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Abstract—The distributed nonconvex optimization problem of
minimizing a global cost function formed by a sum of n local cost
functions by using local information exchange is considered. This
problem is an important component of many machine learning
techniques with data parallelism, such as deep learning and
federated learning. We propose a distributed primal-dual
stochastic gradient descent (SGD) algorithm, suitable for
arbitrarily connected communication networks and any smooth
(possibly nonconvex) cost functions. We show that the proposed
algorithm achieves the linear speedup convergence rate
o/ VnT ) for general nonconvex cost functions and the linear
speedup convergence rate O(1/(nT)) when the global cost
function satisfies the Polyak-Fojasiewicz (P-L.) condition, where T
is the total number of iterations. We also show that the output of
the proposed algorithm with constant parameters linearly
converges to a neighborhood of a global optimum. We
demonstrate through numerical experiments the efficiency of our
algorithm in comparison with the baseline centralized SGD and
recently proposed distributed SGD algorithms.

Index Terms—Distributed nonconvex optimization, linear speedup,
Polyak-L.ojasiewicz (P-L) condition, primal-dual algorithm, stochastic
gradient descent.

I. INTRODUCTION

ONSIDER a network of n agents, each of which has a

local smooth (possibly nonconvex) cost function
fi:R? > R. All agents collaboratively solve the following
optimization problem:

. 1 ¢
min f(x) := ;;ﬁm. (1)

Each agenti only has information about its local cost
function f; and communicates with its neighbors through the
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underlying communication network. The communication
network is modeled by an undirected graph G = (V,E), where
V ={1,...,n} is the agent set, EC VXYV is the edge set, and
(i,j) € & if agents i and j communicate with each other. The
set Nij={jeV: (i,j) € &} is the neighboring set of agent i.
The optimization problem (1) incorporates many popular
machine learning approaches with data parallelism, such as
deep learning [1] and federated learning [2]. A star graph is a
special undirected graph, in which there is one and only one
agent (hub agent) that connects to all of the other agents (leaf
agents) and each leaf agent only connects to the hub agent.
Such a graph corresponds to the master/worker architecture
adopted by many parallel learning algorithms.

Due to the nonconvexity, convergence results typically
ensure that the distributed algorithms find first-order
stationary points

{xeRF: Vf(x)=0,}

which could be local maxima or minima. Global optima are
usually hard to find. For example, in [3]-[9], it was shown
that first-order stationary points can be found with an O(1/7T)
convergence rate, i.e.,

1 i , 1
= ) IVfEII"=0(%)
T & T

where T is the total number of iterations, Vf denotes the
gradient of £, and X = ,ll 2 Xix with x;; € RP being agent i’s
estimate of the optimal solution at time instant k.

Note that the algorithms proposed in the aforementioned
references use at least gradient information of the cost
functions, and sometimes even the second- or higher-order
information. However, in many applications explicit
expressions of the gradients are often unavailable or difficult
to obtain. In this paper, we consider the case where each agent
can only collect stochastic gradients of its local cost function
and propose a distributed stochastic gradient descent (SGD)
algorithm to solve (1). In general, SGD algorithms are suitable
for scenarios where explicit expressions of the gradients are
unavailable or difficult to obtain. For example, in some big
data applications, such as empirical risk minimization, the
actual gradient is calculated from the entire data set, which
results in a heavy computational burden. A stochastic gradient
can be calculated from a randomly selected subset of the data
and is often an efficient way to replace the actual gradient.
Other examples which SGD algorithms are suitable for
include scenarios where data are arriving sequentially such as
in online learning [10].
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A. Literature Review

When the communication network is a star graph, various
parallel SGD algorithms have been proposed to solve (1). A
potential performance bottleneck of such algorithms lies on
the communication burden of the master. To overcome this
issue, a promising strand of research is combining parallel
SGD algorithms with communication reduction approaches,
e.g., asynchronous parallel SGD algorithms [11]-[15],
gradient compression based parallel SGD algorithms [12],
[16]-[19], periodic averaging based parallel SGD algorithms
[17], [18], [20]-[24], and parallel SGD algorithm with
dynamic batch sizes [25]. Convergence properties of these
algorithms have been analyzed in detail. In particular, in [17],
[21], [23], [25], an O(1/ VnT) convergence rate has been
established for general nonconvex cost functions. This rate is
n times faster than the well known O(1/ T ) convergence rate
established by SGD over a single agent, and thus a linear
speedup in the number of agents is achieved. In [24], [25], the
convergence rate has been improved to O(1/(nT)) when the
global cost function satisfies the P-L condition, which also
achieves a linear speedup. In addition to the star architecture
restriction, aforementioned parallel SGD algorithms require
certain restrictions on the cost functions, such as bounded
gradients of the local cost functions or bounded difference
between the gradients of the local and global cost functions.

Distributed algorithms executed over arbitrarily connected
communication networks have been suggested to overcome
communication bottlenecks for parallel SGD algorithms.
Various distributed SGD algorithms have been proposed to
solve (1), e.g., synchronous distributed SGD algorithms [23],
[26]-[28], asynchronous distributed SGD algorithms [29],
[30], compression based distributed SGD algorithms
[31]-[34], and periodic averaging based distributed SGD
algorithm [35]. Convergence properties of these algorithms
have been analyzed and the linear speedup convergence rate
O(1/VnT) has been established for general nonconvex cost
functions [23], [27], [30], [31], [33]-[35]. However, similarly
to aforementioned parallel SGD algorithms, these distributed
algorithms require restrictive assumptions on the cost
functions. In order to remove these restrictions, the authors of
[36] proposed a variant of the distributed SGD algorithm
proposed in [27], named D2, in which each agent stores the
stochastic gradient and its local model in last iteration and
linearly combines them with the current stochastic gradient
and local model. For this algorithm the authors established the
linear speedup convergence rate O(1/ vnT), but they required
that the eigenvalues of the mixing matrix associated with the
communication network are strictly greater than —1/3. The
authors of [37], [38] proposed distributed stochastic gradient
tracking algorithms suitable for arbitrarily connected
communication networks. However, these algorithms only
achieve O(1/ VT) convergence rate, which is not a speedup.
Moreover, gradient tracking algorithms have the common
potential drawback that in order to track the global gradient, at
each iteration each agent needs to communicate one additional
p-dimensional variable with its neighbors. This results in
heavy communication burden when p is large. Note that all

aforementioned distributed SGD algorithms converge to
stationary points, which may be local or global optima, or
saddle points. None of existing studies on distributed SGD
algorithms consider finding the global optimum when the
global cost function satisfies some additional property, such as
the P-L condition studied for the parallel algorithms in [24],
[25]. Noting above, two core theoretical questions arise.

Q1) Are there any distributed SGD algorithms that are not
only suitable for arbitrarily connected communication
networks and any smooth cost functions but also find stations
points with the linear speedup convergence rate O(1/ VnT)?

Q2) If the P-L condition holds in addition, can the above
SGD algorithms find the global optimum with the linear
speedup convergence rate O(1/(nT)) as achieved in [24],
[25]?

B. Main Contributions

This paper provides positive answers for the above two
questions. More specifically, the contributions of this paper
are summarized as follows.

i) We propose a distributed primal-dual SGD algorithm to
solve the optimization problem (1). In the proposed algorithm,
each agent maintains the primal and dual variable sequences
and only communicates the primal variable with its neighbors.
This algorithm is suitable for arbitrarily connected communi-
cation networks and any smooth (possibly nonconvex) cost
functions.

i) We show in Corollary 1 that our algorithm finds a
stationary point with the linear speedup convergence rate
o1/ nT ) for general nonconvex cost functions, thus answers
Q1). Compared with [17], [21], [23], [25], [27], [30], [31],
[33]-[36], we achieve the same convergence rate but under
weaker assumptions related to network architectures and/or
cost functions, and compared with [37], [38], we not only
establish linear speedup but also just use half communication
in each iteration.

iii) We show in Theorem 3 that our algorithm finds a global
optimum with the linear speedup convergence rate O(1/(nT))
when the global cost function satisfies the P-L condition, thus
answers Q2). Compared with [24], [25], [34], [39]-[41], we
achieve the same convergence rate but under weaker
assumptions related to network architectures and/or cost
functions, and compared with [18], [26], [42]-[46], we not
only establish linear speedup but also relax the strong
convexity by the P-L condition.

iv) We show in Theorems 4 and 5 that the output of our
algorithm with constant parameters linearly converges to a
neighborhood of a global optimum when the global cost
function satisfies the P-L condition. Compared with [26],
[46]-[49], which used the strong convexity assumption, we
achieve the similar convergence result under weaker
assumptions on the cost function.

The detailed comparison of this paper with other related
studies in the literature is summarized in Table 1.

