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An invariant cover quantifies the information needed by a controller to enforce an invariance spec-
ification. This paper investigates some fundamental problems concerning existence and computation
of an invariant cover for uncertain discrete-time linear control systems subject to state and control
constraints. We develop necessary and sufficient conditions on the existence of an invariant cover
for a polytopic set of states. The conditions can be checked by solving a set of linear programs, one
for each extreme point of the state set. Based on these conditions, we give upper and lower bounds
on the minimal cardinality of the invariant cover, and design an iterative algorithm with finite-time
convergence to compute an invariant cover. We further show in two examples how to use an invariant
cover in the design of a coder-controller pair that ensures invariance of a given set for a networked

control system with a finite communication data rate.
© 2021 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND

license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

In a networked control system a plant is connected with a con-
troller through a communication network (Bemporad, Heemels, &
Johansson, 2010; Sinopoli et al., 2004; Zhang, Branicky, & Phillips,
2001), as shown in Fig. 1. Networked control systems are in
widespread use in a variety of application areas, for example,
smart buildings (Agarwal et al.,, 2010) and intelligent transporta-
tion (Zhou, Cao, Zeng, & Wu, 2010). Since the data rate of a
communication channel is usually limited, a central question is
how much information is needed by the controller to enforce a
given specification.

Feedback control under limited data rate has been widely
studied (Nair & Evans, 2003; Nair, Fagnani, Zampieri, & Evans,
2007; Tatikonda & Mitter, 2004). One well-known result is that
the critical data rate necessary for stabilization of linear systems
depends on the unstable poles of their open-loop system. In Nair,
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Evans, Mareels, and Moran (2004), the notion of topological feed-
back entropy, which is an extension of topological entropy (Adler,
Konheim, & McAndrew, 1965; Bowen, 1971), has been used to
quantify the information necessary for stabilization of nonlinear
control systems.

Invariance is one of the most fundamental concepts in sys-
tems and control (Blanchini, 1999; Blanchini & Miani, 2007).
In the context of networked control systems, the minimal data
rate necessary for set invariance under feedback control was
studied in Kawan (2013) and Nair et al. (2004). It was shown
in Nair et al. (2004) that a finite topological feedback entropy
is necessary to achieve invariance. Later, the notion of invari-
ance entropy was proposed for continuous-time deterministic
control systems based on spanning sets (Kawan, 2013). Equiv-
alence between these two notions was established for discrete-
time control systems under the assumption of strong invariance
in Colonius, Kawan, and Nair (2013).

The notion of invariance feedback entropy was first pro-
posed in Rungger and Zamani (2017a) for generalizing the notion
of invariance entropy (Kawan, 2013) to uncertain discrete-time
control systems and was further explored in Rungger and Za-
mani (2017b), Tomar, Rungger, and Zamani (2020). It was shown
in Tomar et al. (2020) that the invariance feedback entropy of
a given set of states is finite if and only if an invariant cover
exists for this set. An invariant cover is a pair consisting of a finite
cover of the given set and a map from this cover to the control
set (see Definition 2.2). We remark that the invariant cover plays
an important role in designing a coder-controller which achieves a
finite data rate and ensures invariance.

0005-1098/© 2021 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-
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Fig. 1. Coder-controller feedback loop, where x is the measured state, [x] is the
encoded state, and u is the control.

This paper establishes fundamental results on invariant cover
for uncertain discrete-time linear control systems. The main con-
tributions are summarized as follows:

e We develop two necessary and sufficient conditions for the
existence of an invariant cover for a given polytopic set
(Theorems 3.1 and 3.2). They suggest a computationally
tractable method of determining whether an invariant cover
exists through linear programming.

e Based on these conditions, we give upper and lower bounds
on the minimal cardinality of an invariant cover (Theo-
rem 4.1). As a complement to Tomar et al. (2020), this upper
bound is valid for the invariance feedback entropy and the
minimal data rate necessary for invariance.

e We provide an iterative algorithm to compute an invariant
cover (Algorithm 1) and prove its finite-time convergence
(Theorem 5.1). The performance of the algorithm is illus-
trated in two examples that use an invariant cover to design
a static coder-controller pair for a networked control system
with a finite data rate to enforce the invariance of a given
set.

The remainder of the paper is organized as follows. The prob-
lem statement is given in Section 2. Section 3 addresses the
existence of an invariant cover and Section 4 gives bounds on its
minimal cardinality. Section 5 provides an algorithm for comput-
ing an invariant cover. The examples in Section 6 detail how to
use the invariant cover to design coder-controllers for networked
control systems. Section 7 concludes the paper.

Notation. N is the set of nonnegative integers and R is the set
of real numbers. For q,s € N with g < s, the sets {r € N |
r>gq}and {r €e N | q < r < s} are denoted by N>, and
Nig,s, respectively. The ith row and (i, j)-th element of a matrix
A € R™" are denoted as [A]; € R™" and [Aly, respectively.
Inequalities involving vectors are interpreted element-wise and
1 is the vector [1 ---1]T with dimension dependent on context.
The Euclidean ball with center x € R" and radius r € R.g is
By(x) = {z € R" | ||z—x|] < r}, where | -], is the Euclidean norm.
For sets X, Y C R", the convex hull of X is denoted by conv(X),
and the Minkowski sum and Pontryagin difference are denoted by
X@Y ={x+y|xeX,ye€ Yland XOY = {x | x+y € X, Vy € Y}.
For« € Rand A € R™" we define aX = {ax | x € X} and
AX = {Ax | x € X}. The extreme points (vertices) of a polytope P
are denoted vert(P), and for P = {x € R" : Vx < v} withV € R™",
v € R" and k € Npp 1, we denote vert,(P) = {x € vert(P) : [V]x <

[v]k}-
2. Problem statement

Consider a discrete-time linear system in the form of
X1 = AX + Buy + wy, (m)

where x, € X C R™ is the state, uy € U C R™ the control
input and w, € W C R™ the disturbance input, and A, B are
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matrices with appropriate dimensions. The state and control sets
X and U and the disturbance set W are each assumed to be convex
polyhedral sets:

X2 {x e R™ | Fx < fi}, (2)
U2 {ueR™|Fu<f), (3)
W2 (weR™|Fw < f,), (4)

where Fy, F,, F,,, and fi, f,, f,, are matrices and vectors with ap-
propriate dimensions. We assume that U and W are compact sets
and define Q as a compact subset of X.!

