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The proof of the case < ng is trivial.
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Abstract—Fundamental limitations in decentralized control of systems
with multivariable zeros are considered. It is shown that arbitrary
bandwidth can be obtained with a stable block-diagonal controller, if
certain subsystems of the open-loop system fail to have zeros in the right
half-plane and a high-frequency condition holds. Implications on control
structure design and sequential loop-closuring methods are discussed.

Index Terms—PDecentralized control, multivariable zeros, performance
limitations, sensitivity minimization.

I. INTRODUCTION

Industry faces a huge number of interacting control loops. During
the last three decades a variety of multivariable control design
methods have been developed. Most of these are based on the assump-
tion of a centralized control structure. However, for most industrial
plants it is impossible to implement a centralized controller. Start-
up schemes, identification experiments, and communication nets are
only some issues that are considerably harder to face with centralized
controllers than with decentralized controllers. Decentralized control
is the absolutely dominating structure in practice.

The authors are grateful to Dr. J. C. Spall for his useful suggestiondt is natural to look for fundamental limitations in a control system.
and discussions of the results. They would also like to thank Dp particular, this is a motivation for decentralized systems, because
G. Yin, Dr. Y. Akdi, and the anonymous referees for their helpfuthere is a great lack of theoretical results supporting control design

comments.
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design and multivariable zeros are presented in Section V. The Proof: Let d be a positive integer such that?W (s)G(s)]™"
concluding remarks in Section VI cover connections to relative gais proper. Consider

array (RGA) analysis. Omitted proofs are given in [10], where also i G (s)

some further discussions are found. Part of this work has been Cls)= mr—ng—

presented as [11]. (1+7s)! -1

wherer > 0 is chosen such that
Il. PRELIMINARIES

. . . A — . I1+7s)% =1
Let the square transfer matri% represent a system with an equal W+ GC) oo = HW (S)ﬁ“ <e.
number of inputs:; and outputsy;.* The elements ofi are denoted ‘ ’ i
Gij. i, j =1, ---, m and can be scalar transfer functions as well aphe closed-loop system has all poles-ir, and C' has all poles
transfer matrices. We only consider progerwith full normal rank yniformly distributed on a circle intersecting the origin an@/r.
[7]. For the top left submatrix o7, the notation In order to get a stable controller let
Gll e G]I\‘ G_1(8)
- : : Cs)= ——F~F——.
Gr = : : (5) (14+7s)4—146

_ _ Gra e G For 6 > 0 sufficiently small, it follows by continuity that the closed-
is used, and the first — 1 elements of the last row and column ofi5op system is stable

this matrix are denoted

(14+78)" =146

Ly :=[Gx1 - Gi r-1] W +GC) e = HW(s) (1475246 H N
Rk ZZ[le Gk—i,k] (l) .
Vel . lock di | 0 ) and thatC' has all poles in the open left half-plane. The proof is
respectively. We consider a block diagonal control law= —C'y, complete becausd”—'C is stable and proper. .

\C/i\{here ¢ = diag{?»h' o O} anddCi is z:]trapz;erf matrix of ) emma 2 should be considered together with the lower bound on
imension one or higher, corresponding to the sizé&/ot sensitivity reduction given as in [5, Th. 4], which is restated next.

Our main result concerns stable systems. Therefore, recall thabroposition 1: Consider a stable transfer mattiwith RHP zeros
a stable open-loop systei remains stable after interconnection, %, i=1,---. ( and a proper stable transfer functitii with no

with feedback controlle, if and only if C(I + GC)™" is stable RHP zeros. Then for every proper stabilizing controlier
and the closed-loop system is well-posed, thatlig; C'(c0)G(oc)

is nonsingular [7, p. 119]. The sensitivity function is defined as W +GC) e > max [W(z)].

