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Robust Slip-Aware Fusion for Mobile Robots
State Estimation

Ehsan Hashemi , Member, IEEE, Xingkang He , and Karl H. Johansson , Fellow, IEEE

Abstract—A novel robust and slip-aware speed estimation
framework is developed and experimentally verified for mobile
robot navigation by designing proprioceptive robust observers at
each wheel. The observer for each corner is proved to be consistent,
in the sense that it can provide an upper bound of the mean square
estimation error (MSE) timely. Under proper conditions, the MSE
is proved to be uniformly bounded. A covariance intersection fusion
method is used to fuse the wheel-level estimates, such that the
updated estimate remains consistent. The estimated slips at each
wheel are then used for a robust consensus to improve the reliability
of speed estimation in harsh and combined-slip scenarios. As con-
firmed by indoor and outdoor experiments under different surface
conditions, the developed framework addresses state estimation
challenges for mobile robots that experience uneven torque distri-
bution or large slip. The novel proprioceptive observer can also be
integrated with existing tightly-coupled visual-inertial navigation
systems.

Index Terms—Sensor fusion, field robots, service robotics, auto-
nomous agents.

I. INTRODUCTION

AUTONOMOUS mobile robots with augmented state es-
timation systems are revolutionizing accurate navigation

for indoor and outdoor applications, such as field robots and
autonomous driving [1]–[3]. Existing visual/LiDAR, or inertial
based navigation designs are reaching their performance limits
due to: vision-based navigation challenges in uncertain environ-
ments; disturbance and model mismatch challenges for LiDAR
based localization; perceptually degraded conditions (e.g., due
to dynamic objects) with wheel slip, which is common for field
robots or indoor service robots with various payloads; or their
growing complexities in presence of tire force nonlinearities and
wheel slippage, impacting estimation error and update frequency
in real-time [4]–[7]. Of the states of the wheeled mobile robot,
information about the longitudinal and lateral speeds (i.e., slip
ratio and sideslip) in the body frame is the significant contributor

Manuscript received 24 February 2022; accepted 27 May 2022. Date of
publication 20 June 2022; date of current version 6 July 2022. This letter was
recommended for publication by Associate Editor A. Nuechter and Editor S.
Behnke upon evaluation of the reviewers’ comments. This work was supported
by the Natural Science and Engineering Research Council of Canada, under
Grant RGPIN-05097-2020. (Corresponding author: Ehsan Hashemi.)

Ehsan Hashemi is with the Department of Mechanical Engineering, University
of Alberta, Edmonton, AB T6G1H9, Canada (e-mail: ehashemi@ualberta.ca).

Xingkang He is with the Department of Electrical Engineering, University of
Notre Dame, Notre Dame, IN 46556 USA (e-mail: xingkang@kth.se).

Karl H. Johansson is with the Division of Decision and Control Systems,
School of Electrical Engineering and Computer Science, KTH Royal Institute
of Technology, 114 28 Stockholm, Sweden (e-mail: kallej@kth.se).

Digital Object Identifier 10.1109/LRA.2022.3184768

in autonomous navigation [8], [9], for specific applications such
as automated storage/retrieval in warehouses or indoor service
robots that requires high accuracy of the robot position and
orientation information [10], [11]. Speed and sideslip can be
measured with Global Navigation Satellite System (GNSS).
However, loss of reception and low bandwidth of commercial
GNSS in indoor applications and urban canyons, as well as
high-slip scenarios for GPS-inertial fusion schemes [12], are pri-
mary challenges for speed measurement in autonomous naviga-
tion. With limited visual/LiDAR/GNSS resources, two main ap-
proaches have been adopted in the literature for speed estimation
robust to model uncertainties using the Inertial Measurement
Units (IMU): kinematic- and wheel force-based approaches.

