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The proof of the casen < n0 is trivial.
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Decentralized Control of Sequentially
Minimum Phase Systems

Karl Henrik Johansson and Anders Rantzer

Abstract—Fundamental limitations in decentralized control of systems
with multivariable zeros are considered. It is shown that arbitrary
bandwidth can be obtained with a stable block-diagonal controller, if
certain subsystems of the open-loop system fail to have zeros in the right
half-plane and a high-frequency condition holds. Implications on control
structure design and sequential loop-closuring methods are discussed.

Index Terms—Decentralized control, multivariable zeros, performance
limitations, sensitivity minimization.

I. INTRODUCTION

Industry faces a huge number of interacting control loops. During
the last three decades a variety of multivariable control design
methods have been developed. Most of these are based on the assump-
tion of a centralized control structure. However, for most industrial
plants it is impossible to implement a centralized controller. Start-
up schemes, identification experiments, and communication nets are
only some issues that are considerably harder to face with centralized
controllers than with decentralized controllers. Decentralized control
is the absolutely dominating structure in practice.

It is natural to look for fundamental limitations in a control system.
In particular, this is a motivation for decentralized systems, because
there is a great lack of theoretical results supporting control design
methods for these systems. There exist formulas for performance
limitations for centralized control systems. Extending results of Bode
[1], implications of right half-plane (RHP) poles, and zeros on
achievable closed-loop performance for these systems are shown in
[2]–[6]. For example, it is proved that for multivariable systems with
no RHP zeros, the sensitivity function can be made arbitrarily small
with a centralized controller.

Our main contribution is to connect multivariable zeros to closed-
loop performance for decentralized systems. Performance is measured
through a weighted sensitivity function [2], [7].Sequentially minimum
phaseis introduced as when the top left submatrices of the open-loop
system are minimum phase. It is then shown that if an open-loop
system is sequentially minimum phase and a condition on the relative
degree of the subsystems holds, then the sensitivity can be arbitrarily
reduced with a diagonal controller. An earlier sufficient condition for
sensitivity reduction via decentralized control was proved in [8]. Their
analysis was limited to systems diagonal at high frequencies, but
other assumptions were weaker. Results on achievable performance
for decentralized systems were also given in [9].

The outline of the paper is as follows. Notation and some prelim-
inary results are given in Section II. In Section III a new condition
is presented for sensitivity reduction in systems with no RHP zeros
under decentralized control. For systems with RHP zeros an upper
bound on the performance loss due to decentralization is shown in
Section IV. Results on the connection between sequential control

Manuscript received June 10, 1998. Recommended by Associate Editor,
C. Scherer. This work was supported by the Swedish Research Council for
Engineering Science under Contract 95-759.

K. H. Johansson is with the Department of Electrical Engineering and
Computer Sciences, University of California, Berkeley, CA 94720-1770 USA
(e-mail: johans@eecs.berkeley.edu).

A. Rantzer is with the Department of Automatic Control, Lund Institute of
Technology, S-221 00 Lund, Sweden (e-mail: rantzer@control.lth.se).

Publisher Item Identifier S 0018-9286(99)07888-5.

0018–9286/99$10.00 1999 IEEE



1910 IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 44, NO. 10, OCTOBER 1999

design and multivariable zeros are presented in Section V. The
concluding remarks in Section VI cover connections to relative gain
array (RGA) analysis. Omitted proofs are given in [10], where also
some further discussions are found. Part of this work has been
presented as [11].

II. PRELIMINARIES

Let the square transfer matrixG represent a system with an equal
number of inputsuj and outputsyi.1 The elements ofG are denoted
Gij ; i; j = 1; � � � ; m and can be scalar transfer functions as well as
transfer matrices. We only consider properG with full normal rank
[7]. For the top left submatrix ofG, the notation

Gk :=

G11 � � � G1k

...
...

Gk1 � � � Gkk

is used, and the firstk � 1 elements of the last row and column of
this matrix are denoted

Lk := [Gk1 � � � Gk; k�1 ]

Rk := [G1k � � � Gk�1; k ] (1)

respectively. We consider a block diagonal control lawu = �Cy,
where C = diagfC1; � � � ; Cmg and Ci is a transfer matrix of
dimension one or higher, corresponding to the size ofGii.

