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Probabilistic Characterization of Target Set and Region of
Attraction for Discrete-time Control Systems

Yulong Gao, Lihua Xie, and Karl H. Johansson

Abstract— This paper proposes a new notion of stabilization
in probability for discrete-time stochastic systems that may
be with unbounded disturbances and bounded control input.
This new notion builds on two sets: target set and region of
attraction. The target set is a set within which the controller
is able to keep the system state with a certain probability. The
region of attraction is a set from which the controller is able
to drive the system state to the target set with a prescribed
probability. We investigate the probabilistic characterizations
of these two sets for linear stochastic control systems. We
provide sufficient conditions for a compact set to be a target set
with a given horizon and probability level. Given a target set,
we use two methods to characterize the region of attraction:
one is based on the solution to a stochastic optimal first-
entry time problem while the other is based on stochastic
backward reachable sets. For linear scalar systems, we provide
analytic representations for the target set and the region of
attraction. Simulations are given to illustrate the effectiveness
of the theoretical results.

I. INTRODUCTION

Stabilization of a dynamical controlled system is a fun-
damental problem in systems and control. This problem
addresses how to design the control input such that the state
of the dynamical system is stable in some sense. In the
past decades, there have been many research efforts on this
subject [1]. For example, the stabilization of deterministic
nonlinear systems is investigated in [2] and the robust stabi-
lization of uncertain linear systems is studied in [3].

Stochastic modeling of dynamical systems is very impor-
tant in many applications, such as engineering, biology, and
economics. Stabilization of stochastic control systems has
been widely studied by many literatures [4], [5]. Stabilization
in probability is a well-known concept closely related to the
concept of stability in probability. For the interested reader,
please refer to [6] for a more detailed statement of stochastic
stabilization and stability.

In [7], [8], the authors propose a new definition of stabi-
lization in probability for continuous-time nonlinear stochas-
tic systems. This definition consists of region of attraction,
target set, and two probability levels. One probability level
captures the minimal probability that the state remains in the
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target set under some admissible control input after entering
it. The other one provides the minimal probability that the
state is driven to enter the target set from the region of attrac-
tion under some admissible control input within a finite time.
This new definition of stabilization in probability generalizes
the regional stabilization of deterministic dynamical systems
and stands as an intermediate notion between local and global
stabilizations in probability.

In this paper, we extend the notion of stabilization in prob-
ability in [7], [8] for discrete-time stochastic systems, which
also builds on the region of attraction and target set. We
notice that the control input constraints exist in many appli-
cations, e.g., due to the actuator saturation, while the supports
of many stochastic disturbances, e.g., Gaussian noise, are
unbounded. This extension provides a way to establish the
stabilization of systems with unbounded disturbances under
a bounded control input, which is beyond the scope of the
traditional stochastic stabilization. Different from [7], [8], the
focus of this paper is on the characterizations of region of
attraction and target set for linear stochastic control systems.
The main contributions are summarized as follows.

o We show that the target set is consistent with a proba-
bilistic controlled invariant set in our recent work [9],
[10] and derive sufficient conditions for a compact set
to be a target set with a given horizon and a probability
level.

o We provide two methods to characterize the region of
attraction. One is based on the solution of a stochastic
optimal first-entry time problem, which gives an exact
characterization of region of attraction. The other is
based on stochastic backward reachable sets, which
gives an overapproximation of region of attraction.

« For linear scalar systems, we provide analytic represen-
tations for the target set and the region of attraction.

The remainder of this paper is organized as follows.
Section II provides the problem statement. Section III char-
acterizes the target set while Section IV characterizes the
region of attraction. An example in Section V illustrates the
effectiveness of the results. Section VI concludes this paper.

Notation. Let N denote the set of nonnegative integers
and R denote the set of real numbers. For some ¢, s € N and
q < s,let N>, and Ny, ;) denote the sets {r € N [ 7 > ¢} and
{r e N|¢q<r < s}, respectively. Let N = NU {co}. For
two sets X and Y, X\Y = {z | z € X,2 ¢ Y}. When <, >,
<, and > are applied to vectors, they are interpreted element-
wise. Pr denotes the probability and E the expection. For a
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set X, B(X) denotes the Boreal o-algebra generated by X.
The indicator function of a set X is denoted by 1x(x), that
is, if z € X, 1x(x) = 1 and otherwise, 1x(x) = 0.

