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Zero-error Coordinated Tracking of Multiple Lagrange Systems
Using Continuous Control

Ziyang Meng, Dimos V. Dimarogonas, and Karl H. Johansson

Abstract—In this paper, we study the coordinated tracking
problem of multiple Lagrange systems with a time-varying
leader’s generalized coordinate derivative. Under a purely local
interaction constraint, i.e., the followers only have access to
their local neighbors’ information and the leader is a neighbor
of only a subset of the followers, a continuous coordinated
tracking algorithm with adaptive coupling gains is proposed.
Tracking errors between the followers and the leader are shown
to converge to zero. Then, we extend this result to the case
when the leader’s generalized coordinate derivative is constant.
Examples are given to validate the effectiveness of the proposed
continuous coordinated tracking algorithms.

I. INTRODUCTION

Coordination of multi-agent systems has been extensively
studied for the past two decades. One fundamental problem is
the coordinated tracking problem with a time-varying global
objective [2], [3]. The key idea behind coordinated tracking
problem is to control a group of followers to track a time-
varying global objective by using only local information. The
coordinated tracking problem was introduced and studied in
[4] and [5], where the followers were modeled as single
integrators. The tracking errors were shown to be bounded
in [4] and the neighbors’ control inputs were used in [5]. Re-
cently, [6] proposed a coordinated tracking algorithm using a
variable structure approach. Both the cases of multiple single
integrators and multiple double integrators were considered
and the tracking errors were shown to converge to zero using
the proposed coordinated tracking algorithms.

In this paper, instead of modeling the follower dynamics
as single integrators or double integrators, we study the
coordinated tracking problem of multiple Lagrange systems.
Here, a Lagrange system is used to represent a mechanical
system, including spacecraft formations, vehicles, robotic
manipulators, and mobile robots. Nonlinear contraction anal-
ysis was introduced in [7] to study the stability of coordinated
tracking of multiple Lagrange systems under varieties of
communication topologies. The author of [8] focused on the
leaderless consensus of multiple Lagrange systems, where
the generalized coordinate derivatives of the followers were
driven to zero. Passivity-based control was used in [9],
where time-varying delays, limited communication rates and
non-vanishing bounded disturbances were considered. The
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influence of communication delays was studied in [10] and
adaptive controllers were used to guarantee both leaderless
synchronization and leader-following coordinated tracking.
Finite-time coordinated tracking algorithms were proposed
in [11], [12], where the directed communication topology
was emphasized in [11] and the Lagrange dynamics were
used to represent the attitudes of rigid bodies in [12]. The
authors of [13] introduced a variable structure approach by
using both the one-hop and two-hop neighbors’ information
to achieve coordinated tracking. In addition, the containment
control with group dispersion and group cohesion behaviors
was reconstructed for multiple Lagrange systems in [14],
where the proposed algorithm was discontinuous in order
to dominate the external disturbances.

Compared with the existing literature, the contributions of
the current paper are twofold. First, the proposed zero-error
coordinated tracking algorithm is continuous, therefore free
of chattering phenomena. This extends the existing results
[11], [13], [14], where discontinuous control algorithms were
proposed that may result in implementation issues. To the
best of our knowledge, it is the first algorithm guaranteeing
both zero-error tracking and chattering-free input in solving
coordinated tracking problem of multiple Lagrange systems.
Second, in contrast to [12], where the eigenvalues of the
interaction Laplacian matrix and the upper bound of states of
the bounded time-varying leader are assumed to be available
to all the followers, the proposed algorithm in the current
paper is purely distributed in the sense that both the control
input and coupling gain depend only on local information.

The remainder of the paper is organized as follows. In
Section II, we formulate the problem of coordinated tracking
of multiple Lagrange systems and give some basic notations
and definitions. The main results are presented in Sections III
and III-A. Numerical studies are carried out in Section IV to
validate the theoretical results and a brief concluding remark
is given in Section V.

II. PROBLEM STATEMENT AND PRELIMINARIES
A. Problem Statement

Suppose that there are n follower agents in the group,
labeled as agents 1 to n. In addition to the n followers, there
also exists a leader agent in the group, labeled as agent O with
the desired time-varying generalized coordinate gp € R? and
the desired time-varying generalized coordinate derivative
Go € RP. The objective of this paper is to design continuous
coordinated tracking algorithms for follows such that the
states of followers converge to those of the leader by using
only local interactions, i.e., the leader states go and ¢ are
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Fig. 1. Information flow associated with the leader and the six followers

only available to a subset of the followers and the followers
only have access to their local neighbors’ information.