C. Outline

The rest of this paper is organized as follows. Section II
presents the novel distributed primal-dual SGD algorithm.
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TABLE I
COMPARISON OF THIS PAPER TO SOME RELATED WORKS
Reference  Problem type assE;t;?ion Communication network ~ Communicated variable Com;gﬁg(licsatlon Convergence rate
[17] Nonconvex ”%(}l_lfd;?” Star graph One quantized variable Om3/*T31%) O/ VnT)
1
Nonconvex o1/ NT)
[18] Strongly Identical Vf; Star graph One quantized variable o) ou/T
convex (A/T)
[21] Nonconvex B ' St h One full-information O3 T34
ounded ||V | ar grap variable (n ) O(1/VnT)
Bounded Star graph Two full-information 0T
23 Nonconvex y . O(1/NnT
23] IVfi= VAl Connected graph variables o) (1/ VnT)
[24] P-L condition Identical V f; Star graph One fu‘llz-;;iolzmatlon o((nT)'/3) O(1/(nT))
Nonconvex Identical Vf;, . ) O( \/nTlog(%)) O(1/ VnT)
[25] _exponentially Star graph One full-information
P-L condition  increasing batch variable Olog(T)) O(1/(nT))
Nonconvex 01/T?), ¥6 € (0,0.5)
[26] Strongly Bounded ||V ;| Connected graph One fu\l]L—;irg)ollématlon o(T) O(1/T); linearly to a neighbor
convex of the global optimum (constant
stepsize)
Bounded One full-information
[27] Nonconvex IV fi - V7l Connected graph variable o(T) O(1/VnT)
Bounded Uniformly jointly strongly One full-information —
[30] Nonconvex IVfi—= V£l connected digraph variable o) O(1/~NnT)
Bounded One compressed
[31] Nonconvex IV f - VA Connected graph Variallgle o(T) O(1/NnT)
[33] Nonconvex Bounded |[V£|| Strongly connected digraph ~ One quantized variable o) O(1/VnT)
Nonconvex O(1/ NnT)
One compressed .
[34] Strongly _ Bounded [V £ Connected graph variable Event-triggered 0(1/(nT))
convex
[35] Nonconvex Identical V f; Connected graph One fu\l]L—rlir;tl“;)ll;:matlon o312 \NT) O/ VnT)
The eigenvalues
of the mixing . .
[36] Nonconvex matrix are Connected graph One fu\l]la-;iriollématlon o(T) O(1/VnT)
strictly greater
than —1/3
[371, [38] Nonconvex No Connected graph Two full-information o) O /NT
> grap variables (1/NT)
Strongl One full-inf ti
[39] vomey Bounded [V £ Star graph e iable " O(NT]n) O(1/(nT))
Strongl O d
[40] e Bounded [V Connected graph ne compresse o) o1/
Strongly Two full-information
[41] CONVEx No Connected graph variables o(T) O(1/(nT))
Strongl . One full-inf ti
[42] cg(r):/%xy Identical Vf; Connected graph ne Varlir;l;)lgma ton o) o(1/T)
Strongly One full-information
[43] cOnvex No Connected graph variable ONT) oQ1/T)
Strongly Uniformly jointly strongly One full-information
[44] convex Bounded |V fil connected digraph variable o) o)
Strongly Connected graph in One full-information
[45] convex No expectation variable o) oQ/T)
r ; O(1/T); linearly to a neighbor
[46] Sctgﬁ?,giy No Connected graph One fuilarlir;iolrémanon o) of the globa;tgg;iigg;m (constant
. . Linearly to a neighbor of the
Strongl One full-inf t :
[47] C(r)?lr\llgxy No Connected graph ne uvarlir;bollgna ton o(T) global oggrr:;lirzr; )(constant
. . Linearly to a neighbor of the
[48] Strongly No Connected graph Two full-information o) global optimum (constant
convex variables stepsize)
. . Linearly to a neighbor of the
Strongl . Two full-inf t ¢
[49] C(r)(r)lr\llgxy No Strongly connected digraph wo l\llarilerllb;)er;na ton o) global ogtg;;rzne )(constant
Nonconvex o/ \/nT)
. , O(1/(T%), V6 € (0,1);
This paper o Connected graph One full-information o(T) linearly to a neighbor of the
P-L condition variable global optimum (constant
stepsize)
Bounded [ O(1/(nT))
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Section III analyzes its convergence rate. Numerical
experiments are given in Section IV. Finally, concluding
remarks are offered in Section V. To improve the readability,
all the proofs are given in the appendix.

Notations: Ngand N, denote the set of nonnegative and
positive integers, respectively. [n] denotes the sets {1,...,n} for
any ne€ N,. 1, (0,) denotes the column one (zero) vector of
dimension 7. col(zy,...,z) is the concatenated column vector
of vectors z; € RPi, i € [k]. ||-|| represents the Euclidean norm
for vectors or the induced 2-norm for matrices.

II. DISTRIBUTED PRIMAL-DUAL SGD ALGORITHM

In this section, we propose a novel distributed SGD
algorithm based on the primal-dual method.

Denote x = col(xy,...,x,), f(x) = > fitxi),and L= LI,
where L= (L;;) is the weighted Laplacian matrix associated
with the undirected communication graph G. Recall that the
Laplacian matrix L is positive semi-definite and null(L) = {1,;}
when G is connected [50]. The optimization problem (1) is
equivalent to the following constrained optimization problem:

ah Je
st.  L'"x=0,, )

Here, L'?=LY2®1,and L!/2 is the square root of the
positive semi-definite matrix L . Moreover, LYy = 0, is
equivalenttox = 1, ® x due to the fact that null(L'/?) = null(L) =
{1.}.

Let u € R™ denote the dual variable. Then the augmented
Lagrangian function associated with (2) is

Alx,u) = f(x)+ %xTLx +Bul L'2x 3)

where @ > 0 and 8 > 0 are parameters to be designed later.
Based on the primal-dual gradient method, a distributed
SGD algorithm to solve (2) is

Xpa1 = X — (el + B L u + g) (4a)

(4b)

where 7 > 0 is the stepsize at iteration k£, a; >0 and S; >0
are the values of the parameters o and f at iteration £,

respectively, and gz = col(g’fk, ... ,gl’; ) with g;‘k = gi(Xik.éik)
being the stochastic gradier{t of fi at Xik and &ix being a
random variable. Denote vi = col(vi g, ...,Vnk) = L'?uy. Then
the recursion (4) can be rewritten as

Uupr1 = wy + B L xy, Vxo, ug € R

(52)

Xir1 = X — Ml Lxy + Brvic + g7)
n
Vi1 = Vi + B Lxy, Yxo € R, Z vio=0,.
=

(5b)

The initialization condition ¥_;vjo =0, is derived from
vo = L'%uy, and it is easy to be satisfied, for example,
Vi = 01,, Vi€ [n], or vip = Z}}:l Ll'jx]"(), Vi € [n]. Note that (5)
can be written agent-wise as

n
Xik+l = Xif — le(a/k Z Lijxjp+Brvik + gﬁfk) (6a)
J=1

n
Vik+l = Vik + Bk Z Lijxjk,
=
in,() S RP, Vio = Op, Yie [n] (6b)

This corresponds to our proposed distributed primal-dual
SGD algorithm, which is presented in pseudo-code as
Algorithm 1.

Algorithm 1 Distributed Primal-Dual SGD Algorithm

1: Input: parameters {ax}, {8k}, {7k} € (0, +0).
2: Initialize: x;o € R? and vio = 0,, Vi € [n].
3:for k=0,1,... do

4: fori=1,...,nin parallel do

5 Broadcast x;x to A; and receive xji from je N;;
6 Sample stochastic gradient g;(x;,&ix);
7. Update x;+1 by (6a);

8 Update Vik+1 by (6b)

9: end for

10: end for

11: Output: {x}.

It should be pointed out that {a}, {8k}, {nx}, x0, vo, and v in
Algorithm 1 are deterministic, while {x;}x>; and {vi}r>> are
random variables generated by Algorithm 1. Let & denote the
o-algebra generated by the random variables &1 ,...,&x and
let F; = U’;zl &s. It is straightforward to see that x; and iy
depend on F_ and are independent of &, for all s > k.

III. CONVERGENCE RATE ANALYSIS

In this section, we analyze the convergence rate of
Algorithm 1. The following assumptions are made.

Assumption 1: The undirected communication graph G is
connected.

Assumption 2: The minimum function value of the
optimization problem (1) is finite.

Assumption 3: Each local cost function f; is smooth with
constant Ly >0, i.e.,

(IV£i(x) = Vil < Lellx=yll, Yx,y € RP. @)
Assumption 4: The random variables {&;, i € [n], k € Ny}
are independent of each other.
Assumption 5: The stochastic estimate g;(x,&;x) is unbiased,
i.e., forall i € [n], k € Ny, and x e R?,

E-fi,k [gi(x,&ix)] = Vfi(x). (8)

Assumption 6: The stochastic estimate g;(x,&x) has
bounded variance, i.c., there exists a constant ¢ such that for
alli € [n], ke Ng, and x e R?,

E¢, [lgi(x.&0 - VA®IP1 < o2 ©9)

Remark 1: The bounded variance assumption (Assumption
6) is weaker than the bounded second moment (or bounded
gradient) assumption made in [11]-[13], [15], [19], [21], [26],
[28], [33], [34], [39], [40], [44], [51]. Moreover, note that we
make no assumption on the boundedness of the deviation
between the gradients of local cost functions. In other words,
we do not assume that 1 ¥ |V £i(x) - V£()|* is uniformly
bounded, a common assumption made in studies of deep
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learning, e.g., [17], [21], [23], [27], [29]-[31]. Also, we do not
assume that the mean of each local stochastic gradient is the
gradient of the global cost function, i.e., E¢[gi(x,8)] = Vf(x),
VYx eRP, Vi€ [n], which is commonly assumed in studies of
empirical risk minimization and stochastic optimization, e.g.,
[14], [16], [18], [20], [22], [24], [25], [32], [35], [42].

A. Find Stationary Points

Let us consider the case when Algorithm 1 is able to find
stationary points. We have the following convergence results.

Theorem 1: Suppose Assumptions 1-6 hold. Let {x;} be the
sequence generated by Algorithm 1 with

K
ay = K1Bk, Br =B, nk=’8—i, Yk € No (10)
where k; >c), k2 €(0,c2(k1)), and B> co(k,k2) with
co(k1,k2), c1, ca(kp) > 0 defined in Appendix B. Then, for any
T eN,,

19 1 1
;E an,k 5| =0 +0(5) (11a)
1T—l 2[3
?kzoEqu(xk)n]—O( )+ (%>

+0(= )+O(E) (11b)
E[f(i)]-f* = 0(1)+O( ﬂ2>+0<ﬁ> (11c)

where f* is the minimum function value of the optimization
problem (1) and X = L 37| xjy.

Proof: The explicit expressions of the right-hand sides of
(11a)—(11c) and the proof are given in Appendix B. It should
be highlighted that the omitted constants in the first two terms
on the right-hand side of (11b) do not depend on any
parameters related to the communication network. [ ]

Noting the right-hand side of (11b) and f(Xp)—f* = O(1),
the linear speedup (w.r.t. number of agents) can be established
if we set 8 = k» VT / v/, as shown in the following.

