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Efficient Verification of Observability and
Reconstructibility for Large Boolean Control
Networks With Special Structures

Kuize Zhang

Abstract—Verifying observability and reconstructibility
of Boolean control networks (BCNs) is NP-hard in the hum-
ber of nodes. A BCN is observable (reconstructible) if one
can use an input sequence and the corresponding output
sequence to determine the initial (current) state. In this
article, we study when a node aggregation approach can
be used to overcome the computational complexity in ver-
ifying these properties. We first define a class of node ag-
gregations with subnetworks being BCNs. For acyclic node
aggregations in this class, all corresponding subnetworks
being observable (reconstructible) implies that the whole
BCN is observable (reconstructible), although the converse
is not true. In general, for cyclic node aggregations, the
whole BCN being observable (reconstructible) does not im-
ply that all subnetworks are observable (reconstructible),
or vice versa. We design an algorithm to search for all
acyclic node aggregations in this class, and show that
finding acyclic node aggregations with small subnetworks
can significantly reduce the computational complexity in
verifying observability (reconstructibility). We also define a
second class of node aggregations with subnetworks being
finite-transition systems (more general than BCNs), which
compensates for the drawback of the first class when the
BCN has only a small humber of output nodes. Finally, we
use a BCN T-cell receptor kinetics model from the literature
with 37 state nodes and 3 input nodes to illustrate the effi-
ciency of the results derived from the two node aggregation
methods. For this model, we derive the unique minimal set
of 16 state nodes needed to be directly measured to make
the overall BCN observable. We also compute 5 of the 16
state nodes needed to be directly measured to make the
model reconstructible.

Index Terms—Boolean control network, node aggrega-
tion, observability, reconstructibility, verification.

[. INTRODUCTION

OOLEAN networks (BNs), introduced by Kauffman [13]
B to model genetic regulatory networks in 1969, are a class
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of discrete-time and discrete-space dynamical systems. In a BN,
nodes can be in one of two discrete states “1” and “0,” which
represent the gene state “ON” (high concentration of a protein)
and “OFF” (low concentration), respectively. Every node updates
its state according to a Boolean function of the network node
states. When external regulation or perturbation are considered,
BN are naturally extended to Boolean control networks (BCNs)
[11]. Although BNs or BCNs are simplified models of biolog-
ical systems, they can be used to characterize many important
phenomena, e.g., cell cycles [8], cell apoptosis [24]. Hence the
study of BNs and BCNs has received wide attention [14], [33].

The study of control-theoretic properties of BCNs dates back
to 2007, when the problem of verifying controllability of a BCN
was proved to be NP-hard in the number of nodes [1]. Since then,
many basic properties of BCNs have been characterized, e.g.,
controllability [5], [34], observability [5], [9], [19], [29], [34],
reconstructibility [9], [30], identifiability [7], invertibility [31],
realizability [4], disturbance decoupling [3], Kalman decom-
position [35], and related aspects [10], [17], [18], [20], [21],
[25]. Among the above results, [3]-[5], [7], [9], [10], [17], [18],
[20], [21], [25], [34], [35] are mainly based on the semitensor
product framework originally proposed in [5] and [19] is based
on an algebraic method; [29], [30] are mainly based on finite
automata and graph theory; and [31] is mainly based on symbolic
dynamics.

A BCN is observable (resp. reconstructible) if after a suf-
ficiently long time period, the initial (resp. current) state can
be determined by the input sequence and the output sequence.
Observability is stronger than reconstructibility for BCNs (but
this does not hold for more general control systems.). Hence,
more observation information is needed to determine the initial
state than to determine the current state. This property is of
both theoretical and practical importance, and essential for state
estimation, observer design, and controller synthesis. A quan-
titative description of a complex dynamical system is normally
based on its state information, but the practical use is inherently
limited by the ability to estimate the system’s state. The problem
of how to use a subset of nodes (as output nodes) to observe
the whole network’s state has important applications in systems
biology and many other areas, e.g., in [22] it is argued that many
biological networks are large and not all nodes can be directly
measured.

Verifying observability and reconstructibility of a BCN is NP-
hard in the number of nodes [16], [30], hence computationally
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intractable for large networks. Existing verification algo-
rithms [9], [29], and [30] run in exponential time in the number
of nodes, so generally they cannot be used to deal with large net-
works (with more than approximately 30 nodes) in a reasonable
amount of time. It seems unlikely that there exist fast algorithms
for verifying these properties for general BCNs, but an inter-
esting direction is to focus on special network structures. It is
natural to develop node aggregation methods for which observ-
ability and reconstructibility for the overall network follow from
the verification of these properties for the subnetworks of the
aggregated network. An aggregated network consists of super
nodes and directed edges, where each super node corresponds
to a collection of nodes of the original BCN. Node aggregation
methods have been used in pagerank algorithms [12] and social
networks [23], as well as in controllability analysis of BCNs [32]
and fixed-point computation of BNs [33]. The advantage of node
aggregation methods has been illustrated through a BCN T-cell
receptor kinetics model [15] in both [33] and [32]. This model
has 37 state nodes and 3 input nodes,' i.e., it has 237 states
and 23 possible inputs. Due to the NP-hardness of verifying
controllability of BCNs together with the NP-completeness of
verifying existence of fixed points of BNs [2], generally it is
impossible to use the general methods given in [2] and [6] to
compute attractors or check controllability and stabilizability
in a reasonable amount of time for large networks. However,
applying some special node aggregation methods to the T-cell
model, these two problems have been solved [32], [33]. In [33],
an efficient way to search attractors of BNs is proposed based
on such a method; particularly, for an acyclic node aggregation
(i.e., when the aggregated network is acyclic), all attractors of a
BN are obtained by composing attractors of the corresponding
subnetworks. A similar idea has been used to deal with controlla-
bility and stabilizability of BCNs in [32], where it is proved that
if a BCN is controllable (stabilizable) then all subnetworks are
controllable (stabilizable) for a node aggregation of which each
subnetwork has at least one state node. However, the converse is
not true. It is partially because in order to verify controllability
and stabilizability, external nodes (i.e., input nodes) of BCNs
must be considered. In this article, we show that for observability
and reconstructibility, the whole BCN being observable does not
imply that all subnetworks are observable, and the latter does not
imply the former either. It is because not only input nodes but
also output nodes must be considered. Hence, the previous node
aggregation methods cannot be used to deal with observability
or reconstructibility.
There are five main contributions in this article as follows.
1) We first define a class of node aggregations for BCNs
with all subnetworks being BCNGs. It is proven that for
acyclic node aggregations in this class, all subnetworks
being observable (resp. reconstructible) implies that the
whole BCN is observable (resp. reconstructible), but the
converse is not true in general.

'In [33] in order to compute attractors, the 3 input nodes are assumed to have
constant values.

2) For cyclic node aggregations in this class, we prove
that generally the whole BCN being observable (resp.
reconstructible) does not imply that all corresponding
subnetworks are observable (resp. reconstructible), or
vice versa.

3) An efficient algorithm to compute all acyclic node ag-
gregations in this class is developed. It is shown that
finding such acyclic node aggregations with as small sub-
networks as possible (sometimes significantly) reduces
the computational complexity in verifying observability
(resp. reconstructibility).

4) We also define a second class of node aggregations
with subnetworks being finite-transition systems (FTSs),
which compensates for some of the drawbacks of the first
class when BCN has only a small number of output nodes.
We prove similar observability and reconstructibility ver-
ification results for BCNs based on the second class of
node aggregations.

5) Finally, for a BCN T-cell receptor kinetics model with 37
state nodes and 3 input nodes [15], by finding suitable
acyclic node aggregations in the first class, we derive the
unique minimal set of 16 state nodes that need to be di-
rectly measured to make the overall BCN observable. We
then find 5 of the 16 state nodes to be directly measured
for the BCN to be reconstructible. We also use the T-cell
model to illustrate the efficiency of the results derived
from the second class of node aggregations.

The remainder of the article is organized as follows.
In Section II, basic concepts on BCNs, observability, re-
constructibility, and node aggregations are introduced. In
Section III, observability results based on the first class of
node aggregations are proved. In addition, an algorithm for
computing acyclic aggregated graphs is given and its complexity
is discussed. In Section IV, results on reconstructibility based
on the first class of node aggregations are derived. In Section V,
related results based on the second class of node aggregations are
obtained. In Section VI, the BCN T-cell receptor kinetics model
is used to illustrate the efficiency of the main results given in
Sections III-V. Section VII concludes the article.

Compared to its conference version [26], the current version
gives a much more detailed description of the results, and
contains substantial new contributions including Algorithm 1 for
computing acyclic aggregations, the results on reconstructibility,
the results based on the second class of node aggregations, and
detailed observability and reconstructibility analysis of the T-cell
model.

Il. PRELIMINARIES

In this section, we formally introduce BCNs and their observ-
ability and reconstructibility, together with the notion of node
aggregation.

A. BCNs

Set D:={0,1}; [i,j] :={i,i+1,...,5} with i <j be-
ing integer numbers; C7 := WLJ), with ¢ > j being positive

Authorized licensed use limited to: KTH Royal Institute of Technology. Downloaded on January 10,2021 at 19:05:39 UTC from IEEE Xplore. Restrictions apply.



5146

IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 65, NO. 12, DECEMBER 2020

integers. 2% stands for the power set of a set S. A BCN B is
described as

x1(t+1) = fi(z1(t), ..., xn(t),ur(t), ..., um(t))
xo(t+ 1) = folz1(t), ..., xn(t),ur(t),. .., um(t))
zn(tJr]-) :fn(xl(t)v 7In(t)vu1(t)v '-7um(t))

yi(t) = hi(@1(t), ..., zn(t))

y2(t) = ha(21(1), ..., 2n(t))

Yqg(t) = hg(z1(t), ..., 20 (1)) (D

where t =0,1,... denote discrete time steps, x;(t), u;(t),
yx(t) € D denote the values of the state node z;, input node
uj, output node y;, at time step ¢, respectively, the maps
fi : D™t — D and hy, : D™ — D are Boolean functions, i €
[1,n],j € [1,m],and k € [1, q]. B is represented in the compact
stacked form

w(t+1) = f(x(t),u))
y(t) = h(z(1)) 2)

with straightforward definitions of =, u, y, f, and h.

