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Abstract—We consider the problem of approximating flow
functions of continuous-time dynamical systems with inputs. It is
well-known that continuous-time recurrent neural networks are
universal approximators of this type of system. In this paper,
we prove that an architecture based on discrete-time recurrent
neural networks universally approximates flows of continuous-
time dynamical systems with inputs. The required assumptions
are shown to hold for systems whose dynamics are well-behaved
ordinary differential equations and with practically relevant
classes of input signals. This enables the use of off-the-shelf
solutions for learning such flow functions in continuous-time from
sampled trajectory data.

Index Terms—Machine learning, Neural networks, Nonlinear
systems

I. INTRODUCTION

The advantage of continuous-time models for learning dy-
namics has been pointed out in a number of recent works [1],
[2], [3]. Such models naturally handle irregularly sampled or
missing data, and are the natural model class for most physical
systems.

Some approaches for continuous-time identification have
been proposed [4], but for nonlinear systems the majority of
research concentrates on discrete-time models [5]. A number
of modeling approaches have arisen using ideas and model
classes from classical and deep machine learning. It is well
known that continuous-time recurrent neural networks can ap-
proximate large classes of continuous-time dynamical systems
with inputs, see Sontag [6], Li et al [7] and references therein.
In fact, these networks are able to approximate flows of stable
continuous-time systems over unbounded time intervals [8], as
well as more general input-output operators [9]. Neural Ordi-
nary Differential Equations (Neural ODEs) [1] are a particular
class of continuous-time models proposed to replace standard
network layers appearing in models used for common learning
tasks, and have been shown to be competitive with state-of-the-
art models in system identification [10]. In [11] some specific
architectures and learning methods for identifying differential
equation models of control systems using neural networks are
presented.

An assortment of related methods have been proposed
for modeling autonomous systems with applications in the
physical sciences [12], [13], [14]. For methods based on
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Koopman operator approximation in particular, extensions
to certain classes of systems with inputs are possible [15].
Physics-informed learning has also emerged as a paradigm for
learning solutions of ordinary and partial differential equations
from data [16], [17]. These methods incorporate a set of
differential equations known to be satisfied by the data as a
regulariser in the loss function used to train the network, and
can also be used to identify parameters in the equations.

In contrast to the majority of these approaches, the class
of methods known as neural operator methods attempt to
directly learn the solution operator of a differential equation,
that is, the operator mapping initial conditions, forcing terms
and parameters to the corresponding solution, rather than
identifying the governing equations [18], [19], [20], [21]. The
focus is then on engineering architectures with the appropriate
inductive biases for a particular class of problems.

In this paper, we consider the problem of approximating
the flow function of a dynamical system, that is, the solution
operator mapping initial conditions and control inputs to the
corresponding trajectory of the system. Exploiting the discrete
structure of commonly used classes of control inputs, we show
that the flow function can be exactly represented by a discrete-
time dynamical system. This motivates the use of (discrete-
time) Recurrent Neural Network (RNN) architectures to learn
flow functions from data. We propose one such architecture
which ensures that the trajectories of the learned model are
continuous. In previous work [22], we have shown through
numerical experiments that the architecture successfully learns
flows of oscillators with complex dynamics, and have investi-
gated its generalisation performance.

In this paper, our contribution is twofold. Firstly, we prove
that the proposed architecture is a universal approximator for
flow functions of control systems, which guarantees the well-
posedness of the learning problem that we formulate math-
ematically in [22]. Secondly, we show by system-theoretic
arguments that the required assumptions hold for systems
whose dynamics are given by well-behaved ODEs, with rather
general and practically relevant classes of input signals.

This approach has a number of advantages in comparison
with methods based on learning the right-hand side of a
differential equation. Errors in the learned dynamics can
be propagated and affect long-term prediction performance.
When the flow is directly approximated, the need for integra-
tion is obviated. This has the additional advantage of reducing
the computational burden at both training and prediction time.
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In effect, under our formulation, the problem of learning a
flow function amounts to a standard regression problem, and
thus enables the use of off-the-shelf learning frameworks for
training the model. At prediction time, one can query the
solution map at any time instant, and, since the model uses
standard neural network components, gradients of the flow
with respect to, e.g., initial conditions or control values can
be computed in a straightforward manner through automatic
differentiation. Furthermore, the approach is able to accommo-
date more general classes of systems than those with dynamics
given by ODEs.

