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Extremum seeking feedback is a powerful method to steer a dynamical system to an extremum of a
partially or completely unknown map. It often requires advanced system-theoretic tools to understand
the qualitative behavior of extremum seeking systems. In this paper, a novel interpretation of extremum
seeking is introduced. We show that the trajectories of an extremum seeking system can be approximated
by the trajectories of a system which involves certain Lie brackets of the vector fields of the extremum
seeking system. It turns out that the Lie bracket system directly reveals the optimizing behavior of the
extremum seeking system. Furthermore, we establish a theoretical foundation and prove that uniform
asymptotic stability of the Lie bracket system implies practical uniform asymptotic stability of the
corresponding extremum seeking system. We use the established results in order to prove local and semi-
global practical uniform asymptotic stability of the extrema of a certain map for multi-agent extremum

Practical stability seeking systems.

© 2013 Elsevier Ltd. All rights reserved.

1. Introduction

In diverse engineering applications one faces the problem
of finding an extremum of a map without knowing its explicit
analytic expression. Suppose, for example, one vehicle tries to min-
imize the distance to another vehicle. The only information avail-
able is the distance to the other vehicle. Clearly, the distance does
not provide a direction in which the vehicle has to move. However,
it is intuitively clear that one can obtain a direction by using mul-
tiple measurements of the distance. Extremum seeking feedback
exploits this procedure in a systematic way and can be used for
steering dynamical systems to the extremum of an unknown map.
Extremum seeking has a long history and has found many appli-
cations to diverse problems in control and communications (see
Moase, Manzie, Nesic, & Mareels, 2010 and references therein).
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In this paper, we provide a novel methodology to analyze ex-
tremum seeking systems which differs from commonly used tech-
niques (see e.g. Sanders, Verhulst, & Murdock, 2007). Specifically,
this work contains three main contributions.

First, we provide a novel view on extremum seeking by identi-
fying the sinusoidal perturbations in the extremum seeking system
as artificial inputs and by writing it in a certain input-affine form.
Based on this input-affine form, we derive an approximate system
which captures the behavior of the trajectories of the original ex-
tremum seeking system. It turns out that the approximate system
can be represented by certain Lie brackets of the vector fields in the
extremum seeking system. We call this approximate system the Lie
bracket system. The proposed methodology is different from re-
sults in the existing literature (see e.g. Krsti¢ & Ariyur, 2003, Krstic
& Wang, 2000 and Tan, NeSi¢, & Mareels, 2006).

Second, we establish a theoretic foundation which is based on
this novel viewpoint. We prove that the trajectories of a class of
input-affine systems with certain inputs are approximated by the
trajectories of the Lie bracket systems. Similar results concerning
sinusoidal inputs are covered in Kurzweil and Jarnik (1987) and
were extended in Gurvits (1992) and Li & Gurvits, 1992 to the class
of periodic inputs. In Sussmann and Liu (1991) and Sussmann and
Liu (1992) convergence of trajectories of a class of input-affine
systems to the trajectories of more general Lie bracket systems
was established. These results are closely related to our results.
Furthermore, we prove under mild assumptions that semi-global
(local) practical uniform asymptotic stability of a class of input-
affine systems follows from global (local) uniform asymptotic
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stability of the corresponding Lie bracket systems. These results
are based on Moreau and Aeyels (2000, 2003). Summarizing, to
the authors best knowledge, the generality of the setup proposed
herein was not addressed in the literature before.

Third, we apply the established results to analyze the behav-
ior and the stability properties of extremum seeking vehicles with
single-integrator and unicycle dynamics and with static maps. We
formulate a multi-agent setup consisting of extremum seeking sys-
tems where the individual nonlinear maps of the agents satisfy
a certain relationship which assures the existence of a potential
function. We use the established theoretical results to show that
the set of extrema of the potential function is (locally or semi-
globally) practically uniformly asymptotically stable for the multi-
agent system. This multi-agent setup is strongly related to game
theory and potential games (see Monderer & Shapley, 1996). In the
single-agent case, this potential function coincides with the indi-
vidual nonlinear map. Similar extremum seeking vehicles were an-
alyzed in Zhang, Arnold, Ghods, Siranosian, and Krsti¢ (2007) and
Zhang, Siranosian, and Krsti¢ (2007) by using averaging theory (see
Khalil, 2002 and Sanders et al., 2007). The authors proposed various
extremum seeking feedbacks for different vehicle dynamics and
provided a local stability analysis for quadratic maps. Using sinu-
soidal perturbations with vanishing gains, the authors of Stankovi¢
and Stipanovi¢ (2009, 2010) were able to extend these results
to prove almost sure convergence in the case of noisy measure-
ments of the map. In a slightly different setup the authors of Tan
et al. (2006) considered feedbacks which stabilize the extremum
of a scalar, dynamic input-output map and established semi-
global practical stability of the overall system under some technical
assumptions. Multi-agent extremum seeking setups which use
similar game-theoretic approaches can be found in Stankovié, Jo-
hansson, and Stipanovi¢ (2012), where the agents seek a Nash
equilibrium (see Nash, 1951). The authors proved almost sure con-
vergence of the scheme but without explicit consideration of the
global stability properties. A closely related result, which consid-
ers the local stability of Nash equilibrium seeking systems, can be
found in Frihauf, Krstic, and Basar (2012).

Preliminary results of this work were published in Diirr,
Stankovié, and Johansson (2011a,b) where the main proofs were
omitted. Moreover, the results in this paper are more general.

1.1. Organization

The remainder of this paper is structured as follows. In Section 2
we illustrate the main idea using a simple example. In Section 3
we present theoretical results which link the stability properties
of an input-affine system to its Lie bracket system. In Section 4 we
apply these results to analyze stability properties of multi-agent
extremum seeking systems. Finally, in Section 5 we illustrate the
results with examples and give a conclusion in Section 6.

1.2. Notation

Np denotes the set of positive integers including zero. Q.
denotes the set of positive rational numbers. The intervals of real
numbers are denoted by (a,b) = {x € R: a < x < b}, [a,b) =
fxeR:a<x<b}and[a,b] ={x e R:a <x < b}.Letf :
R" x R™ — R¥, then we write f (-, ) if we consider f as a function
of the first argument only and for ally € R™. We denote by C" with
n € Ny the set of n times continuously differentiable functions
and by C* the set of smooth function. The norm | - | denotes
the Euclidean norm. The Jacobian of a continuously differentiable
function b € C' : R" — R™ is denoted by
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Fig. 1. Basic extremum seeking system.
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and the gradient of a continuously differentiable function] € C! :
) ) T
R" — R is denoted by V,J(x) = [d]—(") M] . The Lie

ax1 ’ "7 Oxp

bracket of two vector fields f, g : R x R" — R" withf(t, -), g(t, )
being continuously differentiable is defined by [f, g](t,x) =
ELgé—tx”‘)f(t, X) — afg—[x"x)g(t, X). The a-neighborhood of a set § C R"
with a € (0, 00) is denoted by U? := {x € R" : infyes [x —y| < a}.
U$ denotes the closure of UZ. A function u : R — R is called
measurable if it is Lebesgue-measurable. We use s € C for the
complex variable of the Laplace transformation if not indicated
otherwise.

2. Main idea

One simple extremum seeking feedback for static maps is
shown in Fig. 1 (see also Krsti¢ & Ariyur, 2003 and Zhang, Siranosian
et al,, 2007). Suppose that the function f € C?> : R — R admits a
local, strict maximum at x* and o, w € (0, 00).

The extremum seeking system can be written as

X = a/wcos(wt) + f (x) /o sin(wt). (1)
The main idea is now to identify sin(wt) and cos(wt) as artificial
inputs, i.e. uj(wt) := cos(wt) and uy(wt) = sin(wt). Thus, we

obtain an input-affine system of the form

X = b1 () Vwu (0t) + by (X)/ou; (wt) (2)

with by(x) = « and b,(x) = f(x). Interestingly, if one computes
the so called Lie bracket system involving [bq, b,], i.e.

'—]b b _ocv 3
Z_E[ 1) 2](2)—5 (), (3)

then one sees that this system maximizes f. Having in mind,
that trajectories resulting from sinusoidal inputs in (1) can be
approximated by trajectories of (3) (see Gurvits, 1992, Kurzweil
& Jarnik, 1987, Li & Gurvits, 1992, Sussmann & Liu, 1992) allows
us to establish a novel methodology to analyze extremum seeking
systems.

The goal of this paper is to generalize this viewpoint to a larger
class of extremum seeking systems. We derive a methodology
which allows us to analyze a broad class of extremum seeking
systems by calculating their respective Lie bracket systems. The
procedure can be summarized as follows: Write the extremum
seeking system in input-affine form, calculate its corresponding
Lie bracket system and prove asymptotic stability of the Lie
bracket system which implies practical asymptotic stability for the
extremum seeking system.
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3. Lie bracket approximation for a class of input-affine systems

In this section we consider a class of input-affine systems
depending on a parameter and we deliver general results for
approximating the trajectories of such systems by the trajectories
of their respective Lie bracket systems. First, we state the
definition of practical stability of a compact, invariant set for
this class of systems. Second, we prove that their trajectories are
approximated by the trajectories of their corresponding Lie bracket
system for large values of the parameter. Third, we show how the
stability properties of the input-affine system and the Lie bracket
system are linked. The results in this section rely on a combination
of results in Gurvits (1992), Kurzweil and Jarnik (1987), Li and
Gurvits (1992), Moreau and Aeyels (2000, 2003) and Sussmann and
Liu (1992).