Corollary 1 (Linear Speedup): Under the same assumptions

as in Theorem 1, let B=k; \T/+/n. Then, for any
T > max{n(co(k1,&2)/k2)?, n},
lZE an %] = o) (120)
T £ ik — Ak T
1 Il
— > ElV/EIF = (12b)
= Vi
E[f(xr)]-f"=0(). (12¢)
Remark 2: It should be highlighted that the omitted

constants on the first term in the right-hand side of (12b) do
not depend on any parameters related to the communication
network. The same linear speedup result as in (12b) was also
established by the SGD algorithms proposed in [17], [21],
[23], [25], [27], [301], [31], [33]-[36]. However, in [17], [23],
[27], [30], [31], the additional assumption that the deviation
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between the gradients of local cost functions is bounded was
made; in [21], [33], [34], it was required that each local
stochastic gradient has bounded second moment; in [25], [35],
it was assumed that the mean of each local stochastic gradient
is the gradient of the global cost function; and in [36], it was
required that the eigenvalues of the mixing matrix are strictly
greater than —1/3. Moreover, the algorithms proposed in [17],
[25] are restricted to a star graph; the distributed momentum
SGD algorithm proposed in [23] requires each agenti to
communicate one additional p -dimensional variable besides
the communication of x;; with its neighbors at each iteration;
and the algorithm proposed in [25] requires an exponentially
increasing batch size, which is not favorable in practice.
Under the same conditions, the well known O(1/VT)
convergence rate, which is not a speedup, was achieved by the
distributed stochastic gradient tracking algorithm proposed in
[37], [38]. Moreover, similarly to the distributed momentum
SGD algorithm proposed in [23], one potential drawback of
the distributed stochastic gradient tracking algorithms is that
at each iteration each agent needs to communicate one
additional variable. The potential drawbacks of the results
stated in Corollary 1 are that i) we do not consider
communication efficiency, which was considered in [17],
[21], [25], [31], [33]-[35]; and ii) we consider undirected
graphs rather than directed graphs as considered in [30], [33].
We leave the extension to the (time-varying) directed graphs
with communication efficiency as future research directions.

B. Find Global Optimum

Let us next consider the case when Algorithm 1 finds global
optimum. The following assumption is crucial.

Assumption 7: The global cost function f(x) satisfies the
Polyak-Lojasiewicz (P-L) condition with constant v > 0, i.e.,

1
§||Vf(x>||2 > v(f(x)- f*), Vx € RP. (13)

It is straightforward to see that every (essentially or weakly)
strongly convex function satisfies the P-L condition. The P-L
condition implies that every stationary point is a global
minimizer. But unlike (essentially or weak) strong convexity,
the P-L condition alone does not imply convexity of f.
Moreover, it does not imply that the global minimizer is
unique either [52], [53].

Various practical applications, such as least squares and
logistic regression, do not always have strongly convex cost
functions. The cost function in least squares problems has the
form

fx) =

where A e R"™*P and b € R™. Note that if 4 has full column
rank, then f(x) is strongly convex. However, if 4 is rank
deficient, then f(x) is not strongly convex, but it is convex and
satisfies the P-E condition. The function f(x) = x> +3sin(x)
givenin[52]is an example of anonconvex function satisfying the
P-L condition with v = 1/32. Moreover, it was shown in [54]
that the loss functions in some applications satisfy the P-L
condition in the region near a local minimum. Moreover, [55]

1
EnAx—bn2
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proved that the cost function of the policy optimization for the
linear quadratic regulator problem is nonconvex and satisfies
the P-L condition. More examples of nonconvex functions
satisfying the P-L condition can be found in [52], [53].

Although it is difficult to precisely characterize the general
class of functions for which the P-L condition is satisfied, in
[52], one important special class was given as follows:

Lemma 1: Let f(x)=g(Ax), where g : R? — R is a strongly
convex function and A e RPXP is a matrix, then f satisfies the
P-L condition.

We have the following global convergence results.

Theorem 2: Suppose Assumptions 1-7 hold. For any given
T > (co(k1,k2)/k2)'/?, let {xo,...,xr} be the sequence
generated by Algorithm 1 with

K2

a = ki, e =ko(T+ DY, gy = B Yk<T (14)
where 0 € (0,1), k1 > c1, k2 € (0,c¢3(k1)). Then,
1 ¢ s 1
E[;;nx,-,r—xru |=0( (15a)
) - f ! ! 15b
E[f(xr)-f'1= O(m)+o(ﬁ)~ (15b)

Proof: The explicit expressions of the right-hand sides of
(15a) and (15b), and the proof are given in Appendix C. It
should be highlighted that the omitted constants in the first
term on the right-hand side of (15b) do not depend on any
parameters related to the communication network. ]

From Theorem 2, we see that the convergence rate is strictly
greater than O(1/(nT)). In the following we show that the
linear speedup convergence rate O(1/(nT)) can be achieved if
the P-L constant v is known in advance and each f* > —oo,
where f* = minegp fi(x). The total number of iterations T is
not needed.

Theorem 3 (Linear Speedup): Suppose Assumptions 1-7
hold, and the P-L constant v is known in advance, and each
f# > —oo. Let {x;} be the sequence generated by Algorithm 1
with

K
ay = K1Bk, Br = Kok +11), nk=’8—i, Yk € No (16)
where kg € [égvka/4,vka/4), k1 >c1, k2 €(0,é2(x1)), and

t1 > &3(ko,k1,k2) with &y € (0,1) being a constant, ¢,(k;) and
&3(ko,k1,k2) defined in Appendix D. Then, for any T € N,

E[}l;nm—xﬂﬁ] =0 (172)

1 1
Elf(r) - f7] =O(ﬁ)+0(ﬁ). (17b)

Proof: The explicit expressions of the right-hand sides of
(172) and (17b), and the proof are given in Appendix D. It
should be highlighted that the omitted constants in the first
term on the right-hand side of (17b) do not depend on any
parameters related to the communication network. [ ]

Remark 3: 1t has been shown in [51] that O(1/T) conver-
gence rate is optimal for centralized strongly convex optimi-
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zation. This rate has been established by various distributed
SGD algorithms when each local cost function is strongly
convex, e.g., [18], [26], [42]-[46]. In contrast, the linear
speedup convergence rate O(1/(nT)) established in Theorem 3
only requires that the global cost function satisfies the P-L
condition, but no convexity assumption is required neither on
the global cost function nor on the local cost functions. The
SGD algorithms in [24], [25], [34], [39]-[41] also achieve the
same linear speedup convergence rate. However, the algori-
thms in [24], [25], [39] are restricted to a star graph, while our
algorithm is applicable to an arbitrarily connected graph.
Moreover, [24], [25] assumed that the mean of each local
stochastic gradient is the gradient of the global cost function,
and 7 has to be known to choose the algorithm parameters.
The algorithm in [25] furthermore requires an exponentially
increasing batch size, which is not favorable in practice. In
[39], it was assumed that the global cost function is strongly
convex. In [34], [39], it was assumed that each local stochastic
gradient has bounded second moment. In [34], [40], [41], it
was assumed that each local cost function is strongly convex.
It is one of our future research directions to achieve linear
speedup with reduced communication rounds and communi-
cation efficiency for an arbitrarily connected graph.

Theorem 3 shows that the convergence rate to a global
optimum is sublinear when we allow the parameters to be
time-varying. The following theorem establishes that the
output of Algorithm 1 with constant algorithm parameters
linearly converges to a neighborhood of a global optimum.

Theorem 4: Suppose Assumptions 1-7 hold. Let {x;} be the
sequence generated by Algorithm 1 with

K
= =KB, Br =B, ,,kznzﬁz, Vk € Ny (18)

where k1 >c1, k2 €(0,c2(k1)), and B> co(ki,k2) with
co(k1,k2), c1, ca(k1) > 0 defined in Appendix B. Then,

B[ " lig 5P + F 50 - /]
i=1

<( —778)kC4+C5770'2, Vk e N, (19)
where e£€(0,1/n), c4, cs>0 are constants defined in
Appendix E.

Proof: The proof is given in Appendix E. [ ]

Remark 4: Tt should be highlighted the P-L constant v is not
used to design the algorithm parameters. Therefore, the
constant v does not need to be known in advance. Similar
convergence result as stated in (19) was achieved by the
distributed SGD algorithms proposed in [26], [46]-[49] when
each local cost function is strongly convex, which obviously is
stronger than the P-L condition assumed in Theorem 4. In
addition to the strong convexity condition, in [26], it was also
assumed that each local cost function is Lipschitz-continuous.
Some information related to the Lyapunov function and global
parameters, which may be difficult to get, were furthermore
needed to design the stepsize. Moreover, in [46]-[49], the
strong convexity constant was needed to design the stepsize
and in [48], [49], a p-dimensional auxiliary variable, which is
used to track the global gradient, was communicated between
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agents. The potential drawbacks of the results stated in
Theorem 4 are that i) we consider undirected graphs rather
than directed graphs as considered in [49]; and ii) we do not
analyze the robustness level to gradient noise as [46] did. We
leave the extension to the (time-varying) directed graphs and
the robustness level analysis as future research directions.

Note that the unbiased assumption, i.e., Assumption 5, can
be removed, as shown in the following.

Theorem 5 (Biased SGD): Suppose Assumptions 1-4, 6,
and 7 hold. Let {x;} be the sequence generated by Algorithm 1
with

K
ak=a=m/3,ﬁk=ﬁ,nk=n=§,VkeNo (20)

where k1 >c1, k2 €(0,c2(k1)), and B> Co(ky,k2) with
Co(k1,42) >0 and ¢y, cp(ky) > 0 defined in Appendices F and
B, respectively. Then,

n
Bl ) i~ 50l + GO - 1]
e
<(1-nefes+&s02, Yk e N, 1)
where €€ (0,1/n), c4 >0and ¢s >0 are constants defined in
Appendices E and F, respectively.
Proof: The proof is given in Appendix F. [ |
Remark 5: By comparing (19) with (21), we can see that no
matter the unbiased assumption holds or not, the output of
Algorithm 1 with constant parameters linearly converges to a
neighborhood of a global optimum, but the size of
neighborhood is different. Specifically, in (19) the size of
neighborhood is in an order of O(r), while it is O(1) in (21).
When true gradients are available, i.e., oo = 0, then from (19)
or (21) we know that a global optimum can be linearly found.
It should be highlighted that this linear convergence result is

established under the P-L condition and the P-L constant is
not used to design the algorithm parameters. These are two

advantages since in existing studies obtaining linear
convergence for distributed smooth optimization, e.g.,
[56]-[58], it is standard to assume (restricted) strong

convexity, which is stronger than the P-L condition, and to use
the convexity parameter.