In this paper, the system dynamics of the followers can be
described by Lagrange equations

where g; € RP is the vector of generalized coordinates,
M;(q;) € RP*P is the p X p inertia (symmetric) matrix,
C'i(¢i,G;)g; is the Coriolis and centrifugal terms, g;(g;) is
the vector of gravitational forces, and 7; € R” is the control
force. Note that (1) can be used to describe rigid bodies,
robotic manipulators, and mobile robots. For example, we
can transform attitude kinematics and dynamics of rigid
bodies to their Lagrange expression using the relationship
given in [15]. In general, the dynamics of a Lagrange system
satisfies the following properties [16]:

1. M;(g;) is positive definite.

2. Mz(ql) —2C5(¢4,G;) is skew symmetric.

3. The left-hand side of the dynamics can be parameter-
ized, i.e., M;(q:)y + Ci(qi, i)r + 9i(q:) = Yi(qi> Gi> x,y)0s,
Vr,y € RP, where Y; € RP*P¢ is a regression matrix and
0; € RP¢ is a constant vector identifying parameters of
Lagrange dynamics.

In the real applications, the actual parameter f; may be
not available. Instead, the nominal parameter 6; is available.
From Property 3, we know that the nominal dynamics
satisfies

M;(qi)d; + éi(Qiy 4i)6i + 9i(q:) = Yi(ai, 4 s, tji)ai,

where ]\/4\1‘(%), ai(qi, Gi)» 9i(q;), and @ are nominal dynam-
ics terms. We also know that the actual dynamics satisfies

M;(qi)ds + Ci(qi, i) G + 9i(qi)

For later use, we define Af; = 51 — 0,. Considering that
there are six followers (n = 6) in the group, Fig. 1 gives
an example of information flow among the leader and six
followers. Note that the leader’s states are only available to
followers v3 and vg and the followers only have access to
their neighbors’ information.

B. Graph Theory

We use graphs to represent the communication topology
among agents. A directed graph G, consists of a pair
(VnyEn), where V, = {1,2,...,n} is a finite, nonempty
set of nodes and &, C V, x V,, is a set of ordered pairs
of nodes. An edge (i,7) denotes that node j has access to
the information from node 7. An undirected graph is defined
such that (j,7) € &, implies (¢, j) € &,. A directed path in a
directed graph or an undirected path in an undirected graph
is a sequence of edges of the form (i,j), (j,k),.... The

Yi(as, dis Gir )0
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neighbors of node ¢ are defined as the set N, := {j|(j,7) €
Ent

For a follower graph G,, its adjacency matrix A, =
[a;j] € R™*™ is defined such that a;; is positive if (j,7) € &,
and a;; = 0 otherwise. Here we assume that a;; = 0,
Vi = 1,2,---,n. The Laplacian matrix £, = [l;;] €
R™*™ associated with A,, is defined as [;; = Zj 2i @i and
l;j = —a;j, where ¢ # j. Similarly, we define the follower
and leader graph G,i1 = (Vpt1,Ent1), Where V1 =
{0,1,...,n}, Enr1 € Vag1 X Vag1, and 0 denotes the
leader and 1,2,...,n denote the followers. The adjacency
matrix A, 1 = [a;;] € ROFTDX(M+D agsociated with G411
is defined such that a;o is positive if (0,4) € &,4+1 and
a;o = 0 otherwise, Vi = 1,2, -+ ,n. Here we assume that
ai; = 0, Vi, and the leader has no parent, i.e.,, ag; = 0,j =
0,1, ,n.

Assumption 1: The fixed undirected graph G, is con-
nected and a;o > O for at least one 7, i = 1,2,--- ,n.

Letting M = L, + diag(aig, az0, - ,ano) (L, is the
Laplacian matrix associated with G,,), we recall the following
result.

Lemma 1: [17] Under Assumption 1, M is symmetric and
positive definite.

C. Nonsmooth Analysis

Consider the vector differential equation
&= f(z,1), (@)

where f : R” xR — RP is measurable and essentially locally
bounded. A vector function x(t) is called a solution of (2)
on [tg,t1] if x(t) is absolutely continuous on [to,?;] and
for almost all ¢t € [to,t1], © € K[f](x,t) (see [19] for
more details on the definition of K[f](z,t)). Throughout
this paper, the solutions to the closed-loop systems are
understood in the Filippov sense.