A BCN B evolves over a unique graph G = (N, E) associ-
ated with 8. The vertex set N of G consists of input nodes, state
nodes, and output nodes of ‘B. The edges (i.e., elements of £)
of GG are defined as follows: For every two state nodes x; and
x; and every input node uy, there exists an edge from x; (resp.
uy) to x;, denoted by (z;,z;) € E (resp. (uy, ;) € E), if and
only if at each time step ¢, the value x; (¢ 4 1) of z; depends on
the value 2 ;(¢) of ; (resp. the value uy(t) of uy), and for every
state node x; and output node y;, there exists an edge from x; to
y;, denoted by (x;,y;) € E, if and only if the value y;(t) of y;
depends on the value x;(t) of z;. A subgraph G’ of G = (N, E)
generated by a subset N of N'is the graph (A E N (N x N7))
consisting of A/ and all edges of G between vertices of A”. In
graph G, an input node has zero indegree (i.e., the number of
entering edges at the node is zero), an output node has zero
outdegree (i.e., the number of leaving edges at the node is zero),
and state nodes may have both positive indegree and positive
outdegree. In graph G, for each edge (v;, v;), also denoted by
v; — v, v; (resp. v;) is called a parent (resp. child) of v; (resp.
v;). A path is a finite sequence v; — vo — - - - — v,, of edges.
In particular, a path v;1 — vo — --- — v, is called a cycle if
v1 = v,. Two vertices v and v’ are called strongly connected
if they belong to some cycle. Graph G is strongly connected if
every two vertices are strongly connected. A strongly connected
component of G is a subgraph G’ = (N, E’) of G such that
either A/ contains only one vertex that does not belong to any
cycle of G, or G’ is strongly connected and for every v’ € N’
and v” € N\ N, v’ and v" are not strongly connected. Let G”
be obtained from G by adding edge v; — vy if (vo,v1) € E,
but (vy,vs) ¢ E for any vy,v2 € N. Hence G and G” share

Fig. 1. Graph associated with BCNs (3) and (4).

the same set of vertices. Two vertices v and v’ are called weakly
connected in G if they are strongly connected in G”. A subgraph
G’ of graph G is called a weakly connected component of G if
the subgraph of G generated by the vertices of G’ is a strongly
connected component of G”.

A graph can be associated with different BCNs. For example,
the graph shown in Fig. 1 is associated with the BCNs

21(t+1) = x2(t) Au(t)
2ot + 1) = —x1(t) V u(t)
y(t) = 21 (t) 3)
where A, V, and — denote AND, OR, and NOT, respectively, and
x1(t+ 1) = 2o (t)Vu(t)
zo(t+1) =~z (t) Au(t)
y(t) = z:(t) S
where V denotes XOR.

B. Observability

We are interested in the following notion of observability (first
characterized in [9] and then studied in [29]).

Definition 2.1: A BCN 5 is called observable if for
all different initial states x(0),2’(0), for each input se-
quence {u(0),u(1),...}, the corresponding output sequences
{y(0),y(1),...}and {¢/(0),y'(1), ...} are different.

We use a graph-theoretic method proposed in [29] to verify
observability. We simply call the “weighted pair graph” pro-
posed in [29] the “observability graph”.

Definition 2.2 ([29]): A graph G, = (V,E, W) is called
the observability graph of a BCN ‘B if its vertex set
V is {{z,a’'} € D" x D"|h(x) = h(z')}, its edge set &
s {({rn, 2}, {w2,2h}) €V x V|(Gu € D™)[(flar,u) =
2o A F(h,u) = ah) V (f(21,u) = ¢ A f(@h,u) = 22)]}
V x V, and its weight function W : £ — 2P™ assigns to each
edge ({x1,2)},{z2,25}) €& a set {u e D"|(f(x1,u) =
22 A f(ah,u) = 25) V (f(z1,u) = 23 A f(2h, u) = 22)}
of inputs, where we denote {x,2)} = {wo,2b} if
w e W(({z1, a4}, {z2,25})).

A vertex {z, z'} is called diagonal if x = 2, and nondiagonal
otherwise. We call the subgraph of G, generated by diagonal
vertices, denoted by ¢, the diagonal subgraph. Similarly we
call the subgraph of G, generated by nondiagonal vertices the
nondiagonal subgraph.

Proposition 2.1 ([29]): A BCN ‘B is not observable if and
only if its observability graph has a nondiagonal vertex v and a
cycle C, such that there is a path from v to a vertex of C.
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Fig. 2. Observability graph of BCN (3), where ¢ denotes its diagonal
subgraph.
Fig. 3. Observability graph of BCN (4).

The following corollary follows from Proposition 2.1 since
every diagonal subgraph has a cycle.

Corollary 2.2: 1f in the observability graph of a BCN 95 there
is a path from a nondiagonal vertex to a diagonal vertex, then ‘B
is not observable.

The computational cost of constructing the observability
graph of a BCN is at most (2" + 2™(2" — 1)/2)2™ = 2n+™m 4
22ntm—1 _ gn+m=1 Hence the computational complexity of
using Proposition 2.1 to check observability is O(22n+m-1),
On the other hand, the size (i.e., the number of vertices and
the number of edges) of the graph associated with a BCN is
at most n +m + ¢ + mn + n(n + ¢), which is significantly
smaller than the size of the observability graph. However, it
is impossible to design an algorithm to check observability
by using only the graph, because there exists a graph that is
associated with an observable BCN and another unobservable
BCN. Consider BCNs (3) and (4) and the graph in Fig. 1 that is
associated with (3) and (4). It follows from the observability
graph of (3) (shown in Fig. 2) together with Corollary 2.2
that (3) is not observable. Similarly, from the observability
graph of (4) (Fig. 3) and Proposition 2.1, it follows that (4) is
observable.

C. Reconstructibility

We consider the following notion of reconstructibility (cf.
[91, [30D.

Definition 2.3: A BCN B is called reconstructible if there
exists a positive integer 7', such that for all initial states
x(0),27(0), for each input sequence {u(0), u(1),...,u(T)}, if
(T + 1) # 2/(T + 1) then the corresponding output sequence
{9(0),y(1),-...y(T +1)} and {y/(0),/(1),...,4(T + 1)}
are different.

Observability is stronger than reconstructibility for BCNs.
If a BCN is observable, then for any sufficiently long input
sequence, one can use the input sequence and the correspond-
ing output sequence to determine the initial state. Hence, all
subsequent states can be determined. Consequently, the BCN is
reconstructible. However, the converse does not hold in general.
We use a graph-theoretic method proposed in [30] to verify
reconstructibility.

Definition 2.4 ([30]): A graph G, = (V,E, W) is called the
reconstructibility graph of a BCN ‘B if G, is the nondiagonal
subgraph of the observability graph G, of *B, i.e., G, is generated
by all nondiagonal vertices of G,.

Proposition 2.3 ([30]): A BCN B is not reconstructible if
and only if its reconstructibility graph has a cycle.

The computational cost of constructing the reconstructibil-
ity graph is at most (2(2" — 1)/2)2™ = 22ntm-1 _ gntm=1
Hence, the computational complexity of using Proposition 2.3
to check reconstructibility is O (22" +™~1). Similarly to observ-
ability, one cannot only use the graph associated with a BCN to
check its reconstructibility.

D. BCN Node Aggregations

Given a BCN, denote the set of state nodes by X =
{z1,...,2,}, the set of input nodes U = {uq,...,un}, the
set of output nodes Y = {y1,...,y,}, and the set of all nodes
N=XUUU.

Definition 2.5: A node aggregation of the graph G =
(N, E) associated with a BCN B is a partition

M, NG (&)

of its set of nodes, where s € [1,n +m + ¢, i.e, N =N, U
-+ U N, each V; is a nonempty subset of A, and N; NN = 0)
foralli # j,4,j € [1, s]. Such NV; with ¢ € [1, s] denotes a super
node and the graph G4 = (N4, E4) is called the aggregated
graph, where Ny = {NVq,... N}, (N, Ny) € Ey4 if and only
if j # k and in G there exists an edge from some v; € N
to some v, € M. A node aggregation is called acyclic if its
aggregated graph contains no cycle.

For each super node N;, its indegree (resp. outdegree) is the
sum of edges entering (resp. leaving) \V; in the aggregated graph,
i € [1,s]. An aggregated graph contains no self-loop (i.e., an
edge from a super node to itself). Note that a node aggregation
uniquely defines an aggregated graph and vice versa, we will
not distinguish them. In the sequel we will also write “a node
aggregation G 4 sometimes.

Consider a state z(t) = (z1(t),...,z,(t)) € D™ attime ¢ of
a BCN 3 and its node aggregation G 4, the component of ()
in \V; with ¢ € [1, s] is defined by the set {x;(¢)|j € [1,n],z; €
N;}. The set U of input nodes can be empty. In this case, the
first equation of (2) becomes z(t + 1) = f(x(¢)).

The purpose of aggregating network nodes is to verify ob-
servability and reconstructibility by verifying these notions for
subnetworks. A node aggregation can result in a significant
reduction of computational complexity if all subnetworks are
small. To this end, the observability and reconstructibility of
each subnetwork must be well defined, so we make the following
assumption.

Assumption 1: Consider a node aggregation GG 4 of the graph
G = (N, E) associated with a BCN B. Let G; be the subgraph
of G generated by V;, i € [1,s]. Foreachi € [1,s], N; NY #
(); for each state node x € NV; N X, there is a path from z to
some output node y € A; N Y in G;, such that for all 2’ € X if
(z',y) € Ethenz’ € N;.

Definition 2.6: Consider a node aggregation GG 4 of the graph
G = (N, E) associated with a BCN B, where G4 satisfies
Assumption 1. For each super node N;, the BCN correspond-
ing to A; (or the subgraph G; of G generated by AN) is
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Fig. 4. Example of a node aggregation of BCN (6).

called the BCN subnetwork i, and is denoted B;. In de-
tail, the state node set of B, is N; N X, the input node set
is{uelU|Fx e N;NX)[(u,z) € E]}U{x € X\ N;|(F2' €
N; N X)[(z,2') € E]}, and the output node set is {y € N; N
Y|(3z € N; N X)[(z,y) € E]}. Suchanode aggregation is also
called a BCN node aggregation.

Under Assumption 1, each BCN subnetwork B, is of the form
(1), but with ¢ € [1, s]. Hence Assumption 1 guarantees that the
observability and reconstructibility of each 5; are well defined.
For each ‘B, its input nodes may be input nodes of G or state
nodes of G outside N, but its state nodes and output nodes
belong to N;.

Let us give an example to illustrate the above concepts.