The former takes the form of stochastic observers [13], or
visual-inertial state estimation [11], [14], [15] using accelera-
tions/yaw rate from an IMU. A kinematic model, which relates
perturbations to the mobile robot slipping is presented in [16]
where slips are classified as multiplicative/additive inputs for
trajectory tracking. Regular and event-based Kalman filter are
designed in [17] to fuse IMU data and wheel odometry to
estimate the speed and heading of mobile robots. A high-gain
observer is designed in [18] to deal with unknown model
parameters. The ego-motion is robustly estimated in [19] by
employing a probabilistic model of the stereo sensor and IMU.
Although kinematic-based methods do not require wheel longi-
tudinal/lateral forces, they do not include wheel dynamics. This
results in large localization errors (and drift) for high-slip cases
during laterally excited scenarios.

The force-based approach uses optimization-based or
stochastic observers and updates the estimated velocities with
tire forces using Kalman, sliding mode, or nonlinear observers
[20]. Uncertainties include surface friction and tire parame-
ters, and render the navigation system susceptible to noises,
specially for the wheel force saturation. A longitudinal slip
estimator is proposed in [21] in an adaptive control strategy
which employs neural network weight tuning. To deal with
friction uncertainties, a parameter-varying observer is designed
in [22] for slip estimation. Nonlinear observers are designed in
[23] to estimate the speed and tires cornering stiffness, but the
wheel dynamics has not been considered. Although force-based
approaches provide better accuracy for slip estimation, they
mostly need road-tire friction information and do not address
large-slip scenarios, which are challenging for existing robot
state estimators operating on various surface conditions. Hence,
we propose and experimentally validate a speed (and slip) es-
timation framework robust to variations in model parameters
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and surface conditions (in normal and high-slip scenarios) by
developing a new inertial-tire model considering wheel and slip
dynamics. The main contributions of the paper are summarized
as:
� Designing a state estimation framework, which imple-

ments a robust proprioceptive observer at the wheel level,
for autonomous navigation under a large range of wheel
slippage;

� Developing a novel inertial-tire model for the propriocep-
tive observer which includes the wheel dynamics, does
not require the road friction information, and integrates
kinematic- and forces-based state observers robustly to
bounded uncertainties in the model;

� Designing a robust fusion based on covariance intersection
(CI) on wheel-level estimates, to improve the reliability of
slip estimation in harsh and combined-slip scenarios.

The remainder of the paper is organized as follows: Sec-
tion II presents the new model and wheel-level state estimator.
Section III introduces the robust fusion framework for speed
estimation. We investigate the performance of the approach
in Section IV for experiments in normal and harsh high-slip
scenarios on various surfaces. The conclusion is drawn at last.

II. WHEEL-LEVEL STATE ESTIMATION

In this section, we introduce an observer designed by using
proprioceptive sensory data at each corner of the mobile robot.

A. Model Description

The longitudinal relative velocity vrx(t) = Reω(t)− vxc(t)
and tire internal deflection state ξ of the average lumped Lu-
Gre model [24], with the model description ξ̇(t) = vrx(t)−
(κReω(t) + C0)ξ(t), are used as states x(t) = [ξ(t) vrx(t)]

�

at each corner.Re is the effective tire rolling radius, ω(t) > 0 is
the wheel rotational speed which is physically bounded, κ is the
normal force distribution coefficient, and vxc is the longitudinal
velocity in the tire coordinate system. The transient coefficient
C0 := σ0|vrx|

μg(vr)
includes the lateral rubber stiffness σ0 and the

road friction condition represented by 0.1 ≤ μ ≤ 1. The term
C0ξ, which includes road friction and combined-slip charac-
teristics of the model, is assumed to be part of the bounded
uncertainty �ξ in the corner-based observer design. Relative
longitudinal acceleration yields v̇rx = Reω̇ − v̇xc + �v , where
v̇xc is the mapped longitudinal acceleration of the wheel’s center
obtained by the measured acceleration ax and yaw rate r (by an
IMU at the robot’s Center of Gravity, CoG). The term �v is
due to the model mismatch (i.e., uncertainties) in the relative
longitudinal acceleration. The output is the normalized force in
the LuGre model as y := fx = σ0ξ + σ1ξ̇ + σ2vrx that can be
obtained from the wheel dynamics T −ReFx = Iω̇ with T as
the input torque at each robot corner [22]. Therefore, the aug-
mented inertial-tire model at each corner i ∈ {fL, fR, rL, rR}
(for front-left, front-right, rear-left, and rear-right wheels) yields
the following system, where the wheel speed ω : R≥0 → Sp is
a bounded time-varying parameter:

ẋi(t) = Ai(t)xi(t) +Bui(t) + �i,

yi(t) = Ci(t)xi(t) + �̄i, (1)

in which Ai(t) = [−κRe,iωi(t) 1
0 0 ], B = [0 1]�, ui(t) =

Re,iω̇i − v̇xc,i, and �i = [�ξ,i �v,i]
�. The output matrix

is Ci(t) = [σ0 − κσ1Re,iωi(t) σ1 + σ2] and �̄i = σ1�ξ,i.
Regarding the system uncertainties �i and �̄i, we assume that
E{�i(t)��i (t)} ≤ Qi(t), E{�̄i(t)�̄�i (t)} ≤ Ri(t). Note that the
uncertainties could be colored, meaning that the uncertainties
at different time instants may be correlated.

B. Wheel-Level Slip Estimation

We design a state observer estimator in this subsection to
estimate the speed and longitudinal slip using the augmented
inertial-tire model presented in (1), in presence of various
slips at each tire. In this regard, we will prove consistency of
the wheel-level observer (in the sense of uniformly bounded
MSE). In order to deal with longitudinal slip at each wheel, the
wheel-level observer (which is a Kalman-Bucy optimal variance
estimator), is designed for estimation of relative velocities and
wheel internal states:

˙̂xi = Ai(t)x̂i +Bui(t) +Ki(t)(yi(t)− Ci(t)x̂i(t)),

Ki(t) =
η

2
Pi(t)C

�
i (t)R

−1
i (t)

Ṗi(t) = Ai(t)Pi(t) + Pi(t)Ai(t)
� + ηPi(t) +

2

η
Qi(t)

−Ki(t)Ci(t)Pi(t), (2)

where η > 0,Ki is the observer gain, and Pi is the error covari-
ance. Let I be the identity matrix with proper dimensions, and
Qi, Ri are the process and measurement covariances. Assume
that E{(xi(0)− x̂i(0))(xi(0)− x̂i(0))

�} ≤ Pi(0) that is valid
since the fusion framework estimate the robot speed and wheel
slips, which are consistent and do not experience kidnapped
cases. Denoting the estimation error by x̃i(t) := xi(t)− x̂i(t),
we are able to provide a bound on the mean square error, i.e.,
E{x̃ix̃�i }, in the following lemma.

Lemma 1: The mean square estimation error for the observer
(2) is upper bounded, i.e., E{x̃i(t)x̃�i (t)} ≤ Pi(t).

Proof: See Appendix A. �
Remark 1: The parameter-varying estimator (2) employs a

reduced number of tire parameters (rubber stiffness and damping
σ0, σ1, σ2 and force distribution factor κ) which are independent
of the road friction condition.

The following assumptions are provided for the proof of
uniformly bounded mean square estimation error.

Assumption 1: There exist positive scalars β1, α, α2, β2 and
γ0 such that

α2I ≤
∫ t+γ0

t

Φt,τΦ
�
t,τdτ ≤ β2I, ∀t ∈ [0,∞) ,

α1I ≤
∫ t

t−γ0
Φ�
τ,tCi(τ)

�Ci(τ)Φτ,tdτ ≤ β1I, ∀t ∈ [γ0,∞) ,

where Φt,τ ∈ Rn×n satisfies ∂Φt,τ

∂t = Ai(t)Φt,τ , Φτ,τ = I
Assumption 2: There exist positive scalars α3, β3, α4 and β4

such that ∀t ∈ [0,∞),

α3I ≤ Ri(t) ≤ β3I, α4I ≤ Qi(t) ≤ β4I.
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Theorem 1: The mean square estimation error is uniformly
upper bounded, i.e., there is a constant matrix P̂i ≥ 0, such that
E{x̃i(t)x̃�i (t)} ≤ P̂i.