II. PROBLEM FORMULATION

Consider a discrete-time linear control system

= Az + Bug + wy, (D

where z; € R™ is the state, u; € R™* the control input,
and wy € R™ the stochastic disturbance.

We further assume that wy, Vk € N, are zero-mean
and independent and identically distributed random variables
with density function f(-) and support W. Let the state space
be X = R™ and the control input space be a compact set
U C R™, ie., ur € U,Vk € N. Next, we define Markov
policies for the system (1).

Definition 2.1: Given any N € N, a Markov policy p for
the system (1) is a sequence g = (o, b1, .., N—1) Of
universally measurable maps:

Tr4+1

HE - X — U,Vk S N[O,N—l]'

When N = oo, a Markov policy is a sequence of pu =
([, fi, . . .) of universally measurable map fi: X — U.

We remark that the Markov policy p for N = oo is
called stationary policy in the literature. Let M be the set of
Markov policies. Given N € N, an initial condition To and a
Markov policy i € M, one execution generates a sequence
of states (zg, 1, ..., zy). In the following, with some abuse
of notation, we also use [0, N| for N = occ.

Following the definition of stabilization in probability for
continuous-time nonlinear stochastic systems in [7], [8], we
define the stabilization in probability for the discrete-time
system (1).

Definition 2.2: (Stabilization in Probability) Given «, 8 €
(0,1], N € Nand Q,P € B(X) with Q C P, the system (1)
is said to be (P, Q, N, «, 3)-stabilizable in probability if the
following conditions hold:

inf sup Pr{Vk € Njg n}, 7 € Q} > «a, (2a)
20€Q pem
inf sup sup Pr{3k € Njg 1), 7, € Q} > f3. (2b)
zo€P TeN pe M

Remark 2.1: Different from the definition in [7], [8], a

horizon N is introduced in Definition 2.2. This horizon
captures the time length that the state can be kept in Q
with a given probability o under admissible control inputs.
In particular, the case of the finite horizon N survives the
stabilization of the system (1) when the support set W is
unbounded despite the bounded control inputs, which is
beyond the scope of the traditional stochastic stabilization.
In the above definition, the set Q is called the target set
while the set IP is called the region of attraction. The objective
of this paper is to characterize these two sets satisfying
conditions (2b)-(2a) for the given probability levels «, 8 and
the required horizon N. If Q = P = R"=, then the system
(1) is always (R™= R N, «,[3)-stabilizable in probability
for any o, € (0,1] and N € N. To avoid triviality, we
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assume that Q C R™ is compact. In this paper, we first
solve the following problem.

Problem 2.1: Consider the system (1). Given o € (0, 1]
and N € N, determine a compact set Q € B(X) such that
the condition (2a) holds.

After characterizing the set (Q, we solve Problem 2.2.

Problem 2.2: Consider the system (1). Given 8 € (0,1]
and the target set QQ, determine a set P € B(X) such that the
condition (2b) holds.

III. CHARACTERIZATION OF TARGET SET

This section provides an answer to Problem 2.1. We
remark that the target set QQ satisfying (2a) is the N-step
probabilistic controlled invariant set in [9], [10]. Introduce
the probability with which the state xj will remain within
Q for all k£ € N ) under the policy p:

Phv.o(0) = Pr{Vk € Njg n}, 2, € Q}.

The condition (2a) is equivalent to Vag € Q,
Pio(ro) £ sup ph (o) > a.
pneM

To solve Problem 2.1, we consider two cases: N < oo and
N = .

A. Case I: N < o0

When N € N, the optimization problem
SUP e A Py o(%0) is a finite-horizon stochastic optimal
control problem, which can be solved by a dynamic
program.