Example 2.4: Consider the following BCN (with subnet-
works B1,B,, B3, corresponding to Fig. 4)

%1 : ZL’Q(t + ].) = $2(t)\7$3(t)
z3(t+1) = —as(t)
yi(t) = x1(t) A (22(t)Vas(t))
1‘4(t + 1) = ZE5(t) A\ ’Uq(t)

%2 : l’5(t -+ ].) = x4(t)\7u1(t)9x2(t) (6)
y2(t) = 5(t)
.’176(t + 1) = l’g(t)\7$5(t)
1‘7(t + 1) = xﬁ(t)\_/l‘g(t)

%3 :
xg(t+ 1) = x7(t)
y3(t) = l‘g(t).

In Fig. 4, all sets N7, N5, N3 contain output nodes; N7 and N3
contain no input node; G; contains edges x1 — y1, T2 — Y1,
and x3 — y1; G contains path x4 — x5 — yo; G3 contains
path ¢ — x7 — xg — ys3. Hence, this node aggregation sat-
isfies Assumption 1. The corresponding aggregated graph is
acyclic and shown in Fig. 5. Subnetworks B, ‘B, and B3
correspond to super nodes N7, Na, and N3, respectively. In
addition, x7 is an input node of ‘B,; x3 and x5 are input nodes
of %3.

Fig. 5. Aggregated graph corresponding to Fig. 4.

ll. OBSERVABILITY ANALYSIS OF BCNs USING
BCN NODE AGGREGATIONS

A. Observability Verification From BCN Node
Aggregations

In this subsection, we investigate whether one can verify
observability of a BCN 8 by verifying observability of its BCN
subnetworks B, 7 € [1, s]. That is, we study whether B being
observable implies that all °B; are also observable, or vice versa.
After studying several different types of node aggregations, we
find that for acyclic node aggregations satisfying Assumption 1,
all *B; being observable implies that ‘B is also observable, but
not vice versa. The intuition here is that for acyclic aggregations,
we can arrange all B; in a cascading order so that we can
determine the initial states of all B, one by one. However, for
cyclic aggregations, even satisfying Assumption 1, we will show
that neither of the two directional implications holds by means
of counterexamples.

Next we prove our first main result.

Theorem 3.1: Consider a BCN ‘B and one of its acyclic node
aggregations G 4. If G 4 satisfies Assumption 1 and all corre-
sponding BCN subnetworks B; with ¢ € [1, s] are observable
then so is *B.

Proof: Denote the graph associated with B by G = (N, E).
First we consider an acyclic node aggregation G 4 of GG, and
prove there is a reordering (i.e., a bijection) 7 : [1, s] — [1, s],
such that

foreachi € [1,s],N" := U N (;) has zero indegree.  (7)
j=1

Since G 4 is acyclic, each subgraph of G 4 has a super node
with indegree 0. Suppose on the contrary that a subgraph G’
of G 4 has all super nodes with positive indegrees. Construct a
new graph G’ from G, by reversing the directions of all edges
of G'y. Then G’ has a cycle, since G”) has finitely many nodes
and each node has a positive outdegree. Then G’, and hence G 4
have a cycle, which is a contradiction.

Make a copy G 4 of G4 with nodes /T/l, o ,/T/S. Choose
k1 € [1, 5], such that 'y, has zero indegree in G 4, remove N,
and all edges leaving N, from G 4, and set 7(1) = k;. Then in
the remaining G 4, there is ko € [1, 5] \ {k1}, such that A/, has
zero indegree. Remove NV, and all edges leaving N, from the
remaining G 4, and set 7(2) = k. Repeat this procedure until
G 4 becomes empty, we obtain a bijection 7 : [1, s] — [1, 5] that
satisfies (7).

Second we assume that G 4 satisfies Assumption 1 and all ®5;
are observable, and prove that 283 is also observable. We choose
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Fig. 6. Observability graph of subnetwork 51 in (6), where o denotes
the diagonal subgraph, numbers in circles are decimal representations
for states of B, formally, 0~000, 1~001, 2~010, 3~011, 4~100, 5~
101, 6~110, 7~111.

an arbitrary input sequence {u(0), u(1), ...} and two arbitrary
initial states (0), z(0)’, such that the components of 2:(0), z(0)’
in V7 () are not equal for some % € [1, s], but the components
of z(0), z(0)" in N7 (; are equal for all i € [1, k — 1]. Then the
corresponding output sequences are always the same in their
N (iy components, where i € [1, k — 1].

Note that

in G, forall4,j € [1,s],
if there exist node v € N7 ;) and node v’ € N ;)
such that (v,v") € E then i < j. 8)

Then the dynamics of B, ;) does not affect that of B, for
any ¢ > k. Hence the corresponding output sequences differ in
their ./\/T(k) component since B ;) is observable. That is, B is
observable. |

In [32], anode aggregation G 4 satisfying (7) is called cascad-
ing; and it is pointed out that each cascading node aggregation
is acyclic, which can also be seen by (8). In the proof of
Theorem 3.1, the existence of the reordering 7 satisfying (7)
actually shows that each acyclic aggregation is cascading. Hence
the following proposition follows.

Proposition 3.2: A node aggregation GG 4 is acyclic if and
only if it is cascading.

Example 3.3: Recall Example 2.4. The node aggregation
shown in Fig. 4 is acyclic and satisfies Assumption 1. Next
we show that the BCN subnetworks B, B85, B3 in (6) are all
observable. Then by Theorem 3.1, the whole BCN (6) is also
observable. The observability graph of ‘B, has eight diagonal
vertices, and 1 + C’g = 16 nondiagonal vertices. The observ-
ability graph of B is shown in Fig. 6, where we note that there
exists no path from anondiagonal vertex to a diagonal vertex, and
there exists no cycle in the subgraph generated by nondiagonal
vertices. By Proposition 2.1, B is observable.

For B3, 25(0) = y2(0), 24(0) = x5(1)Vuy(0)Va(0) =
y2(1)Vu1 (0)Vz2(0). y2(0) and y2 (1) can be (directly) measured
(since they are output nodes) and w1 (0) and z5(0) are known
(since they are input nodes), hence ‘B is observable.

For %3, 398(0) = yg(O), ZL‘7(0) = mg(].) = yg(l), 1’6(0) =
z7(1)Vas(0) = 25(2)Vas(0) = ys(2)Vas(0).  y3(0),ys(1),
and y3(2) can be measured and x3(0) is known, hence B3 is
also observable.

The whole BCN (6) has 28 = 256 states, 2 inputs, and 23 =18
outputs. Its observability graph has (((1 + C2) - 2+ 23)(2- 2 +
22)((2C3) - 2 + 23) — 28) /2 = 4992 nondiagonal vertices, and
28 = 256 diagonal vertices. Hence it is much more complex to
directly use Proposition 2.1 to check observability of (6) than
using Theorem 3.1 and Proposition 2.1 as above.

B. Limitation of BCN Node Aggregations

In this subsection we show some cases where the aggre-
gation method cannot be used. We prove that for acyclic
node aggregations satisfying Assumption 1, the whole BCN
B being observable does not imply that all BCN subnetworks
B, are observable; for cyclic aggregations, even if satisfying
Assumption 1, B being observable does not imply that all B,
are observable, or vice versa. These results also indicate that
it is more difficult to find aggregations to verify observability
than to find aggregations to verify controllability. The reason
is as follows. In [32], controllability and stabilizability are
considered for a BCN by removing all its output nodes. Under
the assumption that in a node aggregation G 4, each subgraph
(G; contains at least one state node, it is proved that the BCN is
controllable only if each subnetwork is controllable, although
the converse is not true. However, observability does not satisfy
such a strong property (see Examples 3.4 and 3.5).

The first counterexample shows that for cyclic node aggrega-
tions satisfying Assumption 1, 5 being observable does not in
general imply that all B, are observable.

Example 3.4: Consider the following BCN (with three BCN
subnetworks):

%, - {wl(t + 1) = U (t)\7x2(t)
yi(t) = z1(t)
xg(t =+ 1) = Ug(t)\_/l’l(t)
Y2 (t) = X2 (t) N\ X3 (t)
%3 : {$4(t + 1) = u?,(t \7$3(t)
ys(t) = za(t)

It is not difficult to see that the node aggregation {N; =
{ul, x, yl},NQ = {UQ, 2,3, yg},Ng = {U3, Ty, y3}} satis-
fies Assumption 1 and contains cycles N <+ N5 and N3 <
N3, BCN subnetworks 91,985,983 in (9) correspond to su-
per nodes N7, Na, N3, respectively. Subnetwork 9B is ob-
servable, because z1(0) =y1(0), and y;(0) can be mea-

sured. Symmetrically, B3 is also observable. In the observ-

ability graph of 9B,, there is an edge {00,01} 000, {00, 00}

from nondiagonal vertex {00, 01} to diagonal vertex {00,00}.
Then by Corollary 2.2, B, is not observable. Now con-
sider the whole BCN (9). We have z1(0) = y1(0), 22(0) =
z1(1)Vur(0) = y1(1)Vu1(0), 23(0) = z4(1)Vuz(0) = y3(1)
Vugz(0), z4(0) = y3(0), y1(0), y1(1),y3(0), y3(1) can be mea-
sured, u; (0) and u3(0) are known, hence (9) is observable.

The second counterexample shows that for acyclic aggrega-
tions satisfying Assumption 1, in general ‘B being observable
does not imply that all B, are observable.
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Example 3.5: Consider the following BCN:

l‘l(f + 1) = xg(t) A\ ul(t)
B : J}Q(t + 1) = ZIJl(t)
yi(t) = 21 (t)
(10)
z3(t +1) = 22(t)
By : l‘4(f + 1) = xg(t)
y2(t) = za(?).

The node  aggregation  {Nj = {uy,z1, 22,91}, No =
{x3,24,y2}} satisfies Assumption 1, and the corresponding
aggregated graph A7 — N3 contains no cycle. Subnetworks
B1,B, in (10) correspond to super nodes N7, N5,
respectively. In the observability graph of 9, there is an

edge {10,11} RN {01,01} from a nondiagonal vertex {10, 11}
to a diagonal vertex {01,01}, then by Corollary 2.2, 9B
is not observable. Subnetwork ‘B5 is observable because
24(0) = y2(0), 25(0) = z4(1) = y2(1), y2(0) and y»(1)
can be measured. The whole BCN (10) is observable
because  21(0) = y1(0), 22(0) = z3(1) = 24(2) = y2(2),
23(0) = 24(1) = y2(1), 24(0) = 2(0), 1(0),2(0), y2(1),
and y2(2) can be measured.

The third counterexample shows that for cyclic aggregations
satisfying Assumption 1, if all ©8; are observable, ‘5 is not
necessarily observable.

Example 3.6: Consider the following BCN:

xl(t + 1) = ul(t)
%1 . (t + 1) = .Il( )\/I4(t)
y1(t) = za(t)
(1)
z3(t+1) = (21 (t)Vaa(t)
%2 : J,‘4(t ) = UQ(t)
y2(t) = w3(t).