3.1. Practical stability

In the following, we define the notion of practical stability
which is closely related to Lyapunov stability and applies to
differential equations depending on a parameter. Throughout the
paper, we denote this parameter as w. For related literature about
this concept we refer to Moreau and Aeyels (2000), Tan et al.
(2006), Teel, Peuteman, and Aeyels (1998) and references therein.

Let x(-) := x(-; to, Xo, ) denote the solution of the differential
equation

x=f,(t, x) (4)

through x(to) = xo, where the vector field f, : R x R" — R"
depends on w € (0, 00).

Definition 1. A compact set § C R" is said to be practically
uniformly stable for (4) if for every ¢ € (0, 00) there exists a
8 € (0,00) and wy € (0, 00) such that for all t, € R and for all
w € (wg, 00)

x(tp) € U; = x(t) € UL, ¢ € [to, 00). (5)

Definition 2. Let § € (0, 00). A compact set § € R" is said to be
8-practically uniformly attractive for (4) if for every ¢ € (0, 00)
there exists a tf € [0, o0) and wp € (0, 00) such that for all tp € R
and all w € (g, 00)

x(tp) € US = x(t) € UL, €[ty +tr, 00). (6)

Definition 3. A compact set 8 C R" is said to be locally practically
uniformly asymptotically stable for (4) if it is practically uniformly
stable and there exists a § € (0, co) such that it is §-practically
uniformly attractive.

Definition 4. Let § C R" be a compact set. The solutions of (4)
are said to be practically uniformly bounded if for every § € (0, co0)
there exists an € € (0, o0) and wy € (0, 0o) such thatforallty € R
and for all w € (wg, 00)

x(tp) € U; = x(t) € UL, ¢ € [to, 00). (7)

Definition 5. A compact set § C R" is said to be semi-globally
practically uniformly asymptotically stable for (4) if it is practically
uniformly stable and for every § € (0, 00) it is §-practically
uniformly attractive. Furthermore the solutions of (4) must be
practically uniformly bounded.

When (4) is independent of w we omit the term “practically”
in Definitions 1-5 as well as “semi” in Definition 5. In this case,
they are equivalent to the notion of stability in the sense of
Lyapunov; we refer to e.g. Khalil (2002), Moreau and Aeyels (2000)
and Hale (1969).

3.2. Lie bracket approximation

Throughout the paper, we consider the class of input-affine
systems which can be written in the following form:

m

% =bo(t,X) + Y bi(t, \)Voui(t, wt) 8)
i=1

with x(tp) = xo € R" and w € (0, c0). Next, we define a differen-

tial equation, which we call the Lie bracket system corresponding
to (8)

Z=bo(t,2) + Y [bi, bjl(t, 2)v(t) 9)
i
with
1 T 0
\)ﬁ(t) = *v/ Uj(t, 9)/ ui(t, ‘E)d‘fd@ (10)
T 0 0

Remark 1. If u; can be decomposed as u;(t, wt) = r;i(t)t;(wt), i =
1,...,m, then (8) yields x = bo(t,x) + S, bi(t, ) Jwiii(wt)
with Ei(t, X) = b;(t, x)r;(t). This is the usual setup in the existing
literature (see e.g. Kurzweil & Jarnik, 1987, Sussmann & Liu, 1992).

We impose the following assumptions on b; and u;:

Al bjeC?:RxR'"—>R,i=0,...,m.

A2 For every compact set € C R" there exist A,...,As €
[0, 00) such that |bi(t,x)| < Ay, |22 < 4y, |20} <

32b;(t, %)

As, | 52| < Ay | TR0 < s, | TR < 4 for all
XeC,teR,i=0,....mj=1,....mk=j,...,m.

A3 u : RxR — R,i = 1,...,m are measurable functions.
Moreover, foreveryi = 1, ..., mthere exist constants L;, M; €

(0, 0c0) such that |u;(t1,0) — ui(tz, 0)| < Li|t; — tp] for all
t1, t; € R and such that sup; g |U;(t, 0)| < M;.

A4 u;(t, -) is T-periodic, i.e. u;(t,0 + T) = u;(t, #), and has zero
average, i.e. fOT u;i(t, t)dt = 0, withT € (0,00) forallt,0 €
R,i=1,...,m.

Remark 2. Assumption Al is a regularity assumption on the
vector fields, which are usually assumed to be smooth in the case
of extremum seeking systems (see Krstic & Wang, 2000 and Tan
et al., 2006).

Remark 3. Assumption A2 means that expressions involving
bi,i=0,...,m,and their derivatives must be bounded uniformly
in t. A similar assumption was made in Eq. (2.2), Section 2 in
Kurzweil and Jarnik (1987).

Remark 4. Assumption A3 imposes measurability on u;,i =
1, ..., m, which is necessary to establish existence of solutions of
(8) (see e.g. Bressan & Piccoli, 2007 and Hale, 1969). Alternatively,
one could impose that the inputs u;, i = 1, ..., m, are continuous
functions and use the existence and uniqueness theorem of
Picard-Lindeldf (see Coddington & Levinson, 1955). However, this
does not cover certain classes of inputs, which might be interesting
in some applications, e.g. replacing the sinusoids by piecewise
constant functions in the extremum seeking systems.

Remark 5. Similarly as in Gurvits (1992) we impose in Assump-
tion A4 the T-periodicity and zero average of u;,i = 1,...,m,
which is common in the averaging literature but also in the litera-
ture dealing with Lie brackets.
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Finally, we introduce a set 8 of initial conditions for (9) which
have unique, uniformly bounded solutions, i.e. there exists an A €
(0, 00) such that for all t; € R we have that

z(t)) € B = z(t) € U3, t € [to, 00). (11)

B is used in the proof of the main theorems and is crucial in order
to assure existence of trajectories uniformly in tg.

In the following, we state the main theorems which link
stability properties of the systems in (8) and (9). The first theorem
states that trajectories of (8) are approximated by trajectories of
(9). Related results are presented in Gurvits (1992), Li and Gurvits
(1992) and Teel et al. (1998). However, we show for a larger class
of inputs that the time interval of approximation can be made
arbitrary large by choosing w sufficiently large. We extend this
result to infinite time-intervals and prove that the semi-global
(local) practical uniform asymptotic stability of the input-affine
system (8) follows from the global (local) uniform asymptotic
stability of the corresponding Lie bracket system (9). These results
are stated in the second and third theorem which are similar to
results in Moreau and Aeyels (2000).

Theorem 1. Let Assumptions A1-A4 be satisfied. Then for every
bounded set X < B with B as in (11), for every D € (0, co) and
forevery tr € (0, 00), there exists an wy € (0, oo) such that for every
w € (wy, 00), for every ty € R and every xo € K there exist unique
solutions x and z of (8) and (9) through x(ty) = z(ty) = Xo which
satisfy

Ix(t) —z(t)] <D, t € [to, to + tr]. (12)

The proof of Theorem 1 uses similar arguments as in B.3, p. 1941,
in Moreau and Aeyels (2003) but we consider more general inputs,
which are characterized by Assumptions A3 and A4. The proof can
be found in Appendix B.

Theorem 2. Let Assumptions A1-A4 be satisfied and suppose that a
compact set 4 is locally uniformly asymptotically stable for (9). Then
4 is locally practically uniformly asymptotically stable for (8).

The proof can be found in Appendix C.

Theorem 3. Let Assumptions A1-A4 be satisfied and suppose that a
compact set & is globally uniformly asymptotically stable for (9). Then
4 is semi-globally practically uniformly asymptotically stable for (8).

We omit the proof of Theorem 3 since it is already covered
in Moreau and Aeyels (2000) for the case of 8 being the origin.
The proof directly carries over to compact sets 4§ by replacing the
Euclidean norm with a distance function to the set 4.

Remark 6. The results above only capture stability and not
performance and do not deliver a systematic way for choosing
w. The notion of practical stability only requires the existence of
wo without explicitly considering a specific value. As indicated by
Theorem 1 the choice of w depends on the set of initial conditions
X, the distance D and the time t;.

4. Lie bracket approximation of extremum seeking systems

In this section, we show how the results from the previous
section can be applied to multi-agent extremum seeking systems.
As indicated in Section 2, the procedure consists of writing the
extremum seeking system in the input-affine form, calculating
the corresponding Lie bracket system and deducing the respective
stability properties of the extremum seeking system from the
stability properties of the Lie bracket system by using Theorems 2
and 3.

In the following, we define a suitable framework for multi-
agent extremum seeking systems. Suppose a group of N agents
tries to achieve a common goal which is defined as an extremum
of a map F. Specifically, we enumerate the agents using the
superscript i. The position of agent i is denoted by x' = [x], x’z]T €
R2. We define furthermore X := [x],x},... xN, x}]" as the
position vector of the overall system. Every agent is equipped with
a specific extremum seeking feedback, which is defined below.
We do not assume that all agents are seeking the extremum of
the same map, but rather that each agent is equipped with an
individual map f' : R? — R,i = 1,..., N, which also depends
on the states of the other agents and satisfies

Bl fleC?i=1,...,N.