Lemma 3.1: [11], [12] Define the value function Vk’"Q :
X —[0,1], k € Njg,n, by the backward recursion:

/ Vik1,of o\

with initialization V3 o(7) 1, € Q. Then,
Prno(To) = Vyg(z). The optimal Markov policy pg =
(110.0s P71 @+ -+ » W —1,@) €Xists and is given by Vz € Q,

Vio(z) = sup 1g(z fly — Az — Bu)dy, (3)

uelU

biola) = agsupLofe) | Vi q@)fy - Ao~ Budy
ue Q
Proposition 3.1: For the system (1) and a compact set
Q € B(X), we have that p}‘v’Q(a:) > a, Vr € Q, if Vo € Q,
there exists a u € U such that

1
anN,

[ 1o A0~ Buydy > @
Q
Proof:  The fact that pyo(z) > a, Vo € Q, is

equivalent to that Vifo(z) > a, Vo € Q. Let us prove by
induction that

Vio(r) > aNTfk, Vo € Q. ®)

From Lemma 3.1, (5) holds when k = IN. Assume that (5)
holds for k+1, k € Nyg y_1). Then, by (3) and (4), it is easy
to show that (5) holds for k. That is, VO*Q(x) > a, Vo € Q.

The proof is completed. [ ]
Corollary 3.1: Consider a scalar system
Tpy1 = aTg + bug + Wy, (6)

Authorized licensed use limited to: KTH Royal Institute of Technology. Downloaded on January 10,2021 at 21:52:54 UTC from |IEEE Xplore. Restrictions apply.



where ., ug, wy € R, a,b # 0, w, ~ N(0,0%), and U = and p%_ o(x) = ( ). Furthermore, an optimal station-

{ueR||ul <u} with0 <@ <oco.ForasetQ={ze€R| ary Markov pOlle o= (A A, - - ) exists and is given

|z| < z} with Z > 0, the fact that p}‘\,’@(x) >a,VreQ, by

holds if there exists a u satisfying |u| < @ such that
o) = agsuplo(a) [ Giuiglw)f(y = Av - Budy,

1 1—a)x —bu —(1+a)x —bu 1
2(erf((ai@) - erf((—'—g\)@)) >av, (7) Proposition 3.2: For the system (1) and a compact set
Q € B(X) and « € (0,1], p*;o,Q(x) > o, Vo € Q, hold
where erf(+) is the error function. only if the support set W is bounded.
Proof:  Since wy ~ N(0,0%), x) and uy, Tpi1 ~ Proof: From (9), we have that Vx € Q,

N (azy, + bug,o?). The condition (4) is equivalent to Vx . . .
such that |z| < Z, there exists a |u| < @ such that 0<Go@) < <Gpoe) <-- < Giglz) =L
- - Define A = sup,cqSup,cy Jo /(¥ — Az — Bu)dy. If the

1 z — (azx + bu -z — (ax + bu 1 2€Q > Fuel JQ
2(erf((\[) (\[))) > aN. (8) support set W is unbounded, we have 0 < A\ < 1. Define
V2 V2 a new sequence Gy o = sup,cq G (). Then, it follows
Let z = az + bu and g(z) = % (erf(Z f) — erf(= 7 )). that

Taking derivative with respect to z, we ‘have GZH Q< )\GZ o and é?;o 0= khm GZ 0=0,
: : , S Tk,

) — erf(

dg 1 Tz T2 . : "

1 = —U o (eXp(—(T\/ﬁ) ) — eXP(—(T\/ﬁ) ))- which contradicts to the condition (2a) where o > 0. The
proof is completed. [ ]

Considering the monotonicity of the functions exp(—z) and Proposition 3.3: [10] For the system (1) and a compact

z?, we have that g(z) is increasing when z < 0 and is set Q € B(X), p o(z) > a, Vo € Q, hold if there exits

decreasing when z > 0. Qy € B(X) with Q;c C @ such that

Let us prove that Va such that |z| < Z, there exists a u
with |u| < @ such that (8) holds if for any =z € {z,—z}, () Vr € Qp,Juc U,/ fly — Az — Bu)dy =1, (10a)
there exists a u with |u| < @ such that (8) holds. Due to Qs
the symmetry, we only prove the above statement for x = Z. (i) V2 € Q\Qf,FucT, / f(y — Az — Bu)dy > o(10b)
Assume that when © = Z, there exists a u* with |[u*| < @

o Qy .
such that (8) holds. For any all z € [0,Z], let u(z) = 2. Proof: Similar to Theorem 3 in [10]. u

