
R

S
s
M
H
a

b

c

d

e

f

g

h

A

K
D
D
G
C
C

C

e
k

h
R

Annual Reviews in Control 59 (2025) 100983 

A
1

Contents lists available at ScienceDirect

Annual Reviews in Control

journal homepage: www.elsevier.com/locate/arcontrol

eview article

urvey of distributed algorithms for resource allocation over multi-agent
ystems
ohammadreza Doostmohammadian a,∗, Alireza Aghasi b, Mohammad Pirani c, Ehsan Nekouei d,
ouman Zarrabi e, Reza Keypour f, Apostolos I. Rikos g, Karl H. Johansson h

Faculty of Mechanical Engineering, Semnan University, Semnan, Iran
Department of Electrical Engineering and Computer Science, Oregon State University, USA
Department of Mechanical Engineering, University of Ottawa, Ottawa, ON, Canada
City University of Hong Kong, Hong Kong
Iran Telecom Research Center (ITRC), Tehran, Iran
Faculty of Electrical Engineering, Semnan University, Semnan, Iran
Artificial Intelligence Thrust of the Information Hub, Hong Kong University of Science and Technology (Guangzhou), China
Division of Decision and Control Systems, KTH Royal Institute of Technology, Sweden

 R T I C L E I N F O

eywords:
istributed coupling-constrained optimization
istributed resource allocation
raph theory
onsensus
onvex analysis

A B S T R A C T

Resource allocation and scheduling in multi-agent systems present challenges due to complex interactions and
decentralization. This survey paper provides a comprehensive analysis of distributed algorithms for addressing
the distributed resource allocation (DRA) problem over multi-agent systems. It covers a significant area of
research at the intersection of optimization, multi-agent systems, and distributed consensus-based computing.
The paper begins by presenting a mathematical formulation of the DRA problem, establishing a solid foundation
for further exploration. Real-world applications of DRA in various domains are examined to underscore the
importance of efficient resource allocation, and relevant distributed optimization formulations are presented.
The survey then delves into existing solutions for DRA, encompassing linear, nonlinear, primal-based, and
dual-formulation-based approaches. Furthermore, this paper evaluates the features and properties of DRA
algorithms, addressing key aspects such as feasibility, convergence rate, and network reliability. The analysis
of mathematical foundations, diverse applications, existing solutions, and algorithmic properties contributes
to a broader comprehension of the challenges and potential solutions for this domain.

ontents

1. Introduction ...................................................................................................................................................................................................... 2
2. The DRA problem .............................................................................................................................................................................................. 4

2.1. Motivational example ............................................................................................................................................................................. 4
2.2. Mathematical formulation ....................................................................................................................................................................... 4

3. Preliminaries ..................................................................................................................................................................................................... 5
3.1. Lipschitz continuity, smoothness, and convexity for distributed optimization............................................................................................... 5
3.2. Algebraic graph theory ........................................................................................................................................................................... 6
3.3. Consensus and coordination algorithms .................................................................................................................................................... 6

4. Distributed resource allocation algorithms ........................................................................................................................................................... 7
4.1. General algorithms ................................................................................................................................................................................. 7

4.1.1. Laplacian gradient solutions to the primal-formulation ................................................................................................................ 7
4.1.2. Dual-formulation gradient tracking solutions .............................................................................................................................. 8
4.1.3. Dual-formulation ADMM-based solutions .................................................................................................................................... 8

4.2. Problem-specific solutions ....................................................................................................................................................................... 9

∗ Corresponding author.
E-mail addresses: doost@semnan.ac.ir (M. Doostmohammadian), alireza.aghasi@oregonstate.edu (A. Aghasi), mpirani@uottawa.ca (M. Pirani),

nekouei@cityu.edu.hk (E. Nekouei), h.zarrabi@itrc.ac.ir (H. Zarrabi), rkeypour@semnan.ac.ir (R. Keypour), apostolosr@hkust-gz.edu.cn (A.I. Rikos),
allej@kth.se (K.H. Johansson).
ttps://doi.org/10.1016/j.arcontrol.2024.100983
eceived 22 January 2024; Received in revised form 7 August 2024; Accepted 18 November 2024
vailable online 29 November 2024 
367-5788/© 2024 Elsevier Ltd. All rights are reserved, including those for text and data mining, AI training, and similar technologies. 

https://www.elsevier.com/locate/arcontrol
https://www.elsevier.com/locate/arcontrol
mailto:doost@semnan.ac.ir
mailto:alireza.aghasi@oregonstate.edu
mailto:mpirani@uottawa.ca
mailto:enekouei@cityu.edu.hk
mailto:h.zarrabi@itrc.ac.ir
mailto:rkeypour@semnan.ac.ir
mailto:apostolosr@hkust-gz.edu.cn
mailto:kallej@kth.se
https://doi.org/10.1016/j.arcontrol.2024.100983
https://doi.org/10.1016/j.arcontrol.2024.100983
http://crossmark.crossref.org/dialog/?doi=10.1016/j.arcontrol.2024.100983&domain=pdf


M. Doostmohammadian et al.

t

s
n
h
n
B
c
F
d

m

d
a

e

e

Annual Reviews in Control 59 (2025) 100983 
4.3. Machine-learning-based solutions............................................................................................................................................................. 9
4.4. Convergence rate.................................................................................................................................................................................... 10
4.5. Summary of key points ........................................................................................................................................................................... 10

5. Main features and properties .............................................................................................................................................................................. 11
5.1. Anytime feasibility ................................................................................................................................................................................. 11
5.2. Network reliability ................................................................................................................................................................................. 11

5.2.1. Networks subject to connectivity considerations.......................................................................................................................... 11
5.2.2. Networks subject to time-delays ................................................................................................................................................ 12
5.2.3. Networks subject to packet drops .............................................................................................................................................. 12

5.3. Summary of key points ........................................................................................................................................................................... 12
6. Applications of DRA ......................................................................................................................................................................................... 12

6.1. Distributed energy resource management over smart grids......................................................................................................................... 13
6.2. Distributed CPU scheduling and task allocation over data centers............................................................................................................... 13
6.3. Distributed automatic generation control.................................................................................................................................................. 14
6.4. Distributed PEV optimal charging schedule............................................................................................................................................... 15
6.5. Distributed network utility maximization.................................................................................................................................................. 16
6.6. Other applications .................................................................................................................................................................................. 16

6.6.1. Multi-robot coordination systems for coverage ............................................................................................................................ 16
6.6.2. Transportation and logistics ...................................................................................................................................................... 16
6.6.3. Spreading processes and control of epidemic disease ................................................................................................................... 16

7. Conclusion and future directions ......................................................................................................................................................................... 16
Declaration of competing interest ........................................................................................................................................................................ 17
Data availability ................................................................................................................................................................................................ 17
References......................................................................................................................................................................................................... 17
B

t

m
k

1. Introduction

In today’s technological landscape, decentralized architectures are
on the rise. Distributed algorithms are gaining increasing importance,
hanks to their compatibility with various distributed platforms like the