Our main result concerns stable systems. Therefore, recall that
a stable open-loop systemG remains stable after interconnection
with feedback controllerC, if and only if C(I + GC)�1 is stable
and the closed-loop system is well-posed, that is,I + C(1)G(1)
is nonsingular [7, p. 119]. The sensitivity function is defined as
S := (I + GC)�1 and for the subsystems we use the notation
Sk := (I + GkCk)

�1, whereCk := diagfC1; � � � ; Ckg. We only
need the simplest definition of a multivariable RHP zero.

Definition 1: An RHP zeroof a stable transfer matrixG is a point
z in the closed RHP for which rankG(z) is smaller than the normal
rank of G.

If a transfer matrix does not have any RHP zeros, it is called
minimum phase and otherwise nonminimum phase. The normkAk
of a matrixA is its largest singular value and for transfer matrices
we definekGk1 := sup

Re s�0 kG(s)k.
Frequency-weighted sensitivity functions are widely used in prac-

tice; for example, loop-shaping is often done based on shaping the
sensitivity and complementary sensitivity functions [2], [7]. In control
design, the weights are chosen to reflect frequency contents in, for
example, disturbances and perturbations. Closed-loop performance
limitations have been quantified in terms of weighted sensitivity
functions in [5], [6], and [8]. This will also be the framework for
our analysis.

Recall the Youla parameterization [12].
Lemma 1: LetG be a stable transfer matrix. All proper stabilizing

controllers are given as

C = (I �QG)�1Q = Q(I �GQ)�1

whereQ is a proper stable transfer matrix.
The following lemma is a slight variation of [5, Corollary 6.2].
Lemma 2: Consider a stable transfer matrixG with no RHP zeros

and a strictly proper stable transfer functionW with no RHP zeros.
For every" > 0 there exists a strictly proper stabilizing and stable
(centralized) controllerC such that

kW (I +GC)�1k1 < "

and kW�1Ck1 is bounded.

1It is straightforward to show that the main result in this paper holds also
for nonsquare systems with suitable modification of the notation.

Proof: Let d be a positive integer such that[sdW (s)G(s)]�1

is proper. Consider

Ĉ(s) =
G�1(s)

(1 + �s)d � 1

where� > 0 is chosen such that

kW (I +GĈ)�1k1 = W (s)
(1 + �s)d � 1

(1 + �s)d 1

< ":

The closed-loop system has all poles in�� , and Ĉ has all poles
uniformly distributed on a circle intersecting the origin and�2=� .
In order to get a stable controller let

C(s) =
G�1(s)

(1 + �s)d � 1 + �
:

For � > 0 sufficiently small, it follows by continuity that the closed-
loop system is stable

kW (I +GC)�1k1 = W (s)
(1 + �s)d � 1 + �

(1 + �s)d + � 1

< "

and thatC has all poles in the open left half-plane. The proof is
complete becauseW�1C is stable and proper.

Lemma 2 should be considered together with the lower bound on
sensitivity reduction given as in [5, Th. 4], which is restated next.

Proposition 1: Consider a stable transfer matrixG with RHP zeros
in zi; i = 1; � � � ; `, and a proper stable transfer functionW with no
RHP zeros. Then for every proper stabilizing controllerC

kW (I +GC)�1k1 � max
i2f1;���; `g

jW (zi)j:

Proposition 1 provides a lower bound for decentralized control of
systems with RHP zeros. No controller can give a tight feedback if
an RHP zero ofG is located in a heavily weighted part of the RHP.

III. SEQUENTIALLY MINIMUM PHASE

This section is devoted to a new theorem on minimization of
the sensitivity function under decentralized control. The theorem
is proved using sequential control design. It turns out that certain
submatrices ofG should be minimum phase.

Definition 2: A stable transfer function matrixG is sequentially
minimum phaseif G1; � � � ; Gm have full normal rank and no RHP
zeros.

Under the assumption thatGk�1; k 2 f2; � � � ; mg; has no
RHP zeros andW is a proper stable transfer function with no
RHP zeros, introduce the scalar�k(W ) 2 [0; 1] as �k(W ) :=
kW�1 LkG

�1
k�1k1, whereLk is given by (1).

