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Network Scheduling and Control Co-Design for Multi-Loop MPC
Kun Liu , Aoyun Ma , Yuanqing Xia , Zhongqi Sun , and Karl Henrik Johansson

Abstract—This paper is concerned with model predictive
control (MPC) for multi-loop networked control systems over
shared bandwidth-limited communication networks. The plants
are described by linear discrete-time systems with additive
disturbances and input constraints. At each time instant,
only a limited number of loops can communicate over the
networks, and the scheduling sequence is determined by a net-
work manager. Algorithms are proposed for co-designing the MPC
and the scheduling protocol to stabilize all loops with conflict-free
transmissions. We give conditions to ensure recursive feasibility
of the optimization problems and the stability of all loops. Finally,
two numerical examples show that the algorithms work well.

Index Terms—Bandwidth-limited communication networks, in-
put constraints, multi-loop networked control systems, model pre-
dictive control, scheduling sequence.

I. INTRODUCTION

In networked control systems (NCS), the information is transmitted
through networks [1]–[3]. NCS is usually easy to install and maintain.
Consequently, considerable attention has been attracted to the research
of NCS in the last two decades. Most of the works mainly consider
single-loop NCS [4]–[8]. In fact, multi-loop systems have already been
applied in a wide range of areas, such as networked autonomous air
vehicles [9] and process industry [10]. In multi-loop NCS, sensors,
actuators, and controllers of multiple control loops communicate over
shared networks.

In some multi-loop NCS, the shared networks are bandwidth-limited,
and only a limited number of loops can communicate over the net-
works at the same time. In order to stabilize all plants, the controllers
and the scheduling protocols need to be designed simultaneously. The
authors of [11] use a parameter-dependent Lyapunov function method
combined with average-dwell-time technique to achieve simultaneous
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stability conditions. A scheduling-and-feedback-control co-design pro-
cedure is proposed for the simultaneous stabilization. In [12], a novel
stochastic scheduling scheme is presented for NCS with shared commu-
nication network through dynamic priority assignment. The scheduler
decides which transmission requests have the priority by so called p-
powered prioritization. The probability to allocate the communication
network to a loop increases with a growing p-powered norm of the
state error. In [13], the authors study event-triggered data scheduling
for stochastic multi-loop NCS communicating over a shared network
with communication uncertainties. The scheduler allocates the com-
munication resource to the loop with the biggest state error.

The co-design of model predictive control (MPC) with a delay com-
pensation scheme and scheduling is proposed in [14] for a set of NCS.
In [15], the authors present an algorithm for controlling and schedul-
ing multiple linear time-invariant plants on a shared bandwidth-limited
communication network using adaptive sampling intervals. The stabil-
ity and conflict-free transmissions are guaranteed by joint design of
a self-triggering rule and model predictive controller. Note that con-
straints are not considered in [11]–[15], and it is necessary to consider
constraints in most actual systems. For instance, actuators are naturally
limited, and states are restricted by safety considerations [16], [17].
For multi-loop NCS with input constraints, a scheduling algorithm
for MPC is proposed in [18], where the communication scheduling is
solved offline at the initial time instant, and it cannot be changed with
the actual system states.

In this paper, we propose algorithms for the joint design of MPC
and scheduling protocols to stabilize multi-loop NCS with input con-
straints over shared bandwidth-limited communication networks, and
the communication scheduling is determined online at each time instant
by weighted errors between actual system states and optimal ones. The
main contributions are as follows:
1) We propose an algorithm to guarantee that all loops can be con-

trolled without conflicting transmissions.
2) We provide sufficient conditions to ensure recursive feasibility of

the optimization problems and stability of all closed loops.
3) We extend to the case that more than one loop can communicate

over the networks at each time instant.
The rest of this paper is organized as follows. Section II introduces

the problem. Section III gives the algorithms for co-designing MPC and
scheduling, and provides proofs of feasibility and stability. Two numer-
ical examples are presented in Section IV to illustrate the effectiveness
of the proposed algorithms. Section V concludes this paper.

Notations: Let R, N, and Rn denote the set of real numbers, the
set of positive integers, and the n-dimensional real space, respectively.
λ̄(·) and λ(·) denote the maximum and minimum eigenvalues of a
matrix, respectively. Given a symmetric matrix P , P > 0 (P ≥ 0)
means that the matrix P is positive definite (semi-positive defi-
nite). For a given column vector x, ‖x‖ is the Euclidean norm,
i.e., ‖x‖ �

√
xT x. P -weighted vector norm is denoted by ‖x‖P �√

xT Px, where P > 0. For a matrix A, ‖A‖ denotes its two-norm, i.e.,
‖A‖ � sup{‖Ax‖ : x ∈ Rn with ‖x‖ = 1}. �·� denotes the largest in-
teger less than or equal to the scalar “·,” and mod(x, y) represents the
unique nonnegative remainder after the division of x by y. Given two
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sets Y ⊆ X ⊂ N, the difference between the two sets is defined as
X \ Y � {x|x ∈ X, x /∈ Y }.

II. PROBLEM FORMULATION

Consider the multi-loop control system in Fig. 1. A controller com-
municates with sensors and actuators over shared bandwidth-limited
communication networks, and the networks are identical. A network
manager allocates the communication resources of the networks. In
this system, only a limited number of loops can communicate over the
networks at each time instant. Our purpose is to stabilize the plants by
scheduling the communication sequences and calculating appropriate
control inputs.