Definition 2.1. A set Q C X is said to be a robust controlled
invariant set (RCIS) if for each x € Q, there exists a control input
u e Usuchthat Ax+Bue Qe W.

Remark 2.1. An RCIS is a set that can be made invariant by
a state feedback control law under any admissible disturbance.
The computation of such sets is widely studied in the literature,
e.g., Rungger and Tabuada (2017).

A cover of a set Q is a collection of sets whose union includes
Q as a subset. Next we define an invariant cover of Q C X, which
is a pair consisting of a finite cover of Q and a map from this cover
to the control set U. Each state set from the finite cover can be
driven to the set Q by means of a single control input generated
by the map.

Definition 2.2 (Tomar et al., 2020). A cover A of a nonempty
set Q and a function G : A — U is an invariant cover (A, G)
of the system (1) and Q if A4 is finite and, for all X' e A,
AX @ {BG(X)} C Qo W.

Remark 2.2. In the context of networked control systems, an
invariant cover is used to define the invariance feedback entropy
in Tomar et al. (2020). Note that an invariant cover (A, G) im-
mediately provides a static coder-controller: for any x € Q,
the coder transmits one of the sets X € A that contains x to
the controller and the controller implements G(X'°) to guarantee
invariance (Fig. 1). In Tomar et al. (2020), the data rate of the
static coder-controller under the invariant cover (A, G) is defined
to be log, |.A| bits per time unit.

Example 2.1. Consider the linear scalar system

Xip1 = 2X + U + W,

with X = R, U = [-1,1], and W = [-0.4,0.4]. Let Q
[—0.6,0.6]. It is easy to verify that Q is an RCIS. Let Xif =
[—0.6, —0.4], X = [-0.4, —0.2], Xf = [-0.2, 0], XI = [0, 0.2],
XE = [0.2,0.4], and X§ = [0.4,0.6]. Define A = {X/}¢ | and
the map G : A — U with G(XT) =1, G(X5) = 0.6, G(X¥) = 0.2,
GXy) = —0.2, G(X5) = —0.6, and G(X§) = —1. We can verify
that (A, G) is an invariant cover for this system and the set Q. The
data rate of the static coder-controller defined by this invariant
cover (A, G) is log, 6 bits per time unit.

From Definition 2.2 it is obvious that Q must be an RCIS in
order that there exists an invariant cover (A, G) of the system (1)
and Q. In this paper, we firstly consider the existence of an
invariant cover.

1 We assume that Q is full-dimensional. If this is not the case, i.e., if Q lies
in an affine subspace of R™, then we assume that Q C S; xS; and QNS; = {x°}
for some x° € R™, and we apply the following arguments to the subspace S,
and the projection of Q (assumed full-dimensional) onto S,.
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Problem 2.1. Consider the system (1) and a set Q. Find necessary
and sufficient conditions such that there exists an invariant cover
(A, G) of the system (1) and the set Q.

From Remark 2.2 it follows that the data rate of the (static)
coder-controller decreases as the cardinality of the invariant
cover decreases. We define the minimal cardinality of the invari-
ant cover as follows:

|AI* =inf|A| s.t. (A, G)is an invariant cover for (1) and Q.

If an invariant cover is known to exist, we consider the following
problem.

Problem 2.2. If an invariant cover (A, G) exists for the system
(1) and a set Q, provide upper and lower bounds on the minimal
cardinality of the invariant cover.

We further consider the computation problem.

Problem 2.3. Design an algorithm to compute an invariant cover
(A, G) for the system (1) and a set Q whenever such invariant
cover exists.

3. Existence of an invariant cover

This section focuses on Problem 2.1. The sets Q and Q©W are
assumed to have the H-representations

Q={xeR™|Qx<q}, (5)
Qe W={xeR™|Px<p}, (6)

where g € R™, p € R™ and Q, P are matrices with appropriate
dimensions. We assume that the rows of Q are normalized so that
IQlill2 = 1, Vi € Nyy,5,), and that g > 0 so that the origin lies in
the interior of Q.2

For x € Q, we say that a control u is feasible for x if it drives
x to Q for all w € W. We denote by I" C R™*™ the set of all
(x, u) such that u is feasible for x. The set I can be written as a
compact polytopic set:

F:!(x,u)e]R”XxR"“ | Qx <q, Fuu < fy, PAx—i—PBuSp}.
—_—— ——— ——

xeQ uel Ax+BucQew
(7)
Define the map I7 : U — 28™ as
Ou)={xeR™ | (x,u)eI'}. (8)

For convenience we set IT(u) = @ if u ¢ U. For given u € U, the
set IT(u) has the property that any state x € IT(u) is steered into
Q by u in a single time-step.

Lemma 3.1. For any given u € U, if I[1(u) # @, then AIll(u) &
{Buy c Qo Ww.

Proof. If I7(u) # @, then (7)-(8) imply that Ax+Bu C QoW for
all x e [1(u), ie., AlTI(u)® {Bu} C Qe W. O

The following lemma gives a necessary and sufficient condi-
tion for the existence of an invariant cover.

2 For any full-dimensional Q this can be ensured by redefining the state and
disturbance input of (1) as x, —x° and wy — x° 4+ Ax°, respectively, for any x° in
the interior of Q.
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Lemma 3.2. An invariant cover (A, G) of the system (1) and the
set Q exists if and only if there exist a finite number N € N and a
set {u; € UMY, such that

N
Urw)=a. 9)
i=1

Proof. See Appendix.

Lemma 3.2 is important to prove the following result.

Theorem 3.1. An invariant cover (A, G) of the system (1) and the
set Q exists if and only if for all x € Q, there exists a control input
u € U such that B,(x) N Q C II(u) for some r > 0.

Proof. See Appendix.

We note that there is no obvious computationally tractable
method of checking the necessary and sufficient conditions of
Lemma 3.2 and Theorem 3.1.