The rest of the paper is organised as follows. Section II
introduces notation and some basic definitions. In Section III
we describe the proposed architecture and the considered
class of input signals. This is followed by the statement of
Theorem 1 in Section IV. In Section V we give a proof that
discrete-time RNNs are universal approximators, an essential
step in the proof of Theorem 1 given in Section VI. Section VII
treats the case of flows of ODEs and the assumptions of
Theorem 1 are shown to hold in that setting. A numerical
example is briefly discussed in Section VIII, and concluding
remarks are given in Section IX.

II. PRELIMINARIES

A. Notation

The indicator function of a set A is written 14, and the
identity function on A is written id 4. Sequences are written
(2r)72, or in short-hand (z). The space of sequences with
values in A is written S(A) = {(2)72, : 2x € A}. The space
of continuous functions f : A — R™ on a compact set
A C R™ is written Cp,(A). For A C R™ and ¢ > 0, N.(4)
denotes the (closed) e-neighbourhood of A, i.e., the set of
points at most ¢ distance away from A. If A is compact, then
so is N.(A). Vectors v € R? are written v = (vy,...,vq).
We denote by ||-|| the Euclidean norm on R?, and for a matrix
M e R™*™, || M|| denotes the induced operator norm.

B. Flows of controls systems in continuous-time

In this paper we consider finite-dimensional time-invariant
control systems in continuous-time with state evolving in an
open set X C R% . Such systems can be described abstractly
by a flow function

PR x X xU—= X (1
where U is a given set of (control) inputs u : Rsq — R,

The flow satisfies the following properties (cf. Sontag [23,
Chapter 2]):

o Identity: p(0,z,u) =

o Semigroup: (s +t,x,u) = o(t, (s, z,u), u®)
forall z € X, u € U and s,t > 0. Here ©®* € U denotes the
input w shifted by s > 0 time units, i.e., u®(t) := u(t+s). The
function ¢ — @(t, z,u),t > 0 is the trajectory of the system
with initial state  when the applied control is u.

C. Neural networks as function approximators

In this paper, a (feedforward) neural network is any function
h : R™ — R™ which can be written as

hMz) = Cop(Az +b) +d, x € R™ 2

for A € RP*™ b € RP, C € R"P, d € R". Here
op : RP — RP is a diagonal mapping such that the activation
function 0 : R — R is applied to each coordinate, i.e.,
op(v) = (o(v1),...,0(vp)) for v € RP. In practical appli-
cations, these are usually known as networks with one hidden
layer.

We let M7 be the class of such networks and define
Ng-" = UpZ N Throughout the paper, we shall assume
that 0 : R — R is a fixed bounded, continuous and noncon-
stant function. Under this assumption it is well-known [24] that
M is dense in Cp, (K) for any compact set ' C R™. That
is, for any continuous function f : K — R"™ and € > 0 there
is a network h € 91" such that sup,cx || f(z) — h(2z)| < e.

Let MY, C Ug>pMEP be the class of feedforward networks
for which C = I and d = 0 in (2). A Recurrent Neural
Network (RNN) is then simply a difference equation whose
right-hand side is a network in mg.p for some p > 0:

Definition 1 (RNN). An RNN is a difference equation of the
form

Zh41 = Udz(AZk + Buy, + b), k € Z>o,

where z € R%, o € R,
III. ARCHITECTURE DEFINITION

In this section we define a discrete-time RNN-based ar-
chitecture to approximate flow functions of continuous-time
dynamical systems. We focus in particular on systems for
which the trajectories t — ¢(t, z,u) are continuous in time ¢.
This is the case when ¢ arises from a differential equation, dif-
ferential algebraic equation, but excludes e.g. hybrid systems
with state jumps. We shall show that ¢ can be approximated
by a function ¢ on a finite time interval, where $(t, x,u) is
computed by an RNN. In the following sections we make this
precise.