Plant Pl , l ∈ L � {1, 2, . . . , L}, is described as

xl (t + 1) = Alxl (t) + Blul (t) + wl (t), t ≥ 0, (1)

where xl (t) ∈ Rn l is the system state, ul (t) ∈ Ul ⊂ Rm l is the con-
trol input, and wl (t) ∈ Wl ⊂ Rn l is the disturbance. Ul and Wl are
compact sets containing the origin. The disturbance is bounded by

ρl � sup{‖wl (t)‖ : wl (t) ∈ Wl}. (2)

Assumption 1: Suppose that system (1) with wl (t) = 0 is stabi-
lizable. Given two matrices Ql > 0 and Rl > 0, there exist a state
feedback gain Kl , a constant εl > 0, and a matrix Pl > 0 such
that: 1) ΩP l

(εl ) � {x(t) : ‖x(t)‖P l
≤ εl} is an invariant set for the

system xl (t + 1) = Φl xl (t), where Φl = Al + BlKl ; 2) Pl − Ql −
KT

l RlKl − ΦT
l PlΦl ≥ 0 and Klxl (t) ∈ Ul , ∀xl (t) ∈ ΩP l

(εl ).
For system (1), define the sequence {tl

k , k ∈ N} as the time instants
when the following optimization problem is solved for plant Pl . The
vector ul (t|tl

k ) is the predictive control input of the plant Pl at time
instant t based on the actual state at tl

k , and the corresponding predictive
state is denoted by xl (t|tl

k ), where t ∈ [tl
k + 1, tl

k + Hl ]. Note that
xl (tl

k |tl
k ) = xl (tl

k ), where xl (tl
k ) is the actual state of plant Pl at

time instant tl
k . The optimization problem for plant Pl at time instant

tl
k is

min
U l (t l

k )
Jl

(
xl

(
tl
k

)
, Ul

(
tl
k

))
,

xl

(
t + 1|tl

k

)
= Alxl

(
t|tl

k

)
+ Blul

(
t|tl

k

)
,

t ∈ [tl
k , tl

k + Hl − 1
]
,

s.t. ‖xl

(
t|tl

k

) ‖P l
≤ Hlαlεl

t − tl
k

, t ∈ [tl
k + 1, tl

k + Hl

]
,

ul (t|tl
k ) ∈ Ul , t ∈ [tl

k , tl
k + Hl − 1

]
, (3)

where Ul (tl
k ) = {ul (tl

k |tl
k ), ul (tl

k + 1|tl
k ), . . . , ul (tl

k + Hl − 1|tl
k )}

is the predictive control sequence, Hl is the predictive horizon of
plant Pl , and αl ∈ (0, 1) is called the shrinkage rate [6], [19]. The cost
function is defined as

Jl

(
xl

(
tl
k

)
, Ul

(
tl
k

))
=

t l
k

+H l −1∑

t= t l
k

(
‖xl (t|tl

k )‖2
Q l

+ ‖ul (t|tl
k )‖2

R l

)

+ ‖xl (tl
k + Hl |tl

k )‖2
P l

, (4)

where Ql > 0, Rl > 0, and Pl > 0 are symmetric matrices satisfying
Assumption 1.

The optimal control input and the corresponding optimal state
are denoted by ûl (t|tl

k ) and x̂l (t|tl
k ), respectively. The optimal so-

lution of problem (3) is denoted by Ûl (tl
k ) = {ûl (tl

k |tl
k ), ûl (tl

k +
1|tl

k ), . . . , ûl (tl
k + Hl − 1|tl

k )}, and the corresponding optimal state
sequence is X̂l (tl

k ) = {x̂l (tl
k + 1|tl

k ), x̂l (tl
k + 2|tl

k ), . . . , x̂l (tl
k +

Hl |tl
k )}.

Fig. 1. Multi-loop control system.

Assumption 2: Assume that the optimization problem (3) has a
feasible solution at the initial time tl

1 , i.e., Ul (tl
1 ) �= ∅.

In traditional MPC, the optimal control inputs are calculated at each
time instant and the actuator only uses the first control input of the
optimal control sequence. However, in our multi-loop MPC with shared
communication networks, the actuator uses multiple control inputs.
Meanwhile, the actual state may deviate from the optimal state, and the
bound of system errors between the actual states and the optimal ones
is increasing with the number of inputs used. Hence, we require that no
more than M inputs are used, where M is a positive integer satisfying
M ≤ Hl .

III. NETWORK SCHEDULING AND MPC CO-DESIGN

At each time instant, the network manager in Fig. 1 determines
which states need to be transmitted to the controller based on the states
of all plants, then the optimal control inputs will be transmitted to the
corresponding actuators.

In this section, we will propose algorithms to determine the schedul-
ing sequences for the overall system and calculate optimal control in-
puts for each plant. In Section III-A, we consider the case that only one
loop communicates over the networks at each time instant. Recursive
feasibility of the optimization problems and the stability of the overall
system are provided in Sections III-B and III-C, respectively. Then, the
case that more than one loop can communicate over the networks at
each time instant is extended in Section III-D.

A. Only One Loop Communicates Over the Networks at Each
Time Instant

In this section, we give the following algorithm to ensure
that all plants can be stabilized without conflicting transmis-
sions. Define U�

l (tl
k ) = {ûl (tl

k |tl
k ), ûl (tl

k + 1|tl
k ), . . . , ûl (tl

k + M −
1|tl

k )} and X�
l (tl

k ) = {x̂l (tl
k + 1|tl

k ), x̂l (tl
k + 2|tl

k ), . . . , x̂l (tl
k +

M − 1|tl
k )}.