3.1. Optimization-based existence condition

This subsection provides computationally tractable necessary
and sufficient conditions for the existence of an invariant cover
for a given set Q. To avoid the computational difficulties of
checking the conditions of Theorem 3.1 based on B.(x) N Q, we
consider instead the set X(x, «) defined for x € Q, @ € [0, 1] by

X(x,a)={zeR™ | Q(z—(1—ak) < aq}.

This set can be equivalently expressed as

X(x, o) ={(1—akx} ®aQ, (10)
so we therefore have x € X(x,a) € Q, for all x € Q and
a € [0, 1]. It also follows from (10) that X(x, ) is monotonically
non-decreasing with «, i.e., X(x, 1) € X(x, ay), for all x € Q and
O0<a1 <oy <1

The results of this section rely on the following two lem-
mas, which are derived from the convexity and linearity of the
conditions defining I7(u) and X(x, «).

Lemma 3.3. Letu = Y | A, where uf € U, [1(u}) # ¥ and
Ai > 0 forall i € Ny with YN | &; = 1. Then

N
P rinwy) < ). (11)
i=1

Proof. The convexity of U implies that u = Zf; ruf e U,
while the convexity of Q and Q & W imply that x € Q and
Ax+Bu € QO Wifx = Z,.N:l xix, for any {x*} | such that
X7 e II(uf)Vi € Ny nj. We therefore have x € IT(u) and hence
(11) holds. O

Lemma 34. Letx = Zf’:l Aix{, where x{ € Q and A; > 0 for all
i € Ny nj with Zf’:] Ai =1, and let o; € [0, 1] for all i € Npy .
Then

N
X(x, min o) € @MX_'(X?, ) € X(x, max o;). (12)
IEN“_NJ i IGN“_N]

Proof. Given the assumptions on x}, A; and «;, we have X(x}, o;)

2 X(x}, minjey;, y, @), Vi € Npj n), and hence

N N
@ki)?(xf, Oli) > @Ai)?(x?‘, min (X,’)
i=1 i=1

iEN[l,N]
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x x
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0.4 T 0.4
«-{0.2 / r
0.2 0.6 1 0.8
—1 —0.6 —0¥ U —0.8 U
—0.2}->
04 > —0.4
—0.6
(a) (b)
Fig. 2. The set I" for two different RCISs: (a) Q = [—0.6, 0.6]; (b) Q' = [-0.4,0.4].

={(1— min o;)x} & min «;Q
IEN[l_N] IEN[].N]

= X(x, min o).
ieN[,N]
This proves the first subset relation in (12); the second can be
proved using a similar argument. O

We define the critical vertices of I" as follows.

Definition 3.1. A vertex (x, u) of I" is said to be a critical vertex

of I' if: (i) x € vert(Q), (ii) X(x, o) € M1 (u) for some a € (0, 1].

The main result of this section (Theorem 3.2) states that an
invariant cover (A, G) exists for the system (1) and the set Q if
and only if every x € vert(Q) corresponds to a critical vertex of
I'. We prove this using Lemmas 3.3, 3.4, and the properties of
critical vertices to define for each x € Q a control u such that
X(x,a) € I(u) for some o > 0. However, as x approaches the
boundary of @, x also approaches the boundary of X(x, «). To
ensure the existence of r > 0 such that B,(x) N Q C I1(u) for all
x € Q and thus fulfill the conditions of Theorem 3.1, we therefore
consider the set X(y,(x), @). Foro € (0, 1)and x € Q\ (1 — 0)Q,
Vo (x) is defined as a point in the boundary of Q given by the
solution of a linear program (LP)

Yo(x) = argmax min o[ql; — [Qli(x— (1—0)y)

s.t. [Qly = [q];Vj € J5(x)

with J,(x) = {j € Njz,nq1 | [Qljx > (1 = 0)Ig];}. For x € (1 - 0)Q,
we define y, (x) by

Yo(X) = x. (14)
An upper limit on o is provided by the following result.

(13)

Lemma 3.5. Let o € (0, 0], where
minkeN[lynq] minxevertk(@) [q]k - [Q]kx

MaXken; ) MaXxeq (9l — [QlkX

o=

then
(i). yo(x) exists fo[ all x € Q;
(ii). Br(x) N Q C X(y,(x). o) if r = 0% minjewy,, [q];

Proof. See Appendix.

Theorem 3.2. There exists an invariant cover (A, G) of the system
(1) and the set Q if and only if each vertex x of Q corresponds to a
critical vertex (x, u) of I'.

Proof. See Appendix.

Theorem 3.2 shows that it can be determined whether or
not an invariant cover exists by checking if each vertex of Q

has a corresponding critical vertex of I'. This is the basis of the
computational procedure described in Section 5.

Example 3.1. The set I" is shown in Fig. 2(a) for the system
in Example 2.1 with Q = [—0.6, 0.6] being an RCIS. It can be
seen that the vertices x = —0.6 and x = 0.6 of Q correspond
respectively to critical vertices (—0.6, 1) and (0.6, —1) of I'". In
particular, it is easy to verify that o = 1/6 gives X(—0.6, 1/6) =
(1) = [-0.6,—0.4] and X(0.6,1/6) = I1(—1) = [0.4,0.6].
Theorem 3.2 therefore implies that an invariant cover of Q exists,
which was given in Example 2.1 and is shown in Fig. 2(a).
Consider the set Q' = [—0.4, 0.4], which is also an RCIS. The
corresponding set I' for Q' is shown in Fig. 2(b). In this case
the set I' is a line segment. Therefore the vertices of ' have no
corresponding critical vertices of I'". In particular, there is no finite
set of control inputs such that (9) holds and thus there does not
exist an invariant cover for this scalar system and the set Q'.

It can be determined whether or not a given vertex of Q
corresponds to a critical vertex of I" by solving a linear program,
as we show next. Given the vertices of Q, this suggests a com-
putationally tractable method for checking whether or not an
invariant cover exists: solve the LP for each vertex x € vert(Q).

Lemma 3.6. Let o*(x) be the optimal value of the LP

o*(x) = max a
€l0,1], 520, u

(1 —a)PAx+Sq+PBu<p (15)
st. Fuu<f,
SQ = aPA

and u*(x) be the solution set for u. Then (x, u) is a critical vertex of
I if and only if a*(x) > 0, x € vert(Q), and u € u*(x).