A. Class of inputs

In order to approximate o, we must impose some structure
on U. In practice, the majority of systems are controlled by
a computer with a zero-order hold digital-to-analog converter,
so that the input signal will be piecewise constant, with the
control value changing at regular time instants with some
period A > 0. Occasionally, first- or higher-order polynomial
parameterisations are also used. In this paper we consider a
general parameterisation of control inputs which encompasses
all of these cases. Namely, we assume that the control can be
parameterised by a sequence of finite-dimensional parameters
(wi)22y C R as follows:

- t
u(t) = Z a(wk, A) l[kA,(k—H)A)(t)a t>0. 3)

k=0
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Here o : R% x Rs¢ — R% is periodic with period 1 in its
second argument. In other words, we have for each k£ > 0

u(t) = a(wg, t/A), kA <t < (k+1)A.

The simplest example is given by a(w, t) := w, correspond-
ing to the case of piecewise constant controls with period A.

Throughout the paper we assume that A and the function
« are fixed and known. For a set Q C R% we define the
set U(2) of controls u parameterised by sequences in S(2)
according to (3), i.e.,

U(Q) = {u Ry — R ¢ ()72, € S(),

u(t) = i o (wk, 2) Lika (k+1)A) (t)}-

k=0

“4)

B. Representing flows by discrete-time systems

We let u,, be the control generated by the constant sequence
with value w, so that wu,(t) = a(w,t/A), t > 0 and define
the function ® : [0,1] x X x R% — X by

O(1,2,w) := (TA, 2, uy).

Fix t € R>o and define k; := [t/A], 7 := (t — kA)/A.
The value of (¢, 2,u) can be computed recursively by ® as
follows:

o=
Tpp1 = P(Lap,wi), 0 <k <k &)

g, +1 = P14, g, , Wi, ) = @(t, x,u).

This can be seen as representing ¢ by a discrete-time system
with inputs (7,w) € [0,1] x R%. Note that such a represen-
tation does not amount to a discretisation of ¢, so that no
loss of information or generality is incurred, and we are able
to compute the flow ¢ at any instant of time through this
correspondence.

The discrete-time system defined by (5) can be approxi-
mated by an RNN as follows. Let x € X, ¢t > 0and u € U
be parameterised according to (3) by a sequence (wy ). Fixing
networks h € fﬁ?,,dz, B € Ndewd= and v € Né=+%=, compute
the sequence

20 = 5(@
Zk4+1 = h(l,zk,wk), 0 < k< kt (6)
Zli+1 = h(TnZk”wk-t)

and set

¢(ta Zz, U) = 7((1 - Tt)zkt + thkz-i-l)'

The interpolation guarantees that ¢ is continuous in ¢. Note
that it does not amount to a linear interpolation, as zx,+1
depends on ;.

In order to express ¢ explicitly, the following definition is
useful, and will be used throughout the following sections.

Definition 2 (Recursion Map). Let f : A x B — A. The
associated recursion map py : Zso X A x S(B) — A'is
defined as

pf(07 €, (uk)) =,

(7
pf('fl +1,z, (uk)) = f(Pf(n75C7 (uk))vun)7 n > 0.
Now let (t})7°, € S([0,1]) be defined by
1, 0<k<k
=31, k=k ®)
0, k>k.

Then we can rewrite (6) as' 2, = py(k, B(z), (t,wr)), k > 0,
and thus ¢ can be written

@(t, x,u) = y[(1 — 1) pn(ke, B(x), (8, wr))
+ 1epn (ke + 1, B(2), (t, wi))]-

We let H denote the set of functions ¢ : R>¢ x X x U — R%
defined in this way, that is,

H;:{¢ZR>OXXXU—)RdmZdz€Z>0,

v € mgzada)’ he mg,dza B € mgw,dz’
p(t x,u) = 3[(1 = 70) pn(ke, B(2), (4, wr))

T rpn(e + 1, A(), <tz,wk>>1}.

9

For a more detailed explanation and motivation of the archi-
tecture just described, the reader is referred to [22].

IV. STATEMENT OF THE MAIN RESULT

Theorem 1. Suppose the flow of a control system
¢ :Rso x X x U = X satisfies the following conditions:

1) Given a compact set K, C R%, define U(K,,) according
to (4). Then U(K,) C U, i.e., for any u € U(K,,), the
corresponding trajectory (-, x,u) is well-defined for all
z e X.

2) The function ® : [0,1] x X x R% — X defined as

O(1,x,w) := p(TA, 2, uy,), uy(t) = alw,t/A)

is  right-differentiable at T=0 = for
(r,w) € X x Rdw.