Algorithm 1: From time t = 0, the controller executes step 3 in the
order of increasing loop index l from P1 , and the input of plant Pl is
zero until time instant tl

1 . The controller transmits U�
l (tl

1 ) to actuator
Al , and transmits X�

l (tl
1 ) to the network manager after solving the

optimization problem (3). The last time instant of solving optimization
problem for plant Pl before t is denoted by tl

la st . At time instant t = L,
Step 1: If there exists l∗ ∈ L such that t − tl∗

la st = M , the network
manager transmits xl∗(t) to the controller and updates tl∗

la st =
t, then go to step 3; else, go to step 2.

Step 2: Sensors measure the states xl (t) of all plants, and
the network manager determines the index l∗ =
min{arg maxl∈L ‖xl (t) − x̂l (t|tl

la st )‖2
Ψ l

}, where Ψl is
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a weight matrix for the state error between the actual state
and the optimal one. The state xl∗(t) is transmitted to the
controller by the network manager and tl∗

la st is updated as t,
then go to step 3.

Step 3: After solving the optimization problem (3) for plant Pl∗ , the
controller transmits U�

l∗(t
l∗
la st ) to actuator Al∗ , and transmits

X�
l∗(t

l∗
la st ) to the network manager.

Step 4: Apply the control input ûl (t|tl
la st ) to plant Pl for [t, t + 1),

∀l ∈ L, and set t = t + 1, then go to step 1.
Remark 1: Because the controller only sends the first M optimal

control inputs to the actuator Al at time instant tl
k , the control inputs

are exhausted at tl
k + M (assuming that the optimization problem (3)

is not calculated in the time interval [tl
k + 1, tl

k + M − 1]). Hence
the optimization problem (3) for plant Pl must be calculated at time
t = tl

k + M . Therefore, the controller only needs to transmit X�
l (tl

k )
to the network manager. Meanwhile, if M < L, some actuators have
no control inputs during some control periods. Therefore, we impose
that L ≤ M ≤ Hl should be satisfied. In addition, if the multi-loop
control system is noise-free, the error between actual state xl (t) and
the optimal one x̂l (t|tl

la st ) is zero. This will cause the information to
be transmitted in a fixed order, and the system states will converge to
the origin instead of stable in a set containing the origin.

B. Feasibility

According to Algorithm 1, we know that for plant Pl , the time
interval τ l

k = tl
k+1 − tl

k satisfies τ l
k ∈ [1, M ]. The optimal control

sequence of the optimization problem (3) at time tl
k is Ûl (tl

k ), and
the control input is ul (t) = Klxl (t) when t ≥ tl

k + Hl . In order
to prove the recursive feasibility of the optimization problem (3)
in Algorithm 1, we define the control input sequence Ũl (tl

k+1 ) at

time instant tl
k+1 . Assume that Ũl (tl

k+1 ) is a feasible control input
sequence when tl

k+1 = tl
k + M , i.e., τ l

k = M , then the optimization
problem (3) has a feasible solution when τ l

k ∈ [1, M − 1]. Therefore,
in order to guarantee that the optimization problem (3) for plant Pl has
a feasible solution at time instant tl

k , k ∈ N, we just need to ensure
that Ũl (tl

k+1 ) is a feasible solution when τ l
k = M . The control input

sequence is Ũl (tl
k+1 ) = {ûl (tl

k+1 |tl
k ), ûl (tl

k+1 + 1|tl
k ), . . . , ûl (tl

k +
Hl − 1|tl

k ), Kl x̃l (tl
k + Hl |tl

k+1 ), . . . , Kl x̃l (tl
k+1 + Hl − 1|tl

k+1 )}
when L ≤ M < Hl and Ũl (tl

k+1 ) = {Klxl (tl
k+1 ), Kl x̃l (tl

k+1 +
1|tl

k+1 ), . . . , Kl x̃l (tl
k+1 + Hl − 1|tl

k+1 )} when M = Hl .
Theorem 1: For system (1), suppose that Assumptions 1 and 2 hold,

∀l ∈ L. If the system parameters satisfy the following conditions:

ρl ≤

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

min
{

(1−α l )ε l

‖A l ‖H l −M λ̄(
√

P l )T l
M

, M α l ε l

(H l −M )N A l
λ̄(
√

P l )T l
M

}
,

L ≤ M < Hl ,

(1−α l )ε l

λ̄(
√

P l )T l
M

, M = Hl ,

and

‖Φl‖ ≤

⎧
⎪⎨

⎪⎩

λ(
√

P l )

λ̄(
√

P l )

H l −M
H l

, L ≤ M < Hl ,

λ(
√

P l )

λ̄(
√

P l )
αl , M = Hl ,

where ρl is defined in (2), and

Φl = Al + BlKl ,

NA l
= max{‖Al‖, ‖Al‖H l −M },

T l
M =

{
M, ‖Al‖ = 1,

1−‖A l ‖M

1−‖A l ‖ , ‖Al‖ �= 1,

then the optimization problem (3) for plant Pl has a feasible solution
at time instant tl

k , k ∈ N, under Algorithm 1.
Proof: In order to prove the theorem, we analyse the feasibility

conditions in two cases according to the value of M .
Case 1: L ≤ M < Hl

For t ∈ [tl
k+1 + 1, tl

k + Hl ], we have x̃l (t|tl
k+1 ) = x̂l (t|tl

k ) +

A
t−t l

k + 1
l (AM −1

l wl (tl
k ) + AM −2

l wl (tl
k + 1) + · · · + wl (tl

k+1 − 1)),
hence we have

‖x̃l (t|tl
k+1 )‖P l

≤ ‖x̂l (t|tl
k )‖P l

+ ‖Al‖t−t l
k + 1 λ̄(

√
Pl )ρl

× (‖Al‖M −1 + ‖Al‖M −2 + · · · + 1)