IV. SIMULATIONS

In this section, we evaluate the performance of the proposed
distributed primal-dual SGD algorithm through numerical
experiments. All algorithms and agents are implemented and
simulated in MATLAB R2018b, run on a desktop with Intel
Core 15-9600K processor, Nvidia RTX 2070 super, 32 GB
RAM, Ubuntu 16.04.

A. Neural Networks

We consider the training of neural networks (NN) for image
classification tasks of the database MNIST [59]. The same NN
is adopted as in [28] for each agent and the communication
graph is generated randomly. The graph is shown in Fig. 1 and
the corresponding Laplacian matrix L is given in (22). The
corresponding mixing matrix W is constructed by Metropolis
weights, which is given in (23).
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Fig. 1. Connection topology.
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1/4 3/10 1/4 1/5 0
0 1/4 3/10 1/5 O
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We 0 0 /5 7/15
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0 0 0 0 0
0 0 0 0 0
0 1/4 0 0 0
1/5 0 0 0 0
1/3 0 0 0 0
. (23)
7/15 0 0 0 0
0 5/12 1/73 0 0
0 1/3 1/3 1/3 0
0 0 1/3 1/3 1/3
0 0 0o 1/3 2/3 ]

Each local neural network consists of a single hidden layer
of 50 neurons, followed by a sigmoid activation layer,
followed by the output layer of 10 neurons and another
sigmoid activation layer. In this experiment, we use a subset
of MNIST data set. Each agent is assigned 2500 data points
randomly, and at each iteration, only one data point is picked
up by the agent following a uniform distribution.

We compare our proposed distributed primal-dual SGD
algorithm with time-varying and fixed parameters (DPD-
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SGD-T and DPD-SGD-F) with state-of-the-art algorithms:
distributed momentum SGD algorithm (DM-SGD) [23],
distributed SGD algorithm (D-SGD-1) [26], [27], distributed
SGD algorithm (D-SGD-2) [28], D?[36 ], distributed
stochastic gradient tracking algorithm (D-SGT-1) [37], [49],
distributed stochastic gradient tracking algorithm (D-SGT-2)
[38], [48], and the baseline centralized SGD algorithm (C-
SGD). We list all the parameters! we choose in the NN
experiment for each algorithm in Table II.

TABLE II
PARAMETERS IN EACH ALGORITHM IN NN EXPERIMENT
Algorithm Mk g Br
DPD-SGD-T 0.08//(1075 4k10‘5 3k10‘5
DPD-SGD-F 0.03 5 20
DM-SGD [23] 0.1 x 0.8
D-SGD-1 [26], [27] 0.1 x x
D-SGD-2 [28] x 0.1/(105k+1)  0.2/(1073k+1)°3
D2 [36] 0.01 x x
D-SGT-1 [37], [49] 0.01 x x
D-SGT-2 [38], [48] 0.01 x x
C-SGD 0.1 x x

We demonstrate the result in terms of the empirical risk
function [60], which is given as

n my, 9

R(z) = —% > mi >0 winyicx,2)

i=1 " j=1 k=0

+(1 =1 In(1 - yk(x,2)))
where m,, indicates the size of data set for each agent, #
denotes the target (ground truth) of digit £ corresponding to a
single image, x is a single image input, z = (z(V,z?) with z(1)
and z'» being the weights in the 2 layers respectively, and
vk € [0, 1] is the output which expresses the probability of digit
k=0,...,9. The mapping from input to output is given as

50 28x28
yk(x,2) = O’[Z z,f}a[ Z zi.‘li)x,-]]
j=0 i=0
where o (s) = m is the sigmoid function.

Fig. 2 shows that the proposed distributed primal-dual SGD
algorithms with time-varying parameters converges almost as
fast as the distributed SGD algorithm in [26], [27] and faster
than the distributed SGD algorithms in [28], [36]-[38], [48],
[49] and the centralized SGD algorithm. Note that our
algorithm converges slower than the distributed momentum
SGD algorithm [23]. This is reasonable since that algorithm is
an accelerated algorithm with extra requirement on the cost
functions, i.e., the deviations between the gradients of local
cost functions are bounded, and it requires each agent to
communicate three p-dimensional variables with its neighbors
at each iteration. The slopes of the curves are however almost
the same. The accuracy of each algorithm is given in Table III.

I Note: the parameter names are different in each paper.

102
s
= 100 ﬁ‘*\::Q\\
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5 RN
=] \{‘\\\ \
& e DPD-SGD-T NN N
g 102 f— - DPD-SGD-F NN
= DM-SGD in [23] ANIEN
£ — —- D-SGD-1 in [26], [27] N
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m 10 D?in [36]
——- D-SGT-1in [37], [49]
----- D-SGT-2 in [38], [48]
——- C-SGD
10° ; : T . .
10° 10! 10 10 104 108 106
Iteration k
Fig. 2. Empirical risk.
TABLE III
ACCURACY ON EACH ALGORITHM IN NN EXPERIMENT
Algorithm Accuracy
DPD-SGD-T 93.04%
DPD-SGD-F 92.76%
DM-SGD [23] 93.44%
D-SGD-1 [26], [27] 92.96%
D-SGD-2 [28] 92.88%
D2 [36] 90.44%
D-SGT-1[37], [49] 92.88%
D-SGT-2 [38], [48] 92.96%
C-SGD 93%

B. Convolutional Neural Networks

Let us consider the training of a convolutional neural
networks (CNN) model. We build a CNN model for each
agent with five 3x3 convolutional layers using ReLU as
activation function, one average pooling layer with filters of
size 2x2, one sigmoid layer with dimension 360, another
sigmoid layer with dimension 60, one softmax layer with
dimension 10. In this experiment, we use the whole MNIST
data set. We use the same communication graph as in the
above NN experiment. Each agent is assigned 6000 data
points randomly. We set the batch size as 20, which means at
each iteration, 20 data points are chosen by the agent to update
the gradient, which is also following a uniform distribution.
For each algorithm, we do 10 epochs to train the CNN model.

We compare our algorithms DPD-SGD-T and DPD-SGD-F
with the fastest ones for the neural networks case, i.e., DM-
SGD [23], D-SGD-1 [26], [27], and C-SGD. We list all the
parameters we choose in the CNN experiment for each
algorithm in Table IV.

We demonstrate the training loss and the test accuracy of
each algorithm in Figs. 3 and 4 respectively. Here we use
Categorical Cross-Entropy loss, which is a softmax activation
plus a Cross-Entropy loss. We can see that our algorithms
perform almost the same as the DM-SGD and better than the
D-SGD-1 and the centralized C-SGD. The accuracy of each
algorithm is given in Table V.
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TABLE IV
PARAMETERS IN EACH ALGORITHM IN CNN EXPERIMENT
Algorithm Mk k B
DPD-SGD-T 0.5/k107 0.5k107 0.1£107°
DPD-SGD-F 0.5 0.5 0.1
DM-SGD [23] 0.1 x 0.8
D-SGD-1 [26], [27] 0.1 x x
C-SGD 0.1 X X
2.5 T T T T
--2-- DPD-SGD-T
—© - DPD-SGD-F
2.0 DM-SGD in [23]
‘\ —x- D-SGD-1 in [26], [27]
" \ —-- C-SGD
EREI N
A \
g & x
'g kY X
Lo\
\ \
\ el
0.5 K\\ﬁ \'\*
. . e
~f—-g-p— C_-:{‘::-_ _5 ==3
0 . .
1 2 3 4 5 6 7 8 9 10
Epochs
Fig. 3. CNN training loss.
1.0
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Fig. 4. CNN accuracy.
TABLE V
ACCURACY ON EACH ALGORITHM IN CNN EXPERIMENT
Algorithm Accuracy
DPD-SGD-T 94.75%
DPD-SGD-F 93.17%
DM-SGD [23] 94.29%
D-SGD-1 [26], [27] 92.96%
C-SGD 89.91%

V. CONCLUSIONS

In this paper, we studied distributed nonconvex optimiza-
tion. We proposed a distributed primal-dual SGD algorithm
and derived its convergence rate. More specifically, the linear
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speedup convergence rate O(1/ VnT) was established for
smooth nonconvex cost functions under arbitrarily connected
communication networks. The convergence rate was
improved to the linear speedup convergence rate O(1/(nT))
when the global cost function additionally satisfies the P-L
condition. It was also shown that the output of the proposed
algorithm with constant parameters linearly converges to a
neighborhood of a global optimum. Interesting directions for
future work include achieving linear speedup under the P-L
condition while considering communication reduction.

APPENDIX

A. Notations and Useful Lemmas

I, is the n-dimensional identity matrix. The notation A® B
denotes the Kronecker product of matrices 4 and B. null(A) is
the null space of matrix 4. Given two symmetric matrices
M,N, M > N means that M — N is positive semi-definite. p(-)
stands for the spectral radius of a matrix and p,(-) indicates the
minimum positive eigenvalue for a matrix having positive
cigenvalues. For any square matrix 4, ||x||} denotes x” Ax. [-]
and | -] denote the ceiling and floor functions, respectively. For
any x € R, [x]; is the positive part of x. 1, is the indicator
function. For any n € Ny, n! is the factorial of .

Denote K,=1I,-11,17, K=K,®I, H=1i1,1¢I,),
% = 1<1T®I,,>xk, 5 =1,0% g=V ), & =Hg,
g)=Vfi(x), 8 =HgY=1,8Vf(X),and g* = Hg!.

The following results are used in the proofs.

Lemma 2 (Lemma 1.2.3 in [61] and Lemma 3 in [62]): If
the function f(x): R” = R is smooth with constant L; >0,
then,

L .
)= Fx) - (=0T V)| < 7’||y—xn2 (24a)

IVFOOIP <2Ly(f(x) = f*), Yx,y € R (24b)

where f* = minegy f(x).