3) The function ¥ : [0,1] x X x R% defined as

every

x4+ 7 H®(r, 2, w) — ), T € (0,1]

. -1 o

ltlﬁ)l [z +t7 (@t z,w) —2)], T=0
(10)

U(r,z,w) =

is continuous and locally Lipschitz in x.
Then, for any ¢ > 0, T > 0 and compact sets K, C X,
K,, C R%, there exists ¢ € H, defined according to (9), such
that ||p(t,z,u) — @(t, z,u)|| < e holds for all t € [0,T),
x € Ky and v € U(K,,). Furthermore, y and (3 in (9) can be
chosen to be affine with v o 8 = idga,.

'With some abuse of notation, we interpret h as a function mapping
R4z x ([0,1] x R%) to R9=.
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Note that assumptions 2 and 3 implicitly represent assump-
tions on ¢ and «. In Section VII we shall give conditions under
which they are satisfied for flows of differential equations.

V. UNIVERSAL APPROXIMATION OF DISCRETE-TIME
SYSTEMS

In this section we give a proof that discrete-time RNNs are
universal approximators of discrete-time systems, a fact that
will be used in the proof of Theorem 1.

Theorem 2 (Universal approximation for discrete-time dy-
namical systems). Let f : R% x R% — R9% be a continuous
function that is locally Lipschitz in the first variable, in the
sense that for any compact set K C R% there exists a locally
bounded function vy : R% — Rxq such that

[f (2, u) = fzr,w)| <vi(u)[lee — 2],

Then for any € > 0, N € Zx>( and compact sets K, C R4
and K, C R there exist networks h € ‘ﬁa a7V E Nz de
and € N3== such that for any v € K, and u € S(K,)
we have

xr1,To € K.

||pf(n,a:,u) - 7(ph(n35(x)au))” <g n=0,...,N, (I11)

where py is defined as in (7). Furthermore, v and 3 can be
chosen to be affine with v o 8 = idga,.

Noe that h above defines an RNN. Therefore, Theorem 2
states that any discrete-time dynamical system with a locally
Lipschitz right-hand side can be approximated in the sense
of (11) by an RNN. This is a well-known fact [6], [25], but for
reference we include a full proof under the stated assumptions,
as this result is an important step in the proof of Theorem 1,
and there we will in particular use the fact that v o 8 = idga.
and that these maps are affine.

Proof. The case N = 0 is trivial and N = 1 corresponds
to the standard universal approximation theorem proved in
Hornik [24], so we assume N > 2 in what follows.

Define the sets KO,...,KN~1 recursively by
Kt = f(K*, K,) with K¢ = K,. By continuity of
f, the K are compact. For any input sequence u € S(K,,)

Pick a neural network g € Md=+du.ds guch that

sup  ||f(z,u) — g(z,u)|| < min e,.
reK,ue K, n=1,...,N

In particular, Sup, ¢y ,cx, IIf(z,u) — g(z,u)| <e.
Now, pick = € K, and v € S(K,). We have (omitting the

(z,w) arguments since they are fixed everywhere)

los(n+1,2,u) = pg(n+ 1,2z, u)||
= [[f(ps(n)) = g(pg(n))||
< 1f(pr(n)) = flog(m) + [1f (pg(n)) — g(pg(n))]
Assuming  that  |[pf(n) — pg (n)|| <enf, we have
pg(n) € K™ C K and so
Ips(n+1) = pyln+ V| < L s (n) — py(m) + &
< EnnJrl

Since (12) implies

s (L2, u) = pg(L, 2, u)|| < e (= eny),

by induction we have that [|ps(n,z,u) — pg(n,z,u)|| < en}
forn=1,...,N —1, so that py(n,z,u) € K.

Now, we show by induction that

||pf(n,x,u) - pg(n,x, U)H <én

for each n > 0. For n = 1 this holds by (12):

pr(l?x?u) - pg(lvwfu)” = ||f(l‘,u0)
Assume that ||p;(n,x,u)

—g(z,up)| < e1.
— pg(n,z,u)|| < &y,. Then

”pf(n + 17563“) - pg(n + 17I7u)||
< [ (pg(n) = flog(m)] + 11f (pg(n))

€
< Lfsn +e, = ntl

= 9(pg(n))]l

+éen < En+t1-

And since ¢, < € for n = ., N, we have that
lof(n, x,u) — pg(n, z,u)|| < e, as desired.