S := (I + GC)™' and for the subsystems we use the notation e

S = (I +GCr) !, whereCy, := diag{C1, --+, Cx}. We only Proposition 1 provides a lower bound for decentralized control of
need the simplest definition of a multivariable RHP zero. systems with RHP zeros. No controller can give a tight feedback if

Definition 1: An RHP zeroof a stable transfer matri&’ is a point an RHP zero of7 is located in a heavily weighted part of the RHP.
z in the closed RHP for which ran&(z) is smaller than the normal

rank of G. . o ll. SEQUENTIALLY MINIMUM PHASE
If a transfer matrix does not have any RHP zeros, it is called __, . o L
This section is devoted to a new theorem on minimization of

minimum phase and otherwise nonminimum phase. The o - .
b P Ll g1e sensitivity function under decentralized control. The theorem

of a matrix A is its largest singular value and for transfer matrice : . . .
is proved using sequential control design. It turns out that certain

we define||Glle = supg..>o IG(s)]l. - , "
Frequency-weighted sensitivity functions are widely used in praéybmatr'_ces ofz should be minimum phase. s .
é)eflnltlon 2: A stable transfer function matrig is sequentially

tice; for example, loop-shaping is often done based on shaping the . .
sensitivity and complementary sensitivity functions [2], [7]. In control " imum phaséf G, ---, G have full normal rank and no RHP
design, the weights are chosen to reflect frequency contents in, $5(° .
example, disturbances and perturbations. Closed-loop performa nder the ass?”f‘p“on thatiy o, k€ {2,---,m}, has no
limitations have been quantified in terms of weighted sensitivi&Hi zeros "_’mdlz IS ahpropelr st?Ik:Ie tra(r;sfer f“”‘f"ong'ﬁ no
functions in [5], [6], and [8]. This will also be the framework for \HF Z€ros, introduce the scalak (V) € [0, o] as ox(W) ==
our analysis. [|W™" LGy ||, WhereL, is given by (1).

Recall the Youla parameterization [12]. Example 1: The transfer matrix

Lemma 1: Let G be a stable transfer matrix. All proper stabilizing 1 1
controllers are given as Gls) = s+1 5+1
- 1 1
O:(I_QG)_1Q:Q(I_GQ)_1 (5+2)2 (3—1—1)2
where @ is a proper stable transfer matrix. is sequentially minimum phase becauSe(s) = (s + 1)~' and

The following lemma is a slight variation of [5, Corollary 6.2].  ,(s) = G(s) have no RHP zeros. Furthermorg,(W) is bounded

Lemma 2: Consider a stable transfer mat@xwith no RHP zeros for a|| weighting functions of relative degree less than two because
and a strictly proper stable transfer functih with no RHP zeros.

For everys > 0 there exists a strictly proper stabilizing and stable ¢, (W) = [|W ™" G2 G1 o = HW*I(S) > +,12 < oo,
(centralized) controlleC' such that (s+2)*{
W+ GC) oo < & A symmetric definition of¢, (W) including Ry instead of Ly
o . arises in a natural way, if the input sensitivity functidh =
and |[W™ (| is bounded. (I + CG)~! is studied instead of the output sensitivity function

11t is straightforward to show that the main result in this paper holds alsy» = (I + GC)™'; see [2] and [7] for interpretations of; and
for nonsquare systems with suitable modification of the notation. S,. Next we state our main result.
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Theorem 1: Consider a stable transfer matri¥ and a strictly Next we combine Proposition 1 with the idea of Theorem 1 to state
proper stable transfer functiol with no RHP zeros. IfG is aresult that gives an upper bound on the minimal weighted sensitivity
sequentially minimum phase and,(¥W) is bounded fork = for a decentralized control system with open-loop RHP zeros.
2,---, m, then for everye > 0 there exists a strictly proper Theorem 2: Consider a stable transfer matri¥ and a strictly
stabilizing and stable controll€F’ = diag{C4, ---, C\»} such that proper stable transfer functiod” with no RHP zeros. iG,.—1 is

r—1 R sequentially minimum phase, (1) is bounded fok = 2, ---, m,
W+ GE) e < and C,,, is strictly proper and stabilize®l,, with ||[W ' Cp.|loo
Proof: See the Appendix. m  bounded, then for everyy > 0 there exists a strictly proper stabilizing