Internet of Things (IoT), cloud-based computing, and parallel proces-
ors. Many real-world systems, such as computer networks, peer-to-peer
etworks, cloud computing environments, and blockchain networks, in-
erently operate distributedly. Distributed algorithms serve as the cor-
erstone for designing efficient and scalable solutions in these systems.
y studying and developing these algorithms, we can address practical
hallenges, enhance system performance, and improve functionality.
urthermore, distributed algorithms offer fault-tolerant solutions by
istributing workload and data across multiple nodes/agents,1 mitigat-

ing the single-point-of-failure issue. In the event of a node failure or
alfunction, the system can properly redistribute tasks to the remain-

ing nodes, ensuring continued operation. This fault-tolerance property
ensures that the system remains operational and resilient in the face of
failures, leading to increased reliability and availability (Dibaji et al.,
2019). Large-scale applications range from distributed estimation and
monitoring of dynamical systems (Doostmohammadian & Khan, 2013;
Kar & Moura, 2013; Park & Martins, 2012), distributed coordination
among robots for cooperative tasks (Jadbabaie, Lin, & Morse, 2003),
fault-detection in dynamical systems (Pasqualetti, Dorfler, & Bullo,
2013) to more recent optimization, machine learning and distributed
ata-mining solutions (Khan, Bajwa, Nedić, Rabbat, & Sayed, 2020)
nd power flow optimization in smart grids (Cherukuri & Cortés, 2015;

Hadjicostis & Charalambous, 2011; Molzahn et al., 2017; Yang, Tan, &
Xu, 2013).

As a motivating example consider a micro-grid with a sustainable
nergy system by integrating distributed energy resources, see Fig. 1.

This grid consists of various energy resources, including solar pan-
ls, wind turbines, battery storage systems, and PEV (plug-in electric

vehicle) charging stations. The goal is to optimize the use of these
resources to ensure reliable energy supply, minimize costs, and reduce
carbon emissions. The main challenge is how to locally manage the
distributed energy resources available in the grid to meet the flexible
demand while optimizing costs in a large-scale scenario. First, real-time

1 In this paper, we use (computing) node and agent interchangeably.
2 
data is collected from all energy generation resources, energy consump-
tion patterns, weather forecasts, and market prices to model the cost
objective and resource-demand balance (Köhler, Müller, Li, & Allgöwer,
2017). Then, a distributed economic dispatch algorithm is employed to
determine the optimal generation and consumption schedule for each
resource with no need for a centralized coordinator (Wen, Yu, & Liu,
2021). This is by considering local generation capacity, the capability
of battery systems to store excess energy, and the demand response.
An optimal solution is determined from collaborative decision-making
among all the elements in the energy ecosystem in a localized approach.

enefitting from locally-defined learning and optimization techniques,
the grid continuously improves its economic dispatch strategies as it
learns from consumption patterns and green energy generation. Other
han distributed energy resource management, there are many other ap-

plications of distributed resource allocation (DRA) including distributed
CPU scheduling and task allocation, distributed automatic generation
control, distributed PEV optimal charging schedule, and distributed
network utility maximization. In all these applications the goal is to
optimally assign the resources to reduce the cost (or to maximize the
utility) in a distributed scheme and with localized decision-making.
Detailed discussions on these motivating applications and more similar
problems are provided in Section 6.

DRA algorithms are designed to efficiently distribute limited re-
sources among multiple entities or agents in a distributed manner.
These algorithms aim to optimize the allocation process by considering
factors such as fairness (cost-optimality), efficiency, and scalability. The

otivation behind these algorithms can be understood through several
ey aspects:

• Scalability: In many real-world scenarios, there are large-scale
systems with numerous entities competing for limited resources.
Centralized approaches may struggle to handle the computational
and communication overhead to the central processor required
to manage such systems. DRA algorithms address this challenge
by allowing entities to make local decisions based on limited
information, thus enabling scalable resource allocation in large
networks (Pelikan, Sastry, & Cantú-Paz, 2006).

• Efficiency: Efficient utilization of resources is crucial to maximiz-
ing the overall system performance. By distributing the decision-
making process across multiple entities, distributed algorithms
can exploit local knowledge and adapt to dynamic conditions,



M. Doostmohammadian et al. Annual Reviews in Control 59 (2025) 100983 
Fig. 1. Distributed energy resource management and economic dispatch in a smart grid with various types of electrical energy generators, storage systems, and consumers: The
goal is to optimize the energy cost and manage the power flow among different entities of the smart grid network by locally exchanging information among these entities.
leading to more efficient resource allocation (Vinyals, Rodriguez-
Aguilar, & Cerquides, 2011). By using multiple nodes, distributed
algorithms can make better use of available resources, as each
node can leverage its local resources more efficiently. Further-
more, distributed algorithms can facilitate decentralization and
parallelizability, which is more efficient in scenarios where a cen-
tral point of control may not be practical, cost-effective, or desir-
able, and tasks can be divided into smaller independent subtasks
and processed in parallel. Examples include peer-to-peer networks
and block-chain systems (Ramseyer, Goel, & Mazières, 2023).

• Flexibility and Adaptability: DRA algorithms are designed to be
flexible and adaptable to changing environments without the
intervention of a centralized entity. They can locally respond to
fluctuations in resource availability or changes in agent require-
ments by dynamically reallocating resources (Skobelev, 2015).
This adaptability is particularly valuable in dynamic and unpre-
dictable systems, where the allocation requirements may vary
over time.

• Fault-tolerance and Robustness: Distributed systems are often prone
to failures or disruptions due to the distributed nature of the
environment (Kuwaranancharoen, Xin, & Sundaram, 2020; Pirani
et al., 2018). DRA algorithms can be designed to be fault-tolerant
and robust, allowing them to continue functioning even in the
presence of failures or network partitions. These algorithms may
incorporate redundancy, consensus mechanisms, or recovery
strategies to ensure reliable resource allocation.

• Privacy and Security: In certain scenarios, entities may have pri-
vacy concerns or security requirements that limit the sharing of
sensitive information (Mo & Murray, 2016; Nekouei, Tanaka,
Skoglund, & Johansson, 2019; Pequito, Kar, Sundaram, & Aguiar,
2014; Rikos, Charalambous, Johansson, & Hadjicostis, 2020;
Ruan, Gao, & Wang, 2019). DRA algorithms can accommodate
such constraints by allowing agents to make local decisions
based on their private information or a limited set of shared
information. The distributed approach reduces the exposure of
sensitive data and enhances the security and privacy of the
resource allocation process.