Furthermore, the individual maps have to satisfy the following
assumption:

B2 There exists a function F € C' : R? — R such that Vyfi(x) =
ViF®),i=1,...,N,x ¢ RN,

These conditions imply that if every agent moves into the direction
of the gradient of its individual map f*, then it also moves in the
direction of the gradient of F. We call this a potential function. The
goal of the multi-agent system is to find the minimum (maximum)
of the common map F by only seeking the minimum (maximum)
of the individual map f".

The following assumptions guarantee the existence of local
(global) maxima of the potential function:

B3 There exists a nonempty and compact set $,c < RN of strict
local maxima and a § € (0, co) such that F(x*) > F(x) for all

X* € Scand allx € ‘uf‘“ \ 8joc. Furthermore, VzF(X) = 0

implies X € 8. for all X € U;*.

B4 There exists a nonempty and compact set g0, = {X €
RN : X = arg max,pav F(%)} of global maxima. Furthermore,
F(x) — —oofor |x| — oo and VizF(x) = 0 implies X € $g0p
for all x € R?V,

This framework originates from game theory, where Assumption
B2 formally defines a potential game with potential function F.
We refer to Monderer and Shapley (1996) for more information on
potential games.

Remark 7. Under the assumptions above, the common goal can
be formalized as the minimization (maximization) of the potential
function F. There exist powerful tools to construct meaningful
individual maps for a given potential function (see e.g. the
approach using the so-called Wonderful Life Utility in Wolpert,
2003). The design should be done such that an optimization of the
individual maps leads to an optimization of F; see Monderer and
Shapley (1996). For this case, even though the utility functions are
designed, they usually depend on some parameters or functions
(e.g. environmental conditions, individual agents’ properties)
which are unknown a priori. A typical example for this scenario
is the coverage control problem formulated as a potential game
in Diirr et al. (2011a) and Marden, Arslan, and Shamma (2009).
These aspects justify the usage of extremum seeking in this setup.
For a specific application of extremum seeking in a potential game
framework we refer to Diirr et al. (2011a).

In the next subsection, we show how the framework above can
be combined with extremum seeking agents. We saw in Section 2
that the trajectories of the extremum seeking system can be
approximated by the trajectories of its corresponding Lie bracket
system, which moves into the gradient direction of its individual
map. We generalize this to the multi-agent case. If each agent is
equipped with an extremum seeking feedback which drives it into
the gradient direction of its individual map f!, we expect with
Assumption B2 that the overall system practically converges to an
extremum of F. This is shown in the next subsection.
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Fig. 2. Single-integrator dynamics.
4.1. Multi-agent extremum seeking

We show how extremum seeking can be applied to the above
framework assuming single-integrator agent dynamics.

Consider the system in Fig. 2 which is motivated by a similar
extremum seeking feedback as in Zhang, Siranosian et al. (2007).
Since the agents move in the plane, there are two extremum
seeking loops, one for each dimension. The perturbations are
chosen to be sinusoidal, whose frequencies are chosen for each
agent individually, as specified below. The high-pass filters G'(s)
= sjhi, i = 1,...,N, are introduced since they provide better
transient behavior by removing possible constant offsets of the
individual maps fi,i = 1,..., m. They introduce an additional
degree of freedom but do not influence the stability of the overall
system, as it can be seen in the proofs of Theorems 4 and 5.

Define %, := [x}, ..., x]" andx := [X",X] " with x denoting
the state of the filter G'(s) = . jh,-, i.e. in state space form we have
X, = —xih' +u'andy' = —xLh' 4 u' with v’ = f/(%).

The differential equations describing the dynamics of agent i are
given by

X = C(Fi®) — xh) Vol (@'t) + o'Voi (@'t)
B = —c (@) — xh' ) Voluh(@'t) + o' Voiul (o't)
X = —xh +f(%) (13)

with U} (0't) = sin(w't), uh(w't) = cos(w't).

We need an additional assumption for the multi-agent case
concerning the parameter w. We see in the proof of the next
theorem that if the following assumption is satisfied, then some
of the vj;; in (10) vanish in the corresponding Lie bracket system.
This can be assured by assuming

B5 o =dwandd #d,i#j,d e Qip,we (0,00),h,al,c e
(0,00),i,j=1,...,N.

Since the high-pass filter Hfh,- introduces an additional state xi,

which has also to be taken into account in the analysis, we denote
by

1y N (y T
. [)'ceeRN:fCe=|:fh(f)7~--’fh,(VX)i| ,265}, (14)

where § is either $joc or 4gob, the set which is shown in the
following theorem to be attractive for the filter states x,,i =
1,...,N.

Theorem 4. Consider a multi-agent system with N agents, each one
having dynamics given by (13). Let Assumptions B1-B3 and B5 be
satisfied, then the set 8, x &%ec is locally practically uniformly
asymptotically stable for the overall system with state [x", %} ]".

Proof. The proof can be split up into three steps. In the first step,
we rewrite the system in the input-affine form. In the second
step, we calculate the corresponding Lie bracket system and in the
third step, we prove uniform asymptotic stability of the Lie bracket
system. Theorem 2 then allows us to conclude practical asymptotic
stability for the original system.

In the first step, we rewrite the overall system with state x =
[x", %, 17, where each component is described by the differential
equations given in (13), as input-affine system of the form

N
k= " by(x) + b))V ol sin(e't) +b) () Ve cos(w't) (15)
i—1 S——— S——

::ui1 ('t) ::u; (wit)

with bf, b, b}, having non-zero entries only at positions corre-
sponding to agent i and zeros elsewhere, i.e. b{)(x) = [o,...,
O.’ Qv 07 _X'e +fl()_<)70»'j'aO]Tabl‘1(X) = [07""7.07 Cl(f'()_() -
xh), o, 0,0,...,0]",b,(x) = [0, ...,0,a, —c'(fi(x) —xLh'), 0,
0,...,0]".

Note that due to Assumption B5 we have that g; can be written
as a; = % with p;, ¢; € N and define q := ]_[f]:1 giand @ = %
Thus,aiQ = %a) =p,']_[#iqjd) =nao,i=1,...,Nandj =1, 2,
and for n' := p; ]_[#l- q; € N. We rewrite (15) as follows:

N
k=) bh(x) + bl () v/nivau (n'ét)
i=1

+ bl () ViV aub (n'ar). (16)

It can directly be seen that u}(n'0) € {sin(n'9), cos(n'6)} are also
2m-periodicin niot fori=1,...,Nandk = 1,2 and forn’ € N.
In the second step, we calculate the corresponding Lie bracket
system as defined in (9). Define Z = [z],z),...,2), 2017, z, ==
[Zl ZN]T ST ‘T]T 1 27 uk(nit)

— Lj _
oo Ze and z = [Z',Z, and Vel = 5

X for u;(n@)d@dr which are constant for alli,j = 1,...,N and
k,1=1,2.

The crucial point now is that some Lie brackets in the
differential equation of the overall system vanish due to the choice
of different parameters o' for the agents. We obtain using Lemma 1
(see Appendix A) that v, = —ﬁ foralln' = n and k = I and

v,'(], = 0 otherwise. Thus, the Lie bracket system simplifies to

N
. 1 - -
7= Z]:b'o(z) - ﬁ[ﬁb' ,V/nibh](2)

N
>t - 1B B31(2). (17)
i=
Explicitly, for the states of agent i we obtain
H= %(c"afvzg fi@) — c"zvzg F@ (@) —zh))
7= %(ciaivzé fiz) + ciZVZi F@ (@ —2h))
2h = —Zlh + f(2). (18)
In the third step, we prove uniform asymptotic stability of the

set 8ic x &% for (17). We first need to show existence of the
solutions of (17) on [tg, co) for all t; € R. Note that the vector
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field in (17) is independent of t and continuously differentiable
inz. The existence and uniqueness theorem by Picard-Lindel&f (see
Coddington & Levinson, 1955) guarantees that there exist a time
tr € (0, 00) and a solution z defined on [ty, to + t;) for all tp € R.
Note furthermore, that with h' € (0, o) in Assumption B5, the
differential equation for z/, i.e. z{ = —hizl + u withu = fi(z) in
(18) is linear and its origin is exponentially stable for u = 0.

Thusif f'(z(t)) is bounded, then z\(¢) exists and is bounded with

gain % foralli =1,...,N,forall t; € R and forall t € [tg, 00).
Suppose now that 4, is uniformly asymptotically stable for z, then
it can be shown that the set &< is uniformly asymptotically stable
for zi,, i = 1,...,N. Therefore, the set j,c x &%oc is uniformly
asymptotically stable for the overall system [Z', 2, ]".

It is left to show that the set &o. is uniformly asymptotically
stable for z. Choose V := —F which is due to Assumption B3 a
valid Lyapunov function in ‘u§1°“. Observe that due to Assumption

B2 we have that V;if'(z) = V;iF(Z),i=1,..., N, and thus

N i

Ve=-— ; %(vng(z)Tvz,-lF(z) + vzgp(i)TvzéF(i.)). (19)
Due to ¢/, o' € (0,00),i = 1,...,N, in Assumption B5, we
know that V(z(t)) is decreasing along the trajectories of z(t) for
all z(tp) € u§‘°C, allto € Randall t € [to, ty + tr). We conclude
that |Z(t)| is bounded and therefore all fi(z(t)),i = 1, ..., N, are
bounded for all z(t) € ‘uf;'“, allty € Rand all t € [ty, 00). Thus,
z(t) = [z()T, Z.(t)T]" exists for all ty € R, for all z(ty) € ‘uf;‘“
and for all t € [tg, 00). Furthermore, we conclude with (19) and
Assumption B3 that the set § is locally uniformly asymptotically
stable for the subsystem z = [z], z;, ..., 2z}, z)]" in (17).