Proof: Construct the following system{
dXt = AtXtdt+ Btdωt,
dYt = CtXtdt+Dtdωt,

(3)

where At = Ai(t) +
η
2 I, BtB�

t = Qt � 2
ηQi(t), BtD�

t = 0

and DtD�
t = Rt � 2

ηRi(t), ωt is the standard Wiener process.
According to the theory of stochastic differential equation, the
state Xt in the system (3) satisfies

Xt = Ψt,τXτ +
∫ t

τ

Ψt,σBσdωσ, (4)

where Ψt,τ = e
η
2 (t−τ)Φt,τ . Denote Ms,t �

∫ t
s Ψ

�
τ,tC

�
τ Cτ ×

Ψτ,tdτ , ∀t ≥ s. Then, by Assumptions 1-2, for any t ≥ γ0,
there is

α1e
−ηγ0I ≤ Mt−γ0,t ≤ β1I, (5)∫ t

t−γ0
Ψt,τQτΨ

�
t,τdτ ≤ eηγ0β2

2β4
η

I. (6)

In addition, for any t ≥ γ0, by the positive definiteness of
Mt−γ0,t, a state estimate for the system (3) can be

X̄t = M−1
t−γ0,t

∫ t

t−γ0
Ψτ,tC

�
τ dYτ . (7)

By combining (4) and (7), we have the following error

Ēt � Xt − X̄t

= M−1
t−γ0,t

∫ t

t−γ0
Ψ�
τ,tC

�
τ CτΨτ,tdτXt

−M−1
t−γ0,t

∫ t

t−γ0
Ψτ,tC

�
τ (CτXτdτ +Dτdωτ )

= M−1
t−γ0,t

∫ t

t−γ0
Mt−γ0,τΨt,τBτdωτ −Ψτ,tC

�
τ Dτdωτ ,

(8)

where the last equality is obtained by exchanging the order of
integration and replacing subscript σ by τ . It follows from (5),
(6), (8), and Assumption 2 that

E
{ĒtĒ�

t

} ≤ M−1
t−γ0,t

∫ t

t−γ0
Ψ�
τ,tC

�
τ RτCτΨτ,tdτM−1

t−γ0,t

+M−1
t−γ0,t

∫ t

t−γ0
Mt−γ0,τΨt,τQτΨ

�
t,τMt−γ0,τdτM−1

t−γ0,t

≤
(
nβ1tr

(∫ t

t−γ0
Ψt,τQτΨ

�
t,τdτ

)
+

2β3
η

)
M−1

t−γ0,t

≤ P̂1 � 2
eηγ0β3 + 4e2ηγ0β1β2β4

ηα1
I.

Obviously, the solution of Riccati equation in (2) is the optimal
estimation error covariance matrix of system (3). Therefore,

Fig. 1. (a) Slip-aware inertial-odometry architecture for robot state estimation
(b) Clearpath Robotics’ Jackal platform for experimental studies.

Pi(t) ≤ E{ĒtĒ�
t } ≤ P̂1 for any t ≥ γ0. Denote

P̂i � max

{
P̂1, sup

t∈[0,γ0]
Pi(t)

}
. (9)

The conclusion follows from Lemma 1. �
The architecture of the slip-aware robot state estimator is

shown in Fig. 1(a). The wheel-level observer utilizes ui and
measurements yi to obtain state estimate x̂i and set Sc for the
CI-based fusion; the overall states ˆ̄xi is then used for the CI
to obtain the estimate of the overall speed v̂x (through x̂c) and
to update the corner slip states x̂+i . The mobile robot platform,
which is used for experimental validation of the estimator on
various surfaces, is shown in Fig. 1(b).

Remark 2: If the system has parameter uncertainties as

ẋi(t) = (Ai(t) + ΔAi(t))xi(t) +Bui(t) + �i,

yi(t) = (Ci(t) + ΔCi(t))xi(t) + �̄i, (10)

where ΔAi(t) and ΔCi(t) denote the uncertainties in the dy-
namics and measurements, respectively. Then, we rewrite (10)
into the following expression

ẋi(t) = Ai(t)xi(t) +Bui(t) + ΔAi(t)xi(t) + �i,

yi(t) = Ci(t)xi(t) + ΔCi(t)xi(t) + �̄i. (11)

Then, the observer in (2) can still be used by enlarging Qi(t)
and Ri(t) such that

E{(ΔAi(t)xi(t) + �i) (ΔAi(t)xi(t) + �i)
� (t)} ≤ Qi(t)

E{(ΔCi(t)xi(t) + �̄i) (ΔCi(t)xi(t) + �̄i)
� (t)} ≤ Ri(t).