The above-mentioned motivational aspects behind DRA algorithms
lie in their ability to address the challenges posed by large-scale, dy-
namic, and decentralized systems. By adopting local decision-making,
adaptability, and feasibility considerations these algorithms achieve ef-
ficient and effective resource allocation in a distributed manner. These
3 
considerations further motivate many use-cases of DRA algorithms in-
cluding wireless communication networks (Akyildiz, Su, Sankarasubra-
maniam, & Cayirci, 2002; Heinzelman, Chandrakasan, & Balakrishnan,
2000), distributed and cloud computing (Vlahakis, Athanasopoulos, &
McLoone, 2021), traffic management (Baldacci, Mingozzi, & Roberti,
2012; Gao & Niu, 2021; Taillard, Laporte, & Gendreau, 1996), power
distribution and energy management (Boqiang & Chuanwen, 2009),
task assignment in multi-agent systems (Sayyaadi & Moarref, 2011),
radio resource management in cellular networks (Zander, 1997), dis-
tributed sensor networks (Lesser, Ortiz, & Tambe, 2003), supply chain
management (Malairajan, Ganesh, Muhos, & Anbuudayasankar, 2013),
etc.

This work provides a comprehensive overview of the field of DRA
and scheduling over multi-agent systems and contributes to the un-
derstanding of challenges, existing solutions, and properties of such
algorithms. First and foremost, to lay a solid foundation for the sub-
sequent analysis, a mathematical formulation of the DRA problem is
presented. This formulation captures the essence of resource allocation
challenges in multi-agent systems and enables a rigorous examina-
tion of potential solutions. By defining the problem in mathematical
terms, along with extensive preliminaries on graph theory, consensus
algorithms, and convex set analysis, our paper sets the stage for a
systematic exploration of applicable distributed algorithms. Further-
more, it provides a comprehensive and up-to-date survey of the various
distributed optimization techniques utilized to address the challenges
posed by coupling equality constraints in multi-agent systems. Further-
more, this survey explores existing solutions and applications for the
DRA problem, focusing on smart grid (automatic generation control
and economic dispatch), CPU scheduling over networked data centres,
plug-in electric vehicle (PEV) charging schedules, and network utility
maximization (NUM). Additionally, both LG-based solutions to the
primal formulation and dual-formulation-based solutions are presented.
A comprehensive comparative analysis is conducted, highlighting the
strengths, limitations, and applicability of each algorithm to different
scenarios. This examination not only presents the state-of-the-art in
DRA but also identifies the key algorithmic techniques and princi-
ples employed in these solutions. Furthermore, the paper evaluates
the main features and properties of the DRA algorithms: feasibility,
convergence, and network reliability. Feasibility analysis assesses the
algorithms’ ability to satisfy the resource-demand coupling-constraint
in all iterations. Convergence analysis examines how quickly these
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algorithms converge to optimal or near-optimal solutions. Network re-
liability considerations address the robustness of algorithms in the face
of communication failures, dynamic changes in the network, latency,
nd packet drops.

As compared to the existing literature focusing solely on distributed
ptimization (Molzahn et al., 2017; Nedić & Liu, 2018; Yang, Xu, Li, Liu
nd Huang, 2019), this work is more devoted to specifically highlight-
ng applications and formulations of the DRA algorithms. While both
ypes of algorithms operate in a distributed manner, general distributed
ptimization algorithms focus on solving global optimization problems,
nd DRA algorithms concentrate on efficiently allocating shared re-
ources among multiple nodes. The choice between the two depends
n the specific requirements and objectives of the distributed system in
uestion. DRA algorithms are primarily concerned with dividing and
llocating resources efficiently among multiple nodes in a distributed
ystem with the help of constrained optimization algorithms. The re-
ources could include bandwidth, computing power, storage, or any

other shared resource. The goal is to ensure optimal distribution or
utilization and preserve constraint-feasibility among the nodes. There-
fore, applications of the DRA algorithms are often different from those
of distributed optimization. In contrast to mainly machine learning ap-
lications of distributed optimization in the literature, the DRA mainly

focuses on computer networks, cloud computing environments, wire-
less communication systems, smart grid and energy networks where
fficient resource allocation is essential for maintaining system stability
nd performance.

By presenting a comprehensive analysis of distributed algorithms
or resource allocation and scheduling over multi-agent systems, this
urvey paper contributes to a deeper understanding of the field. The
xploration of mathematical foundations, real-world applications, exist-
ng solutions, and algorithmic properties serves as a valuable resource
or researchers, practitioners, and system designers seeking to optimize
esource allocation in decentralized settings. Our key contributions can
e summarized as follows:

• We clearly describe the problem of resource allocation and
scheduling in multi-agent systems and present its formal math-
ematical framework.

• We discuss various real-world applications of resource allocation
and scheduling in large-scale distributed setups and networked
systems.

• We survey state-of-the-art solutions for distributed resource allo-
cation, including linear, nonlinear, primal-based, dual-
formulation-based, and machine-learning-based approaches.

• We analyse different features and properties of the existing algo-
rithms in terms of constraint-feasibility, convergence, convexity
requirements, and network reliability.

Paper Outline: Section 2 states the DRA problem in mathematical
form and Section 3 provides the preliminaries and background. Sec-
tion 4 discusses different existing distributed solutions to the DRA
problem and in Section 5 the main features and properties of these
olutions are discussed. Section 6 presents real-world applications.

Finally, Section 7 concludes the paper with some future directions.
General Notation: The column vectors, scalars, and matrices are

respectively represented by bold small letters, small letters, and capital
letters. 𝜕 𝑓𝑖 and 𝜕2𝑓𝑖 denote the first derivative 𝑑 𝑓𝑖(𝑥𝑖)

𝑑 𝑥𝑖 and second deriva-

tive 𝑑2𝑓𝑖(𝑥𝑖)
𝑑 𝑥2𝑖 , respectively. ∇𝐹 (⋅) denotes the gradient of 𝐹 (⋅). Vectors 𝟏𝑛,

𝑛 denote column vector of ones and zeros of size 𝑛.

2. The DRA problem

2.1. Motivational example

Consider a network of renewable energy sources, such as wind
turbines and solar panels, scattered across a vast landscape. These
 t

4 
sources generate clean, green energy, but their output is inherently
intermittent and dependent on weather conditions. To maximize the
utilization of these resources and ensure a reliable energy supply, a
robust and adaptive resource allocation system is crucial. Traditional
power grids that rely on centralized decision-making struggle to ef-
ficiently integrate renewable energy sources. Grid operators had to
predict energy generation, allocate resources based on these predic-
tions, and often relied on fossil fuel backup when renewable sources fell
short, resulting in wasted energy and increased greenhouse gas emis-
ions. Distributed resource allocation, on the other hand, introduces
 game-changing approach. Each renewable energy source, equipped
ith sensors and intelligent control systems, can autonomously adjust

ts output in response to real-time weather data and energy demand.
hen one area experiences a sudden increase in energy demand due to,

or example, an unexpected heatwave, nearby solar panels can increase
heir energy production, while wind turbines in windy regions can scale
ack during low wind forces. This distributed decision-making ensures
hat energy is generated where it is needed most and minimizes energy
oss during transmission. Furthermore, the surplus energy generated
uring optimal conditions can be properly redistributed to areas with
igher demand, enhancing grid resilience and reducing the need for
ackup power sources. Other advantages include scalability and not
elying on single point of failure. Scalability implies that the algorithm
s able to keep its efficiency when the system size and workload
row. No single point of failure implies that in case of losing one (or
ore) node/agent the rest of the networked system keeps working and
erforms its intended tasks (by relying on node redundancy).