Lemma 3 (Lemmas 1 and 2 in [63]): Let L be the Laplacian
matrix of the graph G. If Assumption 1 holds, then L is
positive semi-definite, null(L) = null(K},,) = {1,}, L <p(L)I,,
p(Ky) =1,

K,L=LK,=L (25)
0<p2(L)K, < L<p(L)K,. (26)
Moreover, there exists an orthogonal matrix [r R] € R™"

with r = %1,, and R e R™-D such that
RAT'RTL=LRA]'R™ =K, 27)
Lk <raR <Lk (28)

p) T Ty

where A =diag([12,...,4,]) with 0 < Ap <--- <4, being the

eigenvalues of the Laplacian matrix L.
Lemma 4: Let a € (0,1) be a constant, then

(1-a' <

Vk,T € Ny. (29)

k!
(aT)k

Proof: For any constant a € (0,1), we have In(1 —a) < —a.
Thus,
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(1-a) <e™T, VT € Ny.
For any constant x>0, we have e¢*> ),i—l: Vk € Ng. This
result together with (30) yields (29). [ ]

Lemma 5: Let {zx}, {r1x}, and {r2x} be sequences. Suppose
there exists #; € N such that

(30)

z%=>0 (31a)

Zer1 (U —ripzk+rak (31b)
aj

1> > —

Tk 2 k+11p (€219
ok < @ Vk e N 31d
2k < G2 0 (31d)

where 6§ > 0, a; > 0, and a, > 0 are constants.
1) If 6 = 1, then,
7k < ¢1(k,t1,a1,a2,20), Yk € Ny (32)
where
IGIZO ar
k9t 9 9 9 = 1 +
potan @)= g e G -1
+4a2S1(k+t1) (33)
and
1
T ] >1
@-ne T
In(k—1) ,
s1(k) = T ifar=1
_ a1—1
_h ifa;<1.
(a1 —Dkn
i) If 6 = 0, then,
2k < pa(k,t1,a1,a2,20), Yk e N, (34)
where
ok, ty,a1,a2,20)
= (1-az0+ar(1 —a)*" ([ - 0114 52(t1)
(R PEE ()
1 _ 2a
(k+t)—1>13)<U2 (35)

+
—ln(l —a)k+t)%(1-ay)
s2(k) = 2 1 )k I = rln(l__2a])-|a and 3= rln(l_fal)l
Proof: 1) From (31a)—(31c), for any k € N, it holds that

k=2 k-1

Zk<l_[(1_r1‘r)10+’"2k 1+Z l_[ (I=r10)ry.

1=0 t=I+1
For any 7€ [0,1], it holds that 1—¢<e™" since s3(f) = 1-
t—e™" is a non-increasing function in the interval [0, 1]. Thus,
for any k > [ > 0, it holds that

k-1

k-1
[Ja-rin<eZmmns
T=[

(36)

(37)

We also have

k—1 k—1 k—1+1
aq aj
Iz E p = E —
+
T=[ T=[ 1 T=Il+1; T

> LMI Yo = ai(Intk+1) —In(l+11)) (38)

=I+
where the first inequality holds due to (31c) and the second
inequality holds since s4(f) = a;/t is a decreasing function in
the interval [1, +00).
Hence, (37) and (38) yield

(I+n)"

(k+l1)“1 (39)

k
ﬂ(l—m)<e SEEP S A -

We have

k=2

=
—_

S (+0+ DM ap
(k+1)a (I+1)?

MT

(I=ri oy <

=0 7=I+1 [

+
I
NO

S I+t + 1% ar
t
k104 (i)

IA

=0

1 -
P 1y )
k) L (4 +1)?

k+t1—-1
Z la|—2
I=t1+1
where the first inequality holds due to (39) and (31d).
From (36), (39), and (40), we have (32).
ii) Denote a =1 —a;. From (31c¢) and 6 =0, we know that
a; €(0,1). Thus, a € (0,1).
From (31a)—(31d) and ¢,

4a2

T ht)@ (40)

=0, for any k € N, it holds that

k=1
z < (1—ap)rzo+ Z(l —a)) "y,

k=1

_ 1
< d'z0 + apd! Z —_—
= (T+1)?a™"

(41)

We have

k-1 k-1

(T+t1)2a7+’l B Z 2a7

=0

-1 -1 k+t1—1

= Z so(7T) + Z s2(T) + Z 52(7).

T=I T=Ip T=I3

(42)

We know that s»(f) = 1/(r2a") is decreasing and increasing
in the intervals [1,#; — 1] and [#;, +00), respectively, since

ds;t(t) =-s z(t)( +In(@) <0, v (0 %1
ds;t(t) <t)( +In(@) >0, \”e[l (@’ )

Thus, we have

-1

D 5@ < —k)sk), Y €[1,n-1]

T=k1

(43a)
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13-1

D 9@ < (5-k)sa(t3), Vho € [12, 13— 1] (43b)

T=ko

ks ka+1

PR L sy (0)dt, Yk > 13. (43¢)
3

=13 N

Denote b = 1/a. We have

k3+1 k3+1 bt
L s (t)dt = f 2 —dt

_ fk3+1 1 db!
5 In(b)?

bk3+1 bt3 ky+1 sz
= - T
In(b)(ks +1)?  Inb)2  Jis In(b)r?
prs*l ky+1
S——— =+ ndt
In(b)(ks + 1) L oyt
bk3+1 2 k3+1
< + Ndt
@)k + 12 In(b)ts Ls 520
bk3+1

1 k3+1
+> L sy (D)dt

= In(b)(ks + 1)2 (44)

where the last inequality holds due to 3 = Fﬁ'l > ﬁ =
4
In(®)*

From (43c) and (44), we have

k3
-2
< , Yk3 > 13. 45
; 52(7) < @Gt gt 7k 13 (45)
From (41), (42), (43a), (43b), and (45), we get (34). [ ]

Lemma 6. Suppose Assumptions 1 and 3—6 hold. Then the
following holds for Algorithm 1:

Eg [Wiks1] < Wi — el

nkar L= K =3 o L2 = 3 ni(1+5m0) L3 K

1 2
T 0 0
—niPBix K(vie+ -8 +Hvk+—g ”
K Br ) B 3ngix
+ 2n0’277,% (46)
where Wy ; = %lekII%(.

Proof: Noting that V£ is Lipschitz-continuous with constant
Ly > 0 since Assumption 3 is satisfied, we have that

lgp - gull® < L711%x — xil® = LIl (47)

From Assumptions 4-6, we know that
Eg, [g/]1= g« (48a)
Eg lllgj - g’ < no. (48b)

From (47), (48b), and the Cauchy-Schwarz inequality, we
have

Ez, (g0 - 241’1 = Eg, [llg? - g + g — £411°]
<2llg? — gll® +2Eqy [llgx — g41]
< 2L2||xk|| 2 +2n0?. (49)

We have
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1
Eg Wike] = g [ 5 el |
1 uy(12
= Eg [ lhe ~ menLoxic+Bvi + gl

1 2 2 2
_Ukak”xk”LZ

1
= Eg [l ~manlieel + 5

1
— ] (L = ke LK (vi+ ﬁ—kg,‘:)

5o 5

1
= Euxkn%( - ||xk|| —niBixt (L

ayL— r] (zsz

1, 1 1,
- DK(vi+ —g +—8gc——§&
( Bk BT Bk )

+ = TIkIBkETk [”vk ta gk +ﬁigk B gigl(c)HZ]

< _
< Wik ||xk||n L biPalL?

- leﬁkx/{K(Vk + ﬂlgi)

012
+ —lekIIK + —Ing - gl

1 2 2 2 202 1 0 2
+§77ka’k”xk”L2+_nkﬂk”"k"'_ngK

1 2
+ 2ﬂkakllxklle +3 nkllgk - gl

1
e —g2|1K+n£Em[ng,‘: ~glIP)

= Wi g —Ilxell?

kLt K-3 ;72 2L2
+—(1+nk)||gk—gk||2+nkEwk[||gk gk||21
—miBix K(vi+ lg0)+||vk+ . — g (50)
k ﬁk k ﬁ k 3 2,[52K

where the second equality holds due to (5a); the third equality
holds due to (25) in Lemma 3; the fourth equality holds since
xi and vy are independent of §; and (48a), respectively; and
the inequality holds due to the Cauchy-Schwarz inequality and
o(K)=1.

Then, from (47), (49), and (50), we have (46). [ ]

Lemma 7: Suppose Assumptions 1 and 3 hold, and {8} is
non-decreasing. Then the following holds for Algorithm 1:

1
Waket < Wag+ (1 +wmiBexy (K +k L)(vi + ﬁg,?)

+ l(77k+wk+7]kwk)( ! +K1)Hvk+ igOHZ
2 p2(L) B>kl
+ ||xk||(1+wk)n2B2(L+K1L2)
Tk 12113412
+ ﬁ—i(nk+§)<1+wk>( (L) + &1 ) L3184

C2))

1 2 0 2
+ = + +
Z(pz(L) Kl)(wk W)llgsr
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where  Way = v+ 5 7 gk||Q+Kl v Q=RA'RT®I, with
matrices R and AII given in Lemma 3, wy = ﬁlk -
k1 > 0 is a constant.

