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Abstract— This paper presents an acceleration control of
a hexarotor unmanned aerial vehicle (UAV) in the earth-
fixed frame with a disturbance observer (DOB). Unlike
conventional cascade control structures where the outer-loop
position controller generates the desired attitude command,
the position controller in this paper generates the desired
acceleration command in X, Y, Z axis of the earth-fixed
frame. With acceleration control combined with DOB, the
UAV could manage the lateral disturbance force that makes
the trajectory tracking very challenging. This is a new concept
compared with existing DOB-based UAV control approaches
which aim to cancel the moment disturbance for precise
attitude control. The small-gain theorem is used for stability
analysis and Q-filter bandwidth design. Both simulation and
actual experiment are shown to validate the performance of
the proposed design.

Index Terms - Hexarotor, acceleration control, disturbance
observer, small-gain theorem, robust position control.

I. INTRODUCTION
Precise autonomous flight is an essential capability re-

quired for a wider application of UAVs (unmanned aerial
vehicles). In particular, reliability against various types of
unpredictable disturbance by which UAVs are constantly
affected is an important issue in autonomous outdoor flight.

Despite various approaches used for attitude control that
is commonly used as an inner loop of the cascade control
structure for many UAVs [1], [2], [3], [4], their performance
would significantly degrade when unmodeled dynamics exist
or unwanted moments are generated due to the disturbance
such as wind or gust since imprecise attitude control causes
generation of inadequate force component toward each axis
in earth-fixed frame. To address this issue, various types of
disturbance observers have been applied to attitude controller
of multirotor UAVs in [5], [6] and [7].

Still, DOB-applied attitude control is vulnerable to certain
types of disturbances that act as a lateral force. Fig. 1 shows
block diagrams representing channels through which the
disturbance affects the system. In principle, DOB-applied
attitude control considers the disturbance affecting the at-
titude control only (Fig. 1 (top)). However, in actual situ-
ation, lateral force disturbance affects the position control
performance as illustrated in Fig. 1 (bottom). So, when the
harsh lateral wind blows, even though the desired attitude is
tracked with great performance, precise position control is
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Fig. 1. Block diagram indicating each situation when outer disturbance
interrupts attitude control only (top), both attitude and position control
(bottom).

nearly impossible. In this paper, we aim to develop a control
algorithm to compensate lateral disturbance in the aspect of
Fig. 1 (bottom). To accomplish this goal, we first develop an
acceleration control method for X, Y, Z axis in the earth-fixed
frame, which is an unique concept introduced in this paper
to our best knowledge. As the lateral disturbance affects the
UAV as a force, we need to control the total thrust and its
fraction in each axis of an earth-fixed frame to overcome the
disturbance force. After assembling the acceleration control,
we apply a disturbance observer (DOB) algorithm. With
DOB, we are able to estimate unwanted disturbance force by
comparing the measurement of the resulting acceleration and
calculated acceleration from the nominal transfer function of
the UAV model. Then, by generating the desired acceleration
command that can compensate the outer disturbance, we
recover the nominal UAV dynamics.

As mentioned above, there exist many references on how
to manage the attitude disturbance with DOB [5], [6] and [7].
By using the attitude controller with DOB that rejects attitude
disturbance, we can treat the attitude response as the nominal
dynamics. This allows us to focus on the acceleration control
with DOB as a mean of generating adequate acceleration
while lateral disturbance is affecting the UAV dynamics. It
first estimates unwanted external acceleration by comparing
actual response with nominal model response, and generates
a disturbance rejection signal as shown in Fig. 2.

This paper is organized as follows. In section II, the math-
ematical model of the UAV and problem solving approach
will be covered. In section III, the proposed acceleration
control method is derived. In section IV, the application of
DOB in acceleration control is shown. Stability analysis of
the system is shown in section V. Both simulation and the
experimental results are shown in section VI.
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Fig. 2. Overall structure of the proposed DOB applied position controller

II. MODELLING OF A HEXAROTOR UAV

Before explaining the controller design, the kinematics and
dynamics of the hexarotor are briefed in this section.