Potential applications of the DRA extend beyond energy grids to
various domains, including the allocation of computing resources in
large-scale data centres, transportation systems, and communication
networks. Such motivating applications are discussed in detail in Sec-
ion 6.

2.2. Mathematical formulation

In DRA, the idea is to update the state of some agents 𝑧𝑖 over a
etwork to minimize their cost function (or certain loss function), while
he weighted sum of states is constant and equal to certain demand
. DRA in its most general form is modelled as an equality-constraint
oupled optimization problem as follows,

min
𝐳

𝐹 (𝐳) ∶=
𝑛
∑

𝑖=1
𝑓𝑖(𝑧𝑖)

s.t. 𝐳⊤𝐚 = 𝑏, 𝑧𝑖 ≤ 𝑧𝑖 ≤ 𝑧𝑖

(1)

with 𝑧𝑖 ∈ R as the state variable at agent 𝑖, column vector 𝐳 =
𝑧1; … ; 𝑧𝑛] ∈ R𝑛 as the collective vector state,2 and constraint parame-

ters 𝐚 = [𝑎1; … ; 𝑎𝑛] ∈ R𝑛 and 𝑏 ∈ R. The function 𝑓𝑖 ∶ R ↦ R denotes
he local objective at agent 𝑖, and the overall cost is 𝐹 ∶ R𝑛 ↦ R. The

box constraints 𝑧𝑖 ≤ 𝑧𝑖 ≤ 𝑧𝑖 are the local (non-coupling) constraints and
𝐳⊤𝐚 = 𝑏 is the coupling constraint.

Simplifying the problem described in (1), we employ a change of
variables by introducing 𝑥𝑖 ∶= 𝑧𝑖𝑎𝑖. This transformation allows us to
express the problem in a different standard form commonly found in
the existing literature. The simplified formulation of (1) is as follows:

min
𝐱

𝐹 (𝐱) =
𝑛
∑

𝑖=1
𝑓𝑖(𝑥𝑖)

s.t.
𝑛
∑

𝑖=1
𝑥𝑖 = 𝑏, 𝑥𝑖 ≤ 𝑥𝑖 ≤ 𝑥𝑖

(2)

2 The most general form of the problem extends to 𝐳𝑖 ∈ R𝑚 with 𝑚 > 1 as
in Doostmohammadian, Aghasi, Vrakopoulou and Charalambous (2022) and
Lakshmanan and De Farias (2008). For the sake of simplicity and clarity of
he problem formulation, here we assume 𝑚 = 1.
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with 𝑥𝑖 ∶= 𝑎𝑖𝑧𝑖, 𝑥𝑖 ∶= 𝑎𝑖𝑧𝑖 for 𝑎𝑖 > 0 and reversed otherwise. The form
or the DRA problem presented in (2) is the main focus of our paper.

The formulation in (2) involves the minimization of a specific objective
unction, such as cost or loss, while ensuring a balance in resource de-
and through the equality constraint ∑𝑛

𝑖=1 𝑥𝑖 = 𝑏. In simpler terms, the
ptimal solution necessitates that the total resources, represented by
𝑛
𝑖=1 𝑥𝑖, align precisely with the overall demand 𝑏. The box constraints

𝑥𝑖 ≤ 𝑥𝑖 ≤ 𝑥𝑖 imply that the states are upper and lower bounded. This
s typically addressed by the barrier functions or penalty terms in the

objective function. In other words, one can approximate these local
constraints by additive penalty terms to local objective functions. Some
example penalty functions are given in the literature (Bertsekas, 1975;
Doostmohammadian, Aghasi, Vrakopoulou et al., 2022; Nesterov, 1998;
Wu, Magnusson, & Johansson, 2021). One well-known case of penalty
function is,
𝑓𝜎
𝑖 = 𝑐([𝑧𝑖 − 𝑧𝑖]+ + [𝑧𝑖 − 𝑧𝑖]+), (3)

with [𝑢]+ = max{𝑢, 0}𝜎 , 𝜎 ∈ N, and 𝑐 ∈ R+. One can show that
or sufficiently large 𝑐 the solutions of the penalized problem can get

arbitrarily close to the solution of the problem (2). The penalizing
erms (or barrier functions) are generally non-quadratic, see examples

in Doostmohammadian, Aghasi, Vrakopoulou et al. (2022) and Wu
et al. (2021).

Among the properties of the DRA solution, feasibility is a main
concern. Mathematically, we define the set 𝑏 = {𝐱 ∈ R𝑛

|𝐱⊤𝟏𝑛 = 𝑏}
or problem (2) (or ̃𝑏 = {𝐳 ∈ R𝑛

|𝐳⊤𝐚 = 𝑏} for problem (1)) as the
easible set and 𝐱 ∈ 𝑏 (or 𝐳 ∈ ̃𝑏) as the feasible solution. A feasible
olution guarantees that the resource-demand constraint (the coupling
onstraint) is satisfied and there is no gap between the assigned re-
ources and the demand. If a solution is all-time feasible, it is ensured
hat at any stopping time of the optimization algorithm, the constraints
old. Note that, under the local box constraints, feasible initialization
lgorithms are needed and are given, for example, in Cherukuri and
ortés (2015). The feasibility property is more discussed in Section 5.1.

3. Preliminaries

3.1. Lipschitz continuity, smoothness, and convexity for distributed opti-
mization

Different properties of the objective (or cost) function affect the
distributed solution proposed in the literature. The first one is on the
smoothness of the objective. The objective function 𝑓 ∶ R ↦ R is called
Lipschitz continuous if there is 𝐾𝑓 ∈ R such that for any 𝑥1, 𝑥2 ∈ R,

|𝑓 (𝑥1) − 𝑓 (𝑥2)| ≤ 𝐾𝑓 |𝑥1 − 𝑥2|. (4)

The smoothness follows the Lipschitz continuity of the function deriva-
ive. If the function is Lipschitz and smooth, typical derivative-based
or gradient-based) convergence analysis can be adopted. Otherwise,
he convergence analysis is based on non-smooth models (Cortes, 2008;

Doostmohammadian, Aghasi, Vrakopoulou et al., 2022).
For a convex function 𝑓 ∶ R ↦ R and for all 𝑥1, 𝑥2 ∈ R and 𝜅 ∈ (0, 1),

it holds that

𝑓 (𝜅 𝑥1 + (1 − 𝜅)𝑥2) ≤ 𝜅 𝑓 (𝑥1) + (1 − 𝜅)𝑓 (𝑥2). (5)

where the strict inequality holds for strictly convex functions. For a
mooth strictly convex function one can show that 𝜕2𝑓 (𝑥) > 0 for
𝑥 ∈ R (Bertsekas, Nedic, & Ozdaglar, 2001).