Proof: Denote v = 1(17 ®I,,)vy.. Then, from (5b), we know

that

1
Br+1’ and

Vel = Vi (52)
Then, from (52) and }.7_, vio = 0, it can be obtained that
=0, (53)
Then, from (53) and (5a), we have
X1 = X — M8y (54)
Since V£ is Lipschitz-continuous and (54), we have
gl — gUI7 < LA%e — %ell® = mpL3121I>. (55)

We know that wy > 0 since {8} is non-decreasing. We have

Wi = 5o+ 5 sl
2,k+1 = ) Vil + Biat —— 81 0+, K
1 I o 1 Iy o |2
o gt (= e
1 I o |2
< 5(1 +wk)”vk+1 +,8_kgk+] 0+x,K

1 2 0 2
+ E(wk+wk)||gk+l||Q+K|K (56)

where the inequality holds due to the Cauchy-Schwarz

inequality.
For the first term on the right-hand side of (56), we have
1 “ N I o |2
2 Vet Bk 8kt 0+ K
0
2HVk+ gk +le[5’ka/¢+'3 (8rs1 — gk) 0K
1 H 1 2
- 2 ﬁ gk Q+K1K

1
+ iy (K + ki L)(vi + ﬁ—kgz)

1
2 0 _ 502
+||xk”%n,%ﬁ£(L+K1L2)+ 2ﬂi“gk+1 gk||Q+K1K

1 1 T
+—(vi+ g +meBiLxe) (Q+rxiK)(gl,, — &)
Bk Br
1
< Wag+miBixy (K + KIL)(Vk + ﬁ—kg/?)
2 g2, - g0
k 1 2/32(L+K L2) Zﬁi k+1 KO+ K
le” L o2 1 0 0,2
+ =y + — +— -
> k ﬁkgk 0+ K anﬁi”gkﬂ gk”Q+K|K

[y 2 1. o 02
+ Enkﬁk”ka”QHlK + %||gk+l _gk||Q+K|K

_ T 1 0
= o+ mipex (K + ki L)(vi + ﬁ_kgk)

+
||xk”nkﬁ2(L+K1 " “ ng L@+ K)

1
+—(1+—)Ig%,, — g2
ﬁi( an)”gkﬂ gk“Q+K1K
1
< Wa+ i (K +k L)+ ﬁ—gi)

2
+ el

B+ L) T “ gk“

277k(Q+K1K)
1 1 1

+ (1 5 (s +x)llggs — 801
ﬁz( iy ek =k

1
< Wa +miexy (K + k1 L)(vic + —g7)

B
+||xk|| 2/32(L+/<1L2) “ gk||27lk(Q+K1K)
1 1 »
+ Z—%(nﬁg)(%m)@nguﬁ (57)

where the first equality holds due to (5b); the second equality
holds due to (25) and (27) in Lemma 3; the first inequality
holds due to the Cauchy-Schwarz inequality; the last equality
holds due to (25) and (27) in Lemma 3; the second inequality
holds due to p(Q + k1K) < p(Q) +x1p(K), (28), p(K) = 1; and
the last inequality holds due to (55).

For the second term on the right-hand side of (56), we have

1
0 2 0 2
gl 1k < (M + 1 )llgg I (58)
Also note that
2 I o2
HVk * @ 0+ K = (pz(L) +K1)HVk +EngK. (59)
Then, from (56)—(59), we have (51). [ ]

Lemma 8: Suppose Assumptions 1 and 3—6 hold, and {8;} in
non-decreasing. Then the following holds for Algorithm 1:

1
Eg, (W3] < W3 —(1+ ‘Uk)ﬂkakaL(Vk + ﬂ—kgi)

2
+ ||xll

k(B L+ 5 K)+172 (3 o i fy+B2) L2

2
+||X
el skl + 3 (143 LT K

Tk _
+ ﬁa +3m)L7Eg 118111 + no

e

M (Br—% T2 — S wra) K

1
+ EwkEfgk [2Wi 1 + 1180, 1171 (60)
where W3 = x] K(vi + ﬁlkgg).

Proof: We have

1

T 0

Wi ket = xk+1K(Vk+1 + —gk+1)
Br+1

1 11
= x1{+1K(Vk+1 + ﬁ_kggﬂ + ('@ - ﬁ_k)ggﬂ)
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1
_ T 0 \_ T 0
—xk+1K("k+1+,3_kgk+1) wiXy,  Kgp,
<xI' K(v +l 0
S X BVt IBkng

1 2 10 12
5 Ok tll + 118541 117)-

For the first term on the right-hand side of (61), we have

1
B Koo+ 2gl.)

= EZ}]\ [(xk - nk(a'kLXk +ﬁkvk + gg + g}": _ gg))T

xK(vk+ﬁigk +77kﬁkak+ﬂl (gk+1 gg))]

1
= x| (K = (e + mBOL)(ve + ﬂ—kgg)

+||1X
I k”ﬂkﬁk(L—'lkakLz)

1
+ ’B—kx,{(K— marLEg, (g, - &)1

e+ -],
B ||Vi ﬁkg" K

1 T
_Uk(vk + ﬁ—kgg) KE{?k[ggﬂ - gg]

1
- (g — g;?)TK(Vk + ﬁ—kgg + leﬁkak)

1
- 5 Bl - gD K(g), - g)]

1 1
< x} (K=o L)(vi + — g¢) + =il Lxel

B 2

1 202 1 0 2 2
P e+ ,g_kgk”K el g 1)

1 2 1 0 012
+ —millerlly + —=Eg -
277k|| k”K znkﬁlz z‘fk[||gk+1 gk”

155 2 1 0 02

+ = L +—E -

anak” xill zﬁi 5 lllgrsr — &ll]
1 2

—ﬂkﬁkHvk + —gQHK

+ %niﬂi”vk ngK 7

+ smllg— gl + i+ ﬁ—kg(k’Hi

1 1
+ I — gy + S L

1 1
+ 1B, g - g1+ ﬁEm[ngiﬂ - g7

k

1
= x{ (K =g L)(vi + Ekgg)

—Eg,llg?,, - g1
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1
I?+ > Eg, [llg! - g1

1
+ 5 nplige— gl + 5

2
+||xX
el g, 141 L2 (L —anfi+B2)L?

012
+(2nkﬂk Zﬁk) wllgr,, — ]

et ||
“ k gk B -mBHK

1 1
< xZK(vk + IB—kg,?) -1+ wk)nkakaL(vk + IB—kgg)

1
+ wknkakaL(vk + ﬂ—kgg)

+ el 2 -
Mk (BeL+ 3 K)+i72 (3 o2 —ay B +B2)L +277k(l+377k)L

+ 25 (14 30 LEs, [Ig{IP) + non}
&
I o2
Br B & ||'7k(ﬂk—’—77k,3k)K (62)
where the first equality holds due to (5); the second equality
holds since (25) in Lemma 3, x; and v are independent of &,
and (48a); the first inequality holds due to the Cauchy-
Schwarz inequality, (25), p(K)=1, and the Jensen’s
inequality; and the last inequality holds due to (47), (49), and
(55). For the third term on the right-hand side of (62), we have

“vk+

1
T 0
WMk X Liv, + —g
k ( Bk k)
1
= wknkakaLK(vk + ﬂ—gg)

el (63

JopmaK’
Then, from (61)—(63), we have (60). [ ]
Lemma 9: Suppose Assumptions 2-5 hold. Then the
following holds for Algorithm 1:

<l oo

2
Eg, [Wars1] < Wai— —||gk|| + ||xk||nkL2K
7

1
- —||g,<||2 + anLwak[Il 2P (64)

where Wy = n(f(%) — f*) = f(&0) —nf*.
Proof: We first note that Wy, is well defined due to
f* > —oo as assumed in Assumption 2.
From (47) and p(H) = 1, it can be obtained that
12, - &lI” = [1H (g} - g0l <llg) - &ll” < LlIxillg. (65
From (48a), it can be calculated that
Eg [8¢]1 = Eg [Hg(1 = HEg, [g;] = 8- (66)
We have
Eg [Wagse1] = Eg [f ) —nf*]
=E5, [f@0 —nf" + f(Ee) = f(&@0)]
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_ . _ 1 _
< B [f®0) —nf* = @) g+ 5ni LyIEI]

= s = 1 U
= f@)—nf* -mgl &)+ -mi LrEg, [Ig¢17]

2
~ . T 1 B
= [@)=nf" — ek B+ 5m LB 12HIF]
Me_T,- | -0 _ o
= Wiy - ?g]{(gk +8, - &0

1 U
+ =1 LrEg, (1124111

T o o
——(gk—g2+g2)Tg2 5N

< Wag— —||gk||2 - —||gk aill* - —||g,{||2

+—||gk gk||2+ nkaEm[Il Y121
= Way— —||gk||2 + 3“@2 - &lP

||gk||2 + nkaEwk[IlgkII ] (67)

where the ﬁrst inequality holds since that £ is smooth, (24a)
and (54); the third equality holds since x;and vy are
independent of & and (66); the fourth equality holds due to
glg)=g/Hg)=g/HHg) =g/ g); and the second inequa-
lity holds due to the Cauchy-Schwarz inequality.

Then, from (65) and (67), we have (64). [ |

B. Proof of Theorem 1
We denote the following notations:

co(k1,k2) = max{4kres, &6}

1
“omt!

. &1 1
cz(/q):mln{g—z, g}
K3 =p2(L) +k1+1
K4 = ! +K1+ =

p2(L) 2
e = K1 +1 + 1
T2 ;)
. 1 K1 -1
K6 :m1n{2—, —}
p(L) 2k

g1 = (k1 = Dpa(L)—1
&2 = p(L)+ (23 + Dp(L?) + 1

E3 = E1K — 82K§

1
&4 = E(Kz - 5K§)

& =Lg+ K3L

—K4
K2&6 ! &2

f
6
1 2
&6 = max{§(2+ 3Lf), K3}.