≤ Hlαlεl

t − tl
k

+ NA l
λ̄(
√

Pl )T l
M ρl

≤ Hlαlεl

t − tl
k

+
Mαlεl

Hl − M
. (5)

Define a continuous-time function f (s) = 1
s−t l

k + 1
− 1

s−t l
k

, tl
k+1 +

1 ≤ s ≤ tl
k + Hl . Because d

ds f (s) < 0, we obtain f (s) ≥ f (tl
k +

Hl ) = M
H l (H l −M ) . Further, we have 1

s−t l
k + 1

≥ 1
s−t l

k

+ M
H l (H l −M ) .

Therefore, ‖x̃l (t|tl
k+1 )‖P l

≤ H l α l ε l

t−t l
k + 1

, t ∈ [tl
k+1 + 1, tl

k + Hl ].

Moreover, the following inequality holds

‖x̃l (t|tl
k+1 ) − x̂l (t|tl

k )‖P l
≤ ‖Al‖t−t l

k + 1 λ̄(
√

Pl )T l
M ρl . (6)

Substituting (6) into the triangle inequality ‖x̃l (t|tl
k+1 )‖P l

≤
‖x̃l (t|tl

k+1 ) − x̂l (t|tl
k )‖P l

+ ‖x̂l (t|tl
k )‖P l

, we have ‖x̃l (tl
k +

Hl |tl
k+1 )‖P l

≤ ‖Al‖H l −M λ̄(
√

Pl )T l
M ρl + αlεl ≤ εl .

Therefore, x̃l

(
tl
k + Hl |tl

k+1

) ∈ ΩP l
(εl ), which means the state

x̃l (tl
k + Hl |tl

k+1 ) goes into ΩP l
(εl ), and the state feedback

control can be used. Hence, for t ∈ [tl
k + Hl + 1, tl

k+1 + Hl ], the

nominal model is x̃l (t|tl
k+1 ) = Φ

t−t l
k
−H l

l x̃l (tl
k + Hl |tl

k+1 ). Hence,
we have

‖x̃l (t|tl
k+1 )‖P l

≤ λ̄(
√

Pl )
λ(
√

Pl )
‖Φl‖t−t l

k
−H l ‖x̃l (tl

k + Hl |tl
k+1 )‖P l

≤ λ̄(
√

Pl )
λ(
√

Pl )
‖Φl‖t−t l

k
−H l

Hlαl εl

Hl − M
. (7)

Because ‖Φl‖t−t l
k
−H l ≤ ‖Φl‖ and H l −M

t−t l
k + 1

≥ H l −M
H l

, we have

‖Φl‖t−t l
k
−H l ≤ H l −M

t−t l
k + 1

λ(
√

P l )

λ̄(
√

P l )
. Therefore, ‖x̃l (t|tl

k+1 )‖P l
≤ H l α l ε l

t−t l
k + 1

when t ∈ [tl
k + Hl + 1, tl

k+1 + Hl ].
Moreover, the control inputs in sequence Ũl (tl

k+1 ) satisfy the input
constraint during the time interval [tl

k+1 + 1, tl
k+1 + Hl ]. This indi-

cates that the optimization problem (3) has a feasible solution at time
instant tl

k+1 .
Case 2: M = Hl

For t = tl
k+1 = tl

k + Hl , we have xl (tl
k+1 ) = x̂l (tl

k+1 |tl
k ) +

A
H l −1
l wl (tl

k ) + A
H l −2
l wl (tl

k + 1) + · · · + wl (tl
k+1 − 1), and hence

we obtain ‖xl (tl
k+1 )‖P l

≤ ‖x̂l (tl
k+1 |tl

k )‖P l
+ λ̄(

√
Pl )T l

M ρl ≤ εl ,
i.e., the actual state xl (tl

k+1 ) ∈ ΩP l
(εl ). Thus, the state feedback con-

trol can be used and the control inputs in sequence Ũl (tl
k+1 ) satisfy the

input constraint.
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For t ∈ [tl
k+1 + 1, tl

k+1 + Hl ], we have x̃l (t|tl
k+1 ) =

Φ
t−t l

k + 1
l xl (tl

k+1 ). Therefore, we obtain

‖x̃l (t|tl
k+1 )‖P l

≤ λ̄(
√

Pl )
λ(
√

Pl )
‖Φl‖t−t l

k + 1 ‖xl (tl
k+1 )‖P l

≤ λ̄(
√

Pl )
λ(
√

Pl )
‖Φl‖εl

≤ αlεl . (8)

Inequality (8) implies that the state x̃l (t|tl
k+1 ) satisfies the state

constraint in the optimization problem (3) for t ∈ [tl
k+1 + 1, tl

k+1 +
Hl ], i.e., the control input sequence Ũl (tl

k+1 ) is a feasible solution for
the optimization problem (3) at time instant tl

k+1 .
Therefore, the optimization problem (3) of each plant Pl has a fea-

sible solution at time instant tl
k , k ∈ N, under Algorithm 1. �

Theorem 1 gives the conditions for recursive feasibility of the opti-
mization problem (3). Recursive feasibility can be satisfied when ‖Φl‖
and the bound ρl satisfy corresponding conditions.