Example 1: The transfer matrix

G(s) =

1

s+ 1

1

s+ 1
1

(s+ 2)2
1

(s+ 1)2

is sequentially minimum phase becauseG1(s) = (s + 1)�1 and
G2(s) = G(s) have no RHP zeros. Furthermore,�2(W ) is bounded
for all weighting functions of relative degree less than two because

�2(W ) = kW�1G21G
�1
11 k1 = W�1(s)

s+ 1

(s+ 2)2 1

<1:

A symmetric definition of�k(W ) including Rk instead ofLk

arises in a natural way, if the input sensitivity functionSi =
(I + CG)�1 is studied instead of the output sensitivity function
So = (I + GC)�1; see [2] and [7] for interpretations ofSi and
So. Next we state our main result.
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Theorem 1: Consider a stable transfer matrixG and a strictly
proper stable transfer functionW with no RHP zeros. IfG is
sequentially minimum phase and�k(W ) is bounded fork =
2; � � � ; m, then for every" > 0 there exists a strictly proper
stabilizing and stable controllerC = diagfC1; � � � ; Cmg such that

kW (I +GC)�1k1 < ":

Proof: See the Appendix.
Remark 1: A similar statement for systems being diagonal at high

frequencies is proved in [8]. Then there are no requirements on the
zeros ofG1; � � � ; Gm�1 or on �k(W ). The system in Example 1
satisfies the assumptions of Theorem 1 but is not ultimately diagonally
dominant [8]. Decentralized two-by-two controllers that minimize
kS1(i!)k are considered in [9].

Remark 2: Note that ifGk for k < m has an RHP zero, then after
permutation of inputs and outputs (the new)G1; � � � ; Gm do not
necessarily have any RHP zeros. An obvious algorithm for control
structure design can be derived, where the inputs and outputs are
permuted until a suitable sequenceG1; � � � ; Gm is found. During
the search, the structure of the controller may change in the sense
that the dimensions ofC1; � � � ; Cm may vary, and thus the number
of blocks m. A centralized controller corresponds tom = 1, in
which case Theorem 1 corresponds to Lemma 2 in Section II and
[5, Corollary 6.2].

Remark 3: The necessary conditions for sensitivity reduction are
important. The reason why in our case the condition on�k(W ) enters
the analysis is the approach of sequential design. For example, it is
obvious that we cannot do a sequential design by first closing the
u1 � y1 loop for the system

G =
0 G1

G2 0
:

The scalar�2(W ) is not bounded forG.
If a system fulfills the assumptions in Theorem 1, theoretically a

decentralized controller can give arbitrarily tight control. In practice,
however, the region in which the model is accurate gives the
performance limitations. Hence, fulfilled assumptions imply that
effort should be put into investigations of nonlinearities, such as
actuator limitations and unmodeled high-frequency dynamics.

IV. RIGHT HALF-PLANE ZEROS

It is well-known that RHP zeros impose restrictions on the achiev-
able closed-loop performance. Proposition 1 in Section II gave an
interpretation of these restrictions in achievable sensitivity reduction.
This section presents a result on how close to the estimate for
centralized control systems in Proposition 1 we can get with a
decentralized design.

Consider a partially closed system having the firstk � 1 loops
closed and the lastm � k + 1 loops open. Let the controller be
Ck�1 = diagfC1; � � � ; Ck�1g and suppose it stabilizesGk�1.
IntroduceHk = Hk(C1; � � � ; Ck�1) as the transfer matrix between
uk and yk for this partially closed system. We defineH1 := G11

and for k = 2; � � � ; m it follows that

Hk = Gkk � LkCk�1Sk�1R
T

k : (2)

Note thatCk�1Sk�1 is stable because the partially closed system is
stable, and thusHk is stable ifG is stable. It is easy to show that if
Gk�1 is nonsingular, thenHk = Gkk �LkG

�1

k�1
(I � Sk�1)R

T

k for
k = 2; � � � ; m. We also use the notation

Ĥk := Gkk � LkG
�1

k�1
R
T

k : (3)

Note thatĤk is not necessarily proper and thatĤk does not depend
on the controllerC.

Next we combine Proposition 1 with the idea of Theorem 1 to state
a result that gives an upper bound on the minimal weighted sensitivity
for a decentralized control system with open-loop RHP zeros.

Theorem 2: Consider a stable transfer matrixG and a strictly
proper stable transfer functionW with no RHP zeros. IfGm�1 is
sequentially minimum phase,�k(W ) is bounded fork = 2; � � � ; m,
and Cm is strictly proper and stabilizeŝHm with kW�1Cmk1
bounded, then for every� > 0 there exists a strictly proper stabilizing
controllerC = diagfC1; � � � ; Cmg such that

kW (I +GC)�1k1 < kW (I + ĤmCm)�1k1

� (1 + �m(W )kWk1) + �:

Proof: The proof is similar to the proof of Theorem 1; see [10].