As a result, the consistency in Lemma 1 still holds.

III. SLIP-AWARE INERTIAL ODOMETRY

The estimated states at the wheel level will be used in the
CI fusion on x̂i to estimate the speed in the body frame, and
will be remapped to each robot’s corner (wheel) for guidance
control purposes (Fig. 2) of the four estimates.). Assume the
discretization step on system (1) and estimator (2) is suffi-
ciently small (i.e., Ts = 20ms in real-time implementation for
the test platform) such that the pair (x̂i(k), Pi(k)) inherits
the property in Lemma 1: E{x̃i(k)x̃Ti (k)} ≤ Pi(k), where
x̃i(k) = x̂i(k)− xi(k). The overall state satisfies the condition
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Fig. 2. (a) The body frame and states x̂i from the augmented inertial-tire
model; (b) Fusion of wheel-level estimates by CI.

x̄(k) = w − xi(k) + L̄i
ψ̇(k)
2 where w = [Reωi(k) 0]

�, the pa-
rameter L̄i represents the signed front/rear track widths (Lf , Lr)
as Lf := −L̄fL = L̄fR and Lr := −L̄rL = L̄rR, and the robot
yaw rate measured at CoG is denoted by ψ̇(k) which is bounded
and has zero-mean noise. Then, we are able to obtain the estimate
of the overall state ˆ̄xi(k) at CoG at the k-th step by using the
estimate of the local state x̂i(k) transformed to the overall state:

ˆ̄xi(k) = T (x̂i(k), ψ̇(k)) = w − x̂i(k) + L̄i
ψ̇(k)

2
. (12)

Since the transformation is linear, it follows that

E{(ˆ̄xi(k)− x̄(k))(ˆ̄xi(k)− x̄(k))T } ≤ Pi(k), (13)

Then, we use the covariance intersection (shown in Fig. 2(b))
to fuse the estimates as in (14). In Fig. 2(b), each of the corners
forms a dotted ellipsis. The solid red ellipsis, covering the
common area of the wheel-level variances, is obtained through
CI (i.e., P c(k), xc(k)). The CI estimates x̂c(k), the speed of the
robot in the body frame. Then, it is remapped to the corners for
initialization of the local observer as x̂+i (k) for the next time
step.

P c(k) =

(
4∑
i=1

aiP
−1
i (k)

)−1

,

x̂c(k) =

4∑
i=1

aiP
c(k)P−1

i (k)ˆ̄xi(k), (14)

where ai > 0. The optimal ai that minimizes tr(P c) is obtained
from min tr(P c) such that

∑4
i=1 ai = 1. According to the con-

sistency in (13) and the property of CI, it holds that

E{(x̂ci (k)− x̄(k))(x̂ci (k)− x̄(k))T } ≤ P c(k). (15)

The slip-aware observer and fusion is described in Algorithm 1.
Remark 3: If the system has parameter uncertainties as in

(10), the design ofQi(t) andRi(t) in Remark 2 ensures the local
estimation consistency (13). Then the estimation consistency
remains valid after applying the CI method, i.e., (15) holds in
this case.

To deal with extreme slip conditions, the consensus lever-
ages an adaptive set allocation strategy and excludes corners,

which exhibits large wheel rotational accelerations ω̇i(k) (i.e.,
|ω̇i(k)| ≥ μω̇ where μω̇ � 1

n

∑k
k−n+1 ω̇i(k), n = 4), from the

set on which covariance intersection (14) is utilized.