Proof. See Appendix.
4. Bounds on the minimal cardinality of an invariant cover

This section develops an approach based on the existence
condition of Theorem 3.2 to address Problem 2.2. We derive
upper and lower bounds on |A[|*, the minimal cardinality of an
invariant cover (A, G) of the system (1) and the set Q.

Define

v* = maxvol(7(u)),
ued

where @ = {u € U | 3x, (x,u) € I'} and vol(-) denotes the
volume. Let o* and a* denote the optimal values

o = min max o
- xevert(Q) «€[0,1],5>0,u
(1 —a)PAX+Sq+PBu<p (16)
st. Fuu<f,

SQ = aPA
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and
ot = max o
«€l0,1],5>0,y,u
Q=(1-a)
ot PAy + Sq+ PBu <p (a7
7 Fu <fu
SQ = «aPA.

Remark 4.1. In (17), @* is the solution of a single LP, whereas
a* in (16) is computed by solving one LP for each vertex of Q. In
particular, ¢ = MiNyevery(g) @ *(x), where «*(x) is given by (15).

Before giving the bounds on |Al*, we need the following
lemma.

Lemma 4.1.

(i) (x}dos) CX(1—0)'x,0) forxe(1—0)Q
(ii). ({x} @ 028) NQ S X(yo(x).0) forx € Q\ (1 —0)Q,

where y,(x) is defined in (13).

Let § € Q and 0 = min{a*, 6}. Then,

Proof. See Appendix.

Theorem 4.1. Let§ = [d,.d]x---x[d, .dy]and A = [D,, Dy]x
X [D,,, Enx] be inner- and outer-bounding hyperrectangles such
that § C Q C A, and let o = min{a*, 6}. Then | A|* satisfies

vol( X —D;
o [ AR] o

(b). |AI* =1 ifand only if a* = 1.

Proof. See Appendix.

Remark 4.2. We note that Tomar et al. (2020) only provides a
lower bound on the invariance feedback entropy and the minimal
data rate necessary for invariance. As a complement, the upper
bound in (18) on the minimal cardinality of an invariant cover
also provides a bound on these quantities in the light of Lemma 3
of Tomar et al. (2020). Note that this upper bound is likely to
be loose due to the appearance of o2 in the denominator, and
this is observed in numerical examples. In addition, the lower
bound in (18) is valid for the minimal data rate achieved over
all admissible static coder-controllers, but differs from its lower
bound in Theorem 8 of Tomar et al. (2020).

The lower bound on |A|* in (18) can in principle be computed
by determining vol(I7(u)) over a finite set of points. Specifically,
the vertices of I7(u) are obtained (as functions of u € @) as
the solutions of a set of right-hand-side multiparametric lin-
ear programs, and they are therefore piecewise affine functions
of u with the pieces defined by a polyhedral complex, K, of
subsets of @ (Gal, 1995). As a result, the volume of IT(u) can
be expressed (by triangulating I7(u) into a collection of sim-
plexes (Henk, Richter-Gebert, & Ziegler, 2017)) as a sum of non-
negative determinants of matrices whose elements are piecewise
affine functions of u. It follows that vol(/7(u)) is piecewise quasi-
convex in u and the maximum, v*, over u € @, is therefore
achieved at a vertex of the complex K.

Determining the volume of an arbitrary polytopic set is com-
putationally hard, see Schneider (2014). Since «* in (17) is the
maximum value of o such that X(x, «) € I1(u) for some x € Q
and u € U, a convenient approximation is

*)vol(Q).

v R (@
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This implies that the lower bound on |A|* in (18) is approxi-
mately equal to (1/a*)™. We note however that (1/@*)™ does
not necessarily lower-bound | A|* since v* > (@*)™vol(Q).

Remark 4.3. Consider a scalar system:

Xk+1 = Xy + U + wg,

with X =R, U = [u, u], and W = [w, w]. Let Q = [q, q]. Assume
that ¢ < w < w < @. Then, we have that vert(Q) = {q,q} and
QeW=[g—w,q—w]

Recall ¢* and &* defined in Egs. (16)-(17). Since v* = (a*)™
vol(Q) when n, = 1, the lower bound in (18) becomes fél <
|Al*. On the other hand, according to the definitions of X(x, «)
and o, we have that X(x,a*) € X(x,a) € Q, Ya € [o*, 1].
Since n, = 1, one can find an invariant cover of Q of the
form UY X(x;, «*) for some N € N. Thus, due to the fact that
vol(X(x;, @*)) = a*vol(Q), an upper bound on |A[* is [A]* <
3t

" Denote by o*(q) and a*(g) the optimal value of LP (15) for
the vertices of Q, respectively. Since the optimal value occurs
at a vertex of the feasible region for the LP, we have o¢* €
{e*(q), «*(q)} and a* € {a*(q), a*(q )} Therefore, for the scalar
case, the bounds { w1 < |A]* < ( + ] are tight if and only if
a*(q) = a*(q).

In the case of a symmetric scalar system, we set 0 < —u = 1,
0 < —w = w, and 0 < —q = q. Without loss of generality, we
assume that a > 0. In this case, «*(q) = «*(g) holds. The explicit
minimal cardinality of an invariant cover is then

faf‘_’w if(a—1)g+w+u>0

|Al* = .
+00 otherwise.

This can be validated by Example 3.1. Note that, in contrast
to Tomar et al. (2020), the control limits are taken into account
in this analysis.

5. Algorithm to compute an invariant cover

This section uses the existence conditions discussed in
Section 3 to solve Problem 2.3. Algorithm 1 describes a procedure
for computing an invariant cover of system (1) and a given poly-
topic set Q. The algorithm makes use of the following result (see
Bemporad, Morari, Dua, & Pistikopoulos, 2002, Theorem 3).

Lemma 5.1. Let Y be a polytope and let Yo = {z € Y | Yz < y}
be a nonempty polytopic subset of Y withy € R™. Let Y; = {z €
Y | [Yliz = )i, [Y]jz < [y};Vj < i} for each i € Ny n. Then,
Ufio Y; = VY, int(Y;) Nint(Yo) = @, Vi, and int(Y;) N int(Y;) = 0,
Vi # j. That is, {Y,-}i"il is a partition of Y with respect to Y.