As shown in Fig. 3, a hexarotor is a multi-rotor UAV with
six rotors rotating in opposite directions to neighbouring
rotors. Six arms are implemented in 60 degree interval.
All rotor’s rotation axes are fixed to Zb axis, making the
propelling force heads toward −Zb axis at all time. The pitch
angle of the propeller is also fixed, resulting the propelling
force and the generating moment that are related to the
angular speed of the motor as

Fi = kω2
i , Mi = bω2

i (1)

where k is the rotor force constant, b is the rotor moment
constant, and ωi is a rotation speed of the motor i. Fi and
Mi are the thrust and torque from the i-th motor respectively.
Second, the rigid body dynamics of the UAV are given by{

mẍ = R(q)Tf +mgZe

JΩ̇ = Tm −Ω× JΩ
(2)

where m is the mass of the UAV, J is the moment of inertia,
R(q) is the rotation matrix from the body frame to earth
fixed frame, Tf is the thrust force vector in body frame with
Tf = [0 0 − ΣFi]

T , Tm is the thrust torque vector in the
body frame with Tm = [τr τp τy]T , and g is gravitational
acceleration. The x is position in the earth fixed frame with
x = [x y z]T , q is roll, pitch, yaw attitude angle in the
earth-fixed frame with q = [φ θ ψ]T . Ω = [p q r]T is
angular velocity in the body frame.[13].

The gyroscopic effect of the airframe is small that it is
permissible to neglect the term Ω×JΩ in equation (2). The
relationship between q̇ and Ω is

q̇ = W (q)Ω. (3)

But when attitude angle is not big, the small angle as-
sumption is valid, making W (q) ≈ I3×3. Since the roll
and pitch angles of the hexarotor UAV during the flight are
usually within 0.3 rad due to the structural reason, we can
approximate q̇ ≈ Ω in a normal flight condition. The overall
dynamics in equation (2) therefore can be rewritten as

ẍ = u4

m (cosφ sin θ cosψ + sinφ sinψ)
ÿ = u4

m (cosφ sin θ sinψ − sinφ cosψ)
z̈ = −u4

m (cosφ cos θ) + g


φ̈ = u1

Jxx

θ̈ = u2

Jyy

ψ̈ = u3

Jzz
.
(4)

Fig. 3. Frame configuration of the hexarotor UAV

where u1, u2, u3, u4 are τr, τp, τy,ΣFi respectively that
are applied to the airframe.

III. ACCELERATION CONTROL
For acceleration control in the earth-fixed frame, we look

back at the dynamics of the system. The relationship between
acceleration in the earth fixed frame and control states of
UAV is shown in the first three equations of equation (4),
which can be organized as

ẍ = G(q, u4)r + gZe (5)

where r = [φ θ ΣFi]
T is the control signal, and G(q, u4) the

relationship between ẍ and r. The yaw state is controlled by
a separate controller. For derivation of G(q, u4), we apply
a small angle assumption to the trigonometric functions of
roll and pitch angles since these angles are less than 0.3 rad.
Then the first two equations of equation (4) become{

ẍ = u4

m (θ cosψ + φ sinψ)
ÿ = u4

m (θ sinψ − φ cosψ)
. (6)

With these equations, equation (5) can be written asẍÿ
z̈

 =

 u4

m sψ
u4

m cψ 0
−u4

m cψ
u4

m sψ 0
0 0 −1

m cφcθ

 φ
θ

ΣFi

+

0
0
g

 (7)

where symbols sφ and cφ stand for sinφ and cosφ.
Now, if we want to control the acceleration of the UAV

(i.e., ẍ), we need equation (5) to convert the desired ac-
celeration ẍd to the desired control signal rd . Such rd is
calculated as

rd = G−1(q, u4)(ẍd − gZe). (8)

One problem in this formula is that we cannot achieve the
magnitude of u4 the current thrust, because measuring the
net force of the rotors during the flight is very hard. So we
have to calculate u4 using the remaining measurable states.

In equation (2), the total force applied to the UAV in the
sense of earth-fixed frame is R(q)Tf + [0 0 mg]T . Tf can
be written as [0 0 −u4]T . So, we can write this relationship
as  0

0
u4

 = −mR−1(q)

 ax
ay

az − g

 . (9)

We can see that the components used to calculate u4 are
m,q, ax, ay, az . The mass is pre-known and the other terms
can be measured using an inertial navigation sensor. So with
equation (9), we can calculate u4.
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Fig. 4. Detailed overall control scheme with acceleration DOB

IV. DISTURBANCE OBSERVER

In this section, we will show a strategy to control ac-
celeration of UAV in earth-fixed frame even with certain
amount of disturbance force is applied to the airframe.
Since the focus of this paper is to minimize the effect of
the disturbance affecting the position control as denoted
as ‘disturbance 1’ in Fig. 1 (bottom), we assume that the
nominal attitude dynamics of UAV is not disturbed by the
outer disturbance in order to simplify the discussion. This
assumption is valid when we implement an attitude DOB to
the attitude controller so that it could behave as a nominal
system [6]. This allows us to only care about the disturbance
affecting the acceleration control in the earth-fixed frame.