Remark 4: Lemma 3 in Section V implies that̂Hm has the same
RHP zeros asG. The limitations imposed bŷHm are in this sense
similar to the limitations faced at a centralized control design forG.
Theorem 2 gives a connection between sensitivity reduction using
decentralized and centralized control for some open-loop systems
that have RHP zeros.

Remark 5: If Lm = 0, which for example holds whenG is
upper triangular, thenkWSk1 < kW (I + ĤmCm)�1k1 + �.
Decentralization imposes, of course, no extra limitations on the
sensitivity reduction in this case.

V. ZEROS AND SEQUENTIAL LOOP-CLOSURE

Closing one control loop at a time is for many practical reasons
the dominating way of designing control systems in industry. There
exist, however, only few systematic design methods based on such a
sequential loop-closure [13], [14]. From a theoretical point of view,
this kind of approach has several limitations compared to an approach
with all loops closed simultaneously. Nevertheless, it is interesting
to quantify the fundamental properties of the sequential method. In
this section results on the connection between sequential loop-closure
design and multivariable zeros are derived.

A key result for sequentially closed loops is the simple fact that
if Ck(I +HkCk)

�1, with Hk defined in (2) andG stable, is stable
for all k = 1; � � � ; m, thenC = diagfC1; � � � ; Cmg stabilizesG;
see [10]. The single condition thatCk(I +HkCk)

�1 is stable does
not imply that the whole closed-loop system is stable afterk loops
closed. The opposite is, of course, true. If the system is stable after
k loops closed, thenCk(I +HkCk)

�1 is stable because

[0 I ]Ck(I +GkCk)
�1 0

I
= Ck(I +HkCk)

�1
:

The following result is a slight generalization of [15, Th. 5.2.7].
Lemma 3: Consider a transfer matrixG and letk 2 f2; � � � ; mg.

If loops 1 to k � 1 are closed such thatSk�1(s0) = 0 for some
s0 2 C andGk�1(s0) is nonsingular, then

det Hk(s0) =
detGk(s0)

detGk�1(s0)
:

Proof: See [10].
Lemma 3 relates zeros of the subsystemGk to zeros in loop

k. Hence, if all loops but one have tight control, the achievable
performance in that loop will be given by the zeros ofG. This
consequence was exposed in Theorem 2. A result similar to Lemma 3
holds even if we only know thatSk�1(s0) is small. Let k 2
f2; � � � ; mg and s0 2 C. If Gk(s0) is nonsingular and loops 1 to
k� 1 are closed such thatkSk�1(s0)k � kGk(s0)k � kG�1k (s0)k < 1,
then

kH�1
k

(s0)k <
kG�1

k
(s0)k

1� kSk�1(s0)k � kGk(s0)k � kG
�1

k
(s0)k

:
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See [10] for a proof. Hence, neitherGk loses rank ins0, nor does
Hk, provided that the feedback of the subsystemGk�1 is sufficiently
tight andGk is bounded. Note that the assumptionkSk�1k � kGkk �
kG�1

k
k < 1 is equivalent to that ofkSk�1k < 1=�(Gk), where

�(Gk) := kGkk � kG
�1

k
k is the condition number, well-known as a

measure of how close a matrix is to singularity. The condition number
of the open-loop system�(G) is suggested for plant assessment and
for choosing input–output pairing in [16].

VI. CONCLUSIONS

New results on performance limitations of decentralized control
systems have been presented.Sequentially minimum phasewas intro-
duced for the case where the top left submatrices of the open-loop
system are minimum phase. The main theorem states that for stable
systems any bandwidth is achievable with decentralized control,
provided that the system is sequentially minimum phase and a
condition on the relative degree of the subsystems holds. The zeros
of G1; � � � ; Gm�1 can be seen as the cost of choosing a certain
control structure, and, hence, give suggestions for solutions to the
control structure design problem. There exist only a few systematic
methods to compare decentralized and centralized control structures.
Our result suggests that the zeros of the subsystems ofG should
be considered. Another recent method is given in [17]. RHP zeros of
open-loop subsystems also set constraints for stabilization of unstable
plants [18].

The transfer matricesHk andĤk arising in the preceding analysis
have connections to the RGA. The RGA was introduced by Bristol
[19] and is today a standard tool for interaction analysis in chemical
process control [16]. For simplicity, consider a system with two
inputs and two outputs. Then the dynamic RGA is represented by
the transfer function� := G11G22=(G11G22 �G12G21). It follows
from (3) that� = G22=Ĥ2. Hence, the RGA can be interpreted as
the fraction betweenG22 andH2 under infinitely tight feedback in
loop one. Theorem 1 provides a sufficient condition for applicability
of RGA analysis. Note, however, that Proposition 1 suggests that if
there exist RHP zeros close to the imaginary axis, the RGA analysis
might be less appropriate.