For a locally Lipschitz function V : R? x R — R, the
generalized gradient of V' at (z,t) is defined by 0V (z,t) =
co{lim VV (z, )| (x4, t;) = (2, 1), (x5, t;) & Qv }, where Qy
is the set of measure zero where the gradient of V' is not
defined. The generalized time derivative of V' with respect

. B K[f](z,t
to (2) is defined as V := .oy ¢t ( [f]l( ) ) [18],
[19], where ¢ € OV (x(t),t).
Lemma 2: [20] Let (2) be essentially locally bounded and
0 € K[f](z,t) in a region R? x [0, 00). Furthermore, suppose
that f(0,¢) is uniformly bounded for all ¢ > 0. Let V :

R? x [0,00) — R be locally Lipschitz in ¢, and regular (see
[19] for the definition of “regular”) such that, V¢ > 0,

Wi (z) < V(x,t) < Wa(x),

V(e t) < —W(z),

where Wi (x) and Ws(z) are continuous positive definite
functions and W (x) is a continuous positive semidefinite
function. Then all the solutions of (2) are bounded and satisfy
W(z(t)) — 0, as t — oc.



D. Additional Notation

Given a vector © = [v1,21, --,2,]T, we define
sgn(z) — [sen(a),sgn(a), -« ,sgn(ea)]’, and [o]
[|[x1], |22, -, |2n]]T. In addition, diag(x) denotes the di-
agonal matrix of a vector =, Apin(P) and Ayax(P) denote
respectively the minimum and maximum eigenvalues of the

matrix P.

III. ZERO-ERROR COORDINATED TRACKING USING
CONTINUOUS CONTROL

The objective here is to drive the states of the followers to
converge to those of the leader. Note here that the leader’s
information is available to only a portion of the followers
and we use nominal parameters of Lagrange dynamics. The
control protocol is proposed for each follower,

7 = Yi(Qi, GisGri, Gri)0i — aisi;, i=1,2,--- n, (3)
where Y; is defined in Sections II-A and o; > 0 is an
arbitrary positive constant. In addition, the adaptive control
term, the virtual reference trajectory, the leader’s generalized
coordinate derivative estimator, and the sliding surface are,
respectively, given by

0; = —kY: (¢, GisGris Gri)Sis )

(&)

and

Si = i — Gri, @)

where Uy = ¢o, a;; is the (4, j)th entry of A, associated

with G,,+1 defined in Section II-B, b > 0, K > 0, ky > 0 are
arbitrary positive constants,

T

k2z = Z azy vz - i)\j (t)) ) - ;U\j (t))

n
Z A5 (@ (t
7=0
T

+ / ;au@m —5(r)

> ai(@i(r) = B5()) | dr,
j=0
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and

= Z Qij (i}i(t) - 6]' (t))
j=0

1

t n
+ / > ay@i(r) = T(n)|| dr. )
0 ||izo .

Note that unlike the discontinuous algorithms given in [11],
[13], [14], we introduce a continuous distributed estimator
(6) to accurately obtain the leader’s generalized coordinate
derivative. The key idea here is to use a second-order
sliding mode scheme instead of using a first-order sliding
mode scheme. Before moving on, we need the following
assumption and lemmas.

Assumption 2: qo is bounded up to its fourth derivative.

Lemma 3: [21] Let S be a symmetric matrix partitioned

S11 Sia

as S = ST Sh
Then S > 0 if and only if S0 > 0 and 511751252_215?2 > 0.

Lemma 4: ([22], [23]) Define £(t) € RP as & = (u +
)T (=Bsgn(p) + Ng), where p(t) € RP, B is a positive
constant, and Nd( ) € RP is the bounded disturbance. Then
we have that fo rydr < B, if 3 > supt | Na(t)|loo +
sup, || Na(t)l|oo, Where B = Blu(0)[l — ™ (0)Na(0) > 0.

Theorem 1: Let Assumptions 1 and 2 hold. Under the
local continuous coordinated tracking algorithm (3), the
states of the followers governed by the Lagrange dynamics
(1) globally asymptotically converge to those of the leader,
ie, qi(t) — qo(t) and ¢;(t) — qo(t), Vgi(0) € RP,
Vi=1,2,---,n,as t — oo.
Proof:

It follows from Property 3 in Section II-A that

M;(qi)dri + Ci(di, qi)dri + 9i(qi) = Yi(Gir 4 Gris Gri)0i-
We then further have that
Mi(qi)3i + Cidis qi)si = Yi(ai, Gis dris Gri) DN;

where A@; is given in Section II-A. It also follows from (6)
that

, where Sy is square and nonsingular.