Remark 1: A similar statement for systems being diagonal at higbontroller C' = diag{C4, ---, C\»} such that
frequencies is proved in [8]. Then tvhere are no req_uirements on the W+ GC) e < |W(T + I;Rn,Cm)_] lloe
zeros ofGy, -+, Gim—1 Or On ¢ (W). The system in Example 1 o ;
satisfies the assumptions of Theorem 1 but is not ultimately diagonally X (14 0m(W)[[Wlls) + 6.
dominant [8]. Decentralized two-by-two controllers that minimize  Proof: The proof is similar to the proof of Theorem 1; see [10].
|51 (iw)|| are considered in [9]. -

Remark 2: Note that ifG; for k < m has an RHP zero, then after Remark 4: Lemma 3 in Section V implies thaf,, has the same
permutation of inputs and outputs (the ne®), ---, G, do not RHP zeros a7. The limitations imposed by, are in this sense
necessarily have any RHP zeros. An obvious algorithm for contrginilar to the limitations faced at a centralized control designor
structure design can be derived, where the inputs and outputs @Feorem 2 gives a connection between sensitivity reduction using

permuted until a suitable sequenc, ---, Gy, is found. During  decentralized and centralized control for some open-loop systems
the search, the structure of the controller may change in the sefsg&t have RHP zeros.
that the dimensions of, - - -, C'» may vary, and thus the number Remark 5: If L,, = 0, which for example holds wheii is

of blocks m. A centralized controller corresponds to = 1, in  ypper triangular, thef|WS||.. < ||W(I + H,.C\.) o + 6.
which case Theorem 1 corresponds to Lemma 2 in Section Il ap@écentralization imposes, of course, no extra limitations on the

[5, Corollary 6.2]. sensitivity reduction in this case.
Remark 3: The necessary conditions for sensitivity reduction are

important. The reason why in our case the conditio@p(#1") enters

the analysis is the approach of sequential design. For example, itis_ . . . .

obvious that we cannot do a sequential design by first closing t eCIosmg one control Ioop_ at_ a time is for many _prgcﬂcal reasons

w1 — y1 loop for the system the dominating way of designing control systems in industry. There

exist, however, only few systematic design methods based on such a

V. ZEROS AND SEQUENTIAL LoOP-CLOSURE

G = { 0 G } sequential loop-closure [13], [14]. From a theoretical point of view,
Gz 0 this kind of approach has several limitations compared to an approach
The scalaré. (W) is not bounded foG. with all loops closed simultaneously. Nevertheless, it is interesting

If a system fulfills the assumptions in Theorem 1, theoretically @ guantify the fundamental properties of the sequential method. In
decentralized controller can give arbitrarily tight control. In practicéhis section results on the connection between sequential loop-closure
however, the region in which the model is accurate gives t€Sign and multivariable zeros are derived.
performance limitations. Hence, fulfiled assumptions imply that A key result for sequentially closed loops is the simple fact that
effort should be put into investigations of nonlinearities, such asCr (I + HiCx)™', with H defined in (2) and~ stable, is stable

actuator limitations and unmodeled high-frequency dynamics. ~ for all k = 1,.--.m, thenC = diag{C\. -, C.u } stabilizesG;
see [10]. The single condition that, (I + H,Cy) * is stable does

not imply that the whole closed-loop system is stable aftéoops

) ] o _ closed. The opposite is, of course, true. If the system is stable after
Itis well-known that RHP zeros impose restrictions on the achiey- |oops closed, thed, (I + H,.Cy) ' is stable because

able closed-loop performance. Proposition 1 in Section Il gave an

. i i . . S . — — _.Jo .

interpretation of these restrictions in achievable sensitivity reduction. [0 T]Cx(I+ GiCy) L_} = Cr(I+ HiCr)™ .