C. Stability

Stability of the closed-loop system is investigated in this section. The
bound of system errors between the actual states and the optimal ones
is increasing with τ l

k . Therefore, if the system stability with τ l
k = M

can be guaranteed, then the system is stable when τ l
k ∈ [1, M ]. The

following theorem gives sufficient conditions to guarantee stability.
Theorem 2: For system (1), suppose that Assumptions 1 and 2 hold,

∀l ∈ L, and the scheduling sequences of overall system and optimal
control inputs for each plant are calculated by Algorithm 1.

1) L ≤ M < Hl : if the conditions in Theorem 1 are satisfied,

and ηl > 0 with ηl =
M ε2

l
λ̄(P l )

− λ̄(Q l )
λ(Q l )

ρlT
l
M ( 2H l α l ε l

M λ(
√

P l )
+ ρlT

l
M ) −

λ̄(
√

P l )
λ(Q l )

ρl (1 + αl )εl‖Al‖H l −M T l
M − λ̄(Q l )

λ(Q l )λ(
√

P l )
ρlHlαl εlT

l
M T l

S ,

then the system states converge to the set Yl ⊂ ΩP l
(εl ), which is

described as

Yl =
{

xl ∈ Rn l : ‖xl‖2
P l

≤ λ̄(Pl )
Mλ(Ql )

{
2λ̄(Ql )
λ(
√

Pl )
ρl εlT

l
M TH l

+ λ̄(Ql )T l
M ρl

(
2εl

λ(
√

Pl )
+ T l

M ρl

)
+ λ̄(Ql )

(
T l

M ρl

)2
TH 2

l

+ 2MT l
M ρl

λ̄(Ql )
λ(
√

Pl )
εl + M (T l

M ρl )2 λ̄(Ql )

+ λ̄
(√

Pl

)
‖Al‖H l −M T l

M ρl (1 + αl )εl

}}
, (9)

where

TH l
=

{
Hl − M − 1, ‖Al‖ = 1,

‖A l ‖−‖A l ‖H l −M

1−‖A l ‖ , ‖Al‖ �= 1,

TH 2
l

=

⎧
⎨

⎩

Hl − M − 1, ‖Al‖ = 1,

‖A l ‖2 −‖A l ‖2 (H l −M )

1−‖A l ‖2 , ‖Al‖ �= 1,

T l
S =

{∑H l −M −1
i=1 ‖Al‖i

(
1
i

+ 1
M + i

)
, L ≤ M < Hl − 1,

0, M = Hl − 1.

2) M = Hl : if the conditions in Theorem 1 are satisfied, then the
system states converge to the invariant set ΩP l

(εl ).
Proof: This theorem is provided by investigating two cases.

Case 1: L ≤ M < Hl

Define the Lyapunov function as Vl

(
tl
k

)
= Jl

(
xl (tl

k

)
, Ûl (tl

k )), the
difference between the values of Lyapunov function at tl

k and tl
k+1

satisfies

ΔV l
k = Vl

(
tl
k+1

) − Vl

(
tl
k

)

≤
t l
k

+H l −1∑

t= t l
k + 1

(∥
∥x̃l

(
t|tl

k+1

)∥∥2
Q l

−∥∥x̂l

(
t|tl

k

)∥∥2
Q l

)

+

t l
k + 1 +H l −1
∑

t= t l
k

+H l

(∥∥x̃l

(
t|tl

k+1

)∥∥2
Q l

+
∥∥ũl

(
t|tl

k+1

)∥∥2
R l

)

+
∥
∥x̃l

(
tl
k+1 + Hl |tl

k+1

)∥∥2
P l
−∥∥x̂l

(
tl
k + Hl |tl

k

)∥∥2
P l

−
t l
k + 1 −1
∑

t= t l
k

(∥
∥x̂l

(
t|tl

k

)∥∥2
Q l

+
∥
∥ûl

(
t|tl

k

)∥∥2
R l

)
. (10)

Based on the fact that ũl (t|tl
k+1 ) = ûl (t|tl

k ), t ∈ [tl
k+1 , t

l
k + Hl −

1], we split the right hand of (10) into ΔV l
k (1), ΔV l

k (2), and ΔV l
k (3),

where

ΔV l
k (1) =

t l
k

+H l −1∑

t= t l
k + 1

(∥
∥x̃l

(
t|tl

k+1

)∥∥2
Q l

− ∥∥x̂l

(
t|tl

k

)∥∥2
Q l

)
, (11)

ΔV l
k (2) =

t l
k + 1 +H l −1
∑

t= t l
k

+H l

(∥∥x̃l

(
t|tl

k+1

)∥∥2
Q l

+
∥∥ũl

(
t|tl

k+1

)∥∥2
R l

)

+
∥
∥x̃l

(
tl
k+1 + Hl |tl

k+1

)∥∥2
P l

− ∥∥x̂l

(
tl
k + Hl |tl

k

)∥∥2
P l

,

(12)

ΔV l
k (3) = −

t l
k + 1 −1
∑

t= t l
k

(∥
∥x̂l

(
t|tl

k

)∥∥2
Q l

+
∥
∥ûl

(
t|tl

k

)∥∥2
R l

)
. (13)