Finally, since it is not necessarily the case that g € ‘ﬁgm
for some p, it remains to obtain an equivalent recurrent neural
network. Write g explicitly as

and initial state 29 € K, we then have that g(w,u) = To,(Ax + Bu+b) +c
pf(n,zo,u) € K, n=0,1,...,N — 1. and rank-factorise 1" as
Define also L}, n} > 0 and sets Kt n=1,...,N-1 T=M [1(;1}
recursively as follows:
nt =1 with M € R >4 jnvertible and 73 € R"*? of full row rank.
! Then, with
K" = Neyp (K7), L} = max {1, uSeuII? Vin (U)} 1(m,1) = {Tlap(AMx —|—/Bu +b)+ c’l} M-le— {cﬂ
o 5 c ) ch )
ny =14 Ling,
! i it follows that
and let 1
N_1 Mpg, (n, M~ z,u) = pg(n, z,u)
K=K,U U K", for all (n,x,u). Let now T, be a right inverse of T} (i.e.,
n—= 1 T\ T} = 1I,) and
En = —,n:1,...,N. T 0 T+ 0
oN—n TV 1Lk — 1 +._ |11 -1
H Q M 0 Idmf'r‘ ’ Q 0 Idz—r M
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Then with

gz(z,u) = |:O'p(AQZ+BU—|—b) +T1+c’1] |

¢
we get

Qpg,(n, QT x,u) = py(n, x,u).
Finally, let

el 0t
O —r)x (p+da—r) O, —r)xdy
| b ] 2| Ta
b= |:Odm—r:| “T [6'2 —04,-(0)
and define the maps y:RPT"T 5 R and

B :Rée — RPtda—7 g

W2) 1= Q=+ 0), Ble) = Q*w—c.
Then with d, := p+ d, — r and
h(z,u) := 04 (Az + Bu+ b + A¢)
we get
V(pn(n, B(x), 1)) = pg(n, z, ),
so that h € 917 ; and

H’Y(Ph(n7 ﬂ(l‘), u)) - pf(n> Z, u)” <e
forall z € K;, u € S(K,) and n = 0,..., N, as desired.
Note also that v and S have the desired properties. ]
VI. PROOF OF THEOREM 1

We begin with some intuition on the definition of W in (10)
and the stated assumptions. Let ¢ € H and let 3, h, vy be the
corresponding networks as in (9). Assume for the moment that
v = B = idga, . In the first control period, i.e., for 0 < 7 <1
it holds that

@(TAVT’UUJ) - @(TA,CC,UUJ)
=®(r,z,w) — [(1 = 7)x + 7h(7, z,w)]
— T(h(T,x,w) — [x + 77 H®(1, 2, w) — x)])
= T(h(’l',x,w) - \P(Tvxaw))'
Furthermore, note that ®(1,z,w) = ¥(1,z,w), so if we

replace ® by W in (5) we get the same result, provided we
interpolate the final state, that is,

o(t,z,u) = (13, gy, wg,) = (1 — 7)ag, + 7V (72, Thp , Wk, )-

This motivates the idea that we should approximate the dis-
crete dynamical system obtained by iterating U:

Trr1 = V(Th, Tp, W), k> 0.
Using the recursion map notation, we can equivalently write
ry = pw(k, o, (Tk, k)=o)

By Theorem 2, there exists a network h € ‘)?27@ and affine
maps -, 8 such that

17 (pn (1, B(2), (T wi))) = pu(n, @, (Th, wi))[| <& (13)

for n=0,..., kr+1 and any ze€K, and
(ti,wr) € S([0,1] x K,). Let ¢ € H be defined by
these three networks according to (9), and recall that
vy o =idgd,.