Algorithm 1 first uses the condition in Theorem 3.2 to check
the existence of an invariant cover (lines 1-9). If no invariant
cover exists, the algorithm stops and returns Null. Otherwise, the
algorithm continues by repeatedly partitioning subsets of Q using
Lemma 5.1, with the initial subset Y, defined in terms of a set
I1(u) constructed using a convex combination of the vertices of
Q. The procedure PARTITION(Y) (lines 12-23) constructs a cover
of the set Y and stores this cover and the corresponding control
inputs in (A, G). This process continues until the elements of A
cover the entire set Q.

A vertex of Y in line 13 can be found by checking whether any
vertex of Q lies in Y and then solving a LP in n, variables if this
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Algorithm 1 Invariant Cover Computation

Input: System (1), and sets Q, U, and Q & W.
Output: An invariant cover (A, G) for (1) and Q.
s XN« vert(Q)

: for all i € Njj n) do

Solve (15) for o*(x})

uy < u*(xy)

: end for

a* < min; a*(x{)
: if ¢ = 0 then

Stop and return Null

: end if

: 0 < min{a*, 5} and A < ¢
: Execute PARTITION(Q)

: procedure PARTITION(Y)
Compute x € vert(Y)
Compute y,(x) using (13)-(14)
Compute {A;}, satisfying y,(x) = ZL Aix?, Zfil Ai=1
and A; > 0Vi € N[l,N]
16 U< Yn A
17: A <« {A, IT(u)} and G(IT(u)) < u
18 Yo < YN II(u)
19: Partition Y \ Yy into {Yi}?i1 using Lemma 5.1
20: for each nonempty sub-region Y; do
21: Execute PARTITION(Y;)
22: end for
23: end procedure
24: Return: (A4, G)

[E—

_m
u s wN

check fails. The set {)L,-}{"’Zl in line 15 can be defined uniquely as
the solution of a LP in N variables:

N N
S.t. y:ZA,—x}J, Z)»,': 1, ,; >0, Vie N[l,N]

i=1 i=1
The main computational effort of the Algorithm is spent on solv-
ing the LPs in lines 13-15.

Theorem 5.1. Algorithm 1 finds an invariant cover of the system
(1) and the set Q in finite time if it exists.

Proof. See Appendix.

Remark 5.1. In contrast to methods for determining robust in-
variant sets by iteratively computing robust backward reachable
sets until convergence (e.g., Rungger & Tabuada, 2017), Algo-
rithm 1 computes an invariant cover by repeatedly partitioning
an unexplored region.

Remark 5.2. In common with other piecewise affine control
laws (e.g., Bemporad et al., 2002), the online implementation of a
static coder-controller based on an invariant cover (A, G) may be
computationally expensive for high-dimensional systems. How-
ever, we can evaluate and may reduce the online computational
complexity in the following way. Note that the invariant cover
computed by Algorithm 1 has the property that each element
of A is a polytope IT(u), u € U, defined by the intersection of
at most n, + ny half-spaces. As a result, the coder-controller
can be computed for any state x € Q in time that scales as
O((np +ng)log, N) where N = | A|. To see this, let A = U?’le"[(ui)
and I1(y;) = {x € R™ | Hyx 4+ Hyu < h}, where h € R™ with
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np < n, + ng, and suppose that, for each j € Ny, the set
{[Huljui, i € Npjnq) is sorted (e.g., in increasing order) offline.
Online, given the state x, we can determine a set Z,, such that
x € M(u) for all i € T, by setting Zo = Npj n; and computing
T =Zi 1 N{i € Nan | [Huljui + [Helix < [h]j} forj = 1,..., np.
Since sorting is done offline, the online computation of Z; can
be performed by a binary search requiring fewer than O(log, N)
comparisons for each j = 1, ..., nj. The control law can then be
obtained by selecting u € {u;, i € Z,}.

6. Numerical examples

This section illustrates the proposed algorithm and explores
the dependence of computation on the system dimension. The
numerical experiments were performed using Matlab R2018b
with the Irs library (Avis, 2000) on a 2.9 GHz Intel Core i7 CPU
with 16 GB RAM.
6.1. Example 1

Consider (1) with parameters defined by

A= 0.9225 1.0476 B— 1.1518 0
~ | 1.0476 0.9320 |’ — | 2.4188 0.4991 |’
1 0 1
0 1 1
Fu= -1 0 ’ fu= 1 )
0 -1 1
—0.9847 0.1745 0.1000
—0.4028 —0.9153 0.1000
E, = 0.2153 -0.9766 |, f,=| 0.1000 |,
0.6809 —0.7324 0.1000
0.4028 0.9153 0.1000
—0.4040 0.9148 1.0572
0.3521 0.9360 1.0744
0| —07061 07081 _ | 1.0704
o 0.1622 09868 |[* 9= | 1.0000
0.7061 —0.7081 1.0000
—0.1622 —0.9868 1.0000

By solving the optimization problem (16), we obtain «* =
0.2813 > 0, which from Theorem 3.2 implies the existence of
invariant cover.

First, we compare the bounds on the minimal cardinality of the
invariant cover in Theorem 4.1 with that in Tomar et al. (2020).
The lower bound on |.A|* obtained by Theorem 8 of Tomar et al.
(2020) is 1, while the lower bound from Theorem 4.1 is | A|* > 5.
We can see that the lower bound in our paper is tighter than that
in Tomar et al. (2020) in this example. One explanation is that the
control set is taken into account when deriving the bounds in (18)
by solving the LPs, while the lower bound in Theorem 8 of Tomar
et al. (2020) is independent of the control set.