Note that due to Assumption B1 and the fact that u}(n'd) e
{sin(n'), cos(n')} fori = 1,...,N and k = 1,2 we conclude
that Assumptions A1-A4 are satisfied. Thus, with Theorem 2 the

set $joc X &%loc is locally practically uniformly asymptotically stable
for the overall system with state [x", %, ]7. O

Theorem 5. Consider a multi-agent system with N agents, each one
having dynamics given by (13). Let Assumptions B1, B2, B4 and B5 be
satisfied, then the set 8, x &%fob is semi-globally practically
uniformly asymptotically stable for the overall system with state
x",x 1.

Proof. If Assumption B4 is satisfied, then 8y, is a connected set
containing the global maximum of F. Furthermore, F is radially
unbounded and with (19) we see that if V(z) = 0 implies z(t) €
8giobal- Thus, we conclude that . X &%b s globally uniformly
asymptotically stable for (17) and thus with Theorem 3, it is semi-
globally practically uniformly asymptotically stable for the overall
system with state [x", %] ]7. O

In the following, we analyze the same setup as before but
replace the single-integrator dynamics with unicycle dynamics as
shown in Fig. 3. The setup is motivated by Zhang, Arnold et al.
(2007).

Let us consider the unicycle model for each agent given by the
equations

Xy =, (20)
The extremum seeking feedback controls only the forward velocity
of the vehicle, whereas the angular velocity is constant, so that the
inputs to each vehicle are u'(t, x) = (c'(f'(x) —x,h")v o' sin(w't) +
o'Vl cos(w't)) and v' = 2. We assume that x},(to) = 0 for all
i=1,...,Nand

B6 Q' =d'Q withd € Q4,2 e R\ {0}.

x; =u'cos(xy), X, =u'sin(xy),

i i WA
2
(9% Unicycle z fi(z)
s
s+h?
N ¢ %
L aivwi cos(w't) Vi sin(w't)

Fig. 3. Unicycle dynamics.

Remark 8. It becomes clear in the proof that the corresponding
vector field of the Lie bracket system is time-varying and vanishes
at discrete points in time. Assumption B6 assures that the vector
field is periodic so that a LaSalle-like argument can be used in order
to prove uniform asymptotic stability. Note that the £2”’s can be
equal, whereas the w”’s must be different for all agents.

By substituting the expressions for the inputs into (20) and
replacing x,, (t) = £2't we obtain

% (c"(f"(i) — X h) Vol (w't)

+ o'Vl (a)"t)> cos(£2't)

(21)

X o= (cf(f"@)—x;h")«/ﬁu"](wft)

+ a"«/&u;(dr)> sin(£2't)

X = —xth + f1(®)
with Ul (0't) = sin(w't), ub(w't) = cos(w't).

Theorem 6. Consider a multi-agent system with N agents, each one
having dynamics given by (21). Let Assumptions B1-B3, B5 and B6 be
satisfied, then the set 8,c x &%oc is locally practically uniformly
asymptotically stable for the overall system with state [x", X} ]T.

Proof. The proof goes along the same lines as the proof of
Theorem 4. In the first step, we rewrite the overall system (21) as
input-affine system

N
x="Y b (x) + bl (t, )Voiul (@t) + b (t, )Vt (o't), (22)
i=1
where bi, b', b, have non-zero entries only at the positions
corresponding to agent i and zeros elsewhere, ie. b)(x) =
[0,...,0,0,0, —xth; + f'(x),0,...,0]", bi(t,x) = [O,...,(c
(fi(x) — xLh")) cos(£2't), (c'(f'(X) — xLh')) sin(£2't), 0,0, ...,0]"
and bi,(t,x) = [0, ..., o' cos(£2't), o' sin(£2't), 0,0, ...,0]".

Note that due to Assumption B5 g; can be written as a; = %

with p;, q; € N and define ¢ = ]_[f’:] giand & = % Thus,
aiw = %a) = pi[ljua@ = nié,i=1,...,Nandj = 1,2, and
forn' == p; ]_[#i q; € N. We rewrite (22) as follows:

bl (x) + bl (t, x)vV/nivau! (n'dr)

M=

X =

i=1

+ by (¢, )iV aul, (W), (23)
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In the second step, we calculate the corresponding Lie bracket
system as it was defined in (9),

N

) . 1 .

2= (@) — 5[b}. b1t 2). (24)
i=1

By the same reasoning as in the proof of Theorem 4, this yields for
the state of agent i

Z = %(ciaivzifi(i) cos?(2't)

+ cioziVZ; fi(Z) cos(2't) sin(2't))
Z = %(ciaivzéfi(i) sin®(82;t)

+ Ciaing fi(Z) cos(£22't) sin(2't))
= —Zh +f@).

In the third step, we prove uniform asymptotic stability of the
set 8joc x &%oc for the Lie bracket system of (23). Due to Assumption
B3 we exploit the function V := —F as a Lyapunov function
candidate which is valid in u§‘°f. Observe that due to Assumption
B2 we have that V,ifi(Z) = V;F(Z),i=1,..., N and thus

N ii
V=— Z CTO[(VZQF(,E) cos(2't) + V,iF@) sin(2't))

i=1

(V1 F(2) cos(2't) + V,iF@) sin(£2°t)). (26)

We have that ¢/, &' € (0,00),i = 1,...,N, from Assumption
B5, and thus V is negative semi-definite. Observe that the vector
field in (25) is time-varying and there are time-instances where
z(t) = 0, but which are not steady-states for the system. Next,
we make use of Assumption B6, which assures the existence of
k.l € N,i = 1,...,N, such that d = . One can verify that
the vector field of the overall system (24) consisting of N agents
with system equations as in (25) is T-periodicwith T = % ]_[fV:] I
We can now use Theorem 4 in LaSalle (1962) which is LaSalle’s
Invariance Principle for periodic vector fields and conclude uni-
form asymptotic stability. It is left to show that no trajectory of
(24) can stay identically in the set where V(i) = 0 except if
Z € & To see this, observe that the summands of V can only
be equal to zero if Vi F(Z(t)) cos(2it) + Vi F@E®) sin(2't) = 0,

i=1,...,N.On the set V(Z) = 0 the differential equation yields
Zz; = 2, = 0 and therefore z;(t) = const. and z,(t) = const.
Thus Vzg F(z(t)) = const. and Vz; F(z(t)) = const. But there are
no constants a,b € R such that acos(2't) + bsin(2t) = 0
forallt € [tp, o0) excepta = b = 0 and therefore VZQF(Z(t))

= VZQF(E(t)) = 0. We conclude that the set 8, is locally uni-

formly asymptotically stable for the subsystem z in (25). Observe
furthermore, that due to h' € (0, oo) in Assumption B5, the differ-
ential equation for z}, i.e. zi = —h'zl + u withu = f(2) in (18)
is linear and its origin is exponentially stable for u = 0. Thus if
fi(Z(t)) is bounded then z\(t) exists and is bounded with gain %
foralli=1,...,N,forallty € Randforallt € [tg, 00). Therefore,
the set 8¢ x &%loc is uniformly asymptotically stable for the overall
system [z7,2]]T.

Note that due to Assumption B1 and the fact that u};(nié) €
{sin(n'd), cos(n'6)} fori = 1,...,N and k = 1,2 we conclude
that Assumptions A1-A4 are satisfied. Thus, with Theorem 2 the
set Sjoc x &%oc is locally practically uniformly asymptotically stable
for the overall system with state [x", %, 7. O

Theorem 7. Consider a multi-agent system with N agents, each one
having dynamics given by (21). Let Assumptions B1, B2 and B4-B6 be
satisfied, then the set 8, x &%ob is semi-globally practically
uniformly asymptotically stable for the overall system with state

X", % 1"

The proof uses the same argumentation as the proof of Theorem 5.

5. Discussion
5.1. Relationship to averaging methods

There is a close relationship between the results herein and
averaging theory. The Lie bracket system in (9) can be seen as the
averaged system of (8). In order to use averaging theory, the system
must be in the following form (see p. 404 in Khalil, 2002 for details)

dx
— = ¢€b(t,x,€) (27)
dr
withx(t) € R*, € € [0, 00), b € C? : RxR" x R — R" and where
b(-, x, €) is T-periodic with T € (0, 0o). The associate averaged
system is given by
dz
— =¢€br(2) (28)
dt
with br(z) = 1 [ b(s, z, 0)ds.