In order to prove the theorem, we analyse ΔV l
k in two cases accord-

ing to whether xl (tl
k ) belongs to ΩP l

(εl ) or not.
i) xl (tl

k ) /∈ ΩP l
(εl ). By the triangle inequality and Theorem 1, we

have

∥
∥x̃l

(
tl
k+1 |tl

k+1

)∥∥2
Q l

− ∥∥x̂l

(
tl
k+1 |tl

k

)∥∥2
Q l

≤ ∥∥x̃l

(
tl
k+1 |tl

k+1

) − x̂l

(
tl
k+1 |tl

k

)∥∥
Q l

×
(∥
∥x̃l

(
tl
k+1 |tl

k+1

)∥∥
Q l

+
∥
∥x̂l

(
tl
k+1 |tl

k

)∥∥
Q l

)

≤ λ̄
(√

Ql

)
ρlT

l
M ·

(
λ̄
(√

Ql

)

λ
(√

Pl

)
2Hlαlεl

M
+ λ̄

(√
Ql

)
ρlT

l
M

)

≤ λ̄ (Ql ) ρlT
l
M

(
2Hlαlεl

λ
(√

Pl

)
M

+ ρlT
l
M

)

. (14)
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Therefore, we obtain

ΔV l
k (1) =

t l
k

+H l −1∑

t= t l
k + 1

(‖x̃l

(
t|tl

k+1

) ‖2
Q l

− ‖x̂l

(
t|tl

k

) ‖2
Q l

)

≤ λ̄ (Ql ) ρlT
l
M

(
2Hlαlεl

λ
(√

Pl

)
M

+ ρlT
l
M

)

+
t l
k

+H l −1∑

t= t l
k + 1 +1

(∥
∥x̃l

(
t|tl

k+1

)∥∥2
Q l

− ∥∥x̂l

(
t|tl

k

)∥∥2
Q l

)

≤ λ̄ (Ql ) ρlT
l
M

(
2Hlαlεl

λ
(√

Pl

)
M

+ ρlT
l
M

)

+
λ̄ (Ql )

λ
(√

Pl

)

× ρlHlαl εlT
l
M

H l −M −1∑

i=1

‖Al‖i

(
1
i

+
1

M + i

)

≤ λ̄ (Ql ) ρlT
l
M

(
2Hlαlεl

λ
(√

Pl

)
M

+ ρlT
l
M

)

+
λ̄ (Ql )

λ
(√

Pl

)ρlHlαl εlT
l
M T l

S . (15)

According to Theorem 1, we have x̃l

(
tl
k + Hl |tl

k+1

) ∈ ΩP l
(εl ).

For ΔV l
k (2), it holds that

ΔV l
k (2) =

t l
k + 1 +H l −1
∑

t= t l
k

+H l

(∥∥x̃l

(
t|tl

k+1

)∥∥2
Q l

+
∥∥ũl

(
t|tl

k+1

)∥∥2
R l

)

+
∥
∥x̃l

(
tl
k+1 + Hl |tl

k+1

)∥∥2
P l

− ∥∥x̂l

(
tl
k + Hl |tl

k

)∥∥2
P l

≤ ∥∥x̃l

(
tl
k + Hl |tl

k+1

)∥∥2
P l

− ∥∥x̂l

(
tl
k + Hl |tl

k

)∥∥2
P l

≤ λ̄
(√

Pl

)
‖Al‖H l −M T l

M ρl (1 + αl )εl . (16)

Since xl (tl
k ) /∈ ΩP l

(εl ), we have

ΔV l
k (3) = −

t l
k + 1 −1
∑

t= t l
k

(∥
∥x̂l

(
t|tl

k

)∥∥2
Q l

+
∥
∥ûl

(
t|tl

k

)∥∥2
R l

)

≤ −
t l
k + 1 −1
∑

t= t l
k

∥
∥x̂l

(
t|tl

k

)∥∥2
Q l

≤ − M
λ(Ql )
λ̄(Pl )

ε2
l . (17)

By summing the results of ΔV l
k (1), ΔV l

k (2), and ΔV l
k (3), we obtain

ΔV l
k < −λ(Ql )ηl , i.e., Vl (tl

k+1 ) < Vl (tl
k ) − λ(Ql )ηl , which implies

that the system states will go into the invariant set ΩP l
(εl ) in finite

time.
ii) x(tl

k ) ∈ ΩP l
(εl ). Since x̂l (t|tl

k ) ∈ ΩP l
(εl ) holds during the time

interval t ∈ [tl
k+1 , t

l
k + Hl − 1], we obtain

ΔV l
k (1) =

t l
k

+H l −1∑

t= t l
k + 1

(∥∥x̃l (t|tl
k+1 )

∥∥2
Q l

− ∥∥x̂l (t|tl
k )
∥∥2

Q l

)

≤ λ̄(Ql )T l
M ρl

(
2εl

λ(
√

Pl )
+ T l

M ρl

)

+
2λ̄(Ql )
λ(
√

Pl )
T l

M ρl εlTH l
+ λ̄(Ql )

(
T l

M ρl

)2
TH 2

l
. (18)

ΔV l
k (2) in this case is the same as the one in the previous case.