By implementing Algorithm 1, we compute the invariant cover
(A, G) with cardinality |.A] = 5 for the set Q shown in Fig. 3.
We use this invariant cover to design a static coder-controller as
in Tomar et al. (2020) and compute the state trajectory starting
from a vertex of Q, see Fig. 4(a). The state remains at all times
inside the set Q. The corresponding control input trajectory is
shown in Fig. 4(b). The maximal data rate needed to guarantee
invariance is no greater than log, 5 bits per sampling interval.
Note that the system in this example is open-loop unstable.
From Section 1.2.2 of Lunze (2014), the critical data rate nec-
essary for the stabilization of this system without disturbances
is log, 1.9748 bits per sampling interval, where 1.9748 is the
unstable eigenvalue of the matrix A. This critical data rate is
lower than log, 5, which is required for the robust invariance
specification considered here.
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Fig. 3. Invariant cover (A, G) used in Example 1: (a) X¥ and G(X) = [0.0461 1]7; (b) X¥ and G(X¥) = [-0.9317 1]"; (c) X and G(X[) = [0.9485 — 0.0991]"; (d)

Xi¢ and G(XIf) = [—0.4455 1]7; (e) X and G(X¥) = [0.3649 0.6117]".

6.2. Example 2

We consider a quadrotor which is controlled by a remote
computer via a communication network. Following Lai, Lan, and
Chen (2019), the quadrotor can be modeled as a 6-DOF system.
For each axis j € {x,y,z}, the dynamics can be expressed as a
2-DOF discrete-time double integrator:

Xjk+1 = AXj,k + Bu]',k + Wj k»

where

1z 2/2
=[a ][]

the state X, = [pjx vix]' € R? consists of the position and
velocity, the control input u;; € R is the acceleration, wjy
is the external disturbance, and t is the sampling period. The
velocity and control input are subject to the constraints: vj; €
[Vj,min, Vjmax] and ujx € [Ujmin, Ujmax]. The disturbance wjy is
bounded according to [|wjkllcc < Wj.

The objective is to design a coder-controller with a finite
data rate such that the quadrotor keeps moving in a safe region
as shown in Fig. 6(a). We first compute the maximal RCIS Q;
with respect to the safe region for each axis j. By following the
results in this paper, we then compute an invariant cover through
Algorithm 1 for each Q. If the invariant cover exists for each axis,
we can design a coder-controller similar to Example 1.

The constraints are defined by the following parameters: vj min
= —1ms™!, Vjmax = 1M, Ujmin = —1mMS™2, Ujmax = 1ms™2,
w; = 0.2, and the sampling interval is ¢ = 0.5s. The computed
RCIS for each axis is shown in Fig. 5. The lower bound for each
axis from Theorem 4.1 is |.4;]* > 3. Note that the origin is not in
the interior of the sets Q;. We need to transform the system such
that the sets Q; contain the origin before using Algorithm 1. We
compute an invariant cover (4;, G;) for each Q; with cardinality

|A4j] = 5, as shown in Fig. 5. The corresponding static coder-
controller ensures that the quadrotor position remains in the safe
region at all times and the velocity and acceleration satisfy their
constraints. See Fig. 6 for the position and velocity trajectories
and Fig. 7 for the corresponding control inputs. Note that the
control constraints are satisfied. The data rate needed to enforce
the invariance is at most 3log, 5 &~ 6.9658 bits/s.

6.3. Computation time and invariant cover cardinality

To investigate how the computation required by Algorithm 1
depends on the state dimension n, and control dimension 1,
we consider a range of values for (n,, n,) and for each case we
generate 100 random systems in the form of (1) with linear state
and control constraints, and with spectral radii no greater than
1.3. For each realization we find a set Q that admits an invariant
cover and use Algorithm 1 to compute an invariant cover. The
dependence of computation time on (ny, n,) is shown in the
boxplot of Fig. 8. As expected, the computation time increases as
the state and control input dimensions increase.

Fig. 9 compares |A|, i.e., the cardinality of A computed by
Algorithm 1, with the lower bound derived in Section 4 on the
minimal cardinality |A|* for the same randomly generated sys-
tems. The results shown (with 1 < |A4| < 50) represent 83% of
system realizations. Although Algorithm 1 is not guaranteed to
find an invariant cover with minimal cardinality, |.4| (shown by
the dashed line in Fig. 9) does not exceed the upper bound on
|Al* in all cases.

7. Conclusion
This paper considers some fundamental problems concern-

ing the invariant cover for uncertain discrete-time linear control
systems. We provide computationally tractable necessary and
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(a) State trajectory; (b) Control input trajectory.

Fig. 4.

sufficient conditions on the existence of an invariant cover, as
well as upper and lower bounds on the minimal cardinality of
the invariant cover. In addition, we give an algorithm to compute
an invariant cover in finite time, whenever it exists. Numerical
examples are given to illustrate the effectiveness of the results.

Automatica 129 (2021) 109588

Future studies include tighter upper bounds on the mini-
mal cardinality of the invariance cover, abstractions of high-
dimensional spaces from complex specifications, and application
to safety—critical systems.

Appendix. Proofs

Proof of Lemma 3.2. The sufficiency directly follows from Defi-
nition 2.2 and Lemma 3.1. We prove the necessity as follows. Let
(A, G) be an invariant cover for (1) and Q, where A = {ch},-N:ic1 and
for each X, there exists u;® = G(X{°) € U such that AX{® @ Bu; C
Q © W. Here N; is the cardinality of A.

From the definition of IT(u) in (8), it follows that any set
Y € Q such that AY® {Bu} C QEW for some u € U is a subset of
M (u). This implies that, Vi € Ny n,, XI € [T(u) € Q, and since
UNe xic = , it follows that {u} satisfies U<, IT(u¥) = Q. O

Proof of Theorem 3.1. We first show that the existence of an
invariant cover for (1) and Q implies that for all x € Q there exist
u € Uandr > 0 such that B,(x) N Q C IT(u).