The node aggregation {N7 = {uy,z1,22,91}, No = {us,
x3,T4,y2}+} satisfies Assumption 1, and its aggregated graph
is a cycle Ny <> Na. For By, 22(0) =y1(0), x1(0) =
22(1)Va4(0) = y1(1)Va4(0). Since y1(0) and y;(1) can be
measured and x4(0) is known, 9, is observable. Simi-
larly B, is also observable. Consider a nondiagonal vertex
{0110, 1111} of the obse-rvability graph of (11), there is an edge
{0110, 1111} 22 {w;01ug, w3 01us }, where inputs uy, uy €
D, {u101ug, u101lus} is a diagonal vertex of the observability
graph. Hence by Corollary 2.2, (11) is not observable.

C. An Algorithm for Computing Acyclic BCN
Node Aggregations

In this subsection we design Algorithm 1 for computing all
acyclic BCN node aggregations satisfying Assumption 1 for
the graph G associated with a BCN 5. Each of such node
aggregations can be easily found in polynomial time in the
number of vertices and edges of G.

Algorithm 1
Input: A BCN ‘B
Output: All acyclic aggregated graphs of the graph G
associated with B satisfying Assumption 1
1:  Compute all strongly connected components of G, and
regard each strongly connected component as a super
node. Then an acyclic aggregated graph is obtained.

2: if the aggregated graph satisfies Assumption 1 then
3: output the graph
4: endif
5:  while some super node does not satisfy Assumption 1
do
6: arbitrarily choose a super node N; that does not
satisfy Assumption 1
7: if \V; contains only input nodes then
8: arbitrarily find another super node N, such that
there exists an edge N; — N/, and combine them
to obtain a new super node
9: end if
10: if in \V;, there exists a state node x; that does not
satisfy Assumption 1 then
11: find an arbitrary path from z; to an output node yy,

in G, find all parents of ¥y, and then combine all
super nodes each of which contains either one
node of the path or one parent of y;

12: end if

13: end while

Let us describe Algorithm 1. First, the algorithm computes
an acyclic aggregated graph of graph G, where the vertices
of the aggregated graph correspond to the strongly connected
components of G. This aggregated graph is the finest acyclic
aggregated graph of G. We say an aggregated graph G’ of G
is coarser than another aggregated graph G” of G (or equiv-
alently G” is finer than G’) if each vertex of G” is a subset
of some vertex of G'. There exist well-known algorithms to
compute all strongly connected components with linear time
complexity in the size of the graph, e.g., a variant of depth-first
search. If the obtained aggregated graph satisfies Assumption 1,
then the algorithm returns the aggregated graph. The rest of
the algorithm (the “while ... end while” structure) combines
several of the strongly connected components in order to obtain
other acyclic aggregated graphs that satisfy Assumption 1. Given
a node aggregation {Ni,..., N}, after we combine super

nodes ./\f“, .. M , we obtain a new coarser node aggregation
{N;, U- UMP,A/j with j € [1,s] \ {i1,...,ip}}. Since the

aggregated graph obtained in line 1 is acyclic, all other obtained
aggregated graphs in the rest of the algorithm are also acyclic.
The algorithm will return all acyclic aggregated graphs that sat-
isfy Assumption 1 after running over all possible combinations
of strongly connected components of GG. There always exists
an acyclic aggregated graph satisfying Assumption 1, e.g., the
trival node aggregation consisting of only one super node .
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After we have obtained an aggregated graph that satisfies
Assumption 1, we can use Theorem 3.1 to check observability
of ®B. If the obtained aggregated graph satisfies the condition in
Theorem 3.1, then we know that B is observable. Otherwise we
compute another aggregated graph satisfying Assumption 1 by
using Algorithm 1 to do the check. If B is observable, then we
will finally obtain (after repeating the above procedure several
times) an acyclic aggregated graph that satisfies Assumption 1
and the condition in Theorem 3.1, because there always exists an
acyclic aggregated graph satisfying Assumption 1 and the condi-
tion in Theorem 3.1, e.g., the trivial node aggregation containing
only one super node A. However, if 98 is not observable, then
after repeating the above procedure several times, we will obtain
the trivial node aggregation that does not satisfy the condition
in Theorem 3.1.

Next we analyze the computational complexity of using
Theorem 3.1, Algorithm 1, and Proposition 2.1 to verify observ-
ability. We first find an acyclic node aggregation that satisfies
Assumption 1 by using Algorithm 1, then check observability
of all BCN subnetworks. If all BCN subnetworks are observ-
able then the whole BCN is observable. Assume that we have
obtained an acyclic node aggregation having k super nodes with
almost the same size and satisfying Assumption 1. Then each
super node approximately has n/k state nodes and m/k input
nodes. The computational cost of verifying observability for all
BCN subnetworks is approximately k2(27+7)/k=1 by Proposi-
tion 2.1. For large BCNs, 2n + m is large. When k < 1(2n + m)
for some positive constant [, k2@2n+m)/k=1 decreases as k
increases. Hence roughly speaking, the more super nodes a node
aggregation has and the closer the sizes of these super nodes are,
the less computation it costs to verify observability for all BCN
subnetworks. It is hard to find aggregations whose super nodes
have approximately the same size, but we can find aggregations
having sufficiently many super nodes instead (approximately
equivalent to finding finer node aggregations). Also, since gen-
erally Algorithm 1 returns finer node aggregations earlier, we
conclude that in most cases the method of using Theorem 3.1,
Algorithm 1, and Proposition 2.1 to verify observability of large
BCN:s is quite efficient for a class of large BCNGs.

V. RECONSTRUCTIBILITY ANALYSIS OF BCNS USING
BCN NODE AGGREGATIONS

In this section, we study whether the node aggregation method
can be used to deal with reconstructibility of large BCNs. The
focus is on the conceptual difference between observability and
reconstructibility,

A. Reconstructibility Verification From BCN
Node Aggregations

We next prove the second main result. Even if it is similar to
Theorem 3.1, the proof is quite different. See discussion after
the proof for some insight.

Theorem 4.1: Consider a BCN B and one of its acyclic BCN
node aggregations G 4. If G4 satisfies Assumption 1 and all

BCN subnetworks B; with ¢ € [1, s] are reconstructible then so
is *B.

Proof: By the proof of Theorem 3.1, there is a bijection
7:[1,8] = [1,s], such that (7) holds. Then without loss of
generality, we assume in G 4 that for all 4, j € [1, ], if there is
anedge \; — N then i < j. Next we assume that G 4 satisfies
Assumption 1 and all BCN subnetworks 98, with i € [1, s] are
reconstructible, and prove ‘B is also reconstructible.

Assume by contradiction that each ‘B; is reconstructible but
B is not. Since ‘B is not reconstructible, by Proposition 2.3,
there exist an input sequence {«(0), u(1), ... } and two different
initial states 2:(0), (0)’, such that the corresponding output se-
quences {y(0),y(1),...} and {y(0),y(1)',...} are the same,
and the corresponding states x(t) and z(t) are different at
any time step ¢t = 0, 1,.... Hence, at any time step ¢, there is
it € [1, s], such that the components of z(¢) and z(¢)" in \;, are
different. Since 2B is reconstructible and A/ has zero indegree
in G 4, there is a positive integer j;, such that the components of
x(k) and z(k)" in N are the same for any time & > jy. Since B2
is reconstructible, and A is the only potential parent of A5 in
G 4, there is a positive integer jo > ji, such that the components
of z(k) and x(k)" in Ny are the same for any time k > jo.
Similarly we have for any [ € [1,s — 1], there is a positive
integer j; > j;—1, such that the components of z(k) and (k)" in
N are the same for any time & > j;. Hence the components of
x(k) and z(k)’ in N are different for any time k& > j;_1. Due
to the finite cardinality of the state space D", there is a cycle
in the reconstructibility graph of ‘B. By Proposition 2.3, ‘B is
not reconstructible, which is a contradiction, and completes the
proof. ]

In order to verify reconstructibility of a large BCN, similarly
to verifying observability, one can first use Algorithm 1 to
find an acyclic node aggregation satisfying Assumption 1, and
then check whether all BCN subnetworks are reconstructible
according to Theorem 4.1.

The proof of Theorem 4.1 is more complex than that of
Theorem 3.1. To see why, consider an acyclic node aggregation
G 4 satisfying Assumption 1. As in the proofs of Theorems 3.1
and 4.1, we can assume that the super nodes (arranged as
Ni,...,Ny) of G 4 satisfy that there exists no edge from N; to
N for any ¢ > j without loss of generality. To prove that all B,
being observable implies that ®8 is also observable, we just need
to assume two different initial states, and check the subnetwork
B ; with the smallest index j, such that the components of the
initial states of ‘5 in B; differ. However, to prove that all 93,
being reconstructible implies that ®5 is reconstructible, we have
to check all ®B; in the above order one by one.

B. Limitation of BCN Node Aggregations

Similarly to observability, one cannot always use the aggre-
gation method to verify reconstructibility of BCNs. Next we
give counterexamples to show some cases where the aggregation
method cannot be used in general.

The fourth counterexample shows that for acyclic aggrega-
tions satisfying Assumption 1, if B is reconstructible, then
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in general the BCN subnetworks 9B; with ¢ € [1,s] are not
necessarily all reconstructible.

Example 4.2: Consider the following BCN (with three BCN
subnetworks):

yl(t) =1 t)
CCQ(t + 1) = .%‘3(75)
By ¢ 23(t + 1) = z2(1) (12)

The acyclic node aggregation {ANj = {uy,21,y1},No =
{z2,23,y2}, N3 = {ua,r4,y3}} satisfies Assumption 1.
In the proof of Proposition 3.4, we have shown that
6, and ‘B3 are both observable, hence they are both
reconstructible. For Bo, in its reconstructibility graph,
there is a self-loop on nondiagonal vertex {10,01}, then by
Proposition 2.3, B, is not reconstructible. Now consider
the whole BCN (12). We have 21(0) = y1(0), x2(0) =
21 (1)Vur(0) = y1 (1) Vuy (0), 23(0) = x4(1)Vus(0) =
ys(1)Va2(0), £4(0) = 5(0), y1(0), 1 (1), 3 (0), (1) can be
measured, u; (0) and uz(0) are known, hence (12) is observable,
and then reconstructible.

The fifth counterexample shows that for cyclic aggregations
satisfying Assumption 1, if B is reconstructible, then in general
not all *B; are necessarily reconstructible.