APPENDIX

Theorem 1 is proved in this Appendix. Notations and results from
Sections IV and V as well as the following two lemmas are used in
the proof.

Lemma 4: Let k 2 f2; � � � ; mg and supposeI + HkCk is
nonsingular. Then

Sk =
Sk�1 0
0 0

+
Sk�1R

T

kCk
�I

� (I +HkCk)
�1[LkCk�1Sk�1 �I ]:

Proof: The proof follows from the definition ofSk; see [10].
Lemma 5: Consider a stable transfer matrixGk and a strictly

proper stable transfer functionW with no RHP zeros. AssumeGk is
sequentially minimum phase,�`(W ) is bounded for̀ = 2; � � � ; k,
and thatCk�1 stabilizesGk�1. Let Ck be given asCk = (I �
QĤk)

�1Q with Q proper and stable,̂Hk be defined by (3), and
kW�1Ckk1 be bounded. IfkWSk�1k1 is sufficiently small, then
Ck stabilizesGk and

kWSkk1 �kWSk�1k1

+ (1 + kWSk�1k1 � kGk1 � kW�1Ckk1)

� kW (I + ĤkCk)
�1k1

� (1� �k(W )kWSk�1k1 � kQk1)�1

� [1 + �k(W )(kWk1 + kWSk�1k1)]:

Proof: We start by showing closed-loop stability. Note that
Hk � Ĥk = LkG

�1

k�1
Sk�1R

T

k is stable and that

kLkG
�1

k�1
Sk�1R

T

k k1 = kW�1LkG
�1

k�1
WSk�1R

T

k k1

��k(W ) � kWSk�1k1 � kGk1 <1:

BecauseHk is proper, this gives that̂Hk is proper. Hence,Ck(I +
HkCk)

�1 = (Q�1 + Hk � Ĥk)
�1 is stable for allkWSk�1k1

sufficiently small becauseQ = Ck(I + ĤkCk)
�1 is stable by the

assumptions. This gives closed-loop stability.2

From Lemma 4 we have that

kWSkk1 �kWSk�1k1 + 1 + Sk�1R
T

kCk
1

� kW (I +HkCk)
�1k1

� 1 + LkCk�1Sk�1
1

: (4)

Each of the right-hand side expressions of (4) is estimated next. First

kSk�1R
T

kCkk1 � kWSk�1k1 � kGk1 � kW�1Ckk1:

Second

kW (I +HkCk)
�1k1

= kW (I � ĤkQ)(I � (Ĥk �Hk)Q)�1k1

�W (I + ĤkCk)
�1k1

� (1� kLkG
�1

k�1
Sk�1R

T

kQk1)�1

� kW (I + ĤkCk)
�1k1

� (1� �k(W ) � kWSk�1k1 � kQk1)�1

if kWSk�1k1 is sufficiently small. Finally, for the last expression
of (4) we have

kLkCk�1Sk�1k1

� kW�1LkG
�1

k�1
k1 � kWGk�1Ck�1Sk�1k1

= �k(W )kW (I � Sk�1)k1

� �k(W )(kWk1 + kWSk�1k1):

Proof of Theorem 1:We prove by mathematical induction that
for every"`; ` 2 f1; � � � ; mg, there exists a strictly proper stabilizing
and stable controllerC` = diagfC1; � � � ; C`g such thatkW (I +
G`C`)

�1k1 < "`. Lemma 2 gives that this is true for̀ = 1.
Suppose it holds also for̀ = 2; � � � ; k � 1. From the assumptions
and Lemma 3 it follows that̂Hk has no RHP zeros. Lemma 2 gives
that for every�k > 0 there exists a strictly proper and stableCk
such thatCk(I + ĤkCk)

�1 is stable,kW�1Ckk1 is bounded, and
kW (I + ĤkCk)

�1k1 < �k. Hence, by first choosing�k > 0 and
then"k�1 > 0 sufficiently small, we obtain from Lemma 5 that for
every"k > 0 there exists a stabilizing and stable controllerCk such
that kWSkk1 < "k. The induction completes the proof.
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2A crucial point here and in the remaining part of the proof is thatGk�1

has no RHP zeros. IfGk�1 has an RHP zero, then there does not exist any
stabilizing controllerCk�1 such thatkWSk�1k1 is arbitrarily small; see
Proposition 1.
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[9] K. Ünyeliovǧlu andÜ. Özg̈uner, “H1 sensitivity minimization using
decentralized feedback: 2-input 2-output systems,”Syst. Contr. Lett.,
vol. 22, pp. 99–109, 1994.