For given x € Q, u € U and r > 0, let ®(u) denote the set
{z | PAz + PBu < p} and let P;(x) denote the set {z | PA(z — x) <
r1}. Furthermore, suppose that the rows of PA are normalized
with |[[PA]ill2 = 1, Vi € Njyp, (this can be assumed without
loss of generality by appropriately scaling P and p). Then the ny-
dimensional ball B,(x) is a subset of ®(u) if and only if P.(x) is a
subset of ®(u) (since the polytopes ®(u) and P,(x) share the same
set of face normals and since each face of P,(x) is contained in a
supporting hyperplane of B,(x)). Moreover, from I7(u) = @(u)NQ
it follows that B,(x) N Q < [T(u) if P.(x) N Q < [II(u). But
P,(x) N Q C IT(u) requires that

z|PA(z—x)<r1l c z|PAz+PBu<p
@<q)~ Q@ =<ql

and by linear programming duality this is equivalent to the con-
dition that there exists a matrix S with non-negative elements
such that

L))
]

Replacing q on the left side of (20) with Qx + g — Qx and using
(19), we re-write (20) as

PAX + PBu —p —r1
™6 =sla)

(19)

(20)

(21)

1

08
086
04
02
> 0
-0.2
-04

-0.6

-0.8

Pxk

(a)

Fig. 5. (a) RCIS Qy and invariant cover for x axis; (b) RCIS Q, and invariant cover for y axis; (c) RCIS Q, and invariant cover for z axis. Here, the elements in the
invariant covers are in different colors. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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color in this figure legend, the reader is referred to the web version of this
article.)

Suppose that an invariant cover exists for (1) and let

€ = max maxmin [PA];x 4+ [PB]iu — [p];.

ieN“_an xeQ ueU
Then € < 0 by Lemma 3.2. If ¢ < 0, then for all x € Q there
necessarily exists u € Uso thatS = and r = —e > 0 are feasible
for (19), (21) and S > 0. For the case in which € = 0, let Z be the
set of indices i € Nit1,np1 such that [PA]x] + [PBliu; — [p]; = O, for
some x; € Q and uf € U. Then for all x € Q there exists u € U
so that [PA];x + [PBlju — [p]; < €' for alli € Ni1,n,1 \ Z, for some
€’ < 0. Furthermore, for each i € Z, X/ and uj are the solutions of
the linear programs

x; = argmax [PA]ix, uj = argmin [PB]u,
XeQ uel

and it follows from LP duality that there exist an index set 7; C
Ni1,n,1 and scalars 2; > 0 such that

[PALi = ) 4[Q];

JeTi
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and [Q;x}

S = [51 52] where S; is diagonal and

Aj i€eZandje g,
[S215 = 0 i
i¢T

—[ql; = 0 for all j € . In this case therefore

0 ieZ,
1 i¢z

satisfies S > 0 and (19), and moreover (21) holds for all x € Q
with r = —¢’ > 0 and some u € U.

To complete the proof we show that an invariant cover neces-
sarily exists for (1) and Q if, for all x € Q there exists u € U such
that B.(x) N Q C I1(u) for some r > 0. In this case it is possible
to construct a set {x; }N for some finite N (where N = O(r ™))
that satisfies: (i) UN B ( ¥) 2 Q; and (ii) for all i € Njjny, X € Q
and I1(uf) 2 B(x] )ﬂ@forsomeu,?‘ eU.

Therefore an mvariant cover exists by Lemma 3.2 and |A|* <
N. O

[S1li = {

Proof of Lemma 3.5. To prove the assertion in (i) we show by
contradiction that (13) has a solution for all x € Q \ (1 — 0)Q if
o0 <g.Foro € (0,1)andx € Q\ (1 —0)Q, let J,(x) = {j €
Ni1ng ¢ [QLix > (1 — 0)lql;} and define oj for each j € Ny 5

oi(x) = {([‘ﬂf —[QIx)/1q); ifj € Jo(x)

o otherwise
so that oj(x) € [0, 0)Vj € J5(x). Also define Q,(x) € oQ as the set
Qo (x) = {z € R™ | [Qljz < 6j(X)[qj, Vi € Ni1,ng1}-

For eachj € J,(x), there exists y = x+z € Q such that [Q];y = [q];
for some z € vert(Q,(x)).

Suppose that (i) is false and (13) is primal infeasible. Then
there exists a pair of indices ji,j, € J,(x) such that the hyper-
planes {y | [Ql;y = I[ql;;} and {y | [Q],y = I[ql];,} have no
point of intersection in Q. But [Q];y; = [q];, where y; = x + z,

z; € vert(Qy(x)), i = 1, 2, and hence
[ql;, — [Qlpx = [ql;, — [Ql(Y1 — z1)
> Xevrgtljrzl(@{[q]jz — [Qlpx} + min [Q],2

>min min_{[ql —
k  xeverty(Q)

[Qlx} + o min[Ql;x.

where the first inequality follows from [Q],y1 < [ql;, and
z1 € Qy(x), and the second inequality from Q,(x) € oQ. But

[ql;, — [Q];X = 02[q];, < olql;,, which implies
olqly, > mﬁ"xe?;m [qlk — [Qlix + o r}g‘g@l[Q]jZX,

and hence o must be greater than o. Therefore, if 0 < &, then
y € Q and z € vert(Q,(x)) must exist such that y = x + z and
[Qliy = [q];Vi € J-(x), and it follows that (13) has a solution for
allx e Q\ (1 -0)Q.

To prove the assertion in (ii) we show that B,(x) N Q C
X(ys(x), o) with r = o2 min;[q];. First consider the case in which

€ (1 — 0)Q. Then y,(x) = x so X(y,(x),0) X(x,0) and
B, (x) € X(x, o) if and only if

{z1Qz—-Xx)=r1} S {z|Qz—-x) =0o(qg—Q)}

The condition holds whenever r < mmjeNl1n | o(lql; — [Qlx)
but x € (1-0)Q 1mp11es q— Qx > oq, and it follows that
B, (x) C X(x,0)ifr=0 mlnjeNlIW[q],
Next we determine r so that B,(x) N Q C X(y,(x), o) for
the case that x € Q\ (1 — 0)Q. The definition of y,(x) implies
[Qly.(x) = [q]; for all j € J,(x), and since

B(x)NQ C {z]Q(z — y,(x))
< min{r1+ Q(x — y,(x)), ¢ — Qs (x)}},

10
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we have B, (x) NQ C X(y,(x), o) if r + [Q];(x — yo (%)) <
[Qly.(x)) for all j ¢ J,(x), or equivalently if

[Qli(x = (1 = o)y, (x).

a(lqli —

r < min o[q]; —
< nyota

But (13) selects y,(x) so that the right hand side of this expression

is minimized for some x € vert(Q) (since this implies that y,(x) =
x € vert(Q)), and we therefore have

[Qi(x — (1 — o)y (%))

[Qlix > o2 min g,

mina P—
P [q);

> ¢ min

ptal =
where the first inequality is obtained by setting y,(x) = x and the
second follows from [Q];x < (1—o0)lq]; for all j ¢ J,(x). Therefore
B/(x)NQ S X(yo(x), o) if r = o® minjeny, ,,, [q]j. O

Proof of Theorem 3.2. Every vertex of Q corresponds to a critical
vertex of I' if and only if for each x € vert(Q) there exist @ €
(0, 1] and u € U such that X(x, ) € [1(u). From (10) it is obvious
that & > 0 is necessary for B,(x) N Q C X(x, ) for some r > 0.
Therefore B,(x) NQ € X(x, o) € [1(u) for some r > 0 and u € U
only if every vertex of Q corresponds to a critical vertex of I, and
it follows from Theorem 3.1 that this is a necessary condition for
existence of an invariant cover.