To prove Theorem 1, we need the following lemma:

Lemma 10: Suppose Assumptions 1-6 hold. Suppose
ap=a=kf, Br=pB2=colki,k2), and m=n=k/B, where
k1 > ¢y and k7 € (0,c2(x1)). Then, for any k € Ny the following
holds for Algorithm 1:

Eg, (Wil < Wi — ||xk||§3K - ”"k + éggnix

|-
= JMBLIP + (o5 + 3mon® (682)
Eg, [Wii1] < Wi — llel 2 —”v;<+lg0”2 +2e50%11 8217

(&k + == 83K ﬁ k cuK k

+2L%es’ lxilly + (&5 + 3mon’ (68b)
1
Eg [Wagi1] < Way— ZU||§2||2+||xk||| L2K+Lf0'2772
¥

(68¢)

where Wy = % | W4 and Wy = 2?:1 Wik
Proof i) Noting that ax =a=x1B, Bk=B, mk=n, and
W = =0, from (46), (51) (60), and (64), we have

ﬁk ﬁkl
Egk[Wk+1]<Wk+Hvk+ ng3 PEK +2n0’n?
_” k” L-Llpg_3 2721 2K
na. 77 q [e% T](1+SU)L
1
+ [l 2Lt T (p (L)+K‘ va ng

n 1
+E(n+ 5)( (L) + k1) L2Eg, [11Z4P]
+ [k
n(ﬁL+ K)+12( az—aﬁ+ﬁ2)L2+%q(l+3q)L}K

+ ?(1 +3mLIEg, [I1gI] +no?n’

- —nngkn2

”vk+ gk” K 4

np-1-

1

2 2 —u2

#l} o 4nllgkll + 5 LB g1
(69)

Note that

Eg, [12¢171 = Eg, [118% — 2 + &*)

< 2Eg, (118} - gill*1+ 2012l

1 n
= 2nEg;,[lI~ > (8%~ il + gl
i=1
2 n
= “E5, 11l ) (s~ gu0l1+ 201gel’
i=1

2\ _
= = > E, s~ il + 202l
i=1
2 5112
< 20" +2/1gll (70)
where the first inequality holds due to the Cauchy-Schwarz
inequality; the last equality holds since {g,, i€ [n]}are
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independent of each other as assumed in Assumption 4, x; and

vi are independent of §y, and Eg, [gzk] = gix as assumed in

Assumption 5; and the last inequality holds due to (48b).
From (69), (70), and a = k18, we have

Eg [Wis1] < Wi —Ilx “v + = H
Uk[ k+]] k ” k”an 772M2 k gk blAK

P
= bl gl = I + b3 o’ + 3no o
(71)

where
1
My =(a-pL-32+ 3L§)K
M, =L+ (2> +B)L* + 4L§K

1 5
bty = L8 e — 252
1Lk 2(,3 K3)n 2/377

1
byy=--b
2.k 4 3.k17
1 2
b3y =Ls+ K3L K4L2
e

From (26), @ = k18,k1 > c1 > 1,1 =k2/B,and B > co(ky,k2) >
g6 > (2+3L )/2, we have

nM; > si1K. (72)
From (26), @ = k18, and 8 > %(2 + 3LJZC) > 2Ly, one can have

7]2M2 < 82K§K. (73)
From f3 > k3, it can be obtained that
b1 i 2&4. (74)
From «; > ¢y = 1/p2(L) + 1, it can be derived that
g1 >0. (75)
From (75) and «; € (0, min{Z 5 35 L), we have
&3>0 (762)
g4 > 0. (76b)
From (76a), (76b), and B > 4kye5, we have
b L+1 L 2L2< (77a)
3k = K3 Kk4Ls < &5 a
T
1 1 K2
byy=-=-byn>-——¢e52>0.
24= g =bawnz g pesz (77b)

From (71)—(74), (77a), and (77b), we have (68a).
i) Similarly, the way to get (68a), we know that

Eg, [Wi1] < Wy — ||xk||,93K Hvk + égQH.iK

+ &5 1|kl + (&5 + 3n)on. (78)
We have
Igll”* = llgx— 20+ 217
2 ~0(12 2 2
<2llge— BIP + 208007 < 2L xdllk + 218017 (79)

where the last inequality holds due to (65).
From (78) and (79), we have (68b).
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i) From (64) and (70), we have

1
Eg [Wajr1] < Wag — ~nllgll® + el
4 2nL

fK

1
- Znnginz +P L +1gl®).  (80)

From n =«k>/B and B > 4kse5 > 4k L ¢, we have

1
Ly < —. 81
nlr <z (81)
From (80) and (81), we have (68c¢). [ ]
Now we are ready to prove Theorem 1.

Denote
A 1 2
2 1o SN e
Vi = el + v+ -2l -0 -0

We have
2

1 2
Wi = 5 iy + zﬂvw &y

1
+x) K(vi + Bgi’) +n(f (%)= f7)

Sl + +K1)Hvk+ i

1
( p(L)
- 2171|ka||%( - %“vk + EgguK () - f1)
> kol + e +ég2H2) +n(f ()= f7) (82)

> K¢ ‘A/k >0 (83)
where the first inequality holds due to (28) and the Cauchy-
Schwarz inequality; and the last inequality holds due to
0 < kg < 0.5. Similarly, we have

Wi < ks ‘A/k. (84)
From (68a) and (76b), we have
(&5 + 3n)l<§0'2
ﬁ2
Then, taking expectation in Fr and summing (85) over
ke [0,T]yield

Eg [Wii1] < Wi —&3llxgll% — 4ﬂngknz . (85)

T
E[Wral+ ) Elesllxl + 112007
k=0 ’8
(T +1)(&s + 3n)K307

< W+ (86)

,32
From (86), (83), and (76a), we have

1 < E 1< a1 1 T . )
m; [Z;Hxlgk—mll]—n(T_'_l); [lxllz]

Wo (e5+ 3n)/<§o-2
< +
ne3(T +1) nesf3?

(87)
Noting that Wy = O(n), from (87), we have (11a).
Taking expectation in ¥7 and summing (68c) over k € [0, 7]
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yield
1 T T
= 121 — 012
71D BVl = ZZ [lggIP ]
k=0 k=0
W.
< %Jr ZE[lekIIK]+(T+1)Lfa' n. (88)

From (88), 7 = x2/8 = \/ﬁ/ VT, and (87), we have

1

= 4L
T 2BV < (o) =) + Ao
k=0

B

ﬂ

+ O( ) + O(
132
which gives (11b).
Taking expectation in ¥7 and summing (68c) over k € [0,T]
yield

n(ELfEre)] = 1) = E[War41]

1
< Wi+l ZEllxkllK]+Lf0' P(T+1).  (89)

From (86), (89), and n = x> /B, we have (11c¢). [ ]

C. Proof of Theorem 2

In addition to the notations defined in Appendix B, we also
denote

1 . %
&7 = gmln{é‘}, &4, m}
From the conditions in Theorem 2, we know that all
conditions needed in Lemma 10 are satisfied, so (68a)—(68c)
still hold.

From Assumptions 2 and 7 as well as (13), we have that

18I = nllV fROIP > 2vn(f (i) = f*) = 2vWag.  (90)
From (83), we have
~ W
el + W < Vi < K—ﬁk o1
From (68a), (90), (83), (84), and (14), we have
1
_ 2 10
Eg, [Wir1] < Wi —&s3llxllx 84”vk+,8kgk“K
1
- Er]vW4,k +(es+ 3}1)0’2772
1
< Wiy — — min {83, &4, ﬁ}Wk +(e5+ 3n)a‘2i72
K5 2
(92)
From (92) and (14), we have
(e5+ 3n)0'2
Egk[Wk+l]SWk—87Wk+W, Vk<T. (93)
From k; > 1 and py(L) >0, we have ks = % + 2p21(L) > 1.
From 0 <k < cp(ky) —mm{sz, 5} < 1/5, we have &4 = (kp—

5k3)/2 < maXy,e(0,1/5)(k2 — 5k3)/2 = 1/40. Thus,

1 . % &4
0 = — — <= <

<& p mln{83, &4, 2(T+1)"}_ s = 40 (94)
Then, from (93), (83), and (94), we have
&5+ 3n)o

E[Wei] < (1-87)" Wo+ ( : 1))29 Zﬂ e7)

+3n)o

<(1-enf*'w, +(85—, VK<T. 95

(I-en)™ Wy T 95)

Then, noting that &7 =0(1/(T +1)’)and 0 € (0,1), from
(95), (29), and (91), we have

Elllilly + Wasl = O(5), VK< T. (96)
Thus, there exists a constant ¢y > 0 such that
Elllxill% + Wax] < ncy, Vk<T. 97)
From (82) and (84), we have
0 < 2k6(Wyk+ Way) < Wi < 265s(Wi g+ Way).  (98)
From (24b), we have
1817 = nllVf @I < 2Lpn(f(5) = f) = 2L War.  (99)

Denote % = E[W;]. From (68b) and (97)~(99), we have
Ze1 < (I —a)z+am’ Yk <T (100)
where a; = min{es, €4}/ksand  ap = n(4esLycy +2£5L3€Cf+

(&5+3)02).
From (94), we have

4 1

a << oo (101)

4;
S

From (100) and (101), we have
feor <0 -5+ 2L k<t
ai

which yields (15a).
From (68c) and (90), we have

v 1
Eg, [Wars1] < (1 - Yn)W4,k + EUL}kall%( + Lo’

Vi \k+1 1
<(1-50) W+ ;(Lj%||xk||%( +2Lson).

2
(102)
Noting n = 1/(T +1)?, from (102), (29), and (15a), we have
(15b). -

D. Proof of Theorem 3

In addition to the notations defined in Appendix B, we also
give the following notations:

_ £10

Co(k1,k2) = max {4811, &6, —}
&4

g &g 1}

&) 89’ 5

R Co(ki.k2) 8Lyks
&3(Ko, k1, K2) = max { ; ,
Ko VK2

(k) = mln{

16L¢(k3 — 1)}
VKOK?2

1 n
~2 * *
0°=2L¢f" —2L¢— ;
7f =L~ > f

i=1
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g8 =Kk1p2(L)—1
1
g9 = 5(3k1 +2)k1p(L?) +p(L) +1

glo0=k(k3—1)+k1k2+x3—1 +3K%

&1 =KoLy + (23— 1+ K2(10k3 — 4) L

K3 [2 2K4L2 2+ 2k3 [2
_ f f f
gp=3+Ls+ +—> 5
T Kokal Kyt Koty
(k3=DI2 (k- DL2 o
2.3 24 (_ +2)
K0K2ll Kol‘l Ko
KoK3 K3 -1
3= 5+ 53
K Kt
14 = 1207 + €135
1 E3Kol1 E4Kol1 VvV
gi5 = —mln{ s —}
K5 K2 2K2 8
4Lf0' K
€16 = —2 v
koG =D

To prove Theorem 3, we need the following lemma.

Lemma 11: Suppose Assumptions 1-6 hold. Let oy = «18k,
Br=xotk+1), and m=x2/Br, Wwhere ko= Co(ki,k2)/t,
k1 > c1, k2 €(0,82(k1)), and #; > 1. Then, for any k € Ny the
following holds for Algorithm 1:

1 1 2 1
2 0 50112
B (Wi ] < Wi esllel = geal g, - 7mlgl

+ 2Lfbg,k7]%W4’k + n€1477]% (1033.)