For convex objective functions, it is proved that the optimal solution
∗ = [𝑥∗1; … ; 𝑥∗𝑛] to problem (2) satisfies the following (Bertsekas et al.,

2001; Xiao & Boyd, 2006),

∇𝐹 (𝐱∗) = 𝜑∗𝟏𝑛, (6)

with 𝟏𝑛 representing the vector of all 1s, ∇𝐹 (𝐱∗) = [𝜕 𝑓1(𝐱∗1); … ;
𝜕 𝑓𝑛(𝐱∗𝑛 )] ∈ R𝑛, and 𝜑∗ ∈ R. This directly follows from the well-known
Karush-Kahn-Tucker (KKT) condition and the method of Lagrange
5 
multipliers. Similarly, it can be proved that for the solution to the
riginal problem (1) we have,

∇𝐹 (𝐳∗) = 𝜑̃∗𝐚. (7)

Given that the objective function in (1) and (2) is strictly convex, the
ptimal solution is unique. This is proved by another relevant concept

known as the level set analysis. For 𝐹 (𝐱) ∶ R𝑛 ↦ R, one can define
the level set 𝐿𝛾 (𝐹 ) for 𝛾 ∈ R is the set 𝐿𝛾 (𝐹 ) = {𝐱 ∈ R𝑛

|𝐹 (𝐱) ≤ 𝛾}.
Let assume 𝐹 (𝐱) is convex; then, all its level sets 𝐿𝛾 (𝐹 ) are also convex
∀𝛾 > 0 (Bertsekas et al., 2001). For two distinct points 𝐱1 and 𝐱2, let
𝐹 (𝐱1) > 𝐹 (𝐱2). For two associated level sets 𝐿𝛾1 (𝐹 ) and 𝐿𝛾2 (𝐹 ) with
1 = 𝐹 (𝐱1), 𝛾2 = 𝐹 (𝐱2) one can prove that Iouditski (2015),

∇𝐹 (𝐱1)⊤(𝐱2 − 𝐱1) ≥ 0. (8)

For strictly convex function 𝐹 , the strict inequality in (8) holds. It can
e proved that for every feasible set 𝐛 and with a strictly convex

function there is a unique solution 𝐱∗ ∈ 𝐛 that satisfies Eq. (6) (similar
statement holds for 𝐳∗ ∈ ̃𝑏 and Eq. (7)) (Doostmohammadian, Aghasi,

rakopoulou et al., 2022). This is because the level sets of 𝐹 (𝐱) are
trictly convex and implies that only one of its level sets say 𝐿𝛾 (𝐹 ), is
djacent to the constraint facet 𝐛, where the touching only happens at
ne point, say 𝐱∗. Since the level set is adjacent to the constraint at 𝐱∗,

the gradient ∇𝐹 (𝐱∗) is orthogonal to the constraint facet 𝐛 and follows
hat

∇𝐹 (𝐱∗) ∈ span(𝟏𝑛). (9)

Using contradiction, consider 𝐱∗1 and 𝐱∗2 in 𝐛 satisfying ∇𝐹 (𝐱∗1) = 𝛼1𝟏𝑛
nd ∇𝐹 (𝐱∗2) = 𝛼2𝟏𝑛. This can be interpreted in two ways: (i) we have
wo points for which 𝐿𝛾 (𝐹 ), 𝛾 = 𝐹 (𝐱∗1) = 𝐹 (𝐱∗2) touches the constraint
𝐛 which is an affine set. This contradicts the strict convexity of the

evel set 𝐿𝛾 (𝐹 ); (ii) the points are on the border of two level sets
𝛾1 (𝐹 ), 𝛾1 = 𝐹 (𝐱∗1) and 𝐿𝛾2 (𝐹 ), 𝛾2 = 𝐹 (𝐱∗2), which are both adjacent

o the same affine set 𝐛. Now, assume 𝐹 (𝐱∗2) > 𝐹 (𝐱∗1), and following
8) we have,

∇𝐹 (𝐱∗2)
⊤(𝐱∗1 − 𝐱∗2) > 0. (10)

However, since both 𝐱∗1 and 𝐱∗2 belong to 𝐛 we have 𝟏⊤𝑛 (𝐱
∗
1 − 𝐱∗2) = 0

with the level sets both adjacent to 𝐛 at both points. This implies
that ∇𝐹 (𝐱∗2)

⊤(𝐱∗1 − 𝐱∗2) = 0, which contradicts (10). Since both of the
mentioned cases (i) and (ii) contradict the properties of the strictly
convex level sets, this implies the uniqueness of 𝐱∗ ∈ 𝐛 satisfying
Eq. (6) for strictly convex objective functions.

It is typically assumed that the local objective functions 𝑓𝑖(𝑥𝑖) ∶ R ↦
, 𝑖 ∈ {1,… , 𝑛} satisfy 𝜕2𝑓𝑖(𝑥𝑖) > 0 in primal-based formulations and in
ual-based formulations only convex assumption is made (see Nedić &

Liu, 2018; Yang, Yi et al., 2019 and references therein).3 Note that the
enalty term 𝑓𝜎

𝑖 (for every node 𝑖) is Lipschitz continuous and smooth
for 𝜎 ∈ N≥2 and non-smooth for 𝜎 = 1. Therefore, in primal-based
formulations (as in the LG-based solution) it is common to consider
∈ N≥2.

Different assumptions on the convexity and smoothness of the ob-
ective function are discussed in the literature. LG-based solutions
mainly assume smooth and strictly (or strongly) convex functions. In
the case of non-smooth but locally Lipschitz objective functions, the
generalized gradient in the following form is used instead (Cortes,
2008; Doostmohammadian, Aghasi, Vrakopoulou et al., 2022),

𝜕 𝑓 (𝑥) = co{lim ∇𝑓 (𝑥𝑖) ∶ 𝑥𝑖 → 𝑥, 𝑥𝑖 ∉ 𝛺𝑓 ∪ 𝑆}, (11)

with co as the convex hull, 𝑆 ⊂ R as any set of zero Lebesgue measure,
and 𝛺𝑓 ∈ R denoting the non-differentiable set of points. If 𝑓 is
locally Lipschitz at 𝑥, then 𝜕 𝑓 (𝐱) is nonempty, compact, and convex,
and the set-valued map 𝜕 𝑓 ∶ R → {R} (with {R} as all subsets of
R), 𝐱 ↦ 𝜕 𝑓 (𝐱), is upper semi-continuous and locally bounded (Cortes,
2008).