Fix x € K,, v € U(K,) and ¢ € [0,T]. Let (wg) be a
sequence parameterising the control v and define

29 = B(x)
Z+1 = h(1, 2z, wg), 0 <k <k
2k, +1 = h(Te, 21, WE, )-
Then, as before
Zn = pr(n, B(x), (t,wi)), 0 < < ky +1
(recall the definition of (t}) in (8)). It follows from (13) that
(kA z,u) = y(z)| <e
for k=0,...,k and with z, := p(k:A, z, u)
19 (7, @k, , w, ) — Y(zRe41) || <€
Write
o(t,z,u) — 4(t, z,u)
=tz u) = y((1 — 7¢) 2k, + Te2k,+1)
= O(1y, xp,, wi, ) — V(1 — T¢) 2k, + Te2k,41)
=xk, + 7t (U (7%, Thp, Wk, ) — Tk, )
= (1= 7e)zk, + Te2k,41)
=(1—m)ag, + 1tV (7%, g, , Wk, )
= (1 =7)y(zk,) — 7y (2he41)
= (1= 7) (@, —v(zk,)) + 7 (Y72, Tk, w,) — V(2o 41))-
If ¢ < A then k; = 0, so that
ot x,u) — Gt z,u)
= (1 = 7)(@ —(20)) + 7e(¥(7¢, 2, w0) — V(21))
(1 =7)(@—~(B(®))) + (¥ (7, 2, wo) — ¥(21))
= Tt(\ll<7—tvx’w0) - ’7(21))’

and thus
H‘P(t,m’u) - @(taxau)H = TtH\Ij(Tta x,wo) - 7(20)||
<er <e.

For t > A, we have
lp(t, z,u) — @t 2, u)|| < (1 —7)llzk, —v(2k,)l

+ Tt”‘IJ(Tt?mkt?wkt) - W(Zkﬂrl)”
<eg,

and the proof is complete.

VII. FLOWS OF DIFFERENTIAL EQUATIONS

In this section, we consider the class of flows ¢ arising from
a controlled Ordinary Differential Equation (ODE) of the form

£(t) = f(E(D),u(t), £(0) = .

If the function f : X x R% — R% is sufficiently regular, the
flow of such a system is well-defined for all Borel measurable

(14)
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and essentially bounded controls [23], and satisfies the ODE
in the following sense:

¢
o(t,z,u) =z +/ fle(s,z,u),u(s))ds, t € Rsg. (15)
0

In particular, if f is continuous and the control u is right-
continuous at time s > 0, then it holds that

d
& :f((p(S,LU,U)7U(S)>
We now show that the assumptions in Theorem 1 are

satisfied in this case under mild conditions on the input
parameterisation « and the right-hand side f of the ODE.

o(t,z,u) (16)

t=s

Lemma 1. Assume that the functions f in (14) in and « in (3)
satisfy the following conditions
I) The function o is measurable, and for each w € R%
the function o(w,-) is bounded on [0,1] and right-
continuous at t = 0. Furthermore, the family of func-
tions {a(-,t): R% — R¥ : ¢ €[0,1)} is equicontinu-
ous, i.e., if w, — w then for any € > 0 there exists
N € Z>¢ such that for all t € [0,1) and n > N it holds
that ||a(wn,t) — a(w, t)]| < e.

II) The function fis continuously differentiable in (x,u), and
solutions to (14) exist in the sense of (15) for t € R,
for all x € X and all measurable and essentially
bounded controls u : R>g — R%,

Then the flow ¢ associated to the ODE (14) satisfies the
assumptions of Theorem 1.

Recalling the definition of w,, in Theorem 1, Assumption I
implies that u,, is continuous from the right at ¢ = 0 and that
Uy, — U, uniformly when w, — w.

Assumption II above is sometimes referred to as forward
completeness of (14). There is no single condition on f that
can guarantee forward completeness; examples of possible
conditions are discussed in [23], [26]. It implies the existence
of ¢ satisfying (15) for all ¢ > 0, and that U can be chosen
to be the set of all measurable essentially bounded functions
u: Ry — R,

Proof. First, we show that Assumption 1 in Theorem 1 holds.
Let K, C R% be a compact set, and let u € U(K,,) be param-
eterised by the sequence (wy). Let ay, := sup,¢(o 1) [lov(wr, 1) |-
Suppose (ay) is unbounded, and pick a subsequence (ag;)
such that lim; ,, ar; = oo. By compactness, there is a
subsequence (wk/) of (wg,;) with lim; ,cwpr = w € K.
Then, by equlcontmulty we have that for j lange enough

ot B]| < 1+ llatw,B)l1, ¢ < [0,1),

which implies that (akg) is bounded, a contradiction. Hence
ai is bounded, and so w is bounded. Since « is measurable,
so is u, and thus v € U, as desired.