Since [2| < 1, [u(z)| < |u*| < @. Furthermore, if aj:+bu*z> Corollary 3.2: Consider the scalar system (6) with wy ~
* U(—w,w) and U= {u € R | |u|] < u}, where 0 < w < 0o

>

_ (az +bu*)x _ ) and 0 < % < co. For a set Q = {x € R | |z| < Z}, the fact
0<az+bu(e) = ———— <aZ+bu". that p, o () > a, Vo € Q, holds if
Due to the monotonicity of g(z), we have @ z>|2a > w;
- . N (ii) there exists a u with |u| < @ such that L'> «, where
glax +bu(z)) > g(aZ + bu*) > aN. 1= (az +bu+w) A (|2]a) and | = (aas—i—bu— @)V
b—
On the other hand, if az + bu* <0, (*|g|u)
= 1 bt Proof: 1If the condition (i) holds, we have that there
0> ax + bu(z) = M > af + bu*. exists a set Q; = {z € R | |z| < |2]a} such that Q; C Q
€ and Vz € Qy, there exists a u such that az + bu = 0 and
It follows that EI @
The proof is completed. B That is, the condition (10a) in Proposition 3.3 holds.
Note that Q\Q; = [z, —\§|a)u(§|ﬂ|, Z]. Following the
B. Case 2: N = o0 similar idea in the proof of Corollary 3.1, we can show that
When N = oo, the problem sup,,c p&@(xo) is an  the condition (ii) in Proposition 3.3 holds if when = = Z,
infinite-horizon stochastic optimal control problem. there exists a u with |u| < @ such that (10b) holds and when
Lemma 3.2: Define the value function G}, : X — = —7, there exists a u with |u| < @ such that (10b) holds.
[0,1], k € N>, in the forward recursion: This is equivalent to the condition (ii).
The proof is completed. [ ]
Grio(@) = wp lo(x / GroW)f(y — Az — Bu)dy, ) IV. CHARACTERIZATION OF REGION OF ATTRACTION
initialized with G ¢ (£) = 1,2 € Q. Then, for all = € Q, After computing the target sets, let us consider Problem

2.2, i.e., how to characterize the region of attraction. We will
provide two methods: one is based on the solution to the
stochastic optimal first-entry time problem while the other is
based on stochastic backward reachable sets.

the limit G, o(z) exists and satisfies

G o) = sup 1o(a) /@ G o) (y — Az — Bu)dy,
ue
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A. Characterization by solving a stochastic optimal first-
entry time problem

For the system (1) and a horizon T' € N, given an initial
state xp and a Markov policy p € M, we can generate a
stochastic process { Xy (o, p, T)}_, with Xo = .

Definition 4.1: Given a set Q € B(X), the first entry time
to Q of the stochastic process { Xy, (zo, ) }1_, is defined as

T(CC(),/L,T, Q) = lnf{] > 0 | Xj(:COHu':T) € Q}
Let us define the functions J : R™ — [0, 1] as

J($07 T7 Q) = sup E{]-Q(X-,”—(.’Eo,[J/, T))}
HEM

Y

where 7 = 7(xg, u, T,Q) A T.
Lemma 4.1: [13], [14] Define the value function Fj g :
X —[0,1], k € Njg 7y, by the backward recursion:

z¢@@>m%ﬂx@uyéfmi@mf@Amem/
ue

+1g(z)},

with initialization Fjg(z) = 1,z € Q. Then,
J(z,T,Q) = Fjg(z). The optimal Markov policy pg =
(116.0s B3 @+ -+ » W1 ) exists and is given by

uhﬂﬂ—amﬂgﬂxww[éFﬁmdwﬂyAxBw@

+1g(z)}, € Q,k € Nygr_y)-
Recall the condition (2b). Given S € (0, 1], define the set

S(T, 5,Q) = {xg € R™ | J(x0,T,Q) > 5}.