3 Primal and dual formulations are later discussed in details in Section 4.
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3.2. Algebraic graph theory

The network of nodes/agents4 (or the multi-agent system) is typ-
cally modelled by a (directed) graph  = { , }, where the set of
inks (or edges)  denotes the interaction of different nodes/units  =
{1,… , 𝑛}. A directed link (𝑖, 𝑗) ∈  implies data transmission from node
𝑖 to node 𝑗. This also defines the neighbouring set of nodes, i.e., 𝑖
is a neighbour of 𝑗. In general, two neighbouring sets of nodes are
defined, the set of in-neighbours −

𝑗 = {𝑖|(𝑖, 𝑗) ∈ } and the set of
out-neighbours +

𝑗 = {𝑖|(𝑗 , 𝑖) ∈ }. The graph is associated with a
weight matrix 𝑊 (also referred to as the adjacency matrix). Each link
(𝑗 , 𝑖) ∈  is associated with the weight 𝑊𝑖𝑗 > 0 and the matrix 𝑊 ∶=
[𝑊𝑖𝑗 ] ∈ R𝑛×𝑛

≥0 . The zero-nonzero pattern of 𝑊 follows the topology of .
Define the associated Laplacian matrix 𝐿 = [𝐿𝑖𝑗 ] as,

𝐿𝑖𝑗 =

{

∑

𝑗∈−
𝑖
𝑊𝑖𝑗 , for 𝑖 = 𝑗 ,

−𝑊𝑖𝑗 , for 𝑖 ≠ 𝑗 . (12)

Following the definition, 𝟏⊤𝑛𝐿 = 𝟎𝑛 and 𝐿 has (at least) one zero
eigenvalue. More eigen-spectrum properties of the Laplacian matrix can
e found in Godsil and Royle (2001) and Olfati-Saber, Fax, and Murray

(2007).
There are various assumptions on graph connectivity in the litera-

ure. The network could be undirected (bidirectional links), directed
nd balanced, time-varying (switching), or uniformly connected (B-
onnected). Existing works in the literature also consider unbalanced
igraphs, e.g., see Zhang, You, and Cai (2020). Each case is defined
elow.

• Undirected and Symmetric: Every link in  is bidirectional
with symmetric weight matrix, i.e., 𝑊𝑖𝑗 = 𝑊𝑗 𝑖. This implies a
symmetric weight matrix 𝑊 and symmetric Laplacian 𝐿.

• Balanced Digraph5: The graph is possibly directed with the link
weights satisfying

𝟏⊤𝑛𝑊 = 𝑊 𝟏𝑛, (13)

or
∑

𝑗∈−
𝑖

𝑊𝑖𝑗 =
∑

𝑗∈+
𝑖

𝑊𝑗 𝑖, ∀𝑖 ∈  . (14)

• Stochastic: A network is weight-stochastic (or row-stochastic) if
𝑊 𝟏𝑛 = 𝟏𝑛, (15)

and is bi-stochastic (or doubly stochastic) if it is balanced and,

𝑊 𝟏𝑛 = 𝑊 ⊤𝟏𝑛 = 𝟏𝑛. (16)

• Switching: In case (𝑡) = { , (𝑡)} is time-varying (with the same
node set ) or the link weights change over time the network is
called of switching topology.

• Uniformly-Connected: For a time-varying network if the union
graph 𝐵(𝑡) = { , 𝐵(𝑡)} over a time-window 𝐵 > 0 is connected
it is called B-connected or uniformly-connected. In other words,
there is 𝐵 > 0 such that the (edge) union graph (defined as
follows) is connected for 𝑡 ≥ 0.

𝐵(𝑡) =
𝑡+𝐵
⋃

𝑡
(𝑡), 𝐵(𝑡) =

𝑡+𝐵
⋃

𝑡
(𝑡). (17)

4 Throughout this paper the terms nodes or agents, links or edges, and
etwork or graph are used interchangeably.

5 There exist distributed algorithms in the literature to ensure weight-
alance or weight-stochasticity over the directed networks, see for ex-
mple Gharesifard and Cortés (2012) and Hadjicostis, Domínguez-García,

Charalambous, et al. (2018).
6 
The network connectivity depends, for example, on the broadcasting
ower levels and the communication range of the agents or their
obility over time. The uniform-connectivity is the weakest form of
etwork connectivity over time. This implies (𝑡) may lose connectivity
t some times while possibly regaining connectivity at some other
imes. In other words, the connectivity holds over longer time intervals
n the case of communication links arbitrarily connecting and discon-
ecting over the dynamic network. This is the weakest requirement in
istributed coordination and consensus literature (Nedić & Olshevsky,

2014; Ren & Beard, 2005) however it is strong enough to guaran-
tee convergence. Different network-connectivity assumptions are given
in the literature. The works (Falsone, Notarnicola, Notarstefano, &
Prandini, 2020; Rikos et al., 2021) assume weight-stochastic condition
while all-time connectivity assumption is considered in Banjac, Rey,
Goulart, and Lygeros (2019), Cherukuri and Cortés (2015), Xiao and
Boyd (2006) and Wu et al. (2021). Recall that for switching and
stochastic networks it is needed to re-adjust (update) the link weights
o ensure weight-stochasticity at all times, see Vaidya, Hadjicostis, and

Dominguez-Garcia (2012a) for such algorithms.
It is known that the convergence rate of the optimization and

scheduling algorithms is tied with the eigen-spectrum of the Lapla-
cian matrix 𝐿. Among the eigenvalues, the largest eigenvalue 𝜆𝑛 and
smallest nonzero eigenvalue 𝜆2 play a key role in the convergence
rate and the optimization step rate. This is a result of Courant–Fischer
theorem and consensus algorithms (Olfati-Saber & Murray, 2004). For
example, for a balanced Laplacian matrix 𝐿 and state vector 𝐱 ∈ R𝑛

and 𝐱 =∶ 𝐱 − 𝟏⊤𝑛 𝐱
𝑛 𝟏𝑛 (known as dispersion state vector), a common

disagreement) Lyapunov function is used as follows:

𝐱⊤𝐿𝑠𝐱 = 𝐱⊤𝐿𝑠𝐱, (18)

2‖𝐱‖22 ≤ 𝐱⊤𝐿𝑠𝐱 ≤ 𝜆𝑛‖𝐱‖22, (19)

with 𝐿𝑠 = 𝐿+𝐿⊤

2 . Note that for (undirected) connected graphs with
weights equal to 1, 𝜆2 is called the Fiedler value or the Algebraic
onnectivity (Gross & Yellen, 2004; Olfati-Saber & Murray, 2004) and

is representative of the connectivity of the associated network. For
niformly-connected network 𝐵 , 𝜆𝑛 ≤ 𝜆𝑛𝐵 and 𝜆2 ≤ 𝜆2𝐵 . This implies

that link addition may increase the algebraic connectivity (Olfati-
Saber & Murray, 2004; Wang & Van Mieghem, 2008). Therefore,
given  = 1 ∪ 2, the algebraic connectivity implies that 𝜆2() ≥
𝜆2(1), 𝜆2() ≥ 𝜆2(2). Therefore, for uniform-connectivity, we have
𝜆2(𝐵(𝑡)) ≥ 𝜆2((𝑡)). One way to prove this is by the fact that 𝜆2() ≥

1
𝑛𝑑𝑔

with 𝑑𝑔 as the network diameter) (Gross & Yellen, 2004, p. 571).
ote that the eigen-spectrum of the network is key in the convergence

ate (Olfati-Saber et al., 2007) and the upper bound on the step-rate of
the optimization algorithms (Doostmohammadian, Aghasi, Rikos et al.,
2022).