A. Overall Control Scheme

The cascade control loop is considered for position
control of the UAV as shown in Fig. 4. The position
controller that acts as an outer loop controller generates
ẍd. Then, G−1(q, u4) matrix converts ẍd to rd where
rd = [φd, θd, u4,d]

T . The attitude controller generates
τroll, τpitch, τyaw signal that makes platform to follow rd.

The signal ψd is provided to the attitude controller in a
separate manner as shown in Fig. 4. The thrust controller
generates a control signal that makes u4 to follow u4,d.
Therefore, the airframe behaves with generated commands
under dynamic constraints in equation (2). When there is no
disturbance, the airframe behaves like the nominal system.
But with exogenous disturbance, the system behaves differ-
ently.

B. Disturbance Observer

This subsection describes the DOB algorithm applied
to the acceleration control. The disturbance in Fig. 4 is
symbolized as d. Main idea of the disturbance observer is
to estimate the value d and compensate it in the next step
of control. In order to estimate d, first we have to define
the nominal transfer function of the gray box that consists
of the hexarotor plant with attitude and thrust controllers,
marked as Λp in Fig. 4. It is the transfer function between
rd and y with y = Λprd. We cannot find Λp in reality, but
we can find the nominal transfer function Λn. With Λn, we
can calculate the estimated control input r̂d with r̂d = Λ−1

n r̂,
which r̂ represents an estimated attitude of the UAV based
on current lateral acceleration. Then multiplication of the G
matrix in equation (5) transforms r̂d into ˆ̈̃xd, which is an

estimated value of ˜̈xd in Fig. 4. The symbol ∗̂ represents the
estimated quantity throughout this paper. The estimation of
d is done by

d̂ = ˆ̈̃xd − ˜̈xd. (10)

The nominal model Λn used to calculate r̂d is a minimum-
phase, linear time-invariant system whose relative degree is
grater than 1. So, Λn

−1 becomes an improper function that
violates causality. To suppress it, we use a Q-filter, which
makes the overall transfer function proper. When Λn has
relative degree r, the Q-filter is generally designed as

Q(s) =
bk(τs)k + bk−1(τs)k−1 + · · ·+ b0

(τs)l + al−1(τs)l−1 + · · ·+ a1(τs) + a0
(11)

where l ≥ k + r and b0 = a0 so the value of Q is 1 when
s = 0 [8].

The nominal transfer function Λn is constructed from
two parts: attitude control and thrust control. We denote
these as Λn,a and Λn,t respectively. In order to derive Λn,a,
we should look back at equation (2). In equation (2), the
attitude dynamics of the UAV is composed of the inertial
moment term JΩ and the gyroscopic effect term Ω × JΩ.
As mentioned, the gyroscopic effect is so small compared to
the inertial moment term in common multirotor UAVs that
we can simply neglect it. Rewriting it, the attitude dynamics
with implication of q̇ = Ω is

Tm = JΩ̇ = J q̈. (12)

So, the transfer function between Tm and q is

qi(s)

Tm,i(s)
=

1

Jiis2
(13)

where i = 1, 2, 3 represents φ, θ, ψ respectively. The Jii is
(i, i)th component of J matrix.

PID control is used for the attitude controller. The transfer
function Λn,a,i(s), i.e. the relationship between desired and
current attitude with consideration of the controller for each
attitude angle, is therefore{

qi(s)
qd,i(s)−qi(s)

= Pis+Ii+Dis
2

s
1

Jiis2

Λn,a,i(s) = qi(s)
qd,i(s)

= Dis
2+Pis+Ii

Jiis3+Dis2+Pis+Ii

(14)

where Pi, Ii, Di represent PID gains of the attitude con-
troller. The transfer function Λn,t between u4,d and u4,c,
with u4,d = Λn,tu4, should include rotor dynamics and the
electronic controller unit (ECU) response. But in normal
situations, thrust response could be modelled as a time
delay model. So, the nominal transfer function of the PID
controlled thrust Λn,t is{ u4,c(s)

u4,d(s)−u4,c(s) = Pts+It+Dts
2

s
1

T 2
ths

2+2ζTths+1

Λn,t =
u4,c(s)
u4,d

= Dts
2+Pts+I

T 2
ths

3+(2ζTth+Dt)s2+(Pt+1)s+It

(15)

where Pt, It, Dt are PID gains in the thrust controller and
Tth is a variable to mimic the time gap between u4,d and
u4,c[10].
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Fig. 5. Simplified structure (left) and equivalent single feedback loop
(right) of overall control scheme

V. STABILITY ANALYSIS

Before starting the stability analysis of the proposed
control algorithm, we assume that heading angle ψ holds zero
during the flight. It is to simplify the proof by considering
roll and pitch movement related to ẍ, ÿ independently.