Proposition 4.1: Given a target set QQ, the region of at-
traction PP satisfying (2b) is

P=JS(T8Q

T

Proof: The conditice)rl\; (2b) is equivalent to that Vx € P,
there exists a 7' € N and a corresponding policy g such that
Pr(3k € Njg, 77, 2 € Q) > . Then, the result (13) directly
follows from the definitions of (11) and (12). |

(12)

(13)

B. Characterization by stochastic backward reachable sets

This subsection will provide an overapproximation of the
region of attraction by using stochastic backward reachable
sets. For the system (1) and time horizon 7' € N, given an
initial state o and a sequence of control inputs {uk}gz_ol it

follows that
k—1 k—1
o= APzg+ Y AP Bu + Y AR . (14)
i=0 i=0

Definition 4.2: Given a set Q € B(X) and § € (0, 1], the
T-step [-stochastic backward reachable set Y(T', 8,Q) to Q
is defined by

Y(Ta 67@) = {l‘o € R ‘ Ju; € U,Z € N[O,T—l]v

Pr{zr € Q} =2 B}, (15)
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where x7 is defined in (14). The J-stochastic backward
reachable set Y(5,Q) to Q is defined by

Y(8,Q = | Y(7,8,0.

TeN
Lemma 4.2: For the gets S(T,8,Q) in (12) and
Y(T,3,Q) in (15), we have
S(T,8Q ¢ |J Y*BQ).
k€N, 1]
Proof: Define the set f = U x ---U £ U™. Then, the
result directly follows that M C U. ]

Proposition 4.2: Given a target set Q, the [-stochastic
backward reachable set Y(3,Q) provides an overapprox-
imation to the region of attraction P satisfying (2b), i.e.,
P C Y(8,0).

Proof: The result directly follows from Lemma 4.2. H

Let us consider how to compute the T-step [-stochastic
backward reachable set Y(T,3,Q). For simplicity, let us
assume the target set QQ is a polyhedron of the form

Q={xeR" | Hx < h},

where H and h are with appropriate dimensions. Then, the
set Y(7, 3,Q) can be rewritten as

T-1
Y(T,8,Q) = {xg € R™ | H(A*zo+ Y A" '"'Bu,)
=0
+h < h, Vi € N r_1},u; € U}

where & can be computed by a chance-constrained optimiza-
tion problem
min 17h
k—1
subject to Pr{z HAF 1=ty < h} = 8.

i=0
Please refer to [15], [16] for the numerical methods to solve
the above chance constrained program.

Corollary 4.1: Consider the scalar system (6) with wy ~
N(0,0%) and U = {u € R | |u| < @}, where 0 < 4 < oc.
For a set Q = {x € R | |z| < %}, the T-step [-stochastic
backward reachable set Y (7', 3, Q) to Q is nonempty if there
exists Zr € R with Z7 > 0 and a sequence of |u;| < @,
Vi € N, 1) such that

1 T —xT —T —x7

—(erf —erf(————)) > 8. 16

) () 25 e
where zp = aTdp + Zf:_ol aT='"ipy; and 67 =

ST a%0®. Furthermore, [—Zr, 7] C Y(T, 3, Q).
Proof: The results mainly follows from the fact that
k-1
T ~ N(aTi‘o + Z akilizbui, &k)-
i=0
Then, we can easily derive (16) by translating the definition
of T-step [-stochastic backward reachable set. The result
[-Z7,Z7] € Y(T,5,Q) can be proved by following the
similar idea of the proof in Corollary 3.1. |

Authorized licensed use limited to: KTH Royal Institute of Technology. Downloaded on January 10,2021 at 21:52:54 UTC from |IEEE Xplore. Restrictions apply.



o
=3

o
3

o
o

o
o

o
w

Probability density function
o o
N >

Target set=[-1.8, 1.8]
0.4 /
0
2 15 -1 05 0 0.5 1 15 2
(@

0.995

W 099 F

0.985 -

0.98

0.975

097 -

0.965 -

(b)

Fig. 1: (a) Probability density function of z ~ N(0.70,0.25) over
[—1.8,1.8]; (b) the probability that z(Z) ~ AN (Z,0.25) lies in
— }

V. EXAMPLES

Consider the scalar system (6) with b = 1, wy ~ N(0,02),
and U = {u € R | |u| < 2}, where 0 < @ < co. We aim to
characterize the target set Q and the region of attraction P
for the above system such that this system is (P, Q, N, «, 3)-
stabilizable in probability.