3.3. Consensus and coordination algorithms

In control theory, consensus in distributed systems implies achiev-
ng agreement (or consensus) on a certain quantity/property among

a group of interconnected agents or nodes. The goal of consensus
algorithms are to synchronize the states or behaviours of these agents so
that they reach a common decision or converge to a shared value over
a network (Olfati-Saber et al., 2007; Ren & Beard, 2005; Ren, Beard, &
Atkins, 2005).

The intuition of a typical consensus algorithm is the following.
Each agent represents a node or component that interacts with its
neighbours by exchanging information. Consensus algorithms enable
agents to communicate and update their states based on the informa-
tion received from neighbouring agents. The iterative process continues
until a consensus or agreement is reached, typically by adjusting the

states of the agents to minimize the differences between their values.
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Consensus algorithms achieve convergence when the states of all
agents become sufficiently close/equal to each other. Convergence is
typically ensured by carefully choosing the weights and the communi-
ation topology among the agents (Olfati-Saber et al., 2007). Different

weight assignment strategies, such as average consensus (Olfati-Saber
et al., 2007; Ren & Beard, 2005), consensus with leader (Cao, Zhang, &

en, 2015; Tanner, Pappas, & Kumar, 2004), or consensus with time-
arying weights (Xiao & Wang, 2008), can be used based on specific

system requirements and objectives.
Consensus algorithms find applications in networked control sys-

tems (Kia et al., 2019), e.g., coverage control (Bullo, Cortés, & Martinez,
2009; Cortés, Martınez, Karatas, & Bullo, 2004; Doostmohammadian,
ayyaadi, & Moarref, 2009; Sayyaadi & Moarref, 2011; Telsang, 2022),

opinion dynamics (Doostmohammadian & Khan, 2014; Mirtabatabaei
& Bullo, 2012), rendezvous algorithms (Cortés, Martínez, & Bullo,
2006), flocking and formation algorithms (Olfati-Saber & Murray,
2002; Tanner, Jadbabaie, & Pappas, 2007), target tracking
Doostmohammadian, Taghieh and Zarrabi, 2021; Olfati-Saber &

Jalalkamali, 2011), FDI (Doostmohammadian & Meskin, 2020;
Doostmohammadian, Zarrabi and Charalambous, 2022), attack detec-
tion (Deghat, Ugrinovskii, Shames, & Langbort, 2019; Giraldo et al.,
2018), and estimation (Doostmohammadian & Khan, 2013; Kar &
Moura, 2013; Park & Martins, 2012). More recent applications are
in machine learning and optimization (Doostmohammadian, Aghasi,

haralambous and Khan, 2021; Xin, Kar, & Khan, 2020). These algo-
ithms enable agents to coordinate their actions, reach agreements, and
ollectively solve problems in a distributed manner. In general, consen-
us algorithms are crucial for achieving cooperation, coordination, and
ynchronization among agents in distributed systems.

There are various consensus algorithms used in control theory, with
the most well-known being the consensus protocol based on linear
consensus dynamics (Olfati-Saber et al., 2007; Ren & Beard, 2005;
Sundaram & Hadjicostis, 2008). In this protocol, the agents update their
states by incorporating a weighted average of their own state and the
states of their neighbours, and the weights determine the influence of
ach neighbour on the agent’s state update. The state update in discrete
ime is the following:

𝐱(𝑘 + 1) = 𝑊 𝐱(𝑘), (20)

with 𝐱(𝑘) being the states of the agents at time step 𝑘, and 𝑊 being
a stochastic matrix (or more accurately stochastic-indecomposable-
aperiodic (SIA) (Ren & Beard, 2005)). In continuous-time, the state
update can be expressed as:

̇ (𝑡) = −𝐿𝐱(𝑡), (21)

with 𝐿 being the Laplacian matrix. It is known that the convergence
ate of these consensus protocols and other consensus-based distributed
lgorithms tightly depends on the algebraic graph properties and spec-
rum analysis of the associated stochastic matrix 𝑊 or the Lapla-
ian matrix 𝐿 (discussed in Section 3.2). In terms of convergence

scheme, other than the asymptotic convergence in linear models, finite-
ime (Bhat & Bernstein, 2000; Doostmohammadian, 2020; Feng &

Hu, 2017; Hu & Yang, 2018; Lin, Ren, & Farrell, 2017; Sayyaadi &
Doostmohammadian, 2011), fixed-time (Firouzbahrami & Nobakhti,
2022a; Garg & Panagou, 2021; Ning, Han, & Zuo, 2017; Shang, 2017),
and prescribed-time (Ji, Yu, Zhang, Guo, Li, 2023; Wang, Song, Hill
and Krstic, 2018) models are proposed to guarantee convergence over
 finite bounded time-interval in contrast to asymptotic convergence.
hese algorithms mainly leverage non-Lipschitz sign-based dynamics to
ccelerate the agreement and convergence.

4. Distributed resource allocation algorithms

The existing literature on distributed optimization includes both
constrained and unconstrained scenarios. These two scenarios are di-
rectly related as described in Zhang et al. (2020) (and discussed later
7 
in Section 4.1.2). The literature on distributed optimization can be
classified in terms of being general or problem-specific based on the
ature of the optimization problem being addressed. Most works in
he literature assume ideal linear models to describe the data exchange
mong agents in the network and consider no problem-specific (nonlin-
ar) constraints on the agents’ actuation dynamics. There are also some
orks in the literature that address problem-specific constraints in their
roposed solutions and other kinds of constraints in their models. In the
ollowing subsections, we discuss and analyse both kinds of distributed
ptimization algorithms.

4.1. General algorithms

In the context of distributed optimization, linear models are based
n techniques like consensus optimization. These include both un-
onstrained problems (Khan et al., 2020; Qureshi, Xin, Kar, & Khan,

2020), and problems subject to state constraints (Doan & Beck, 2017;
Gharesifard & Cortés, 2013; Jiang & Charalambous, 2021; Wang,
Wang, Chen and Wang, 2018). These two are related via the mir-
or relation between distributed optimization and dual formulation
f the DRA described in Section 4.1.2. Other approaches in the lit-
rature include, diffusion-based (Alghunaim, Yuan, & Sayed, 2019),
vent-triggered (Kia, Cortés, & Martínez, 2015), primal–dual (Turan,