— Q54

.E (k1+1

- k2z Z azy

+ a;oU;

- ﬁ?sgn Z azy

where v; = v;

+ aiov; | + Ndia

—(k1+1)Go — . It follows that

- k?z § msz]

—qo, Ng; =

-f (k1—|—1

— Bisgn Z m;;U; | + Nai, (10)
j=1

where m;; denotes the (¢, j)th entry of M defined in Section

II-B. Note that the right-hand side of (10) is discontinuous.



Since the signum function is measurable and locally essen-
tially bounded, we can rewrite (10) in terms of differential
inclusions as

n
ﬁz c»¢K 7(’6‘1 —+ 1)51 — kgi Z mijﬁj
=1

n
—Bisgn Zmiﬁj + Nai |
=1
where a.e. stands for “almost everywhere”.
Define n; = T; +;, 0 = [01,04,---,0.], and n =
T, ms,--- ,nF]. We construct a Lyapunov function candi-

date as:
n

NS T e L AT A,
V=3 ;s Mi(ai)si + 5 - ;(Ael) N
1 1—
+ 5nT(M ® Ip)n + §mT(M? ® I,)o
IS 72 = )2
+§;(7€2i—k) +—;<ﬁi—ﬁ> + Vo,
n n t n T
where Vo = Y70, B — >0, fo (Zj:l mijnj(T)) X
(~Bsen (5 a5 (Bil7) = 55(7)) ) + Nai(r) ) dr, Bi =

T

BISZSy mign; )l = (= mign; () Nas(0). In addi-
tion, we select B and k as two positive constants satisfying
that 8 > sup,{(k1 + 1)l|do(t)lloc + (k1 + 2)[To(t)]lo +
'do(t)||loo} and & > ﬁl(M) It follows from Lemma 4
that Vo > 0 when 5 > sup,{(k1 + 1)[[Go(t)[lec + (k1 +
D[ T0(t) |0 + |7 0(t)]|oo}- It follows that the generalized
time derivative of V' can be evaluated as

M — (M L))" (—BE+ Na)

€eolpllx

Do =

V =

+K Z%T (Yi(as, Gi, Gris Gri) Dy — 0355)
i=1
- Z(Aei)TYiT(% Gi» Gri iiri)Si

i=1
T

n n n
+ E E m;j1); —kai E m;jU;
i=1 \j=1 J=1

n
—k’léi — le)i + le)i — ﬂisgn Z mijﬁj + Ndi
j=1

+ R (M2 L) (n— ) + D (ks — k)
=1
T

x| > mijm; > mign | +> (i - B)
j=1 j=1 =1
T

n n
X g mg;n; | sgn g MU,
Jj=1 Jj=1
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where Ny = [NJ,,NL,...,NL1Y, p = (M ® I,)v,
{_1}7 [ R~

Olpkl = < {1}, pux € RT and py, is kth entry of p.
[_17 1]7 pr =0,

‘We then have that
V= - leT(M & Ip)n + ka(M & Ip)@

— kvt M? @ I,)0 — Z ;s s

i=1
:—[T] 5] k1M®]p —% n
_k1/\;®lp M2 ® Ip T
— Zais?é’,‘
=1
== W(naﬁv 5)7

where s = [s1,59,...,5,]T. It follows from Lemma 3 that

Mo, —HMeh -

— > 0 when k >
Mol fag
implies that W(n,v,s) > 0 and therefore V is bounded.
Thus, s;, Ab;, v, and n are bounded. Note that the sliding
surface s; can be rewritten as g, = —b Z?:1 mijq; + i +0;.
This can be further written in the matrix form

k1 :
D (v - This

G=—-(bM®I,)q+s+70. a1

Since M is positive definite, we know that (11) is input-to-
state stable by considering s + v as the input. Therefore, it
follows that g, and qt, Vi =1,2,...,n, are bounded based
on the facts that s and v are bounded. Then, we know that
q; and ¢;, ¢,; and §,; are bounded. This shows that $; and
7; are bounded. It follows that s;(t), n;(t), and v;(¢), Vi =
1,2,...,n are uniformly continuous in ¢. This shows that
W(n(t),o(t),s(t)) is uniformly continuous in ¢. Therefore,
we know from Lemma 2 that W (n(t),v(t), s(t)) — 0, as
t — oo. This shows that n(t) — 0, v(t) — 0, and s;(t) — 0,
as t — oco. Then, on the sliding surface s; = 0, we have that
G — qGo = —b E?:o ai;(¢i — q;). Therefore we can easily
show that ¢;(t) — ¢o(t) and q;(t) — qo(t), Vi =1,2,...,n
as t — oo. |