Example 4.3: Consider the following BCN:

%1 {$1(t+1)ul( ) Q(t)
1(t) = 1 (2)
wa(t +1) = w1 (t) Aws(t)
Bo : ¢ xs(t+ 1) = x4(t) Axa(t) (13)
ya2(t) = x2(t) A w3(t)
B, : {964(15 1) = ug(t)Vas(t)
(t) = wa(t).

The cyclic node aggregation {ANj = {uy, 21,91}, N2 =
{x2,23,y2}, N3 = {ua,r4,y3}} satisfies Assumption 1.
In the proof of Proposition 3.4, we have shown that B
and ‘B3 are observable, hence they are reconstructible.
For ‘B,, in its reconstructibility graph, there is a self-loop
{10,01} EEN {10,01}, then by Proposition 2.3, B is not
reconstructible. Now consider the whole BCN (13). Similarly to
(12), the whole BCN is observable, and hence reconstructible.

The sixth counterexample shows that for cyclic aggregations
satisfying Assumption 1, if all ®B; are reconstructible, then in
general B is not necessarily reconstructible.

Example 4.4: Consider the following BCN:
Jfl(t + 1) = ul(t) V l‘l(t)
t+1) = z1(t)Vaa(t)

PR E 21

yi(t) = 22(t)
(
(

(14)
x3(t + 1) = .%‘1(t)\7$4(t)

By : < 1y t+1) —UQ(t)\/l‘4(t)
yg(t) = L]Cg(t)

The cyclic node aggregation {N7 = {u1,z1,22,y1},No =
{ua, x3,w4,y2}} satisfies Assumption 1. One directly sees
that both 8, and B, are observable, hence they are also

reconstructible. In the reconstructibility graph of BCN (14),

there is a self-loop {1001, 0000} N {1001, 0000}, then by

Proposition 2.3, (14) is not reconstructible.

V. OBSERVABILITY AND RECONSTRUCTIBILITY ANALYSIS
USING FTS NODE AGGREGATIONS

Previously, we gave a class of node aggregations and studied
when one can efficiently verify observability and reconstructibil-
ity for large BCNs by verifying these two notions for their
subnetworks. Note that in this approach, every BCN subnetwork
must have an output node, which makes the verification not very
efficient when the whole BCN has only a small number of output
nodes. In order to compensate for this drawback, in this section,
we give a new class of node aggregations and a new notion of
subnetwork, such that in a new subnetwork, there may exist no
output node of the whole network. Note that a newly defined
subnetwork is not necessarily an BCN but an FTS (cf. [27],
[28]) that is more general than a BCN. We still adopt the notion
of node aggregation as in Definition 2.5.

An FTS? is described as

z(t+1) € f(x(t),u(t))
y(t) = h(z(?)) (15)
where t=0,1,..., x(t) € An, u(t) € Ay, y(t) € Ag,
AN x Ay — 288\ (), h.ANaAQ, finite  sets

AN, A, Ag have positive integer cardinality N, M, Q).

Due to the nondeterminism of (15), given an initial state
and an input sequence, more than one output sequence may
be produced. The notions of observability and reconstructibility
for FTSs are as follows (called observability in the arbitrary-
experiment case in [27] and detectability in [28], respectively).
When an FTS reduces to a BCN, Definition 5.1 coincides with
Definition 2.1, Definition 5.2 coincides with Definition 2.3.

Definition 5.1 ([27]): An FTS § is called observable if for
all different initial states x(0),2’(0), for each input sequence
{u(0),u(1),...}, any output sequence {y(0),y(1),...} gen-
erated by x(0) and {u(0),u(1),...} is different from any
output sequence {y'(0),7'(1),...} generated by 2/(0) and

(0 (0),4/(1),...}.

21n this article, we only need to consider total FTSs for which all states can
be initial, see [28] for details. An FTS is called a finite labeled transition system
in [27], and in [28] it is called a nondeterministic FTS.
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Definition 5.2 ([28]): An FTS § is called reconstructible
if there exists a positive integer 7', such that for every in-
put sequence {u(0),u(1),...}, and every output sequence
{y(0),y(1), ...}, the state at time k can be uniquely determined
by {u(0),...,u(k — 1)} and {y(0),...,y(k)} for every time
k>T.

By definition, if an FTS is observable, then for an arbitrary
input sequence {u(0),u(1),...} and the corresponding out-
put sequence {y(0),y(1),...}, its state at any time can be
uniquely determined. Note that here observability is not nec-
essarily stronger than reconstructibility (see Example 5.2 for
a counterexample). An algorithm® for verifying observability
of § that runs in polynomial time in the numbers of states,
inputs, and outputs has been given in [27], and an algorithm®*
for verifying reconstructibility of §§ that also runs in polynomial
time in the numbers of states, inputs, and outputs has been given
in [28]. Note that the algorithms in Propositions 2.1 and 2.3 for
verifying observability and reconstructibility of BCNs also run
in polynomial time in the numbers of states, inputs, and outputs.

The new assumption is as follows.

Assumption 2: Consider a node aggregation GG 4 of the graph
G = (N, E) associated with a BCN B. For every ¢ € [1, s] and
every state node x € N; N X, either

1) in subgraph G; generated by A;, there is a path from x to
some output node y € N; N Y; or

2) there exists i # j € [1,s] and 2’ € N; N X, such that

(x,2') € Eandforall 2” € Nif (2”,2') € E thenz” €
N;NnX.

One can see that Assumption 2 does not imply Assumption 1,
or vice versa.

With these preliminaries, we give the new notion of subnet-
work.

Definition 5.3: Consider a node aggregation G4 of the
graph G = (W, E) associated with a BCN B that satisfies
Assumption 2. For each super node AN, where i € [1, 5],
the FTS corresponding to N; (or the subgraph G; of G
generated by N;) is called the FTS subnetwork i, and denoted
by §i. In detail, the state node set of §; is A;NX, the
input node set of §F; is {ue€U|(Fx e N;NX)[(u,x) €
E]} =: §%,and the output node set of §; is a subset of
{y e NinV|(Fz e Nin X)[(z,y) € EI} UUjep, il €
N; (3 e N; N X)[(2/,z) € E]) A (V2" e N)[(2",x) €
E = 2" € N;NX])} =: §Y. Such a node aggregation is called
an FTS node aggregation.

In Definition 5.3, for FTS subnetwork §;, the set of input
nodes is Y, but the set of output nodes is only a subset of Sf
Actually, if a proper subset of §7 is enough for the corresponding
3§ tobe observable (resp. reconstructible), then we do not need to
impose that all nodes of §7 are output nodes. For subnetwork §;,
since there may exist nodes outside §; that can affect dynamics
of §; but are not input nodes of §; (e.g., in Fig. 7, node x4 is
not an input node of subnetwork §5 but affects dynamics of §5),

3This algorithm reduces to the one shown in Proposition 2.1 when the FTS
reduces to a BCN.

4This algorithm does not reduce to the one shown in Proposition 2.3 when
the FTS reduces to a BCN.

N

Fig. 7. Example of a node aggregation for Example 5.2.

one has the updating rule of §; is actually a set-valued function
as described in (15). Hence §; is itself an FTS.

We next prove the third main result. Differently from
Theorems 3.1 and 4.1, we do not need to impose that the corre-
sponding aggregated graph is acyclic. However, for an acyclic
node aggregation that satisfies Assumption 2, the reordering 7
in Theorem 5.1 always exists.

Theorem 5.1: Consider a BCN ‘B and one of its node aggre-
gations G 4 satisfying Assumption 2. Assume that there exists a
reordering 7 : [1, s] — [1, s], suchthatforeachi € [1, s],noout-
putnode of FTS subnetwork § ;) belongs to N j) forany j < i.
If all §; with ¢ € [1, s] are observable (resp. reconstructible),
then so is 5.

Proof: Arbitrarily choose an initial state z(0) given but un-
known, an input sequence {u(0),u(1),...}, and an arbitrary
produced output sequence {y(0),y(1),...}. First, since sub-
network §(,) is observable (resp. reconstructible), and all of its
output nodes belong to N7y, we can determine its initial state
(resp. current state at some time and all subsequent states) by
using the above input sequence and output sequence; second,
for §-(s—1), by using the obtained states of §(,) (they may be
values of some output nodes of §(,_1)) and the above input
and output sequences, we can determine the initial state (resp.
current state at some time and all subsequent states) of §r(s_1);
...; finally, we can determine the initial state (resp. current state
at some time and all subsequent states) of §.(1). Hence B is
observable (resp. reconstructible). [ |

Example 5.2: Consider the following BCN:

(16)

Consider the node aggregation shown in Fig. 7. This node aggre-
gation satisfies Assumption 2 but does not satisfy Assumption 1.
The unique node aggregation of (16) satisfying Assumption 1
only contains one super node {1, ..., z7,y}, since every BCN
subnetwork must contain an output node and the whole network
only contains one output node. Consider the following two FTS
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TABLE |

UPDATING RULES FOR THE NODES OF THE T-CELL RECEPTOR KINETICS MODEL [15]

Nodes Boolean rule H Nodes ‘ Boolean rule H Nodes ‘ Boolean rule
CD8 Input Gads LAT PKCth DAG
(Itk APLCg(bind) ASLP76 AZAP70)

CD45 Input || Grb2Sos LAT || PLCg(act) LS (binf)/\leASLW )
TCRlig Input IKKbeta PKCth PAGCsk FynV(—TCRbind)
AP1 FosAJun 1P3 PLCg(act) PLCg(bind) LAT
Ca 1P3 Itk SLP76AZAP70 Raf Ras
Calcin Ca IkB —IKKbeta Ras Grb2SosV RasGRP1
cCbl ZAP70 INK SEK RasGRP1 DAGAPKCth
CRE CREB Jun INK Rlk Lck
CREB Rsk LAT ZAP70 Rsk ERK
DAG PLCg(act) Lck (—PAGCsk) ACD8ACDA45 SEK PKCth
ERK MEK MEK Raf SLP76 Gads
Fos ERK NFAT Calcin TCRbind (—cCbl)ATCRIig
Fyn (LckACDA45)V(TCRbind ACD45) NFkB —IkB TCRphos FynV(Lck ATCRbind)
L ZAP70 (—cCbl)ALck ATCRphos

subnetworks §1 (a BCN) and §s:

21(t+ 1) =21 (t)V(x2(t) A z3(t))
xo(t + 1) = xo(t)Vas(t)
F1:Q ws(t+1) = —as(t)
za(t +1) = 21 (t) A (22(t) Vas(t))
yi(t) = a5t +1) = za(t) (17)
z5(t+1) € {0,1}
% z(t + 1) = x5(t)Var(t)
z7(t+1) = z(t)
y(t) = x2(t)

where y; (t) = x5(t + 1) means that x5 is regarded as an output
node of §1; v is an output node of §5; x4 is not an input node of
T, but affects the update of node x5 (see z5(t + 1) € {0,1}).