We now show that Assumption 2 in Theorem 1 holds. Since
o is right-continuous at ¢t = 0, (16) gives

and hence & is differentiable from the right at 7 = 0, as
desired.

Finally, we show that Assumption 3 in Theorem 1 holds. Let
Uo(r,x,w) = U(1, z,w)—2x. We will show that the differential
of ¥, with respect to = is continuous, and thus bounded on
compact sets, from which it follows that Wy (and thus W)
is locally Lipschitz. The remainder of the proof requires a
few additional properties of the flow ¢ which we state in the
following sublemmata.

Sublemma 1. Let (w,) C R% and (x,) C X be such that
wp, = w and x, — x € X. Then p(t, Tp, Uy, ) — @(t, x,uy,)
uniformly in t € [0, A].

Proof. See Sontag [23], Theorem 1. |

Sublemma 2. The flow ¢ is differentiable with respect to the
initial condition x and and its differential with respect to x,
D, satisfies

for all & € R"™, where )\, is the solution of the linear
boundary value problem

Aeu(5:€) = Do f(@(s, 2,u),u(s))A(s;€) an
Az (0;8) = €.
Equivalently, Dyp(t,x,u) = Ay (t) where A, ,, is the state

transition matrix associated to the linear system (17).
Proof. See Sontag [23], Theorem 1. |

We also need the following result on the continuity of
solutions of linear ODEs with respect to the coefficient matrix.

Sublemma 3. Let x,z : [t1,t2] — R% satisfy

a(t) = A(t)z(t

)
=B S
d
o

with A, B : [t,ts] — R%* measurable and essentially
bounded. Then, with d(t) = x(t) — z(t) and D(t) := A(t) —
B(1),

t . s
nawé(wmm+ZHMmeﬂdeﬂ“”d
' (18)
for t e [tl,tg}.

Proof. Write

d(t) = d(t1) +/ [B(s)d(s) + (A(s) — B(s))z(s)] ds,

ty

so that

t t
d d IId(t)\ISI\d(t1)||+/ 1B(s)ll Hd(S)HdS+/ D) N1z (s)]l ds,
e . O(71,2,w) o TZO@(AT,w,uw) " "
= f(0(0, 2, uy), us(0))A = f(z, a(w,0)A and Gronwall’s inequality gives the desired result. |
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We shall use the bound (18) to show that A, ,  is con-
tinuous with respect to (z,w). To this end, let z,, — x and
wy, — w and, for ¢ € [0, A], set

A(t) =Dz f(p(t, z, uw), uw(t)),
By (t) =D f(p(t, 2, U, ), U, (1))
By continuity of ¢ and «, there exist compact sets K/, and K,
such that p(t, T, uy,), (¢, Tn, U, ) € K. and uy,(t), uy, (t) €
K holds for all n and ¢ € [0, A]. Let
F :=sup{||D.f(z,u)] : ue K.}

We have F < oo, by continuity of D, f, and |B(s)|| < F
for s € [0, A]. Sublemma 3 applied on the interval [0,¢] now
gives

19)
(20)

z € K., 21

||)\T U té)i T, Uwy, tf ||
<etF/ 1A(s) = Bu(8)[| [ Aa.u, (51 )] ds
<o sup [Aea ()] < / 14(s) >|ds) el
SE[OA
so that

HAz,uw (t) - :rn,uwn ’

(22)

< et sup

|
Il [ 146
SG[O,A]
for each ¢. By continuity of D, f and the uniform convergence
of o(t, Tn,uy, ) and u,, , B, converges uniformly to A, and
thus Ay, u,, — Az, uniformly on [0, A].
Returning to our original goal, for 7 > 0 we have

n(s)]lds

xuw

D, Vo(r,z,w) =71
=7 Y Dpp(TA, z,u,,) — 1)

(D ®(7,z,w) — I)
=7 YA, (TA) = 1)

Due to the continuity of A;,,, DV, is continuous in
(r,z,w) for 7 > 0.
For 7 = 0 we have D, ¥(0,z,w) = AD, f(x,u,(0)). If

