk(hvp) 1

Ek(hap) = ’Q ’ )
P

so that we may write

Nilh,p) = 21 4 (b))

p

(recall that s, = p/|€,|.) Further, for d > 1 a square free integer, put
d) = H Sk(ha p)
pld

and, to make ¢ multiplicative in the second parameter, set e (h, 1) =1
for all h. Since Ni(h,q) is multiplicative, we then have

(20)  Ni(h H“|Q|(1+gk D)) ;'Z (h, d)

plq % K dlq

The following Lemma shows that the average of e, (h,d), over a full
set of residues modulo d, equals zero if d > 1.

Lemma 20. Ifd > 1 then

> ex(hd) =0

he(Z/dZ)k!
Proof. Since €i(h, d) is multiplicative it is enough to show that

> ehp) =0

he(Z/pz)k—1
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for p prime, and because
Ne(h, ) = 519,101 + <4, )
it is enough to show that
S Ny = ol = [,

he(z/pZ)+~1

But >, . (Z/pz)E-1 Ni(h,p) equals the number of k-tuples of elements
from €, and hence 3y /71 Ni(h, p) = [, |*. O

We will also need the following bound:
Lemma 21. We have

Z |6kz(h7 d)| < dk—3/2+0(1)
he(Z/dZ)k-1

Proof. Since the sum is multiplicative in d, it is enough to show that
Z lex(h,p)| < p* /2

he(Z/pZ)+~1

for p prime. By Theorem 1, |ex(h,p)| < p~/2 for all but O(p*~?)
residues modulo p, and for the remaining residues we have |ex(h, p)| =

Ok,f(l)- Thus

> felhp)| < pFpT 4 P P
he(Z/pZ)+—1

We now find that the main term (17) equals

ﬁ Z Ni(h,q) = Sh— 12 Z er(h, d)

hes, X/NZk—1 K dlg h€sqX/NZk-1

1
= — Z 1 4+ Errory

9 hesgX'NZk-1

Errory := Sk—ll Z Z er(h,d)
q

dlg hesgX'NZk—1
d>1

where
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and the modified main term is

— Z 1= % (Vol(qu/) + 0(35_2))

9 hesyX'NZk-1 a

= vol(X) + O(1/s,).
We conclude by showing that Errory = o(1) as s, — oc.

Lemma 22. As s, — oo, we have

1 1
_ —1/2+0(1)

(21) Errory = T Z Z ex(h, d) < s,

9 dlg hesgX'NZk-1

d>1
Proof. In order to show that Errors is small, we split the divisor sum
in two parts according to the size of d.
Small d: We first consider d < qu where T € (0,1) is to be chosen

later. A point h € s,X' N Z*~1 is contained in a unique cube Cha C
R*~! of the form

Ch,d = {(ZEl,JZQ, . ,xk_l) : dti S T; < d(ti—l—l),ti € Z7 1= 1,2, .. .,k—l}

We say that h € s,X'NZ*"!is a d-interior point of s, X" if Cp, 4 C s,X’,
and if Cy 4 intersects the boundary of s,X’, we say that h is a d-
boundary point of s,X'.

By Lemma 20, the sum over the d-interior points is zero, and hence

(22) S% Y Y amad

dlg hesyX'NZk-1
1<d<sT

= Sk—l_l > > er(h, d)

4 dlq hes, X'NZF—1
l<d§qu h is d-boundary point

Since s,X’ is a union of convex sets, the number of cubes Cy, 4 inter-
secting the boundary of s,X’ is < (s,/d)*"2, and hence (22) is

< 3 (Y )

q d|q he(Z/dZ)+—1
1<d<sT
1 1
(23) =— 2. 25 2. lamad)
7 dlq he(Z/dZ)k—1

1<d§53
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which by Lemma 21 is, for any a > 1/2,

< — Z d1/2+0 < SaT lzdl/Z a+o( )<< SaT 14+0(1)

%4 dlq dlq
1<d§sg

since

dode=]J+p ) =5
dlq plg
if € > 0 (recall that s, is assumed to be uniformly bounded away from

Land sq = [, sp.)
Large d: We now consider

(24) =YY ama

9 dlg hesgX'NZk-1
d>qu

Given h and d, let ¢ be the largest divisor of d such that h € L. for
some L. € L.(L). Then

k-1

(d/c) /2o
by Lemma 16. Hence, for £ € AG fixed,

YooY abd<d > > |ex(hd)

LeL(E) hesgXNLX* cld Le€Lo(E) hesy XNLY

“Tgmrm L ¥

Le€Le(E) hesg XNLE

€k(h, d) <

which by Lemmas 17 and 18 is

(25) K sg T Z sh=1el/2=o() ple) (1 + i)

gy c S
c<<sd(§>m|
Now,
sk—lcl/Q—o(l)Dw(c)

Z c - < Z —1/2+0 << 82(1)

cld cld
s (B)17 s (5)17
and similarly
1 k=1 _1/2—0(1) nw(c) 1 1/240(1)
= Z s, D¥Y < - Z c
q cld g cld

c<<sd(l2€)‘R| c<<sd(§)|m
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Thus (24) is

gh—1 52 1
q q 1/240(1)
(26) <K _Skfl Z d1/2—o(1) + s.l/2—o(1) Z ¢
q d|q 4 cld
d>53; c<<5d(§)|m

1 1
_ co(1) —1/2+o0(1) - 1/240(1)
= S Z d + s Z d1/2—o(1) Z ¢

dlq
d>sg

g dlq cld
T k)5
d>s] C<<Sd(2)\R|

Now, for any 3 € (0,1/2),

d B
d-1/2+() o N7 g1/ (4
> S (4

dlq dlq
d>qu

< SqfﬁTZdﬁfl/Pro(l) < SqfﬁTJro(l).

dlq
Similarly, for any v > 0,
k\| D A
Z c/2+o(l) Szd(2>|Rl 201/2—v+0(1) < SZd(2)‘R|d1/2—'y+o(1)
cld cld
c<<sd(§)|m

and thus

_ 1210(1) o JAG)IR —to(t) o ()1 Rl+o(1)
PO D DGR D DU AR
dlq cld dlq
d>sT C<<Sd(’§)\é|

Hence (26) is

—1+7d(§)\1~3|+0(1)

< Sq—ﬁT-}—o(l) + 54 < 8_1/2+0(1)

q

if we take T = 1 —o(1), 8 = 1/(2T) — o(1), and v = 1/(2d(})|R]).
Thus, with a = 1/2 4 o(1) (to bound the contribution from small d),
we find that

1 ~1/2+0(1)
Errory = =Y Z Z er(h,d) < s,

q dlg hesgX/'NZk-1
d>1
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