Standard averaging cannot be applied directly to (8). We show
this with a simple calculation. After rescaling time r = wt and by
setting € = 1 we obtain

= _ [boter. 0+ =3 biter. uer. 7 (29)
— =c €T,X) + — i(et, X)ui(et, 1) ).
dt 0 \/E — i i
Since ﬁ appears in the vector field of (29) the vector field
is not twice continuously differentiable and b(z, z, 0) does not
exist. Thus the integral % fOT b(s, z, 0)ds does not exist. However,
following the same ideas as in the proof of Theorem 1 in the
Appendix, we can establish a connection between averaging
theory and the results in this paper. We illustrate this idea
using the introductory example. Consider (1) and suppose that

f is continuously differentiable. After integrating the differential
equation, we obtain

t
x(t) = xo + ﬂ/ a cos(ws) + f(x(s)) sin(ws)ds (30)
to

and by integrating the first expression of the integral ftga cos(ws)ds
= %(sin(a)t) — sin(wtp)) and performing a partial integration for

the second expression ft;f(x(s)) sin(ws)ds = —i(f(x(t)) cos(wt)
— f(x(tg)) cos(wtp)) + i f[g V,f (x(s))x cos(ws)ds we obtain

t
x(t) = xo + @r(wt, x(t)) —1—/ b(ws, x(s))ds (31)
w 0
with
r(wt, x(t)) = —f(x(t)) cos(wt) + f (x(ty)) cos(wty)
+ a(sin(wt) — sin(wty)) (32)
b(ws, x(s)) = aVif(x(s)) cos®(ws)
+ Vif (x(5))f (x(s)) sin(ws) cos(ws). (33)

We see that for bounded trajectories the expression %r(wt, x(t))
tends to zero when w tends to infinity. Thus, we have that x(t) ~
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Xo + ftg b(ws, x(s))ds and therefore x ~ b(wt, x). By rescaling time

with T = wt where » = ! we obtain

dx 1

— &~ —b(t,x) = eb(z, x) (34)
dt w

which is now in the form (27). We can use standard averaging
analysis and obtain the averaged system

dz

pri f*VJ(Z) —erLf(Z) (35)
T w2

which coincides with (3). Summarizing, we established a connec-

tion between (1) and (3) using average-like arguments.

Notice that the amplitudes and frequencies of the sinusoids of
the extremum seeking feedbacks in Figs. 2 and 3 are different,
compared to the amplitudes in the corresponding schemes in the
existing literature Tan et al. (2006), Zhang, Arnold et al. (2007)
and Zhang, Siranosian et al. (2007). Specifically, in Zhang, Arnold
et al. (2007) and Zhang, Siranosian et al. (2007) the amplitudes
of the perturbations are chosen to be w and one, respectively,
whereas the frequencies are chosen to be w. The choice of /w for
the amplitudes in combination with w for the frequency is crucial
in order to obtain the Lie bracket system (9) as approximation of
the input-affine system (8) since the procedure described above
would lead to a different averaged system for a different choice
of the amplitudes. A similar remark was also pointed out on
p. 241 in Kurzweil and Jarnik (1987). Therefore, even though
the schemes differ only in the choice of the amplitudes, the
observation above let us expect that the average systems of the
corresponding extremum seeking systems in Zhang, Arnold et al.
(2007) and Zhang, Siranosian et al. (2007) differ from the Lie
bracket systems obtained in this paper. A similar reasoning applies
to Tan et al. (2006) concerning the results on static maps, where the
parameters do not influence the frequencies of the perturbations
but only their amplitudes.

5.2. Single-agent case

Theorems 4 and 5 state local and semi-global practical uniform
asymptotic stability for a group of N agents with single-integrator
and unicycle dynamics. A special case is a single-agent extremum
seeking system for which we have N = 1andf! = F. Furthermore,
a similar analysis can be adopted in a straight forward fashion to
the case of extremum seeking in one dimension by removing one
feedback loop in Fig. 2.

5.3. Non-sinusoidal perturbations

In the presented schemes in Figs. 1-3 it is not essential that
the perturbation signals are sinusoidal. Theorems 2 and 3 can be
applied to analogous schemes where the sinusoidal perturbations
are replaced with other appropriately defined periodic signals as
long as they satisfy Assumptions A3 and A4. This also includes
discontinuous and/or non-differentiable signals such as square,
triangle or sawtooth waveforms (see also Remark 4).

6. Examples

In this section, we show numerical examples which illustrate
the main results. First, we compare for different values of w
the trajectories of the single-integrator system of (15) with its
corresponding Lie bracket system (17). Second, using the Lie
bracket system, we are able to explain characteristic points which
are visible in the trajectories of the extremum seeking with
unicycle dynamics.

3 <

25
2

1.5

1B

0.5 ",

-2 T --- Extremum Seeking System | =

--- Lie Bracket System e

25, -3 -2 -1 0 1 2 3

Fig.4. Comparison of trajectories of a three-agent single-integrator system and its
respective Lie bracket system, for v = 10.

We consider a system of N = 3 agents and enumerate them
with a, b, c. We assign each agent the maps f?(x) = — % x—1)%—
1@ —1)2 X874 x4 e 10, o) = —L (kb 4+ 1) —
13+ 12 +sin(x{+x3)—10,f°(%) = — 2 (x{+1)? =3 (x;—1)2+10.
We choose the parameters h = h® = h® = K = 1,0 =
ab = af = 1,¢® = ¢ = ¢© = 0.3 and the initial conditions
(x4, xge] = [2,-2,-2,2,—1,2.5,0,0,0]". Observe that each
of the f’s, i = a, b, c are functions of the states of the respective
other agents.

Furthermore, we consider the quadratic function F(X) =
—3&—=x9TQ(x — x*), where x* = [1,1,—1,—1,—1,1]" and
the diagonal matrix Q = diag(1, 1, 1,1, 1, 3). We can verify
that V,;ifi(i) = V4uF(X),i = a, b, c and we see that F is quadratic
and attains its maximal value at X*. We expect from Theorems 5

and 7 that [(x")T, fu(x L&) fb(,:‘*) fc("*)] is semi-globally practi-
cally uniformly asymptotlcally stable for the extremum seeking
systems.

In Fig. 4 the trajectories of the original and the Lie bracket
systems are depicted with @ = 10 and o® = w, 0’ = 2w, ®°
= 3w. The trajectories of the Lie bracket system captures the
qualitative evolution of the trajectories of the original system. In
Fig. 5 we see a simulation with the same parameters but with
w = 100.

These examples illustrate two properties. First, the trajectories
of the original system approach those of the Lie bracket system
for large values of w. This observation points up the result of
Theorem 1. Second, we deduce from Figs. 4 and 5 that even though
each of the fi's, i = a,b,c, contains highly nonlinear terms
depending on the states of the other agents, the overall system
practically converges even for small values of w to the expected
extremum.

The same result can be observed in the case of unicycle
dynamics and the same choice of parameters as above, with
additionally £2¢ = 1, 22° = 2, £2¢ = 3. In Fig. 6 the trajectories of
the original and the Lie bracket systems are depicted for @ = 80.
Observe that the overall system practically converges as expected
to the extremum. The trajectory of the extremum seeking system
contains characteristic points, which also appear in the trajectory
of the Lie bracket system. Apparently the vector field changes
its direction abruptly. This can be explained by regarding the
differential equation of the Lie bracket system in (25), which is
time-varying and vanishes at the zero-crossing instances of the
sinusoids.
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Fig. 5. Comparison of trajectories of a three-agent single-integrator system and its
respective Lie bracket system, for « = 100.
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Fig. 6. Comparison of trajectories of a three-agent unicycle system and its
respective Lie bracket system, for « = 80.

7. Conclusion

In this work we developed a methodology, which led to a novel
interpretation as well as to novel stability results for extremum
seeking systems. By identifying the sinusoidal perturbations of the
extremum seeking as artificial inputs, we were able to rewrite the
system in a certain input-affine form and to relate this system
to the so-called Lie bracket system, which nicely reveals the
optimizing behavior of extremum seeking. The Lie bracket system
viewpoint of extremum seeking allowed us to establish strong
stability results for extremum seeking systems. We proved that
the trajectories of systems belonging to a certain class of input-
affine systems can be approximated by the trajectories of their
corresponding Lie bracket system. Furthermore, we showed that
global (local) uniform asymptotic stability of the Lie bracket system
implies semi-global (local) practical uniform asymptotic stability
of the input-affine system. We applied these results to a multi-
agent extremum seeking system consisting of agents with either
single-integrator or unicycle dynamics. Finally, the results are
illustrated using numerical examples.
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Appendix A. Preliminary lemmas
Lemma 1. Let
Vij =

2 T
—/ ui(n"r)/ W(W6)dodr (A1)
2 Jo 0

withn', W e N, ui(nit) e {sin(nt), cos(n't)}, then

1 n=rn, u'(n't) = sin(n't),
2n u’(n’t) = cos(1¥'t)
vi=1 1 n'=n, u'(n't) = cos(n't), (A2)
2ni W (Wt) = sin(t)
0 else .

Proof. The result follows by a direct calculation. O

Lemma 2. Let u : R X R — R satisfy Assumption A3. Furthermore,
u(t, -) is T-periodic, i.e. u(t,0 + T) = u(t, 0) forsome T € (0, c0)
and all t,0 € R. Then, there exist ki, k, € [0, c0) such that the
inequality

- ki(t — to) + ko

t 1 T
/ (u(t,wr) - f/ u(r,9)d9>dt <
to 0

is satisfied for all ty € Rand all t € [ty, 00). Furthermore, k, = 0 if
w(t — to) is an integer multiple of T, i.e. there exists an n € Ny such
that w(t — tg) = Tn.