IV. EXPERIMENTAL RESULTS AND DISCUSSION

The computational efficiency and performance of the esti-
mator (in real-time) is evaluated through a Clearpath’s Jackal
autonomous mobile robot. The tests are conducted in in-
door/outdoor in various combined-slip scenarios in which the
nonholonomic test platform experience slips at each tire. The
performance of the developed consensus in extremely large-slip
cases (λi ≥ 80% at specific tires), which significantly affect the
lateral stability of the robot, is also validated. The model parame-
ters include wheels’ moment of inertial Iw = 1.5kgm2, tire pa-
rameters σ0 = 67, σ1 = 0.3, σ2 = 0.005, κ = 12.7, Re = 0.07
identified by recursive least squares over actual wheel forces
with theR2 of 0.9 and RMS error of7%. The model is discretized
by step-invariant method, in which the discrete-time realiza-
tion is approximated by Adi,kk � φAi

tk+1,tk
≈ eAi(tk)Ts , Bdi,k �
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Fig. 3. (a) Robot’s path for an obstacle avoidance (b) Cornering with large-
and uneven-slip on varying surface friction conditions (i.e., dry and wet).

Fig. 4. Accelerations and yaw rate for obstacle avoidance at the force capacity.

∫ tk+1

tk
φAi
tk+1,τ

Bi(τ)dτ ≈ ∫ tk+1

tk
eAi(tk)(tk+1−τ)dτ.Bi(tk), and

Cdi,k = Ci(tk), whereas φAi
tl,tj

is the state transition matrix,
which can be expressed by the Peano-Baker series. The re-
alization is assumed to not vary significantly in each interval
[tk, tk+1], which is valid for the platform and the estimator with
the sampling time Ts = 0.02s.

A. Harsh Obstacle Avoidance At the Capacity Limit

The proposed estimator is validated in several obstacle avoid-
ance scenarios (for which the quantitative results are provided
at the end of this section) at the capacity limit in indoor/outdoor
settings; we present the results of two scenarios in the following.
Fig. 3(a) depicts the robot path for an obstacle avoidance, for
which the the measured accelerations (shown in Fig. 4) confirm
several cornering together with occasional longitudinal traction
request (by the control system). The longitudinal speed estima-
tion results are shown in Fig. 5, where the wheel peripheral speed
denoted by “Wheel Periph.” is obtained by multiplication of each
wheel rotational speedωi and the effective rolling radiusRe. The
ground truth “Meas.,” and the estimated longitudinal speed by
the developed slip-aware fusion (i.e., “Est. speed”) are compared
with the peripheral speed and a state-of-the-art approach [22]

Fig. 5. Estimated speeds (by the slip-aware consensus) at each wheel in an
obstacle avoidance at the capacity limit with several accelerated cornering.

Fig. 6. Measured accelerations and yaw rate for navigation in outdoor (on
asphalt) with combined-slip tire forces during cornering.

which implements robust parameter-varying (LPV) observers,
shown by “Obs.,”to address large-slip cases. The labeling for
ground-truth and comparison method remains consistent in this
section. One of main challenges for the existing kinematic- or
wheel force-based state estimators is persistency of the wheel
slip and tire force saturation that significantly increases model
mismatch. As a result, the LPV approach has large estimation
errors for long-term large slip conditions as can be seen between
2.5 < t < 4.5s in this test. This has been addressed in the pro-
posed CI-based fusion that implements an adaptive set allocation
strategy.

Another obstacle avoidance experiment, which includes de-
celeration during cornering (by the motion planner), is con-
ducted in outdoor setting on asphalt. The measured lateral
accelerations and yaw rate in Fig. 6 confirm simultaneous
avoidance and deceleration between t = 3.8 and 4.7s and af-
ter 9.7s. This results in a combined-slip tire force behaviour
(during path tracking), which is challenging for existing wheel
odometry-based or inertial-based navigation systems, but the
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Fig. 7. Slip-aware consensus results for longitudinal speed/slip estimates in
an obstacle avoidance with several deceleration during cornering on asphalt.

Fig. 8. Longitudinal speed estimates in a high-speed obstacle avoidance on
gravel. The developed consensus outperforms the existing robust observer (i.e.,
Obs.) and handles high-slip cases at all wheels, between t = 1 and 3.2s.

estimated longitudinal speeds at each wheel are consistent and
has good convergence as shown in Fig. 7. Another high-speed
and combined-slip cornering scenario is conducted in outdoor on
gravel, and the result are provided in Fig. 8, where the estimated
longitudinal speeds at each wheel (in presence of several slip
cases for all wheels due to trajectory tracking on gravel with
extra traction requests) is compared with the ground truth and
the LPV observer. The developed slip-aware CI-based estimator,
which does not use any information on road surface friction,
outperforms the LPV observer in terms of smaller estimation
error and faster convergence.