Observe that x7(0) = y(0), x6(0) = 27(1), and z5(0) =
x6(1)Var(0), so F2 is observable. However, §2 is not recon-
structible since starting at initial state 010 (in order x5, xg, x7),
for output sequence (01)“ (i.e., concatenation of infinitely many
copies of 01), 001 and 101 are possible states at time 2k + 1,
000, 010, 100, 110 are possible states at time 2k + 2 for all
natural numbers k. In Example 3.3, we have proved that BCN
subnetwork B, of (6) is observable, hence §1 (actually the same
as *B1) of (16) is also observable. Then by Theorem 5.1, (16) is
observable, and hence reconstructible.

Similarly to Algorithm 1, one can also design an algorithm
for returning all node aggregations of a BCN satisfying
Assumption 2. One can do similar analysis on the limitation
of FTS node aggregations as on BCN node aggregations in the
previous section.

VI. A BIOLOGICAL APPLICATION

In this section, we apply our results in Sections III-V to study
observability and reconstructibility of the BCN T-cell receptor
kinetics model [15], and then compare the obtained results.

A. The Model

T-cells are a type of white blood cells known as lymphocytes.
These white blood cells play a central role in adaptive immu-
nity and enable the immune system to mount specific immune

: KK—'PKC“I&W\ i
;? W T !
¢ o9

Fig. 8. Network of the T-cell receptor kinetics model (cf. [15]), where
rectangles denote input nodes, the other nodes denote state nodes, par-
ticularly the nodes with shadows are chosen to be measured. The node
aggregation shown in this figure is acyclic and satisfies Assumption 1.

responses. T-cells have the ability to recognize potentially dan-
gerous agents and subsequently initiate an immune reaction
against them. They do so by using T-cell receptors to detect
foreign antigens bound to major histocompatibility complex
molecules, and then activate, through a signaling cascade, sev-
eral transcription factors. These transcription factors, in turn,
influence the cell’s fate such as proliferation. For the details,
we refer the reader to [15]. The BCN T-cell receptor kinetics
model given in [15] is shown in Table I, its network is shown
in Fig. 8. In Fig. 8, there exist three input nodes and 37 state
nodes. Hence, the model has 23 inputs and 237 states. In order
to do a quantitative analysis for the T-cell model, it would be
better to obtain the state information of the model first. Next we
study how to choose as few state nodes as possible to measure
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to make the model observable or reconstructible. We choose as
few state nodes as possible because usually not all nodes can be
directly measured [22]. It is useful in the biological application
to find a minimal set of state nodes that need to be measured to
make the whole BCN observable. It is almost impossible to use
a PC to deal with such a large BCN directly. We next use the
node aggregation approach instead.

B. Observability Analysis Based on a Particular Acyclic
BCN Node Aggregation

In order to obtain the initial state of the BCN, one must choose
some state nodes to measure, since there exists no output node
in the network. In this sense, one should first choose some state
nodes, and then assign each of these chosen state nodes one
new output node as its child, such that each of these new added
output nodes has only one parent. Then one can obtain the values
of these chosen state nodes by measuring their corresponding
output nodes. The chosen state nodes and their corresponding
output nodes are represented as the nodes with shadows and their
shadows, respectively, in Fig. 8. The main result obtained in this
subsection is that we find the minimal set

{TC Rbind, cCbl, PAGCsk, Rlk, TC Rphos, SLPT6,
Itk,Grb2Sos, PLCg(bind), CRE, AP1, NFkB,

NFAT, Fos, Jun, RasGRP1} (18)

of state nodes that need to be measured to make the whole BCN
observable. That is to say, if all nodes in (18) can be measured
then the BCN is observable, and if any one of them cannot be
measured then the BCN is not observable. In what follows, we
prove this conclusion, and illustrate the process of looking for
these state nodes.

We assume that it is not known which nodes in Fig. 8 are
chosen to be measured, and next illustrate the process of looking
for them. First of all, CRE, AP1, NFkB, and NF AT must
be chosen to be measured, because they have no children, and
if any one of them cannot be measured, the whole BCN is
not observable. By measuring these nodes, the initial values
of CREB, Rsk, ERK, MEK, Raf, Ras, IkB, I K Kbeta,
PKCth, DAG, Calcin, Ca, IP3, and PLCg(act) can be
obtained. Taking NF AT for example, by Table I, we have
Calcin(0) = NFAT(1), Ca(0) = Calcin(l) = NFAT(2),
IP3(0) = NFAT(3), and PLCg(act)(0) = NFAT(4), then
one can obtain NFAT(0), Calin(0), Ca(0), IP3(0),
and PLCg(act)(0) by measuring NFAT(0), NFAT(1),
NFAT(2), NFAT(3), and NFAT(4), respectively. Second,
since AP1(t+ 1) = Fos(t) A Jun(t) (cf. Table I) and both
Fos and Jun only affect AP1 (cf. Fig. 8), Flos and Jun must
be chosen to be measured. This is because if any one of F'os and
Jun cannot be measured, say, Flos, then Jun(0) = 0 implies
that AP1(1) = 0 no matter what Fos(0) is and Fos(0) cannot
be obtained, i.e., the whole BCN is not observable. By measuring
Jun, the initial values of JNK and SEK can be obtained.
Third, since Ras(t + 1) = Grb2Sos(t) V RasGRP1(t) (also
cf. Table I) and Ras is the unique child of both Grb2Sos and
RasGRP1 (also cf. Fig. 8), similarly to the case for Flos and

Fig. 9. Aggregated graph corresponding to Fig. 8.

Jun, we have Grb2Sos and RasG RP1 must be chosen to be
measured, or the whole BCN is not observable. By measuring
Grb2Sos, the initial values of LAT and ZAP70 can be ob-
tained. Fourth, we give an acyclic node aggregation for the BCN
as shown in Fig. 8 (also cf. Fig. 9), and set that for each state
node chosen to be measured, its corresponding new added output
node belongs to the same part as the state node. By the above
analysis, the BCN subnetworks B3, B4, and 85 corresponding
to subgraphs A3, Ny, and N5 are observable. Next, we look for
the minimal number of state nodes to be measured in subgraphs
N1 and N3 to make the corresponding subnetworks observable
by using Proposition 2.1. Since subgraph N7 has three input
nodes and eight state nodes, and N5 has fewer input nodes
and state nodes, we can use Proposition 2.1 to deal with them.
For N5, if we choose all state nodes to be measured, then
obviously the BCN subnetwork is observable. Since we want
to know which node is necessary for the BCN subnetwork to be
observable, we choose any five of the six state nodes in N5 to be
measured, and verify observability of the BCN subnetworks by
using Proposition 2.1. After verifying observability of these six
subnetworks one by one, we find that SLP76, Itk, Grb2Sos,
and PLCg(bind) are necessary for B to be observable, and the
other two nodes are not. Also by Proposition 2.1, we obtain that
if we choose only SLPT76, Itk, Grb2Sos, and PLCg(bind)
to be measured, then the BCN subnetwork, denoted by ‘B, is
observable. Hence the set of these four nodes is the unique mini-
mal set of nodes making the BCN subnetwork observable. Based
on this, we choose SLP76, Itk, Grb2Sos, and PLCg(bind)
to be measured in A5. For N7, using the same method as for
dealing with N5, by Proposition 2.1 we find that TC Rbind,
cCbl, PAGCsk, Rlk, and T'C Rphos are necessary for the
BCN B, to be observable, and the other 3 nodes are not. We
also obtain that if we choose only T'C'Rbind, cCbl, PAGC'sk,
Rk, and T'C' Rphos to be measured, then the BCN subnetwork,
denoted by 281, is observable. Hence, the set of these five nodes
is the unique minimal set of nodes making the BCN subnetwork
observable.

Until now we have found all the 16 state nodes shown in
(18). Next we prove that if we choose only these 16 nodes to
be measured, then the whole BCN is observable. Note in that
sense, the acyclic node aggregation shown in Fig. 8 satisfies
Assumption 1, and we have proved that all subnetworks B; are
observable, i € [1, 5], then by Theorem 3.1, the whole BCN is
observable.
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To conclude this part, we show that if any one of these 16
nodes in (18) cannot be measured, then the whole BCN is not
observable. Previously we have shown that CRE, AP1, Jun,
Fos, NFkB, NFAT, RasGRP1,and Grb2Sos are necessary
for the whole BCN to be observable, so if any one of these
nodes cannot be measured, the whole BCN is not observable.
Now consider Rlk, Itk, and PLCg(bind). By Table I and
Fig. 8, we have PLCg(act)(t+ 1) = PLCg(bind)(t) A
SLPT6(t) N ZAPTO(t) A (Itk(t) V RIk(t)), all of RIE,
Itk and PLCg(bind) affect only PLCg(act). If Rlk (Itk,
PLCyg(bind)) cannot be measured and SLP76(0) =0,
then PLCg(act)(1) =0 no matter what RIk(0) (Itk(0),
PLCg(bind)(0)) is, i.e., RIk(0) (Itk(0), PLCg(bind)(0))
cannot be obtained, and hence the whole BCN is not
observable. Consider SLP76. We have SLPT76 affects only
Itk and PLCg(act), PLCg(act)(t + 1) = PLCg(bind)(t) A
SLP76(t) N ZAPT0(t) A (Itk(t) vV Rlk(t)), and Itk(t+
1) = SLP76(t) N ZAPT70(t). If SLP76 cannot be measured,
and ZAPT70(0) =0, then PLCg(act)(1) =1Itk(1) =0 no
matter what SLP76(0) is, i.e., SLP76(0) cannot be obtained,
and the whole BCN is not observable either. For T'C'Rphos, we
have T'C' Rphos affects only ZAP70, and ZAP70(t + 1) =
(=cCbl(t)) A Lek(t) NTCRphos(t). For PAGCsk, we
have PAGCSsk affects only Lck, and Lck(t+1)=
(mPAGCsk(t)) ACD8(t) ACD45(t). Similarly we have,
if either T'C'Rphos or PAGCsk cannot be measured,
then the whole BCN is not observable. For ¢Cbl, we have
cCbl affects only TCRbind and ZAP70, TCRbind(t+
1) = (=eCbl(t)) NTCRIig(t), and ZAP70(t+1)=
(=cCbl(t)) A Lek(t) NTCRphos(t). If ¢Cbl cannot be
measured, and TCRIlig(0) = TCRphos(0) =0, then
TCRbind(1) = ZAP70(1) =0 no matter what cCbi(0)
is, i.e., ¢cCbl(0) cannot be obtained, and the whole BCN
is not observable either. Finally, consider T'CRbind.
TCRbind affects only Fyn, TCRphos, and PAGCSsk.
We have Fyn(t+ 1) = CD45(t) A (Lck(t) vV TC Rbind(t)),
TCRphos(t + 1) = Fyn(t) V (Lck(t) N TCRbind(t)), and
PAGCsk(t +1) = Fyn(t) vV (-TCRbind(t)). If TC Rbind
cannot be measured, CD45(0) =0, and Fyn(0)=1,
then Fyn(l) =0, TCRphos(l) = PAGCsk(1)=1 no
matter what T'CRbind(0) is, i.e., TCRbind(0) cannot
be obtained forever, and then the whole BCN is not
observable. This part has been finished. In addition,
note that if F'yn cannot be measured, we cannot obtain
that the whole BCN is not observable by using similar
procedure. This is because Fyn affects only PAGCsk and
TCRphos, PAGCsk(t+1) = Fyn(t)V (-TCRbind(t)),
TCRphos(t + 1) = Fyn(t) V (Lck(t) N TCRbind(t));
if TCRbind(0) =0, then no matter what Lck(0) is,
TCRphos(1) = Fyn(0); if TC Rbind(0) = 1, then no matter
what Lck(0) is, PAGCsk(1) = Fyn(0). Thatis, in both cases,
Fyn(0) can be measured. This procedure is not sufficient to
prove that the whole BCN is observable either, so the node
aggregation method and Proposition 2.1 are necessary.