(A3)
1)

Proof. Using the fact thatu(z, wt) = % fOT u(t, wt)dd and apply-
ing the change of variables r = wt, dr = wdrt, the expression in
the norm of left hand-side in (A.3) yields

1 T wt r
L LG
Tw Jo Jo w

to

—u (é 9) drdf. (A4)

Since T € (0, co) we can divide [wty, wt] into n € Ny pieces of
length T such that w(t — ty) = Tn + § with 0 < § < T being the
leftover piece. We obtain for (A.4)

1 n—1 T potog+T(k+1) r
o u(50)
[ k=0 Y0 wto+Tk w

where we introduced the left-over piece

a)to+Tn+5
wto+Tn

which is considered later.
The integration interval in (A.5) is now shifted by introducing
the change of variable s = r — wty — Tk, ds = dr

nl
/[ (M hy(s )) (h"() 9>dsd0+R1 (A7)
kO

with hy(s) := s+ wty + Tk. Since u(t, -) is T-periodic, it follows that
u(" ki (s)) = u("™, hy(s)). Thus, this simplifies to

n] h h<
LR [ o) (2
k=0 w

—u (1, 9) drdd + Ry,  (A5)
w

(i 9) drdo, (A6)

9) dsdd + R;. (A.8)
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Note that since the integration with respect to s and with respect to
0 is performed from O to T and due to the periodicity of u(t, -), we

can add f; u(™® 6)d6 and subtract [ u("™®, ny(s))ds which
sums up to zero. We obtain

n—1 T pT
L Z/ / u (hk(s) . ho(S)) —u (hk(o) . hg(S))
Tow = Jo Jo w w
+u <hk(0) , 9) —u (hk(s) , 9) dsd6 + R;.
w w

Assumption A3 yields the existence of L € (0, oo) such that the
above expression can be bounded from above as follows

(™2 ho(s)) — u(™D ho(s)| < Lls| and

|u(@, 0)— u(@, 0)] < i|s|. Thus, (A.9) can be upper bounded
by

15Tt T2L
—Zf f 2= |s|dsd6 + [R;| = —'n+ [Ry].
Tot=Jo Jo o w

We now consider the expression R in (A.6). Assumption A3 yields
the existence of M € (0, co) such that it can be upper bounded as
follows:

(A9)

(A.10)

1 T wty+Tn+6 2MS$
Rq] < —/ / 2Mdtdf = —. (A11)

Tw Jo wtg+Tn w
Therefore, using the definition of n = W we obtain
T2L 2M§ T Lw(t—t)—8 2M$
72n + — = — + —
w w w T w

TL(t — ¢ 2M$§
< ML=t +2M5 (A12)
w

Choosing k; := TL and k, := 2MS§ proves the first claim. If

w(t — tg) = Tn then § = 0 and therefore, k, = 0 which proves
the second claim. 0O

Lemma 3. Let u;, u; : R x R — R satisfy Assumptions A3 and A4.
Furthermore, let

0
u; (t, 0) = u(t, 9)/(; u;(t, rydr, (A.13)

then there exist My, L € (0, 0o) such that

(1) @y(t, -) is T-periodic, i.e. i (t, 0 + T) = u(t, 0),
(2) sup; pez [8;(¢, O)] = My,
(3) lu(ty, 0) — w(tz, 0)| < Lj|ty — t3.

Proof. To (1): Consider u(t,6 + T). Performing a change of

variables s = r — T and ds = dr yields

0+T 0
u;(t, 0 + T)/ u;(t, r)dr = u;(t, 0)/ ui(t,s +T)ds, (A.14)
0 —-T

where we made use of T-periodicity of u;(t, -) in Assumption A4.
Again, due to Assumption A4 u;(t, -) has zero average and is T-
periodic. Thus, the expression above yields

0 0
u;(t, 9)/ u;(t, s)ds +u;(t, 9)/ u;(t, r)dr. (A.15)
-T 0

=0

To (2): Since T € (0, oo) we can divide [0, 8] into n € Ny pieces
oflength T such that® = Tn+§ with0 < § < T being the leftover

piece. Due to Assumption A4, the first pieces are zero. Thus, we
obtain

A

nT+48
| (¢, )] < qu(t,G)I/ |uj(¢, r)|dr
nT

M;M;8 < MiM;T,
——

IA

(A.16)
=:Mj;j

where the last step follows from Assumption A3.
To (3): Using the definition of u; in (A.13) we can add and

subtract the term u;(t{, 6) foe u;(t2, r)dr which yields
|t (1, 0) — ti(t2, 0)|

0
ui(tr, 0) / (W61 1) — w65, 1))
0

0
+ (ui(ty, 0) —ui(tz,Q))/ uj(ty, rydr| . (A17)
0

Since T € (0, co) we can divide [0, 8] into n € Ny pieces of length
T suchthat® = Tn + § with 0 < § < T being the leftover piece.
We obtain for the expression above

n—1 ,(k+DT
ui(t1,0) Y / (uj(tr, ) — wj(ty, T)dr)
k=0 v kT

nT+45
+ui(tr, 6) / (Wy(tr. 1) — wy(tz, 1)dr)
nT

(k+1)T
uj(ty, r)dr
T

n—1
(6.0~ ue.0) Y [
k=0 /K

nT+§
+ (ui(t1, 0) — ui(ty, 9))/ uj(ty, rydr| . (A.18)
nT

The first and third line in (A.18) sum up to zero due to Assumption
A4. Furthermore, due to Assumptions A3 we obtain

nT+4§
< |Ui(f1,9)|/ Lilt; — t|dr
nT

nT+§
Fln =l [ e nid
nT
< (MiL; + LiMj)8 |ty — t2| < (MiLj + LiMj)T |t — t2]. (A.19)
—_—————

=Ljj
This was the last property we had to prove. O
Lemma4. Let u;, u; : R X R — R satisfy Assumptions A3 and A4.

Then there exist kq, ko, k3, ks € [0, c0) such that the following
inequality

t T
/ <a)u,-(t,a)r)/ u;(s, ws)ds
to to
1 T 0
—f‘/ |:ui(r,9)/ uj(t,r)dr:|d9>dr
T Jo 0

t —to)? t—t 1 1 1
1( 0) +k2 0 +k3*+k472+k573
w w w w w

<k

(A.20)

is satisfied for all ty € Rand all t € [ty, 00).

Proof. In order to use Lemma 2 we add and subtract frf, Ui (7, 7)
dr = ftg (ui(t, wt) [y uj(r, r)dr)dr (see (A.13)) in the norm on
the left hand-side of (A.20). Thus, it can be written as
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(A21)

t 1 T
/ (fl,‘j(f, wT) — ?/ fl,'j(f, 9)(19)(11’ +R
to 0

with

t T
R = / <a)u,-(r, wf)f u; (s, ws)ds — u(t, wr))dt. (A22)
to to

Due to Lemma 3 the expression iy in (A.21) satisfies all
assumptions needed in Lemma 2~wh~ich can now be applied in
order to establish the existence of k¢, k, € [0, o0) such that

t 1 T
/ ﬁy(r,wr)—ff il (t,0)do |de
to 0

< kl(f — f()) + k2 .
- w

(A23)
In the following we establish an upper bound for R. We first

split up the integration interval in (A22), ie. [;” u(r,rdr =

[ uy(z, rydr + fﬁ; uj(z, r)dr and obtain

t T
R = / (wui(r,a)t) |:/ u;(s, ws)ds
to to

1 wT
— —/ uj(t, r)dr | Jdz + Ry, (A.24)
w wty
where we introduced
t wty
R = —/ u,-(f,a)r)/ uj(t, rdr |dr. (A.25)
to 0

By the changes of variables p = wt, dp = wdt and q = ws, dq =
wds we obtain

wt p
o= [ 2n) [ [ (S
_ /i u; (g, r) dri|>dp+R1.
wty

Since the integration intervals with respect to r and q are now
equal, we combine the two inner integrals and introduce I(q, p) :=
ui(2, q) — u;(Z, ). Furthermore, we divide [wto, wt] inton € Ny
pieces of length T such that w(t — tg) = Tn + S with0 <6 < T
being the leftover piece. Thus, we have

1 wto+T(k+1) p p
R= fo uj (<p>/ 1(q, p)dq |dp
W =0 Jwto+Tk w wto

1 wtyg+Tn+6 p p
b [ (o) [ 1apda|dp e (a2)
W Jptg+Tn w oty

For reasons which become clear later, we again split up the integra-
tion interval f 1@, p)dg = f;"to”k I(g, p)dq + wt0+Tk 1(g, p)dq,

to
k=1, ,n and obtain R = R; + R, + R3, where we define

1 n—1 swtg+T(k+1) p wty+Tk
Ry = ;Zf u; (;,p)f 1(g, p)dg |dp
wto+Tk

(A.26)

k=0 wty

1 wtg+Tn+5 p wtg+Tn
b [ u(B) [ apda|de (a2s)
@ Jwtg+Tn w o

to

and

111 potgHT (kD) P P
R L3 / u(Z.p) f I(q p)dq |dp
W 1=0 Jotg+Tk w wty+Tk

1 wtg+Tn+6 p p
b [ w(Bop) [ rapdafdp. (az9)
@ Joty+Tn w wtg+Tn

Each part is now treated separately.