A. Target set Q

We will first determine the target set Q by Corollary 3.1.
Let @ = 1.5 in this following.

e Let 0 = 0.5, N = 5 and o = 0.8. Consider a set
Q = [-1.8,1.8]. In this case, we have 1.8a — bu =
0.70. Let z ~ N(0.70,0.25) and its probability density
function over set Q is shown in Fig. 1(a). Since the
probability that z lies in the set Q is 0.9861, greater
than a5 = 0.9564, we have Q = [—1.8,1.8] is a target
set which satisfies the condition (7).

Consider a family of sets Q = [—Z,Z|, where T €
[1.0087,2.2902]. Let z(Z) ~ N(z,0.25) where z =
0, if z <=|%|u

" B . . The corresponding proba-
aZ + bu, otherwise

bility that z(Z) lies in Q = [—Z, Z] is shown in Fig. 1(b)
and is always greater than a5 = 0.9564. Hence, we
conclude that for any Z € [1.0087,2.2902], the set

598

Q = [-Z,Z] is a target set. Furthermore, we can
show that Q = [—1.0087,1.0087] is the smallest target
set satisfying (7) while Q = [-2.2902,2.2902] is the
largest target set satisfying (7).

o Note that the characterization of target set depends on
the parameters o, N, and «. Figs. 2(a)—(c) show how
the largest target set scales with such parameters. We
can see that the largest target set becomes smaller by
choosing larger o, NV, and .

B. Region of attraction P

Let us characterize the region of attraction P by the
stochastic backward reachable sets. Set 0 = 0.5, N = b,
and o = 0.8. We can show that the set Q = [-1.8,1.8] is a
target set for all a € [0.5,1.5].

e Let 5 = 0.80 and a = 1. The T-step [-stochastic
backward reachable sets are shown in Fig. 3(a). The
maximal 7" such that the T-step -stochastic backward
reachable set is nonempty is 7. So the the overapprox-
imation of the region of attraction is Y(7,53,Q) =
[-14.4661,14.4661]. Fig. 4 shows state trajectories
starting from xp = 14.4661 under 1000 realization of
disturbances, where the green part is the region of at-
traction and the yellow part is the target set. Under 1000
realizations, 80.3% (close to [3) of the state trajectories
enter the target set at time step £ = 7 and then they can
stay in the target set for 5 steps with probability greater
than o = 80%.

o Note that the characterization of region of attraction
depends on the parameters a and 3. According to Corol-
lary 4.1, Figs. 3(b)—(c) show how the overapproximation
of the region of attraction scales with the parameters a
and (. The region of attraction becomes smaller when
choosing larger a and (. In addition, if |a| < 1, the
region of attraction is the whole real space R.

VI. CONCLUSION

This paper proposed a new notion of stabilization in
probability for discrete-time stochastic systems and studied
the characterizations of region of attraction and target set
used in this definition. Sufficient conditions were derived
such that a compact set is a target set with given horizon
and probability level. Furthermore, given a target set, two
methods were used to characterize the region of attraction.
One was based on the solution of the stochastic optimal first-
entry time problem while the other was based on stochastic
backward reachable sets. Simulations were given to illustrate
the effectiveness of the theoretical results.

One future direction is to apply the proposed definition
of stabilization in probability to safety-critical control and
stochastic predictive control.
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Fig. 2: The evolution of largest target set over (a) the standard variance o when setting N = 5 and «
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Fig. 4: State trajectories under 1000 realization of distur-
bances.
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