Tn — 0 with 7, > 0, z,, — « and w,, — w then

Dx\I’O(Q x, (JJ) - Dx\I’O(Tm Tns (U)
= AD, f(z,u,(0)) — 7, (Azmuw” (TnA) — I)
= AD, f(z,u,(0)) — 7, I(Az,uw (TnA) — 1)
+ Trjl(Ax,uw (TnA) — Axn,uw" (TnA)).
The first term of the last equality goes to zero, hence we are
left to investigate the second term. With A, B,,, F' defined in
(19)-(21), from (22) we find

170 (Awu, (Tn D) = g s, (Ta )]

n

and 7, (Ag u, (ThA) —

desired.

Awn,uwn (tnA)) — 0 as n — oo, as

]
VIII. NUMERICAL EXAMPLE

We illustrate the use of the proposed architecture for learn-
ing the flow map of a FitzHugh-Nagumo oscillator whose
dynamics are given by

iy (t) = 21 (t) — 1(t)° — w2 (t) + u(t)
nyxe(t) = x1(t) + a — bxa(t),
where 77 = 1/50, v = 40, a = 0.3, b = 1.4. The control u is
piecewise constant (i.e. a(w,t) = w) with A = 0.2.

We generate data consisting of N = 300 trajectories of (23)
on t € [0,20] with z™(0) "~ Ny N(0,I) and each input u”
is parameterised as in (3) by a sequence (wy) distributed as
follows:

(23)

=log(0.2),0 = 0.5),

Wjtaok = Waok, J=1,...,39

W40k i LogNormal(p

for k € Z>o. In other words, the inputs u" are square
waves with a period of 8 time units and the amplitude at
each period is sampled from a log-normal distribution. The
dynamics (23) are integrated using a Backward Differentiation
Formula method and for each trajectory K = 300 trajectory
values & = @(t}, 2", u") + e} are sampled, where e} is
Gaussian measurement noise with standard deviation equal to
0.05.

0 5 10 15 2 2%
t

Fig. 1. Real (blue, dashed) and model (black) trajectories of the FitzHugh-
Nagumo system (23) with the test input u.

We train a network defined according to our architecture,

AR A where h is a single-layer long short-term memory recurrent
e tes[lépA] [A,u, @] 7/ [A(®) = Ba ()] dt. network with 32 hidden states, and ~,3 are feedforward
. ’ networks with 3 hidden layers with 32 nodes in each layer.
Pick ¢>0, and let n be large enough that Tpe training is done by minimising the mean squared error
[lA(t) — Bn(t)|| < e for ¢t € [0, Al, so that loss
_ 2
7 A () = Ay, (7] < (Aem“ sup |Ax,uw<t>||>s Z ZH% Pt ut)| 24)
te[0,A] n=1 =
2326
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using the Adam gradient descent algorithm. Due to space
constraints we refer the reader to [22] for more details on
the training procedure.

In Figure 1 the real state and predicted state trajectories
for an input v and initial condition not in the training data
set are plotted. The region shaded in grey indicates the times
at which the applied input induces the excitable behaviour of
the FitzHugh-Nagumo model [27], which is captured by the
learned flow model.

IX. CONCLUSIONS

We have shown that the RNN-based architecture described
in this paper is a universal approximator of flow functions of
dynamical systems with control inputs. The required assump-
tions were shown to hold in the important case of flows of
control systems described by ODEs. The parameterisation of
control inputs, from which the discrete structure of the flow
emerges, plays a critical role in the architecture. In effect, our
method reflects the fact that continuous-time systems are most
common in practice, while the control signals typically arise
from discrete-time computation.

A number of avenues for expanding our results are in
sight. We have used one particular way of approximating the
discrete-time system representing the flow function, namely
RNNs. Other sequence models could be applied instead to
create variations on our architecture. An interesting direction
would be to impose stability conditions on the flow which
enables the approximation to hold for unbounded times, as
is done in [8] for continuous-time RNNs. Estimates on the
number of parameters needed to achieve a given approximation
quality would also be of interest. Finally, when training learn-
ing models in practice the mean squared loss (24) computed
on a finite number of trajectory samples is minimised, which
motivates an analysis of the sample complexity of learning the
flow function.
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