A. Special Case: Coordinated Tracking When the Leader’s
Generalized Coordinate Derivative is Constant

In this section, we consider a special case when ¢ is
constant. Therefore, go = 0. The continuous control protocol
proposed in algorithm (3) is considered again. The adaptive
control term, the virtual reference trajectory, the sliding
surface are given in (4), (5), and (7). In addition, the leader’s
generalized coordinate derivative estimator is proposed as

v =— Zazj(%‘ —q;) +aio(¢ — q) | 12)
=1

where a;; is the (7, j)th entry of A,, 1 associated with G, 4
defined in Section II-B.

Before moving on, we need the following assumption to
proceed.



Assumption 3: M;(q;), Ci(qi,q:), and ¢;(g;) are continu-
ously differentiable.

Theorem 2: Let Assumptions 1 and 3 hold. Under the
local continuous coordinated tracking algorithm (3)-(5), (7)
and (12), the states of the followers governed by the La-
grange dynamics (1) globally asymptotically converge to
those of the leader, i.e., ¢;(t) — ¢o(t) and ¢;(t) — do(t),
Vg:(0) € RP, Vi =1,2,...,n, as t — oc.

Proof:

It follows from Property 3 of Lagrange dynamics in
Section II-A that M;(q;)Gri + Cildi, @i)dri + gilq) =
Yi(qi, Giy Griy Gri)0iy, @ = 1,2,...,n. We then further have
that

M;(q:)$i + Ci(Gi, qi)si = Yi(ais Qisri, Gri) N; —
i=1,2,...

Q;Sq,
(13)

We then construct a Lyapunov function candidate as V =
2 3 i St Miai)si + 200, 2n (£0;)T 10;.

Taking the derlvatlve of V along (13), we have
that V Zlﬂ 15 (Y (G Gis Gris Gri) NO; — vi8;)  —
Z (Ae )TY (Q’HQUQTwQM)Sz = - Z?:l azs;'rsi < 0,
where we have used Property 2 of Lagrange dynamics in
Section II-A. It follows that V' is bounded. We then know
that s; and AG;, Vi = 1,2, ..., n, are bounded from Property
1 of Lagrange dynamics in Section II-A. Therefore, it follows
that ¢;, i, Gri» and G, Vi = 1,2, ..., n, are bounded. This
shows that s;, Vi = 1,2,...,n, is bounded and thus Vs
bounded. It then follows from Barbalat’s lemma that V' — 0,
as t — oo. Since $; is bounded, we also know that §; and
q,; are bounded. It then follows from (1) with (3)-(5), (7)
and (12) and Assumption 3 that M;(q;)4; + ]V[l(qz)ql +
gi(di,Qi)lii+Ci£Qi,Qi)di+9i(Qi) = M;i(q;) @ir+M;(qi)Gir+
Ci(di> 41)Gir + Ci(¢i, @) dir + 9: (i) — i

Therefore, we know that ¢; is bounded and thus §; is
bounded. It then follows from Barbalat’s lemma that $;(t) —

0, as t — oo. Also note that §; = —b (Z;;O a;; (¢ — qj)) -

)) + §;. This can be further written as

(Z}Lo aij(¢i — g
T=—bY _ mig; — > miQ; + i,
=1 i=1
where ¢; = ¢; — qo, Vi = 1,2,...,n, and m;; denotes the
(4, j)th entry of M defined in Sectlon II-B. Considering the

closed-loop system q; = Z] 1Mijq;— bZ] 1 Mijq;, We
construct the following Lyapunov function candidate as,

,n.

14

IgmeTe 1
V2= ) Zqi 9+ iqT(M @ Ip)q,
1=1

where ¢ = [qf,q3,...,q%]". Note that M is positive
definite from Lemma 1 if Assumption 1 is satisfied. It
is then trivial to show that g, 0Oand G, = 0, Vi =
1,2,...,n, are globally asymptotically equilibrium pomts
for g, = Z 1 MG — sz 1quJ, i=1,2,.