To prove sufficienc l\y note that for all x € Q, y,(x) can be
expressed y,(x) = l 1 Aix?, with {x} } _, = vert(Q), A; > 0 for
all i € Ny nj and le] Ai = 1. If every vertex of Q corresponds
to a critical vertex of I', then o; € (0, 1] and uf € U exist for all
i € Nyjny so that X(x7, ;) € II(uf). Using Lemmas 3.3 and 3.4
we therefore obtain

X(yo(x), min o;)
ieN[1 N

N
@x Ry, i) € @ Ml (uf)  I(u)

i=1
where u = Zi:l Aiuf € U. Furthermore, Lemma 3.5 implies that
B.(x) NQ C X(y,(x), ) with r = 2 ming[q], if 0 = min{a, 5}.
Therefore min,‘EN[LN] o; > 0 ensures that r > 0 and hence an
invariant cover must exist by Theorem 3.1. O

Proof of Lemma 3.6. For given x € Q, (15) determines the
maximum value of o € [0, 1] such that X(x,«) < II(u) for
some u € U. Specifically, since X(x,a) € Q for all x € Q and
a € [0, 1], we have X(x, ) € II(u) if and only if there exists
u € U such that AX(x, a) ® {Bu} € Q © W. By LP duality, this set
inclusion condition holds if and only if a non-negative matrix R
exists satisfying

RQ =PA

(1 — a)PAx + «Rq + PBu < p.

The variable transformation S = «R results in a set of constraints
that are linear in u, & and S. The problem of maximizing « subject

to X(x,a) € IT(u) and u € U can therefore be expressed as the
LP (15). O

Proof of Lemma 4.1. The assertion in (i) directly follows from the
definition of the set X(x, o). For given x € (1—0)Q, ({x} ®03)
({x} ® UQ) = /f((l — o) lx, a).

The assertion in (ii) can be demonstrated by showing that
({x} ® 02Q) N Q € X(y,(x), o) using an argument similar to
the proof of Lemma 3.5, assertion (ii). For & > 0 we have

(X} @6Q)NQ = {z | [Qlz < min{[ql;. &1ql; + [Ql}.

Vj € N[l,nq] ] .
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Therefore ({x} ® 6Q) N Q < X(y,(x),0)
oq+(1— U)Qy(,(x)} if and only if for all j € Ny 5,
olqli + (1 — 0)[Qly.(x) = min{[ql;, 6 [q]; + [Q]x}.
Recall that J;(x) = {j € Npng | [Qlx > (1 — o)lql;} and
[Qly,(x) = [q]; for j € J,(x), from which it follows that for all
Jj€Jo(x),
olgli + (1 —0)lQlys(x) = [q]; = min{[q];, 5[q]; + [Qljx}.
For j ¢ J,(x), olql; — [Qli(x — (1 — o')y,(x)) is minimized over
x € Q\ (1 —0)Q when x = y,(x), and we therefore have
olqli = [Qli(x — (1 = o)y, () = o(lq]; — [Qljx) = o[q];, and
olqli + (1 — o)[Qlys(x) = o?[q]; + [Qlx
> min{[ql;, o*[q]; + [Qljx} V) & J-(x).

It follows that ({x}®468)NQ C ({x}®6Q) NQ S X(y,(x), o)
ifé6 =02 O

fz1 @ =

Proof of Theorem 4.1. We first consider the statement in (a). The
lower bound on |A|* in (18) follows directly from the volumetric
scaling of the maximal set I7(u) relative to Q and the definition
of v* as maxycq vol(IT(u)). To prove the upper bound on |A|* in
(18), we note that by the proof of Theorem 3.2 and Lemma 4.1,
for all x € Q, ({x} ® 026) NQ C X(ys(x),0) € II(u) for some
u € U, where y,(x) is defined in (13)-(14). The upper bound on
|A*| in (18) then follows from an upper bound on the cardinality
of a cover of Q of the form U?’: ({Xf}@UZS). which can be obtained
from the ratios of the corresponding sides of the hyperrectangles
A (which contains Q) and o25.

To prove the statement in (b), we note that the value of &* in
(17) is the maximum, as x varies over Q, of @ € [0, 1] such that
X(x,a) € I(u) for some u € U. This follows from Lemma 3.6,
which implies that a* Maxyeg o™ (x). Furthermore from (10)
we have X(x,a) = Q if and only if « = 1, and it follows that
A = Q (and hence |A|* = 1) if and only if @* = 1. In this case
G(Q) is simply equal to u*, the optimal value of u in (16). O

Proof of Theorem 5.1. We demonstrate that Algorithm 1 termi-
nates in finite time whenever an invariant cover exists for the
system (1) and set Q@ by showing that parTITION(Y) in line 21
can only be invoked a finite number of times if «* > 0. Since
o is defined in line 10 as min{o, «*}, Lemma 3.5 implies that
each pair (x, u) computed in lines 13 and 16 satisfies B,(x)NQ C
X(ys(x),0) € H(u)withr = o min;[q]; > 0if ¢* > 0. Therefore
Yo computed in line 18 satisfies B,(x) N Y = B, (x) NQNY <
IT(u)NY = Yy, so that each vertex of Y, that is not a vertex of Y
is necessarily of a distance of at least r from x. Since x is defined
as a vertex of Y in line 13, it follows that PARTITION(Y) can be
called only a finite number of times before A covers Q. O
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