B. Large- and Uneven-Slip Scenarios During Cornering

The performance of the robust consensus for uneven slip sce-
narios is evaluated in this subsection, where extremely large-slip

Fig. 9. Measured accelerations and yaw rate for a cornering with uneven slip
due to different torque distribution.

Fig. 10. Longitudinal speed estimates in with uneven wheel slip on a slippery
surface. The large front-right slip is handled by the slip-aware fusion.

tests are conducted on slippery surfaces (as shown in Fig. 3(b))
Such cornering scenarios, with consequent load transfer, neces-
sitates incorporating the wheel dynamics, as considered in the
developed estimator as an augmented state. The following test
includes uneven slip due to the varying surface friction condition
and uneven torque distribution, which is used for skid steering.
The measured lateral acceleration, which confirms motion at the
limit of capacity on the wet surface, is provided in Fig. 9. The
large wheel speed at the robot’s front-right corner (from t = 3.8
to 7.6s) in Fig. 10, and simultaneous lateral acceleration up to the
capacity of5m/s2 in Fig. 9, confirm combined-slip wheel forces,
thus arduous characteristics of this test. The results presented in
Fig. 10 confirm the effectiveness of the proposed estimation
framework in addressing uneven and rapidly increasing wheel
rotational speed due to uneven torque distribution.

Quantitative Results: Variations of the robot’s speed estima-
tion error RMS are depicted in Fig. 11, for various road surface

Authorized licensed use limited to: KTH Royal Institute of Technology. Downloaded on April 15,2023 at 15:21:05 UTC from IEEE Xplore.  Restrictions apply. 



7902 IEEE ROBOTICS AND AUTOMATION LETTERS, VOL. 7, NO. 3, JULY 2022

Fig. 11. RMSE distribution for the developed estimator on various surfaces
and actuation system configurations in high-speed (HS) and low-speed (LS)
maneuvers. Rear-wheel drive on high-grip and gravel are studied in (a) and (b),
respectively. (c) and (d) show the results for the all-wheel actuation.

Fig. 12. Performance under model parameter changes for low- and high-speed;
the superscripts + and − on parameters σ0,2, κ resembles ±30% changes.
(a) rear-wheel actuation (b) all-wheel electrically actuated powertrain.

conditions in indoor/outdoor settings and actuation system con-
figurations for high-speed (HS) and low-speed (LS) maneuvers.
The mean values are depicted by bold (black and red) lines
and the plot bounds represent σ. Different tests include mild
cornering/turning (MC), obstacle avoidance (OA), cornering
with uneven slips at each wheel (CwUS), and obstacle avoidance
with additional longitudinal acceleration requested by the mo-
tion planner during cornering (OAwTr). For the mobile robot’s
low-speed (vx ≤ 0.6 m/s) and high-speed (0.6 < vx ≤ 2 m/s)
cases, 15 different tests have been conducted for each scenario
with various traction requests. They are studied for four different
cases: The Test set 1 includes the above mentioned scenarios on
high-grip surfaces in indoor with the rear-wheel drive actuation;
Test set 2 denotes the same actuation configuration, but on gravel
and slippery surface; other two cases are for scenarios with
all-wheel drive powertrain system, but on different surfaces, i.e.,
indoor in Test set 3 and gravel in Test set 4.

The robustness of the developed estimator to changes in model
parameters, and with all- and rear-actuated power train systems
is also studied and provided in Fig 12. It is compared in terms

of E{ṽxṽ�x } for changes in the model parameters, i.e., rubber
stiffness/damping σ0, σ2 and load factor κ. 30% changes in σ2
has larger effect on estimation error compared with changes
in σ0, κ. The RMSE is bounded by 17.4% (using the robust
wheel-level observer and adaptive set allocation for the fusion)
for the arduous cases of accelerated obstacle avoidance in high
speed with all-wheel actuation. The overall average of RMSE
are 6.2% and 8.8% for all low- and high-speed tests, respectively,
on various surfaces.