For R; we split up the second integration interval [0, wty] by
introducing | € Ny such that wtg = Tl + € with 0 < € < T being
the left-over piece. We know from Assumption A4 that u;(t, -) has
zero average. Thus (A.25) simplifies to

t Tl+e
R, = —/ u; (r,wt)/ u; (7,s)ds |dr
to Tl

Tl+-€

(A.30)

and with Assumption A3, i.e. | f
Tl+e

u; (t,s)ds| < M;e the ex-
pression u;i(t, 0) = u;(t, ) f u;(t, s)ds is bounded, (7, -)
is T-periodic with zero mean and u;(+, 0) is Lipschitz continuous
which follows from the same reasoning as in the proof of part (3)
of Lemma 3 (i.e. (A.17)-(A.19)). Thus it satisfies all assumptions of
Lemma 2. We conclude with the first statement of Lemma 2 that
there exist ks, k4 € [0, 0c0) such that

ks(t — to) + ka
—

[Ri| < (A31)

We now turn to R;. Since u;(t, -) is T-periodic with zero mean,
we have that fwtf’”k uj(2, q)dq = 0and therefore fwt(’”k (g, p)dq

= :)L;;O”k uj (£, q)dg. k = 1,..., n.The crucial point now is that

this integral does not depend on p anymore. Thus the expression
R, can be written as

1 0= 1 pwtg+T(k+1) p wtg+Tk q
Ry = — u'(—, )d / u»(—, )d
2= E f i\, P9 i\, 1)

k=0 Y wto+Tk aln)

1 wty+Tn+6 p
+—/ ui<f,p)dp/
W Jptg+Tn w )

P ands=4,ds =
w w

wtp+Tn

u;j (g q) dq. (A.32)

to

Substitutingr = 2, dr = % yields
n=1 g4 TEED to+
R, = w u; (r, wr) dr/ u; (s, ws) ds

k=0 Ytot+, Tk to

Tn+6

to+ fo+4
+ w/ u; (r, wr)dr / u; (S, ws) ds.
Tn
o+ to

(A33)

We now treat each integral in (A.33) separately. Since u; is bounded
by M; € (0, oo) we can upper bound the third integral and since
both u;, u; satisfy the conditions of Lemma 2 and w(tp + w —
t —TE") = T aswell asw(to—l—%—to) =Tk, k=1,...,n weobtain
for the first, second and fourth integral with the second statement
of Lemma 2 that there exist I~<5, EG, l~<7 € [0, co) such that

k Tka k;Tn
IR, <wZ S Mis

l wz
. [t —1tg)? 82 ks MiT(t — ¢
< ks (—( o —3) 4 Mt~ ) (A34)
w w w
where we have made use of 0 < § < T and the definition of
n= W above.
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For R3 we proceed as follows. Note that due to Assumption A3

we have that |I(q, p)| < g|q — p| and furthermore, |u;(t, 0)| < M;,
forallt,0 e Randalli,j =1, ..., m. Thus, we obtain for |R3|

1 n—1 wto+T (k+1) p L]
Ri< oY [ M [ Zia-pidadp
W 120 Jwto+Tk woty+Tk @
1 wty+Tn+6 p L]
+— / M; —|q — p|dqdp. (A.35)
W Joptg+Tn wty+Tn @

The crucial point now is that the lower integration limits of both
integrations are equal. One can verify that after the substitutions
s=q—wty—Tk,ds =dqandr = p — wtyg — Tk, dr = dp, k =
1, ..., n we obtain

MiL' n—1 T r 8 r
Rs| < — Z/ / |s—r|d5dr+/ / ls — r|dsdr
@ \k=0Jo Jo 0o Jo

Mil; 3 3
= T°n+48°). A.36
6w? ( ) ( )
Using the definition of n = W above, we obtain
T2M;Li(t — t, MLiT3
Ry| < TMIL(C = o) | MiL (A37)

6w 6w? ’

where we have used 0 < § < T.WithR = Ry + R, + R3 in (A.22),
(A.23),(A.31),(A.34) and (A.37) we obtain the desired upper bound
for the left hand-side of (A.20) with k; = k5k5, ky = k1 + k3 +

3
r T8L 4 koM, ks = ks + ke, ke = 295 and ks = kskeT?. O

Appendix B. Proof of Theorem 1

Consider the vector field f,(t,x) = bo(t,x) + Z:n:] bi(t, x)
x J/ou;(t, wt) in (8) and note that due to Assumptions Al and
A3f,(t, -) is continuously differentiable and f,, (-, x) is measurable.
Furthermore, with Assumption A2 we have that for every compact
set ¢ C R" and every w € (0,00) there exist M,L €
[0, o0) such that |bo(t,x) + Y i, bi(t, X)/ou;(t, wt)|] < M and
such that |bo(t,x1) + Y o, bi(t, x1))J/ou;(t, t) — bo(t,xz) —
Yo bilt, o) Voui(t, ot)| < [bo(t, x1) —bo(t, %)+ /@ Y1, M;
|(bi(f,X1) — b,‘(t,Xz))| < L|X1 — le,[ € R, X,X1,Xy € C. We
conclude with Theorem. 2.1.1 on p. 14 and Theorem 2.1.3 on p.
16 in Bressan and Piccoli (2007) (see also Theorem 5.3 on p. 30
in Hale, 1969), for every w € (0, 00), every t; € R and every
Xo € R" there exist at, € (0,00) and a unique absolutely
continuous solution x of (8) such that x(t) = xo + ft; bo(t, x) +
Yo bi(z, x)J/wui(t, wt)dr with t € [to, to + t.) and xo = x(to).
Since, x(t) is absolutely continuous on [tg, ty + t.) we can perform
a partial integration (see Theorem 4 on p. 266 in Nathanson,
1964) for each b;(t, x)/ou;(t, wt),i = 1, ..., m with derivative

dbié;*") = 3bf;§’x)5c + ab;’ X almost everywhere and obtain

x(t)=x0+f |:b0(1’ X) - fZ(ab e,

+ abf(w)ui(to, r):|dr + Vo Y bt x(t)Uilto, ) (B.1)

dt i=1

with Uj(to, t) ftg ui(r, wr)dr. Since x(t) = bo(t, x(t)) +
Z;”:] bi(t, x(t))/wu;(t, wt) for almost all t, we obtain

x(t) = x0+/ |:b0(r X) — a)z 3b(:‘ X)b( %)
to

ij=1

X Ll]'(‘L', wt)Ui(tg, 'L'):|d‘L’ + Ry + Ry, (B.2)

where we introduced

_ —f/[ (ab(z L.

mabi(T, X)
——— | Ui(to, d B.3
+ ; o Uilte, T) |dr (B.3)
and
m
Ry = /@ ) bi(t. x()Ujto, ©). (BA)
i=1
. . . t 9bj(z.%)
Adding and subtracting the expression o f, Y, >, =
bi(z, x)uj(z, wt)Ui(ty, T)dT yields
t m
X(t) = xo +/ |:bo(r,x) +o Y [bi, bil(z, 0uy(t, w1)
° S
X U,'(fo, T):|dT + R] + Rz + R3 + R4 (BS)
with
ab(r x) 1 9U;i(to, 7)2
/ Z (T, —>——dt (B.6)
o =1 T
and
& abi(t,x)
R4 = —w A ZZTb (T,X)
i=1 j=1
aU; (¢ U; (¢
) i(to, T) ]( 0, T) dr (B7)

ot

9
and by using 2% 0%0D u,(r a)r)U,(to,r) + ui(t, 07)

x Uj(tg, T) for almoast all r,i = 1, ,mj = 1, , m. Note
that R; and R4 contain the rest terms after relabeling the indices.
Furthermore, R3 contains the terms where i = j, which is treated
as a special case.

We now turn to (9). By definition of the set 8B, the solution
z of (9) exists, is unique and z(t) is bounded for t = [tg, 00)
and for all z(to) = z9 € &B. Thus, z(t) that can be written as
z(t) = zo + ft bo(t,z) + Y."ici [bi, bjl(z, 2)v;i(t)dT with t €

[to, 00), z(to) = zo and v;(t) asjdeflned in (9).

In the following, we show that the distance between x(t) and
z(t) with z(ty) = x(to) = Xo can be made arbitrary small on a
finite time interval with w chosen sufficiently large. Choose z(ty) =
x(tg) = X9 € K and since X C B is bounded and since solutions
initialized in B stay uniformly bounded, there exists a bounded
set M C R" such that for all t, € R and all z(ty) € K we have
z(t) € M, t € [ty, 00). Define a tubular set around z(t), i.e. O (t) =
{x € R" : |x —z(t)] < D},t € [tp, 00). We now consider the
case, where we assume that there exists a time tp(tg, Xo, @) with
0 < tp(to, Xo, @) < L, such that x(t) = x(t; to, Xo, ®) leaves O (t)
at ty + tp(to, Xo, w) and with £, the maximal time of existence of
x(t). The trivial case is given, when x(t) € O(t) forall t € [ty, 00).