This section presents a result on how close to the estimate for

centralized control systems in Proposition 1 we can get with aThe following result is a slight generalization of [15, Th. 5.2.7].

decentralized design. Lemma 3: Consider a transfer matri& and letk € {2, ---, m}.
Consider a partially closed system having the first 1 loops |If loops 1 tok — 1 are closed such thax_1(so) = 0 for some

closed and the last: — k + 1 loops open. Let the controller be so € € andGy—:(so) is nonsingular, then

IV. RIGHT HALF-PLANE ZEROS

Croy = diag{Cy, ---, Cx—:} and suppose it stabilize€'_. det G (s0)
Introduce Hy, = Hi(Ch, -+ -, Ck—1) as the transfer matrix between det Hi(s0) = det Gy (s0)”
ug andyy for this partially closed system. We defidé, := G, ]
and fork = 2, ---, m it follows that Proof: See [10]. . "
B . Lemma 3 relates zeros of the subsystéi to zeros in loop
Hy = Grp — LiCr_1Sk—1 Ry, (2) k. Hence, if all loops but one have tight control, the achievable

Note thatC_S,_: is stable because the partially closed system %erformance in that loop will be given by the zeros Gf This

stable, and thudf,, is stable ifG is stable. It is easy to show that if (r:]o?dsequencqfwas explos?(d In T:}?Oéem 2A r_esult s'ﬂ“l?_r tto}’Lemma 3
Gr_, is nonsingular, theﬂk:Gkk_LkG;:,ll(I_Sk—l)Rz_ for olds even if we only know thatS,_(so) is small. Letk €

. 2,---,m} and sy € C. If Gx(s0) is nonsingular and loops 1 to
k=2 . m. We al h {
P R ?so use the notation .  — 1 are closed such th#itSi—1 (so0) || - [| Gk (s0)]] - [|G5 * (s0)|| < 1,
Hy := G — L};G;ille. (3) then
Gy (o)l

Note thatH, is not necessarily proper and thé, does not depend 1H; (s0)]| < ( — .
on the controllerC. L= [ISk—1(so)ll - 1Gk (o)l - |G (so)l
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See [10] for a proof. Hence, neithé#; loses rank insoy, nor does Proof: We start by showing closed-loop stability. Note that
H,., provided that the feedback of the subsyst@m., is sufficiently H, — H, = LyG;,Sk—i R} is stable and that

tight and@y, is bounded. Note that the assumptipsi._1 || - |G|l - ‘

Gl < 1 is equivalent to that of|S,_:|| < 1/k(Gx), where NLhGt Sk R |loo = [[W T Le G W Si— i RY || oo

#(Gr) = ||1Gell - 1GR ]| s th_e _condit.ion number, WeII-khgwn as a < ou(W) - WSkt loo - 1Glloe < o0
measure of how close a matrix is to singularity. The condition number

of the open-loop system(G) is suggested for plant assessment angecauser is proper, this gives thafl,, is proper. Hence( (I+

for choosing input—output pairing in [16]. H.Co ™ = (Q '+ Hy — ﬂk)fl is stable for all||[TWSk_1 ||
sufficiently small becaus€ = Ci(I + HyC) " is stable by the
VI. CoNcLUSIONS assumptions. This gives closed-loop stabfity.

New results on performance limitations of decentralized control From Lemma 4 we have that

systems have been present8dquentially minimum phaseas intro-

duced for the case where the top left submatrices of the open-loop W Skllee <IIWSk-1llec + (1 +
system are minimum_phas_e. The_ main the_orem states _that for stable } W+ HiCoO™ e
systems any bandwidth is achievable with decentralized control, ‘ _
provided that the system is sequentially minimum phase and a X (H' HLkaﬂS’C*l”w)' 4)
condition on the relative degree of the subsystems holds. The zeros ) . ) ) . .
of G, -+, G, can be seen as the cost of choosing a certaﬁ’PCh of the right-hand side expressions of (4) is estimated next. First
control structure, and, hence, give suggestions for solutions to the
control structure design problem. There exist only a few systematic
methods to compare decentralized and centralized control StructutgSeong
Our result suggests that the zeros of the subsystems ehould