On the other hand, a weaker type of observability (i.e., [29,
Def. 5], not equivalent to the one studied in this article) of BCNs
is characterized in [19] by using an algebraic method, and it

is proved that for the BCN T-cell receptor kinetics model, the
unique minimal set of nodes that need to be measured to make
the whole BCN observable is

{TCRbind, Rlk, TC Rphos, SLPT76,
Itk,Grb2Sos, PLCg(bind), CRE, AP1, NFkB,

NFAT, Fos, Jun, RasGRP1}, (19)

which is a proper subset of (18).

C. Reconstructibility Analysis Based on a Particular
Acyclic BCN Node Aggregation

In this subsection, we study reconstructibility of the BCN T-
cell receptor kinetics model. Obviously, if we choose the 16 state
nodes shown in (18) to be measured, then the whole BCN is re-
constructible. However, to make the whole BCN reconstructible,
we do not need to measure so many state nodes. In order to use
the node aggregation method to characterize reconstructibility,
we give a new node aggregation for its network consisting of two
super nodes, where N is the same as the N7 in Fig. 8, while
N5 is the set of all other nodes. The corresponding aggregated
graph A; — A5 is also acyclic. For N7, by Proposition 2.3 we
have that for each state node x in N, if = cannot be measured
and all other state nodes in /7 can be measured, then the BCN
subnetwork B is reconstructible. That is, none of state nodes
of N7 is necessary for 98B, to be reconstructible.

We next assume that any state node in the set

{TCRbind, cCbl, PAGCsk, Rlk, TC Rphos} (20)
can be measured. In order to make this node aggregation satisfy
Assumption 1, we add an output node to N5 satisfying y(t) = 1,
which actually means that none of state nodes in A5 can be
measured.

We have proved that BCN subnetwork 283, is observable,
hence reconstructible. Next we prove that B, is also recon-
structible. Then by Theorem 4.1, the whole BCN is recon-
structible. Arbitrarily choose an initial state, an input sequence,
and the corresponding output sequence. Since ‘B is observable,
we actually know the values of every node in N7 at any time.
For B, we have LAT(t + 1) = ZAP70(t), hence we know
the value of LAT since time 1. Furthermore, we successively
know the values of Gads, Grb2Sos, PLCg(bind) since time
2; the value of SLP76 since time 3; the value of Itk since
time 4; the value of PLCg(act) since time 5; the values of
IP3, DAG since time 6; the values of C'a, PK Cth since time 7;
the values of C'alcin, RasGRP1,SEK, I K Kbeta since time
8; the values of NFAT, Ras, JNK,IkB since time 9; the
values of Raf, Jun, N FkB since time 10; the value of M EK
since time 11; the value of FRK since time 12; the values
of Rsk, Fos since time 13; the values of CRE B, AP1 since
time 14; and the value of C' RE since time 15. That is, B, is
reconstructible.

Note that compared to measuring at least 16 state nodes to
make the whole BCN observable, we only need to measure five
state nodes to make the whole BCN reconstructible.
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Fig. 10.  Cyclic node aggregation of the network of the T-cell receptor
kinetics model (cf. [15]) that satisfies Assumption 2.

i

Aggregated graph corresponding to Fig. 10.

Fig. 11.

D. Observability and Reconstructibility Analysis Based
on a Particular FTS Node Aggregation

We use an FTS node aggregation proposed in Section V
to verify observability for the T-cell model based on the se-
lected output nodes as in (18). We choose a cyclic node
aggregation as in Fig. 10. Its aggregated graph is shown
in Fig. 11. This node aggregation contains 12 FTS subnet-
works, and only one cycle Aj <> N3. The sets of output
nodes for the corresponding FTS subnetworks §, ..., §12 are
chosen as {T'C Rbind, PAGCsk,TC Rphos, Rlk}, {cCbl},

{RIk}, {SLP76}, {Itk}, {NFAT}, {Grb2Sos, RasGRP1,
Raf,SEK}, {PLCgy(bind)}, {IP3}, {CRE}, {Jun, AP1,
Fos}, and {NFEkB}, respectively. None of these 12
subnetworks is a BCN. One sees that the reordering

$1,82,353,84, 55, 58,59,87, 510,56, 511, 512 satisfies the as-

sumption in Theorem 5.1. One can also verify that
So,..., 812 are observable. For Fi, Lck(0) = Rlk(1),
Fyn(0) = TCRphos(1) if TCRbind(0) =0, Fyn(0)=

PAGCsk(1) if TC Rbind(0) = 1, hence § is also observable.
Then by Theorem 5.1, the T-cell model is observable, and hence
reconstructible.

Compared to the node aggregation shown in Fig. 8, the node
aggregation in Fig. 10 contains more (smaller) subnetworks.
Hence, the verification based on the latter node aggregation is
more efficient for the T-cell model.

VIl. CONCLUSION

We used a node aggregation method to reduce computational
complexity of verifying observability and reconstructibility for
large BCNs with special structures. We defined a first class
of node aggregations whose subnetworks are BCNs, and then
showed that even for this special class of node aggregations, the
subnetworks being observable (reconstructible) does not imply
the whole BCN being observable (reconstructible), and vice
versa. However, for acyclic node aggregations in this class, we
proved that the subnetworks being observable (reconstructible)
implies that the whole BCN is observable (reconstructible).
We proved that acyclic node aggregations are equivalent to
cascading node aggregations frequently used in the literature.
We showed that finding such node aggregations consisting of
as many subnetworks as possible can reduce the computational
complexity in verifying observability and reconstructibility. We
also designed an efficient algorithm for searching all acyclic
aggregations in this class.

In order to compensate for the drawback of the first class of
node aggregations when the BCN has only a small number of
output nodes, we also defined a second class of node aggrega-
tions with subnetworks being FT'Ss. We obtained several results
on efficient observability and reconstructibility verification for
large BCNGs.

The first class of node aggregations characterized in this arti-
cle can be used to deal with observability and reconstructibility
also for discrete-time linear (special classes of nonlinear) control
systems over Euclidean spaces with special network structures.
Taking discrete-time linear time-invariant control systems, for
example, if an acyclic node aggregation satisfying Assump-
tion 1 has been found, then one can verify observability of the
whole system by verifying observability of each subsystem by
using the well-known observability rank criterion. Since given
the dimensions of input space, state space, and output space,
the set of observable linear time-invariant control systems is
dense in the set of linear time-invariant control systems, the
node aggregation method is feasible. Further discussion is left
for future study. Our results in this article motivate also the study
of observability and reconstructibility of large BCNs based on
different types of node aggregations.

Authorized licensed use limited to: KTH Royal Institute of Technology. Downloaded on January 10,2021 at 19:05:39 UTC from IEEE Xplore. Restrictions apply.



5158

IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 65, NO. 12, DECEMBER 2020

(1]

(2]

[3]

(4]

(51

(6]

(71
(8]

[91

[10]

[11]

[12]

[13]
[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

REFERENCES

T. Akutsu, M. Hayashida, W. K. Ching, and M. K. Ng, “Control of Boolean
networks: Hardness results and algorithms for tree structured networks,”
J. Theor. Biol., vol. 244, no. 4, pp. 670-679, 2007.

T. Akutsu, S. Kuhara, O. Maruyama, and S. Miyano, “A system for
identifying genetic networks from gene expression patterns produced
by gene disruptions and overexpressions,” Genome Inform. Workshop
Genome Informat., vol. 9, pp. 151-160, 1998.

D. Cheng, “Disturbance decoupling of Boolean control networks,” IEEE
Trans. Autom. Control, vol. 56, no. 1, pp. 2-10, Jan. 2011.

D. Cheng, Z. Li, and H. Qi, “Realization of Boolean control networks,”
Automatica, vol. 46, no. 1, pp. 62-69, 2010.

D. Cheng and H. Qi, “Controllability and observability of Boolean control
networks,” Automatica, vol. 45, no. 7, pp. 1659—-1667, 2009.

D. Cheng, H. Qi, and Z. Li, Analysis and Control of Boolean Networks: A
Semi-tensor Product Approach. London, U.K.: Springer-Verlag, 2011.
D. Cheng and Y. Zhao, “Identification of Boolean control networks,”
Automatica, vol. 47, no. 4, pp. 702-710, 2011.

A. Fauré, A. Naldi, C. Chaouiya, and D. Thieffry, “Dynamical analysis
of a generic Boolean model for the control of the mammalian cell cycle,”
Bioinformatics, vol. 22, no. 14, pp. e124—e131, 2006.

E. Fornasini and M. E. Valcher, “Observability, reconstructibility and state
observers of Boolean control networks,” IEEE Trans. Autom. Control,
vol. 58, no. 6, pp. 1390-1401, Jun. 2013.

Y. Guo, R. Zhou, Y. Wu, W. Gui, and C. Yang, “Stability and set stability
in distribution of probabilistic Boolean networks,” IEEE Trans. Autom.
Control, vol. 64, no. 2, pp. 736-742, Feb. 2019.