Eg, [Wiet] < W, 2 _1 Lol 2
S [Wrr1] < k_<93||xk||K_534“Vk+ﬁ_kgk||K+”81477k

+2eLmllxillk +2(2812 + £13)L g Wak

(103b)
Eg [Waji1] < Wy~ —IngIIZ +lxl3 | 2K +77ka0
fiTk
(103c)
2
where bgk = K3 2 +(K3 - ])TI_§
Proof: 1) We have ‘
n n
gfI? = > IVAGEOIP < > 2L (fiE) - £)
i=1 i=1
=2Ln(f(Z) — f*) +nd> (104)

where the inequality holds due to (24b).
From the Cauchy-Schwarz inequality, (55), and (104), we
have
llgg, I = llgp,, — g0 + gl <2(lgp,, — gl + 11l
< 2 LGP + 2L Wag +n5). (105)

From (46), (51), (60), (64), (70), (105), ax = k1B, and
Nk = k2/Pk, we have
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Eg, [Wis1] < Wi —[lxll?

M3 =1 My = Ky Ko i+ Ms =2 o M

2
|

|+ ~mibslgnl? - g}

/?kgguhg,k

+ U/%(bG,k + b7,k1’l)0’2 + T]I%bg,k(ZLfWM{ + I’l0~'2)
(106)

where

M = (ax — )L - %(2 + 3LJZC)K
My =BiL+ (a7 +,8,%)L2 + 4LJ2(K
Ms; = a;L— l(1 +L)K
Mgy = %a/kLz +BHL+Kk LY+ = LJ%K

1
wkﬂk(’@ -1

1
bi,k = Enk(zﬁk —K3)— Ukﬁk
1
- Ewk(nka’k +x3—1+37287)
1
bsy = yie Mibe k
b6k = Lf+ K3L K4Lf+2K3Lfa)k
'Bk k k
1 2
+ wi( 5— + = +2)(ks — DL}
k k
b7‘k =3+ 2wy.

From (26), ai =«1Bk, k1 > 1, Br =Koty = Colk,k2) = &6 =

Q2+ 3LJ20)/2, and 17 = k2 /B, we have
mMs i > e1x2K. (107)
From (26), ax=«iBr, B>+ 3L]%)/2 >2Ls, and
Nk = k2/Bk, we have
My < £203K. (108)
From (26), ar=«k1Bk, Bk = (2+3L )/2>(+L )/2, and
Nk = k2/Pk, we have
mcMs . > egka K. (109)

From (26), ay = k18k, Br > 2Ly > \/ELf/Z, and g = k2/Pk,
we have

MM < £9i3K. (110)
From ay = 1Bk, Br = k3, and n; = k2 /Bx, we have
by 2ba (111)

where by j = €4 — %wknk(lg 1)- wk(/q Ko +k3— 1 +3k2 2)-
From 1 > ¢y = 1/p2(L) + 1, we have

€1 >0 and &g>0. (112)

From (112) and «; € (0, mm{g , zg, £}), we have
£3>0 (113a)
83K2—89K§ >0 (113b)
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&4 >0. (113c¢)
From gy = ko(k + 1), we have
1 1 1 1 1
i = e )
,Bk ,8k+l Ko k+l‘1 k+l‘1+1
1
(114)

= <_0
kolk+t)k+t1+1) IB]%

From (113a)—(114), andK0>max{4g”, 84—0} we have

&eqt
£10 e _ 1
bay > &e4— >&4— >—g4>0
b= 2k01 Y 20n ~ 27 (1132)
bsy > - L (115b)
Sk = 4 kot
From (114) and By = ko(k + 1) > kot1, we have
bex+brx < ez (116a)
bg i < £13. (116b)
From (106)—(111), (113a)—(113c), and (115a)—(116b), we
have (103a).

i) Similarly, the way to get (103a), we have
5 5 2 1 L o|? 215 112
Egy Wit ] < We—eslixelly = 5 o4l[ve+ 2-gf]| -+ etz
B~ HIK

+ 2Lf8137]iW4,k + n8147]£, Yk e No.

(117)
From (117), (79), and (99), we have (103b).
i) From (64) and (70), we have
B [Wasr1] < Wk = 24l + el g
IlgkII2+nka(<T +HlgdH.  (118)

From 0 < < K2/(K0t1) and kot1 > Co(k1,k2) > 4e11 > 4ko Ly,
we have

1
mLy < 7 (119)

From (118) and (119), we have (103c). [ |

Now we are ready to prove Theorem 3.
From t; > &3(ko,k1,k2) = Co(k1,k2)/ Ko, We have

Co(k1,k2)
n '
Thus, all conditions needed in Lemma 11 are satisfied, so
(103a)—(103c¢) hold.
From (103a) and (90), we have

Ko >

By Weor] < We—ealll = el -~ 5 Was

2
+2L by i1 Wa g + neramy

1
2
= Wi —é&sllxillx — —84||Vk + —gk” +nean;

2

1 1
- 2(4_1 - ;Lfbg’kﬂk)VT]kW{k’ Vk € Np.

From #; > ¢3(ko,K1,k2) = 8Lsk3/(vk2), we have

(120)

1 Lgks 1
—— = >,

4 vkyt; 8
From (114), (121), and ko > &o(k1,k2)/t1 = 16Ls(k3 —1)/

(vkyt1), we have

(121)

1 1 1 Lgkoks Lpki(ks—1)
7~ —Lybgpm= 5 - - 5
4 vy 4 VK2Bk VKZIBk
1 Ly Lek3—1 1 Lekz—1 1
S 1 Lk (K3 ) 1 Lyks )2_. (122)
4 vioty VK2K0t3 8 VK2Kot 16
From (120), (83), and (84), we have
. (€3 &4
[Wy 1]<Wk——mn Wi +neiy
B [We: Ks {le 2’ 3} i
< Wk—81577ka+n81477k, Yk € Ny. (123)

Denote zi; = E[Wy], Tk = &15Nk, and k= }161477]%, then
from (123), we have

Zket < (I =ripzi+ 2k, Yk € No. (124)
From (16), we have
Fig = RELs = 125
Lk =TS = 47 (125a)
) 2_ 44
g = Nx€14n0o~ = m (125b)
where a3 = kre15/k0 and a4 = nK%514/K(2).
From (94), we have
&4 1
<— < —.
re<s - <gs (126)
Then, from (124)—(126) and (32), we have
7% < ¢1(k,t1,a3,a4,20), Yk € Ny (127)
where the function ¢, is defined in (33).
From kg > égvky /4, we have
o), if a3 > 1
k
In(k—1
o1(k,t1,a3,a4,2,20) = O(%), ifaz=1 (128)
O(k73) if a3 <1.

From (127), (128), and (91), we know that there exists a
constant ¢ > 0 such that

Elllxell + Waxl < ney. (129)
From (103b), (129), (98), and (16), we have
v v ae
1 < (1- +—
Zier1 < (1—as)Zk Tr1)? (130)

where as = min{es, £4/2}/ks and ag = n(zglsz,cf +22&12+

g13)Lrcy+ 814)K§/Kg.
From (94), we have

&4 1

<— < —. 131
%= 2k =80 (131)
From (113a) and (113c), we know that
as >0 and ag > 0. (132)
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From (130)—(132) and (34), we have

%k < ok, t,as,a6,%0) = O( 5), ke N, (133)
where the function ¢, is defined in (3 5).
From (35), (98), and (133), we have
2,1, 1 5 n
Elllxcllx] £ —Z < —¢a(k,11,as,a6,Z0) = O(5). (134)
Ko Ko k
From (134), we have (17a).
From (103c) and (90), we have
EWiii1] < (1= Sn0EIWas] + il Lo «FLrotng. (135)
From ko < vk, /4, we have
v 136
2% (136)

Similarly, the way to prove (32), from (134)—(136), we have
€16
+0
n(T +11) ((T+l‘1)2

where €}¢ is determined by the last terms in (33) and (135).
From kg > ¢gvkp /4, we have

E[fGr) - 1< ) (137)

4Lf0'2/<2 4Lf0'2/<2
€16 = =
G RGE8)
16Ls0%k,  64Ls0?
= E 2 T (138)
VK( coV
From (137) and (138), we have (17b). [ ]

E. Proof of Theorem 4

In addition to the notations defined in Appendices B and C,
we also denote the following notations:

E3 &4 V
8——mn{—, —, —}
Ks non 2
Wo
Ccy=—
NKe
egs+3n
5= ——.
NneEKg

From the conditions in Theorem 4, we know that (92) holds.
Thus,

Eg, [Wis1] < Wi — Wy + (&5 +3n)0n” (139)
Similarly, the way to get (94), we have
O<npe<l. (140)
From (139) and (140), we have
E[Wis1] < (1-ne)EIWil + (5 +3n)0”n’
k
<(1=ne) Wy + (s + 3ma™n® )" (1 -ne)*
=0
3 2
< (1 = eyt Wy + TEF3MT (141)
Hence, (141) and (91) give (19). [ |
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F. Proof of Theorem 5

In addition to the notations defined in Appendices C, B, and
E, we also denote the following notations:

Co(k1,k2) = max{4kres, &)
&6 = max{l + 3L2f, K3}
3+5n

&K

Without unbiased assumption, we know that (57) still holds.
Similarly, the way to get (46), (62), and (64), we have

Eg, [Wike1]< Wi — el
oKL ’ naL-3K-3L2 2 H(+3L2K

1
B

Cc5 =

2

0
252
8k W g

_ nﬂx,{K(vk + égg) + ”vk +

+1(1+3n)no? (142a)

1
Eg, [W3 4111 < W3, — nax,fL(vk + ng)

2
+ [lell
nBL+ L K)+(% —ap+B L2 4n(1+2m L2 K

+ ﬁ(l +3m)LIEg, [P+ n(1 + 2m)na”

HVk+ ng T (142b)
E, [Wacrt] < Wi = 2.(1=20L)Eq, [1{17]
+||xk||2L§K 4||gk||2+n0'2n. (142¢)

Then, similarly, the way to get (68a), from (57) and
(142a)—(142c), we have

B Wiet] < W= el = e+ gl
- —nllgk||2 +n(3 +5m)no?. (143)

Then, similarly, the way to get (19), from (143) and (90),
we have (21). [ |
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