[10] K. H. Johansson, “Relay feedback and multivariable control,” Ph.D.
dissertation, Dept. Automatic Control, Lund Inst. Technology, Lund,
Sweden, Nov. 1997.

[11] K. H. Johansson and A. Rantzer, “Multi-loop control of minimum phase
processes,” inProc. 16th American Control Conf.,Albuquerque, NM,
1997.

[12] B. A. Francis,A Course inH1 Control Theory. Berlin, Germany:
Springer-Verlag, 1987.

[13] G. F. Bryant and L. F. Yeung,Multivariable Control System Design
Techniques: Dominance and Direct Methods.New York: Wiley, 1996.

[14] D. Q. Mayne, “Sequential design of linear multivariable systems,”Proc.
IEEE, vol. 126, no. 6, pp. 568–572, 1979.

[15] H. H. Rosenbrock,State-Space and Multivariable Theory.London,
U.K.: Nelson, 1970.

[16] M. Morari and E. Zafiriou,Robust Process Control,Englewood Cliffs,
NJ: Prentice-Hall, 1989.

[17] J. Freudenberg and R. Middleton, “Design rules for multivariable
feedback systems,” inProc. 35th IEEE Conf. Decision and Control,
Kobe, Japan, 1996, pp. 1980–1985.

[18] E. J. Davison and S. H. Wang, “A characterization of decentralized fixed
modes in terms of transmission zeros,”IEEE Trans. Automat. Contr.,
vol. 30, pp. 81–82, Jan. 1985.

[19] E. Bristol, “On a new measure of interaction for multivariable process
control,” IEEE Trans. Automat. Contr.,vol. 11, p. 133, 1966.

Compensation of the RLS Algorithm
for Output Nonlinearities

Torbjörn Wigren and Anders E. Nordsjö

Abstract—It is shown how the recursive least squares (RLS) algorithm
can be modified to compensate fora priori known errors of linearity in
the output measurement. A novel signal model is used for this purpose.
Only the nonlinear effects are modeled by an output error model, and
much of the output measurements are used directly in the regression
vector. The main benefit with this approach is that the advantages of
the RLS, like quick initial convergence for infinite impulse response
(IIR) models, can be retained for small linearity errors. At the same
time the output nonlinearity is allowed to be noninvertible. This can be
important to treat, for example, small deadzones and also to avoid the
amplification of additive measurement disturbances. Such amplification
can result from inversion of the output nonlinearity. Simulations illustrate
the performance of the algorithm.

Index Terms—Least squares, nonlinear systems, recursive identifica-
tion, Wiener model.

I. INTRODUCTION

The recursive least squares (RLS) algorithm is a well-understood
standard tool in adaptive control, signal processing, and recursive
system identification. The advantages include quick initial conver-
gence, availability of fast algorithms for efficient numerical imple-
mentation, and well-behaved global convergence properties without
local minima for infinite impulse response (IIR) models. All this
is well known [1]. There are also disadvantages, as compared to
output error methods, when considering the extension to simple
nonlinear systems. Since the regression vector contains the output
measurementsof an assumed linear system, it is for example not
straightforward to extend the equation error-based RLS algorithm to
the case where a nonlinear sensor affects the measured output signal.
This is, however, a straightforward task when output error methods
are used.

In the general nonlinear case, identification is an extremely difficult
and problem-dependent task. There are some tools of general validity
though, including Volterra and Wiener series-based methods [2]
or methods based on combinations of numerical integration and
optimization; see [3] and the references therein. For less compli-
cated nonlinear systems, like the Wiener system consisting of linear
dynamics followed by a static nonlinearity, the task of designing
identification algorithms is significantly simpler than in the general
case. Offline algorithms for Wiener system identification based on
Volterra series expansions are available [4]. Recently, subspace
identification methodology has been applied to this problem; see
[5]. Algorithms for recursive identification and adaptive filtering of
Wiener-type systems have also been designed and analyzed for a
number of different scenarios [6]–[9]. These online methods are all
of output error type since the output signal of the linear dynamic
block is not measurable. The signal is therefore generated from
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