Combing the fact that 5i(t) = 0, as t — oo, we can show
that g;(t) — 0 and q;(t) — 0, Vi = 1,2,...,n, as t — oo,
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that is, ¢;(t) — qo(t) and ¢;(t) — qo(t), V¢;(0) € RP,
Vi=1,2,...,n,as t — oo. |

IV. SIMULATION RESULTS

In this section, numerical simulation results are given to
validate the effectiveness of the theoretical results obtained in
this paper. We assume that there exist n = 6 followers. The
system dynamics of the followers are given by the Lagrange
dynamics of the two-link manipulators [13], [16], [24],

Mii; Mia; Giz I Cii Ciag Giz
My i Mo Giy Cori Coay Giy
+ [ 9L ] = [ Ti },1:1,2,...,6,
92,i Tiy

where My ; = 015 + 202; cos giy, Mi2; = Moy ; = 03; +
O2; cOS iy, Mag; = 035, C11 = —02;8inqiyqGiy, Cra,i =
—02 80 @iy (Giz + Giyy)s Co1,i = 02480 iy Giws Coz = 0,
91,i = 04i9 08 qiz +05:9 COS(QW +%y) 92,0 = U059 COS(sz+
¢iy) and g = 9.8. Also, 6y, = mhlcl i+ m27(l12 + lc2 )+
J1i + J2, 022 = mQZIlzl(Q is '931 = m?zlczz + J2, 941 =
muileri +mailii, 05 = maila;. We choose my; = 1+ 0.34,
ma; = 1.540.317, [;; = 0.24-0.06%, l; = 0.3+0.06¢, lo1; =
0.140.03, Log; = 0.15+0.034, Jy; = ™l g, = mailse
i=1,2,...,6.

According to property 3 of Lagrange dynamics given
in Section II-A, the dynamics of the followers can be
parameterized as Y;(i, Gi, Gri, Gri) = [Ypgli € R?*P, where
0; = [014,02i,0i3,0i4,05)", y1i1 = Griwr v12 = (2Grie +
@ri,y) COS @iy — (%yQM,z + quqT’Ly + q:'yqn,y) sin Qiy> Y13 =
Griys Y14 = gCOSGiz, Y15 = §C08(Gix + iy)s Y21 = O,
Y22 = (j7'i,I COS @iy + qlzqm,z sin Qiy> Y23 = q’rl(L + (jri,ys
Y24 = 0, Y25 = g c08(Gix + iy)-

The initial states of the followers are given by ¢;,(0) =
0.67, ¢iy(0) = 0.4i — 1, ¢;z(0) = 0.05¢ — 0.2, ¢4, (0)
—0.05¢ 4+ 0.2, © = 1,2,...,6. The leader-follower commu-
nication topology is given in Fig. 1. The adjacency matrix
A,, of the generalized coordinate derivatives associated with

01 0100
1 01 010
. 01 00 01
G,, is chosen to be A, = 1000100 and
01 01 01
001 010

ajp = O, a2y = 0, asp = 1, aqo = 0, asp = O, asp = 1.
The initial estimations for 61;, 62, 03;, 04;, and 05; for each
follower i = 1,2,...,6, are given by 61;(0) = 0, 62;(0) =0,
031’ (0) = 0, 941' (0) = 0, and 951(0) =0.

For the case of coordinated tracking when the leader’s gen-
eralized coordinate derivative is time-varying (algorithm (3)),
the trajectories of the leader are given by qo.(t) = cos({s?)
and qo,(t) = sin({5t). The constant control parameters are
chosen by b = 1, kK = 2, k4 = 05, oy = 1, Vi =
1,2,...,6. The initial states of ky; and 3; for each follower
i =1,2,...,6 are given by ko;(0) = 0 and 3;(0) = 0. The
initial states of v; for each follower i = 1,2, ...,6 are given
by ;(0) = v;(0) = [0,0]T. Under the feedback algorithm
(3), the generalized coordinates, the generalized coordinate
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(a) The trajectories of the states and the control torques of the followers
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(b) The trajectories of the states and the control torques of the followers
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The states and the control torques of system (1) under algorithm

derivatives, and the control torques of the followers and the
leader are shown in Figs. 2(a) and 2(b). We see that the
coordinated tracking is achieved for a group of Lagrange
systems when the leader’s generalized coordinate derivative
is time-varying.

V. CONCLUDING REMARKS

In this paper, a continuous coordinated tracking algorithm
was proposed for a group of Lagrange systems. We showed
that the states of the followers were driven to converge
to those of the leader and the tracking errors between the
followers and the leader converge to zero. Then, we extended
the continuous coordinated tracking algorithm to the case
when the leader’s generalized coordinate derivative is con-
stant. Simulations were given to validate the effectiveness of
the proposed algorithms. Further direction includes the study
of switching communication topology for the coordinated
tracking problem of multiple Lagrange systems.
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