In this section, we are going to find the boundary of the
tunable parameters, especially the bandwidth of the Q-filter
to guarantee the stability of the system.

A. Small Gain Theorem

The reason of the difference between the nominal plant
Λn and the actual plant Λp can be attributed to two factors:
modelling error and time delay. In this paper, we consider
the constant time delay only. If we represent the nominal
plant model as

Λn(s) =
Bn(s)

An(s)
(16)

the actual plant model could be written as

Λp(s) = e−sTd
Bn(s)

An(s)
(17)

where Td is the time delay between the nominal model
and actual plants [8]. The major issue in ensuring the
stability of the system is Q(s), whose bandwidth controls
the balance between the disturbance rejection performance
and the stabilization performance.

Fig. 5 shows the simplified and equivalent structure of
Fig. 4. Unlike Fig. 4, the structure in the right of Fig. 5 is
causal. Based on Fig. 5(right), T1 the transfer function be-
tween command and y and T2 the transfer function between
disturbance and y are as

T1(s) =
Λp(s)Λn(s)

Λn(s) +Q(s)(Λp(s)− Λn(s))
(18)

T2(s) =
Λp(s)Λn(s)(1−Q(s))

Λn(s) +Q(s)(Λp(s)− Λn(s))
. (19)

When the input frequency is low, Q(s) should become
approximately 1, making T1 ≈ Λn(s) and T2 ≈ 0 as
Q(s) ≈ 1. Because of this requirement, the Q(s) filter should
be a low pass filter.

Equations (16) and (17) can be written as

Λp(s) = e−sTdΛn(s), (20)

which leads to the following multiplicative perturbation form

Λp(s) = Λn(s)(1 + ∆(s)) (21)

Fig. 6. Block diagram with P and C(left), filled form of P and C
block(middle), equivalent form(right)

with
∆(s) = e−sd − 1. (22)

The block diagram with the multiplicative perturbation
model is in Fig. 6. Matching the structure with Fig. 5(right),
we can derive that C and P blocks in Fig. 6(left) as
− Q

(1−Q)Λn
and Λn respectively. It can be simplified further

with only two blocks as shown in Fig. 5(right). The compli-
mentary sensitivity function T can be calculated as

T =
PC

1 + PC
=

Λn
Q

(1−Q)Λn

1 + Λn
Q

(1−Q)Λn

= Q. (23)

The stability of the system with the structure in Fig.
5(right) is guaranteed by the small gain theorem [11]:

||∆ · T ||∞ = ||∆ ·Q||∞ < 1. (24)

The term ∆ in equation (22) is a fixed transfer function that
only depends on the hardware specification. So, by tuning Q
filter, we can make this inequality proper.

B. Q-filter Design

Since the nominal transfer function has been set by Λn,a
and Λn,t, we will find an adequate τ value in the Q filter to
satisfy equation (24). The parameters in Q are a0, a1, τ . We
set a0, a1 to 1 and 2 respectively with discretion. Then, the
only tunable parameter is τ .

The time delay between nominal plant and real plant Td is
computed by measuring the time delay between desired and
real plant responses (Tp) and the time delay between desired
and nominal plant responses (Tn) and subtracting them :

Td = Tp − Tn. (25)

Tn can be measured by the comparison between input and
output response of Λn in simulation results. The time delay
Tn,a of Λn,a has been measured to be approximately 0.3
seconds and Tn,t of Λn,t approximately 0.1 seconds with
observation of simulation results. Similarly time delays Tp,a
and Tp,t of Λp can be measured, which are approximately
0.4 seconds and 0.2 seconds. With the equation (25), we then
find Td,a and Td,t to be both near 0.1 seconds. Thus, we have

∆ = e−0.1s − 1. (26)

Based on equation (24), the stability of the system is guar-
anteed when we satisfy the equation below.

||Q(s)||∞ <
1

||∆(s)||∞
(27)
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Fig. 7. Bode diagram of Λ−1 and Q with various τ values

Fig. 7 shows the Bode diagram of ∆−1(s) and Q(s) with
variable τ values. The blue solid graph on the upper side
of the plot is ∆−1(s) and another four graphs are Q-filter
plot with various τ values. In Fig 7, when τ = 0.1, we can
see that the Q(s) curve intrudes the ∆−1(s) graph in the
frequency range from 6.5 rad/s. This means that, when DOB
with τ = 0.1 faces disturbances with that frequency range,
the system could fail. But Q plot with τ bigger than 0.25 does
not intrude ∆−1(s) curve. Although the Td value is found
empirically and it makes hard to find the exact smallest value
of τ , but we can say that the suitable range is within 0.1 to
0.25. A higher τ value makes the system stable but causes
poor disturbance rejection. So we set τ in Λp,a as τ = 0.25.