T. Ideker, T. Galitski, and L. Hood, “A new approach to decoding
life: systems biology,” Annu. Rev. Genomics Human Genetics, vol. 2,
pp. 343-372,2001.

H. Ishii, R. Tempo, and E. W. Bai, “A web aggregation approach for dis-
tributed randomized pagerank algorithms,” IEEE Trans. Autom. Control,
vol. 57, no. 11, pp. 2703-2717, Nov. 2012.

S. A. Kauffman, “Metabolic stability and epigenesis in randomly con-
structed genetic nets,” J. Theor. Biol., vol. 22, no. 3, pp. 437-467, 1969.
H. Kitano, “Systems biology: A brief overview,” Science, vol. 295,
pp. 1662-1664, 2002.

S. Klamt, J. Saez-Rodriguez, J. A. Lindquist, L. Simeoni, and E. D. Gilles,
“A methodology for the structural and functional analysis of signaling and
regulatory networks,” BMC Bioinf., vol. 7, no. 1, 2006, Art. no. 56.

D. Laschov, M. Margaliot, and G. Even, “Observability of Boolean net-
works: A graph-theoretic approach,” Automatica, vol. 49, no. 8, pp. 2351—
2362, 2013.

F. Li, “Pinning control design for the synchronization of two coupled
Boolean networks,” IEEE Trans. Circuits Syst. I1: Express Briefs, vol. 63,
no. 3, pp. 309-313, Mar. 2016.

H. Li and Y. Wang, “Logical matrix factorization with application to
topological structure analysis of Boolean network,” IEEE Trans. Autom.
Control, vol. 60, no. 5, pp. 1380-1385, May 2015.

R. Li, M. Yang, and T. Chu, “Controllability and observability of Boolean
networks arising from biology,” Chaos: An Interdisciplinary J. Nonlinear
Sci., vol. 25, no. 2, 2015, Art. no. 023104.

Z. Li and J. Song, “Controllability of Boolean control networks avoiding
states set,” Sci. China Inf. Sci., vol. 57, no. 3, pp. 1-13,2014.

Y. Liu, H. Chen, J. Lu, and B. Wu, “Controllability of probabilistic Boolean
control networks based on transition probability matrices,” Automatica,
vol. 52, pp. 340-345, 2015.

Y.-Y. Liu, J.-J. Slotine, and A.-L. Barabdsi, “Observability of complex
systems,” Proc. Nat. Acad. Sci., vol. 110, no. 7, pp. 2460-2465, 2013.
A. Louati, M.-A. Aufaure, and Y. Lechevallier, “Graph Aggregation:
Application to Social Networks.” in Advances in Theory and Applications
of High Dimensional and Symbolic Data Analysis, volume RNTI-E-25,
Rong Guan, Yves Lechevallier, Gilbert Saporta, and Huiwen Wang, Eds.
Paris, France: Hermann, 2013, pp. 157-177.

S. Sridharan, R. Layek, A. Datta, and J. Venkatraj, “Boolean modeling
and fault diagnosis in oxidative stress response,” BMC Genomics, vol. 13,
no. 6, 2012, Art. no. S4.

Y. Wu and T. Shen, “A finite convergence criterion for the discounted opti-
mal control of stochastic logical networks,” IEEE Trans. Autom. Control,
vol. 63, no. 1, pp. 262-268, Jan. 2018.

K. Zhang and K. H. Johansson, “Efficient observability verification for
large-scale Boolean control networks,” in Proc. 37th Chin. Control Conf.,
Jul. 2018, pp. 560-567.

[27] K.Zhang, T. Liu, and D. Cheng, “Observability of finite labeled transition
systems,” IEEE Trans. Autom. Control, vol. 63, no. 6, pp. 1591-1602,
Jun. 2018.

K. Zhang and M. Zamani, “Detectability of nondeterministic finite transi-
tion systems,” in Proc. IFAC PapersOnline, vol. 50, no. 1, pp. 9272-9277,
2017.

K. Zhang and L. Zhang, “Observability of Boolean control networks: A
unified approach based on finite automata,” IEEE Trans. Autom. Control,
vol. 61, no. 9, pp. 2733-2738, Sep. 2016.

K. Zhang, L. Zhang, and R. Su, “A weighted pair graph representation for
reconstructibility of Boolean control networks,” SIAM J. Control Optim.,
vol. 54, no. 6, pp. 3040-3060, 2016.

K. Zhang, L. Zhang, and L. Xie, “Invertibility and nonsingularity of
Boolean control networks,” Automatica, vol. 60, pp. 155-164, 2015.

Y. Zhao, B. K. Ghosh, and D. Cheng, “Control of large-scale Boolean
networks via network aggregation,” I[EEE Trans. Neural Netw. Learn. Syst.,
vol. 27, no. 7, pp. 1527-1536, Jul. 2016.

Y. Zhao, J. Kim, and M. Filippone, “Aggregation algorithm towards large-
scale Boolean network analysis,” IEEE Trans. Autom. Control, vol. 58,
no. 8, pp. 1976-1985, Aug. 2013.

Y. Zhao, H. Qi, and D. Cheng, “Input-state incidence matrix of Boolean
control networks and its applications,” Syst. Control Lett., vol. 59, no. 12,
pp. 767-774, 2010.

Y. Zou and J. Zhu, “Kalman decomposition for Boolean control networks,”
Automatica, vol. 54, pp. 65-71, 2015.

[28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

Kuize Zhang (Senior Member, IEEE) received
the B.S. and Ph.D. degrees in mathematics and
control science and engineering from Harbin
Engineering University, Harbin, China, in 2009
and 2014, respectively.

He held visiting positions with the University
of Turku, Turku, Finland, from September 2012
to September 2013, and the Chinese Academy
of Sciences, Beijing, China, from January to
October 2015. He was a Project Officer with
Nanyang Technological University, Singapore,
from October 2013 to October 2014, Postdoc with Chinese Academy
of Sciences from November 2015 to October 2017, and Postdoc with
Technical University of Munich, Munich, Germany, from September 2016
to August 2017. He is currently a Postdoc with the KTH Royal Institute
of Technology, Stockholm, Sweden. He has authored or coauthored
a book Discrete-Time and Discrete-Space Dynamical Systems. His
current research interests include formal methods, Boolean networks,
discrete-event systems, etc.

Dr. Zhang was the recipient of the Humboldt Research Fellowship,
in 2019, and the 2016 Chinese Association of Automation Outstanding
Doctoral Thesis Nomination Award.

Karl Henrik Johansson (Fellow, IEEE) re-
ceived the M.Sc. and Ph.D. degrees from Lund
University, Lund, Sweden. He is Director of the
Stockholm Strategic Research Area ICT the
next generation and Professor with the School
of Electrical Engineering and Computer Sci-
ence, KTH Royal Institute of Technology, Stock-
holm, Sweden. He has held visiting positions
) with UC Berkeley, California Institute of Tech-
E A nology, Nanyang Technological University, Hong
Kong University of Science and Technology In-
stitute of Advanced Studies, and Norwegian University of Science and
Technology. His research interests are in networked control systems,
cyber—physical systems, and applications in transportation, energy, and
automation.

Dr. Johansson is a member of the IEEE Control Systems Society
Board of Governors, the International Federation of Automatic Control
(IFAC) Executive Board, and the European Control Association Council.
He is Fellow of the Royal Swedish Academy of Engineering Sciences.
He is an IEEE Distinguished Lecturer. He is a Distinguished Professor
with the Swedish Research Council and a Wallenberg Scholar. He was
the recipient of several best paper awards and other distinctions. He
was also the recipient of the Future Research Leader Award from the
Swedish Foundation for Strategic Research and the triennial Young
Author Prize from IFAC.

Authorized licensed use limited to: KTH Royal Institute of Technology. Downloaded on January 10,2021 at 19:05:39 UTC from IEEE Xplore. Restrictions apply.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Algerian
    /Arial-Black
    /Arial-BlackItalic
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /BaskOldFace
    /Batang
    /Bauhaus93
    /BellMT
    /BellMTBold
    /BellMTItalic
    /BerlinSansFB-Bold
    /BerlinSansFBDemi-Bold
    /BerlinSansFB-Reg
    /BernardMT-Condensed
    /BodoniMTPosterCompressed
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /BritannicBold
    /Broadway
    /BrushScriptMT
    /CalifornianFB-Bold
    /CalifornianFB-Italic
    /CalifornianFB-Reg
    /Centaur
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /Chiller-Regular
    /ColonnaMT
    /ComicSansMS
    /ComicSansMS-Bold
    /CooperBlack
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /EstrangeloEdessa
    /FootlightMTLight
    /FreestyleScript-Regular
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Haettenschweiler
    /HarlowSolid
    /Harrington
    /HighTowerText-Italic
    /HighTowerText-Reg
    /Impact
    /InformalRoman-Regular
    /Jokerman-Regular
    /JuiceITC-Regular
    /KristenITC-Regular
    /KuenstlerScript-Black
    /KuenstlerScript-Medium
    /KuenstlerScript-TwoBold
    /KunstlerScript
    /LatinWide
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaBright
    /LucidaBright-Demi
    /LucidaBright-DemiItalic
    /LucidaBright-Italic
    /LucidaCalligraphy-Italic
    /LucidaConsole
    /LucidaFax
    /LucidaFax-Demi
    /LucidaFax-DemiItalic
    /LucidaFax-Italic
    /LucidaHandwriting-Italic
    /LucidaSansUnicode
    /Magneto-Bold
    /MaturaMTScriptCapitals
    /MediciScriptLTStd
    /MicrosoftSansSerif
    /Mistral
    /Modern-Regular
    /MonotypeCorsiva
    /MS-Mincho
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /NiagaraEngraved-Reg
    /NiagaraSolid-Reg
    /NuptialScript
    /OldEnglishTextMT
    /Onyx
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Parchment-Regular
    /Playbill
    /PMingLiU
    /PoorRichard-Regular
    /Ravie
    /ShowcardGothic-Reg
    /SimSun
    /SnapITC-Regular
    /Stencil
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /TempusSansITC
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanMTStd
    /TimesNewRomanMTStd-Bold
    /TimesNewRomanMTStd-BoldCond
    /TimesNewRomanMTStd-BoldIt
    /TimesNewRomanMTStd-Cond
    /TimesNewRomanMTStd-CondIt
    /TimesNewRomanMTStd-Italic
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Times-Roman
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /VinerHandITC
    /Vivaldii
    /VladimirScript
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZapfChanceryStd-Demi
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 900
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.00111
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 1200
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.00083
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00063
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create PDFs that match the "Suggested"  settings for PDF Specification 4.0)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