Let tf € (0, o0) be given. We now show that there exists an
wo € (0, 00) such that for every w € (wp, 00), every to € R and
every xo € K we have tp := tp(to, Xo, w) > tr. Suppose for the
sake of contradiction that there existsaty € Rand anxg € X such
that for all wy € (0, co) we have that there exists an w € (wp, 00)
such that tp(to, X0, w) < ;.
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1
1
O(to+tp) I"
I(/ro + ID) 1

Fig. B.1. x(t) staysin Uy forallt € [to, to + tp].

Consider the distance between x(t) and z(t) through z(ty) =
x(tp) for t € [to, to + tp]. We add and subtract the expression
frg [bi, bj1(z, x)v;i(r)dt and obtain

t
x(t) — 2(0) =/ bo(z. %) — bo(r. 2)

to

+ > ([bf, bil(z, x) — [bi, bj](z, z))

i=1
j=it1

X Uﬁ(f)dl’ + R] + R2 + R3 + R4 + R5 (BS)

withRs := > 37 ftg[bi, bi1(z, X)Vji(t, wt)dr and Vji(t, wt)
= wu;(t, 1) Ui(ty, T) — v;i(7).

Suppose for the moment that there exist k € [0, co) and
wg € (0, 00) such that for every w € (wg‘,oo) every tg € R
and every xo € K we have Zf;l IRi| < f,t € [to, to + tpl.
Note that x(t),z(t) € U, t € [to,to + tp] (see Fig. B.1) and
note that with Assumption A3 we have that [v;i(7)] <
7 fo luj(z, 0) fo u;i(t, s)dsdd| < l1\/IJM,T Thus, with Assumption
A1 we have for the compact set U}’ that there exists an L €
(0, 00) such that |bo(t,x) — bo(t,2z) + Z',_J ([bi, bjl(z,x) —
[bs, by1(z, 2))vs(¥)] < Lix(x) — z(t)] and therefore [x(t) — z(t)] <
f Lix(t)— z(r)ldt+fw1thx(t) z(t) € UL, t € [to, to+tp] and
€ (w§, 00). Using the lemma of Gronwall-Bellman we obtain

L(t—tp)

|x(£) —z(t)| < —=e t € [ty, to + tp]. (B.9)

4k2

Choose now wg = max({ , w(’;}, whichisindependent ofto € R
and xp € K. Now suppose that tp < ty, but since for every
w € (wp, ), every ty € R and every xo € K we have with (B.9)
that |x(t) — z(t)| < D, t € [to, to + tp], thus tp cannot be the time,
when x(t) leaves O(t) which contradicts t, < t;. Furthermore,
since wy is independent of ty, Xo, the estimate holds forevery t, € R
and every xo € XK. Thus, we conclude that for every bounded set
KX C 8, forevery D € (0, 00) and every t; € (0, oo) there exists
an wy € (0, 0o) such that for every w € (wp, o), for every ty € R
and for every xo € KX there exist unique solutions x and z through
x(to) = z(tp) = xo which satisfy [x(t) —z(t)| < D, t € [to, to + tf].

It remains to show that there exist k € [0, o00) and w§; € (0, 00)
such that for every w € (w§, 00), every tp € R and every xy € X

we have Zf;] IRi| < Lw t € [to, to+tp]. Following the same lines
as in Moreau and Aeyels (2003) the expressions |R;|,i = 1,...,5

decay uniformly to zero with @ — o0 on compact sets. Due to
space limitations, this is shown only for Rs. The procedure is similar
for Ry to Ry.

Note that for every X, € K we have that x(t) € U,
t € [tg,top + tp]. Due to Assumption A1, the vector fields b;,

i = 1,...,m, are twice continuously differentiable and thus we
can perform a partial integration which yields to
m
= 3 1y byl(e, ) / Vi(r, or)de
),Tll

t . . X X T
: / [(2een, DY [ o]
0 ox at 0

Substituting X(t) = bo(z, x(t)) + Y it bi(z, x(x)) /@ ui(t, 1)
yields

Rs = Z[bl,b](t x)/ Vii(t, wt)dt
1174:1

_/[ a[bi, bil(z, x)
t 0x

x (bo(‘[, X+ Y bi(r, OVou(, a)r))

i=1

o[b;, bil(t, x v
+[J]()>/ Vﬁ(G,a)Q)dG:|dr. (B.10)

at 0
Due to Assumptions A1-A3 there exist for U} constants
Ci..... Cs € [0, 00) such that |[b;, bil(t, 0)| < Gy, |T2HE2| <

Co. Ibo(r, %) + Y| < ¢y and | L, bilr, (T, w7)| <
C, for every t,7 € R and every x € ug‘. This yields |R5| <
me_l G fr Vi(z, CUT)dT‘-i‘ft; G (G4 JwCy) t; i

Jj=i
dt.Furthermore, the functionsu;, i = 1, ce,m sgtisﬂfy the assump-
tions of Lemma 4 and thus, there exist k}, k,, ks, K, ks € [0, o0)

. RS 2 N N
such that | i Vi(z, wt)de| < K0 4GS0 L 415 +
ji 1 t T ji (t—tg)> ji (t—tg)?
k{iE and alsr) A \/j?‘(é,we)d9|dr < K52 4+ K55 +
— — —% From these estimates it becomes
ki 4k 0 4 k=0 From th timates it b

clear that there exist ko5 € [0, 00) and wp5 € (0, 00) such that
for every ®w € (wp5,0),t € R andevery x, € K we have

IRs| < %7 t € [to, to + tp].

Estimates for R; and R, follow immediately from Assumptions
A1-A4 and Lemma 2. For the expressions R3 and R4 a partial
integration and Lemma 2 yields a similar result. Thus, there exist

koi, ), such that |Ri| < f,a) € (wp;,00),i = 1,...,5,
respectively. Summarizing, there exist k = 5 max;{ko;} and wj =
max;{wo ;} such that for all w € (wf, 00), every ty € R and every

Xo € J we have Y7 1|R|<f t € [to, to + tp].

Appendix C. Proof of Theorem 2

The proof follows the same argumentation as in Moreau and
Aeyels (2000) but extends it to the stability of a compact set.

Practical uniform stability. We show now that § is practically
uniformly stable for (8); see Definition 1. First, since the set §
is locally uniformly asymptotically stable for (9) there exists a
81 € (0, 00) such that 4§ is §;-uniformly attractive for (9). Take
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an arbitrary € € (0, oo) and let By € (0, €). Since 4 is uniformly
stable for (9), there existsa § € (0, 81) such that forallty € R

z(tp) € U; = z(t) € Uz, t € [ty, ). (C.1)

Second observe that since the set 4 is §;-uniformly attractive for
(9)and § € (0, §;) we have that for every B, € (0, §), there exists
atime t; € (0, co) such thatforallty € R

z(tp) € U3 = z(t) € Up,, t € [to+t7, 00). (C.2)

Let D = min{e — By, 8 — By}, 8 = X = Uj and ¢ determined
above. Because of (C.1) the set B satisfies (11). Due to Theorem 1,
there exists an wy € (0, 00) such that for all ty € R and for all
w € (wg, 00) and all x(ty) € K we have that |x(t) — z(t)|] < D,
t € [to, to + tr]. This together with (C.1) and (C.2) yields for all
w € (wg, 00)

x(tp) € U3 = x(t) € U,
t € [to, to + trl and x(ty + tr) € U3. (C.3)

Since x(tp +t7) € uj; arepeated application of the procedure with
another solution z(t) of (9) through x(to + tf) and the same choice
of D, X and t; as above yields for all t € Rand forallw € (wg, 00)
that

x(to) € U5 = x(t) € UL, t € [ty, 00). (C.4)

Practical uniform attractivity. We show now that there exists a
8 € (0, 0o) such that 4 is §-practically uniformly attractive for (8);
see Definition 2. Since the set 4§ is locally uniformly asymptotically
stable for (9) there exists a §; € (0, 0o) such that 4§ is §;-uniformly
attractive for (9). Furthermore, by uniform stability there exists a
8, € (0, 0o) such that for all t5 € R we have that

z(tp) € U3, = z(t) € U3, t € [to, 00). (C5)

Choose some € € (0, c0). By practical uniform stability proven
above, there exist B3 € (0, 00) and w1 € (0, 0o) such that for
alltp € Rand for all w € (wg,1, 00)

X(to) € Up, = x(t) € U, t € [to, 00). (C.6)

Let B4 € (0,B3) and § € (0, 8;). Note that § < §, < 8. Since the
set 4 is 6;-uniformly attractive for (9), there exists a t; € (0, 00)
such that foralltg € R

z(to) € U5 = z(t) € Up,, t € [to+ 17, 00). (C7)

LetD = B3 — B4, 8 = X = U} and t; determined above. Because
of (C.5) the set B satisfies (11). Due to Theorem 1, there exists an
wp2 € (0,00) such that forall {p € Rand for all w € (w2, 00)
and all x(tp) € X we have that |x(t) —z(t)| < D, t € [to, to + tf].
This estimate together with (C.7) yield for all t; € R and for all
€ (w2, 00)

X(to) € U3 = X(to + t7) € U,. (C8)

With (C.6), this leads for all t; € Rand forall w € (wy 2, 00) where
wo = max{a)o’], a)o.z} to

x(to) € U3 = x(t) € UL, t € [ty +tr, 00). (C.9)

This is the last property we had to prove.
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