‘Skﬂchk Hx})

[Se—1 % Crllss < IWSi—ille - Glloo - W7 Cill e

be considered. Another recent method is given in [17]. RHP zeros of W (I + H,Cr) ™ oo
open-loop subsystems also set constraints for stabilization of unstable — W (I = B.Q)(I = (Hy — H)Q) |
plants [18]. .
The transfer matrice#l;, and H;, arising in the preceding analysis SW(I+ Hi.Cr) ™'l
have connections to the RGA. The RGA was introduced by Bristol x (1— IILkG;_ﬂSk_lRAT,QIIOO)*l

[19] and is today a standard tool for interaction analysis in chemical < WAT + HeCo—!
process control [16]. For simplicity, consider a system with two SIW+ HiCr) ™l

inputs and two outputs. Then the dynamic RGA is represented by X (1= (W) - |[WSk—i]le - |Qlle) "

the transfer function\ := G11G22/(G11G22 — G12G21). It follows

from (3) thatA = Gu2/H,. Hence, the RGA can be interpreted adf ||WSk—1ll- is sufficiently small. Finally, for the last expression
the fraction betweeitio, and H under infinitely tight feedback in Of (4) we have

loop one. Theorem 1 provides a sufficient condition for applicability

of RGA analysis. Note, however, that Proposition 1 suggests that if [LCr1Sk-1lle -
there exist RHP zeros close to the imaginary axis, the RGA analysis NW LG 2 oo - [IWG—1 Ot Sk—i || o
might be less appropriate. = ok (W)W = Sp_1)|o

APPENDIX < (W) ([[Wllso + IWSk—1]lo0)-

Theorem 1 is proved in this Appendix. Notations and results from [ ]
Sections IV and V as well as the following two lemmas are used in  Proof of Theorem 1:We prove by mathematical induction that
the proof. for everys,, £ € {1, ---, m}, there exists a strictly proper stabilizing

Lemma4:let £ € {2,---,m} and supposel + H;Cy is and stable controlle€, = diag{C\, ---, C¢} such that||W (I +
nonsingular. Then GeCo) Ml < £¢. Lemma 2 gives that this is true far = 1.

S, 1 0 Se_1RTCy Suppose it holds also fof = 2, ---, k — 1. From the assumptions
Sk = { 0 0} { -7 } and Lemma 3 it follows thatl; has no RHP zeros. Lemma 2 gives

R that for everyé,, > 0 there exists a strictly proper and stalile
X (T4 HiCr) " [LeChrSen 1. such thatCx (I + H,.Cy)~" is stable,||WW ™' C}||~ is bounded, and
Proof: The proof follows from the definition 08y see [10]m ||[W (I + HxCx)™ |l < 6x. Hence, by first choosing, > 0 and
Lemma 5: Consider a stable transfer matr¥, and a strictly thens;_; > 0 sufficiently small, we obtain from Lemma 5 that for
proper stable transfer functidit’ with no RHP zeros. Assum@}, is  everys, > 0 there exists a stabilizing and stable controli&r such

sequentially minimum phase, (W) is bounded fort = 2, ---, k, that||IWSk|l < €. The induction completes the proof.

and thatC_, stabilizesGy_,. Let C,. be given asC) = (I —

QfIk)*lQ with @ proper and stablefl, be defined by (3), and ACKNOWLEDGMENT
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X ||W (I + ﬂkaleoo 2A crucial point here and in the remaining part of the proof is fat_;
T T —1 has no RHP zeros. 7., has an RHP zero, then there does not exist any

x (1 z,)k(ﬂ MW Skl - [1Qls) ; stabilizing controllerC’,_; such that||W Sy _1 || is arbitrarily small; see

X [1 4+ o (W) (||W|loo + |W Sk=1]lec)]- Proposition 1.
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