VI. SIMULATION AND EXPERIMENT
In this section, the simulation and experimental results of

the autonomous flight of UAV with an outer disturbance are
reported. The comparison of trajectory tracking performance
between with and without DOB is shown both in simulation
and experiment.

A. Simulation Result

A UAV in the simulation follows a 3-m radius circular path
at the altitude of 5-m, subject to the periodic disturbance with
the amplitude upto 5.5 m/s2.

Fig. 8. Trajectory tracking result with backstepping position control (left),
PID position control with DOB applied (right). [Simulation Result]

Fig. 8(left) shows the simulation result of the UAV con-
trolled by a backstepping controller [12]. As we can see, the
trajectory tracking performance is poor because disturbance
interrupted the lateral control. Meanwhile, the trajectory
tracking of UAV using DOB with a basic PID controller
shows much improved performance as shown in Fig. 8(right).

We can see in Fig. 9(left) that there is a difference between
ẍd (dashed) and ˜̈xd (solid), i.e., the desired acceleration
command coming from the position controller and the signal
compensated by DOB respectively. Unlike the original com-
mand, the DOB-compensated signal ˜̈xd became enlarged in
order to compensate the lateral disturbance force. It means
that the additional acceleration command is used to cancel
the disturbance. Fig. 9(right) shows the actual disturbance
d (unknown to the DOB and controller) and the estimated
disturbance d̂. The estimated disturbance value oscillates at
first due to the different initial value from the true value.
But within two seconds it converges and estimates well.
The estimated disturbance is then added to the acceleration
command and it compensates the outer disturbance for UAV
to behave with the desired acceleration.

B. Experimental Result

In the experiment, a disturbance force is applied by pulling
a tether attached to the airframe, and the position holding
capability is measured. As shown in Fig. 11, the operator
holds the tether attached to the airframe and pulls it to
apply the disturbance force in one direction. Meanwhile, the
load cell attached to another end of the tether measures the
tension of the tether so that we can compare the estimated
disturbance and applied disturbance force. Then comparison
of the position tracking performance is made between the
PID-only controller and DOB-applied controller.

Fig. 10 shows the desired position tracking result of the
PID-only (left) and DOB-applied situation (right), under the
disturbance applied in the X-axial direction. We can see
that the DOB-applied case remains near the desired position,
when compared with the PID-only case. Fig. 12(top) shows
an overlapped plot of ẍd (the acceleration command before
DOB is applied) and ˜̈x (the acceleration command after DOB

Fig. 9. Acceleration command before (dashed) and after (solid) the DOB
is applied (left), actual and estimated disturbance by the proposed DOB
structure (right). [Simulation Result]
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Fig. 10. Trajectory tracking result with PID-only position control (left),
DOB applied control result (right).[Experimental Result]

is applied). As we can see, ˜̈x is biased toward the negative
X-axial direction since the disturbance applied by the tether
is in the positive X direction. The snapshot in Fig. 11 shows
that the UAV’s attitude is tilted to the opposite direction of
the tether-pulling direction while the UAV keeps the desired
position, which is to generate the compensation thrust. Fig.
12(bottom) confirms good agreement between d̂, i.e., the
estimated disturbance computed in on-board computer, and
the measured disturbance by load cell. Since the disturbance
is estimated from the acceleration data measured by IMU,
the unit of disturbance in this plot is m/s2, which can be
easily converted to force by multiplying the mass of the UAV.
Overall, this experiment demonstrates the position control
performance of the proposed control structure under the force
disturbance.

VII. CONCLUSIONS
In this work, the position control method that has an

ability to compensate the unwanted disturbance is proposed.
In particular, for the rejection of the force disturbance,
a new acceleration control structure is designed. Using a
disturbance observer, the estimation and rejection of the
disturbance is accomplished. The stability of the algorithm
was analyzed by the small gain theorem, with which the
minimal bandwidth value of the Q filter for ensuring the
stability of the system is also calculated. Both simulation and
actual experiment are performed, from which we confirm that
the proposed algorithm is an effective method for disturbance
rejection.

Fig. 11. Experimental set-up of a DOB-applied UAV with an elastic
tether to apply an outer lateral disturbance and a load cell to measure the
disturbance force.

Fig. 12. Acceleration command before and after DOB applied (top), actual
and measured disturbance (bottom).[Experimental Result]
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