For ΔV l
k (3), it is obvious that the term ‖x̂l (t|tl

k )‖2
Q l

+ ‖ûl (t|tl
k )‖2

R l

is decreasing with the increase of t when the state feedback control
law is applied to the system. Hence, −‖x̂l (t|tl

k )‖2
Q l

− ‖ûl (t|tl
k )‖2

R l
≤

−‖x̂l (tl
k+1 |tl

k )‖2
Q l

, t ∈ [tl
k , tl

k+1 − 1]. Because ‖xl (tl
k+1 )‖Q l

≤
‖x̂l (tl

k+1 |tl
k )‖Q l

+ ‖AM −1
l wl (tl

k ) + AM −2
l wl (tl

k + 1) + · · · +
wl (tl

k+1 )‖Q l
≤ ‖x̂l (tl

k+1 |tl
k )‖Q l

+ λ̄(
√

Ql )T l
M ρl , we have

ΔV l
k (3) = −

t l
k + 1 −1
∑

t= t l
k

(∥
∥x̂l (t|tl

k )
∥
∥2

Q l
+
∥
∥ûl (t|tl

k )
∥
∥2

R l

)

≤ − M
∥∥x̂l (tl

k+1 |tl
k )
∥∥2

Q l

≤ − M
λ(Ql )
λ̄(Pl )

‖xl (tl
k+1‖2

P l
+ M (T l

M ρl )2 λ̄(Ql )

+ 2MT l
M ρl

λ̄(Ql )
λ(
√

Pl )
εl . (19)

Consequently, we obtain

ΔV l
k ≤ ΔV l

k (1) + ΔV l
k (2) + ΔV l

k (3)

≤ λ̄(Ql )T l
M ρl

(
2εl

λ(
√

Pl )
+ T l

M ρl

)

+
2λ̄(Ql )
λ(
√

Pl )
T l

M ρl εlTH l
+ λ̄(Ql )

(
T l

M ρl

)2
TH 2

l

+ 2MT l
M ρl

λ̄(Ql )
λ(
√

Pl )
εl + M (T l

M ρl )2 λ̄(Ql )

+ λ̄
(√

Pl

)
‖Al‖H l −M T l

M ρl (1 + αl )εl

− M
λ(Ql )
λ̄(Pl )

∥
∥xl (tl

k+1 )
∥
∥2

P l
, (20)

which means the system is stable, and the system states of plant Pl will
converge to the set Yl .

Case 2: M = Hl

According to Theorem 1, we have xl (tl
k+1 ) ∈ ΩP l

(εl ). Therefore,
the system states converge to the invariant set ΩP l

(εl ) if the conditions
in Theorem 1 are satisfied.

The proof is completed. �
Remark 2: As the plants Pl , l = 1, 2, . . . , L, are only coupled

through the shared communication networks, recursive feasibility of
the optimization problem and the stability of each loop are influenced
by each plant’s system parameters and the common parameter M .
For plant Pl , ∀l ∈ L, the conditions of Theorem 1 guarantee the re-
cursive feasibility of the optimization problem, and the conditions of
Theorem 2 ensure the stability of the closed-loop system.

Remark 3: The linear system (1) is Lipschitz continuous in state xl ,
and ‖Al‖ is a Lipschitz constant. For nonlinear system with satisfying
Lipschitz conditions and Assumptions 1 and 2, we can get similar
algorithms and conditions for recursive feasibility and stability.

D. A Limited Number of Loops Communicate Over the
Networks at Each Time Instant

The previous section describes the case that only one loop com-
municates over the networks at each time instant. In this section, we
will consider the case that a limited number of loops N can commu-
nicate over the networks at each time instant. In order to ensure the
communication without conflict, we assume L ≤ MN .

Algorithm 2: From time t = 0, step 3 is executed in the order of
increasing loop index l, and the input of plant Pl is zero when t < tl

1 .
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The first time of solving the optimization problem for plant Pl is tl
1 =

� l−1
N

�. The controller transmits U�
l (tl

1 ) to actuator Al , and transmits
X�

l (tl
1 ) to the network manager. Define a set L∗, which contains the

indexes of the corresponding states needed to be transmitted to the
controller. The last time instant of solving the optimization problem
for plant Pl before t is denoted by tl

la st . If mod(L, N ) �= 0, then there
exist mod(L, N ) communication channels after plant PL is executed
at time instant �L−1

N
�. Thus, add indexes {L − mod(L, N ) + 1, L −

mod(L, N ) + 2, . . . , L} into L∗, and then go to step 2 (select the first
N − mod(L, N ) loops). At time instant t = �L−1

N
� + 1,

Step 1: If there exists l∗, l∗ ∈ L, such that t − tl∗
k = M , then add the

index element l∗ into L∗. The number of the elements in L∗ is
denoted by L∗. If L∗ = N , the sensor of plant Pl∗ measures
the state xl∗(t), the network manager transmits xl∗(t) to the
controller and sets tl∗

la st = t, ∀l∗ ∈ L∗, then go to step 3; else,
go to step 2.

Step 2: Sensor measures the state xl (t) of plant Pl , ∀l ∈ L \ L∗, then
the network manager sorts these states according to the values
‖xl (t) − x̂l (t|tl

la st )‖2
Ψ l

, ∀l ∈ L \ L∗, in descending order (for
the same values, the network manager sorts the corresponding
states according to an ascending order of indexes). After that,
add the first N − L∗ state indexes into L∗. Finally, the network
manager transmits xl∗(t) to the controller and updates tl∗

la st =
t, ∀l∗ ∈ L, then go to step 3.

Step 3: The controller transmits U�
l∗(t

l∗
la st ) and X�

l∗(t
l∗
la st ) to actuator

Al∗ and the network manager, respectively, after solving the
optimization problem (3) for plant Pl∗ , ∀l ∈ L∗.