V. CONCLUSION

A state and slip estimation framework, which implements a
robust observer at the wheel level, was developed and validated
for navigation of autonomous mobile robots experiencing wheel
slippage in indoor and outdoor (e.g., asphalt, gravel) settings.
Integrating kinematic- and forces-based slip estimators, the de-
veloped framework includes the wheel dynamics, to improve the
reliability of inertial odometry in harsh/combined-slip scenarios,
and does not require road surface friction information. Address-
ing slip estimation challenges for robots that experience uneven
torque distribution at each tire, the developed estimator exhibited
good performance on various surface frictions. The perfor-
mance of the designed slip-aware observer was compared with
a state-of-the-art robust parameter-varying observer that uses a
switching mechanism to address various surface conditions. The
slip-aware observer outperformed the LPV observer, in terms of
smaller estimation error and faster convergence, implementing
an adaptive set allocation strategy to exclude corners with large
wheel rotational accelerations for the CI. The robustness of the
estimator to large variations in model parameters (up to 30%)
is also studied, and confirmed RMSE less than 18% for both
all- and rear-actuated power train systems. As the future work,
the novel proprioceptive observer can also be integrated with
existing tightly-coupled visual-inertial navigation systems to
address localization and odometry challenges under large-slip
conditions.
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APPENDIX A
PROOF OF LEMMA 1

It follows from (1) and (2) that the error satisfies

˙̃xi(t) = (Ai(t)−Ki(t)Ci(t)) x̃i(t) + �i(t)−Ki(t)�̄i(t)

Then, the derivative of the mean square estimation error yields

dE
{
x̃i(t)x̃

�
i (t)

}
dt

= E

{
dx̃i(t)x̃

�
i (t)

dt

}

= E
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˙̃xi(t)x̃

�
i (t) + x̃i(t) ˙̃x
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i (t)

}
= (Ai(t)−Ki(t)Ci(t))E
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x̃i(t)x̃

�
i (t)

}
+ E
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x̃i(t)x̃

�
i (t)

}
(Ai(t)−Ki(t)Ci(t))

�
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+ E
{
(�i(t)−Ki(t)�̄i(t)) x̃

�
i (t)

+ x̃i(t) (�i(t)−Ki(t)�̄i(t))
�
}

≤ (Ai(t)−Ki(t)Ci(t))E
{
x̃i(t)x̃

�
i (t)

}
+ E

{
x̃i(t)x̃

�
i (t)

}
(Ai(t)−Ki(t)Ci(t))

�+ηE
{
x̃i(t)x̃

�
i (t)

}
+

1

η

(
2Qi(t) + 2Ki(t)Ri(t)K

�
i (t)

)
,

where η > 0. Denoting Ai(t) � Ai(t)−Ki(t)Ci(t) +
η
2 I,

Pi(t) � Pi(t)− E{x̃i(t)x̃�i (t)}, and Qi(t) � ηE{x̃i(t)x̃�i (t)}
+ 1

η (2Qi(t) + 2Ki(t)Ri(t)K
�
i (t))− E{(�i(t)−Ki(t)�̄i(t))

x̃�(t) + x̃(t)(�i(t)−Ki(t)�̄i(t))
�}. Then, we can verify

that Pi(0) ≥ 0, Qi(t) ≥ 0. Therefore, Pi(t) satisfies the
following Sylvester equation:

Ṗi(t) = Ai(t)Pi(t) + Pi(t)A�
i (t) +Qi(t),

which has a unique solution [25, Corollary 1.1.6] given as

Pi(t) = Vi(t, 0)Pi(0)V�
i (t, 0)

+

∫ t

0

Vi(t, τ)Q(τ)V�
i (t, τ)dτ , (A2)

where Vi(t, τ) satisfies ∂Vi(t,τ)
∂t = Ai(t)Vi(t, τ),Vi(τ, τ)

= I. From (A2), Pi(t) is semi-definite at each time t, leading
to the conclusion of this lemma. �
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