Step 4: Apply the control input ûl (t|tl
la st ) to plant Pl for [t, t + 1),

∀l ∈ L, and set t = t + 1, then go to step 1.
Remark 4: The differences between Algorithm 2 and Algorithm 1

are the initialization stage and the number of loops that can com-
municate over the networks at each time instant. The relationships
between plants Pl , l = 1, 2, . . . , L, have been given in Remark 2, and
the recursive feasibility of the optimization problem and the stabil-
ity of each loop are irrelevant to N . Hence, the conditions for re-
cursive feasibility of the optimization problems and the stability of
the closed-loop system for Algorithm 2 are the same as those for
Algorithm 1.

IV. SIMULATION RESULTS

In this section, we will give two numerical examples to illustrate the
proposed algorithms. In the first example, only one loop communicates
over the networks at each time instant, while in the second example the
networks can ensure the communication requirements of two loops at
each time instant.

A. Only One Loop Communicates Over the Networks at Each
Time Instant

In this example, we consider a control system with two plants.
The parameters of plant P1 are A1 = [ 0 .65 0 .2

−0 .1 1 .1 ], B1 = [ 0
1 ], Q1 =

[ 1 0
0 1 ], R1 = 1, P1 = [ 1 .7490 0 .1174

0 .1174 2 .2800 ] with state feedback control
gain K1 = [0.1 −1.1], and control input constraint U1 = {u1 ∈ R :
−1 ≤ u1 ≤ 1}. The plant P2 is described as A2 = [ 0 .7 0 .1

−0 .2 1 .1 ], B2 =
[ 0
1 ], Q2 = [ 1 0

0 1 ], R2 = 1, P2 = [ 2 .0392 −0 .0773
−0 .0773 2 .2304 ], K2 = [0.2 −

1.1], and U2 = {u2 ∈ R : −1 ≤ u2 ≤ 1}. For plants P1 and P2 , we
choose Hl = 15, εl = 0.1, αl = 0.7, l = 1, 2, Ψ1 = [ 1 0

0 1 ], Ψ2 =
[ 1 0
0 1 ], and M = 3. According to Theorems 1 and 2, the maximum

disturbance bounds of plants P1 and P2 are determined as 5.20 × 10−4

and 5.67 × 10−4 , respectively, and we set ρ1 = 5.20 × 10−4 and
ρ2 = 5.67 × 10−4 .

Fig. 2. Time instants of solving optimization problems of P1 and P2
calculated by Algorithm 1.

Fig. 3. State trajectory of P1 calculated by Algorithm 1.

The initial states of P1 and P2 are set to be x1 (0) = (0.7 − 0.7)T

and x2 (0) = (−0.7 0.7)T , respectively. Fig. 2 gives the time in-
stants of solving optimization problems for plants P1 and P2 under
Algorithm 1. We can see that there is only one loop communicating
over the networks at each time instant. Figs. 3 and 4 show the state
trajectories of plants P1 and P2 , respectively. Because of the distur-
bances, the states of plants P1 and P2 converge to a neighborhood of
the origin instead of the origin.

B. A Limited Number of Loops Communicate Over the
Networks at Each Time Instant

In this example, the control system has three plants, and two
loops can communicate over the networks at each time instant. The
plants P1 and P2 are the same as the ones in the first exam-
ple, the parameters of plant P3 are A3 = [ 1 .1 0 .2

−0 .2 0 .7 ], B3 = [ 1
0 ],

Q3 = [ 1 0
0 1 ], R3 = 1, P3 = [ 2 .2916 −0 .0655

−0 .0655 2 .0392 ], K3 = [−1.1 − 0.2],
and U3 = {u3 ∈ R : −1 ≤ u3 ≤ 1}. For plant P3 , we choose H3 =
15, ε3 = 0.1, α3 = 0.7, and Ψ3 = [ 1 0

0 1 ]. According to Theorems 1



5244 IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 64, NO. 12, DECEMBER 2019

Fig. 4. State trajectory of P2 calculated by Algorithm 1.

Fig. 5. Time instants of solving optimization problems of P1 , P2 , and
P3 calculated by Algorithm 2.

Fig. 6. State trajectory of P1 calculated by Algorithm 2.

Fig. 7. State trajectory of P2 calculated by Algorithm 2.

Fig. 8. State trajectory of P3 calculated by Algorithm 2.

and 2, the maximum disturbance bound of plant P3 is 5.44 × 10−4 , we
set ρ3 = 5.44 × 10−4 .

The initial states of P1 , P2 , and P3 are set to be x1 (0) =
(0.7 − 0.7)T , x2 (0) = (−0.7 0.7)T , and x3 (0) = (−0.7 0.7)T ,
respectively. Fig. 5 shows the time instants of solving optimization
problems for plants P1 , P2 , and P3 under Algorithm 2. As can be seen
from Fig. 5, there is no conflicting transmissions. Figs. 6–8 show the
system states of P1 , P2 , and P3 , respectively.

V. CONCLUSION

In this paper, we presented algorithms of network scheduling and
MPC co-design, in order to stabilize multi-loop NCS over shared
bandwidth-limited communication networks. Recursive feasibility of
the optimization problems and stability of all closed loops are guaran-
teed by appropriate conditions. The system states of all plants converge
to a neighborhood of the origin without conflicting transmissions. The
simulation results indicated that the proposed algorithms are effective.
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