Uribe, Wai, & Alizadeh, 2021; Uribe, Lee, Gasnikov, & Nedic, 2020;
Yazdandoost Hamedani & Aybat, 2017), Lagrangian-based (Aybat &
Yazdandoost Hamedani, 2016a; Doan & Beck, 2017), exact ratio con-
sensus (Jiang & Charalambous, 2021), initialization-free (Chen & Guo,
2020; Li, Yi and Xie, 2020; Yi, Hong, & Liu, 2016), gradient push-
sum (Yang et al., 2013), push–pull (or AB type algorithm) (Xin, Xi
and Khan, 2019), attack-resilient (Kuwaranancharoen et al., 2020;
Turan et al., 2021), switching agents (Esteki & Kia, 2022), sign-
based (Doostmohammadian & Aghasi, 2024; Shi, Su, Mu, & Sun, 2024),
nd momentum-based (or accelerated) solutions (Ghadimi, Johans-

son, & Shames, 2011; Ochoa, Poveda, Uribe, & Quijano, 2019). The
olutions and their convergence analysis are given in both continuous-
ime (Gharesifard & Cortés, 2013; Kia et al., 2015) and discrete-time

dynamics (Qureshi et al., 2020; Uribe et al., 2020; Xin, Xi et al.,
2019). Other than the resource allocation problem in which the cou-
pling constraint is on resource-demand balance, some works in the
literature address the distributed optimization subject to consensus-
constraint (Alghunaim et al., 2019; Doostmohammadian, Jiang, Li-
aquat, Aghasi, & Zarrabi, 2024; Jiang & Charalambous, 2021; Wang,
Wang et al., 2018). On the other hand, coupling constraints on the
sum of resources are considered in the DRA literature, e.g., see the
linear preliminary works in Doan and Beck (2017), Doan and Olshevsky
(2017), Gharesifard and Cortés (2013), Turan et al. (2021) and Nedić,
Olshevsky, and Shi (2018). However, note that these works assume
no extra constraints on the agents’ dynamics such as nonlinearities
or time-delays in the communication links and/or agents’ actuation.
The existing general DRA algorithms are categorized into primal-based,
dual-based, and ADMM-based solutions.

4.1.1. Laplacian gradient solutions to the primal-formulation
Laplacian gradient (LG) solutions apply the concept of Laplacian

matrix 𝐿 to coordinate and optimize the resource allocation across
multiple agents or nodes in a network. Each agent 𝑖 updates its local
variables based on the gradients of the primal objective functions (its
own and its neighbours). The local variable update is given by:

𝑥𝑖(𝑘 + 1) = 𝑥𝑖(𝑘) − 𝛼
∑

𝑗∈−
𝑖

𝑊𝑖𝑗 (𝜕𝑥𝑖𝑓𝑖(𝑘) − 𝜕𝑥𝑗𝑓𝑗 (𝑘)), (22)

with 𝜕𝑥𝑖𝑓𝑖 as the derivative of 𝑓𝑖 with respect to 𝑥𝑖, and 𝛼 as the step-
ize. In case the function is nonsmooth, the generalized gradient is used
nstead in Eq. (22). With a slight abuse of notation, one can rewrite the
bove solution in compact LG form:
𝐱(𝑘 + 1) = 𝐱(𝑘) − 𝛼 𝐿∇𝐹 (𝑘), (23)
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where the bound on step-size 𝛼 to ensure convergence can be defined
based on algebraic properties of the associated Laplacian matrix (the
eigen-spectrum properties in Section 3.2), the convexity properties of
the objective function; see Doostmohammadian, Aghasi, Rikos et al.
(2022) and Xiao and Boyd (2006) for more details. The equivalent
continuous-time version of (23) can be written in the following form:

̇ = −𝛼 𝐿∇𝐹 . (24)

For strictly convex objective functions and initializing from a state
hat satisfies resource-demand constraint (a feasible initialization) there
s only one unique optimal convergence point to the above dynam-
cs that matches the solution of the standard DRA problem (2) in

the form (6). This is proved by level set analysis in Section 3.1
(see more details in Doostmohammadian, Aghasi, Pirani et al., 2022;
Doostmohammadian, Aghasi, Vrakopoulou et al., 2022). The main
feature of this approach is that, for feasible initialization, resource-
demand constraint ∑𝑛

𝑖=1 𝑥𝑖 = 𝑏 holds at all times and all iterations of
he solution dynamics. This is because we have

𝟏⊤𝑛 𝐱(𝑘 + 1) = 𝟏⊤𝑛 𝐱(𝑘) − 𝛼𝟏⊤𝑛𝐿∇𝐹 (𝑘) = 𝟏⊤𝑛 𝐱(𝑘), (25)

where the last equality follows from the fact that 𝟏⊤𝑛 is the left eigen-
ector associated with the zero eigenvalue of the Laplacian matrix 𝐿.
his is referred to as all-time feasibility (or anytime feasibility) and

s discussed later in Section 5.1. For the given dynamics (22) or (24)
ne can see that the equilibrium point 𝐱∗ is only in the form ∇𝐹 (𝐱∗) ∈
pan(𝟏𝑛) for which 𝐱̇ = 𝟎 or 𝐱(𝑘 + 1) = 𝐱(𝑘). One can prove by contra-
iction that there is no other equilibrium for the dynamics (22) or (24)
ith ∇𝐹 (𝐱∗) ∉ span(𝟏𝑛). Suppose by contradiction that the equilibrium
oint 𝐱∗ satisfies 𝜕𝑥𝑖𝑓𝑖(𝐱

∗
𝑖 ) ≠ 𝜕𝑥𝑗𝑓𝑗 (𝐱

∗
𝑗 ) for (at least) two nodes 𝑖, 𝑗.

et 𝛼 = argmax𝑖∈{1,…,𝑛} 𝜕𝑥𝑖𝑓𝑖(𝐱
∗
𝑖 ) and 𝛽 = argmin𝑖∈{1,…,𝑛} 𝜕𝑥𝑖𝑓𝑖(𝐱

∗
𝑖 ) over

the multi-agent system. Then, over the network of agents (𝑡) (or its
uniformly connected union 𝐵(𝑡)) there is (at least) one path between
agents 𝛼 and 𝛽 or vice versa. Over such a path, there exists two agents 𝛼
nd 𝛽 for which 𝜕𝑥𝑖𝑓𝛼(𝐱

∗
𝛼) ≥ 𝜕𝑥𝑖𝑓𝛼

(𝐱∗𝛼
), 𝜕𝑥𝑖𝑓𝛽 (𝐱∗𝛽 ) ≤ 𝜕𝑥𝑖𝑓𝛽

(𝐱∗𝛽
) with

𝛼 and 𝛽 respectively as the set of neighbours of 𝛼 and 𝛽 with the
strict inequality for (at least) one neighbour in 𝛼 and 𝛽 . Therefore,
f the network is always connected or uniformly connected over time
e get 𝐱̇∗𝛼 < 0 and 𝐱̇∗

𝛽
> 0 or in discrete-time 𝐱∗𝛼(𝑘 + 1) < 𝐱∗𝛼(𝑘)

and 𝐱∗
𝛽
(𝑘 + 1) > 𝐱∗

𝛽
(𝑘). These contradict the definition of equilibrium

or 𝐱∗ and imply that for the LG-type dynamics in the form (22) or
(24) one can easily prove that the equilibrium ∇𝐹 (𝐱∗) ∈ span(𝟏𝑛) over
niformly-connected multi-agent networks.
Accelerated LG primal-based solutions accelerate the convergence

rate of the LG-based dynamics by adding momentum (Ghadimi
et al., 2011; Ochoa et al., 2019) or by adding nonlinear non-
Lipschitz sign-based functions (Doostmohammadian & Aghasi, 2024;
Doostmohammadian, Aghasi, Pirani et al., 2022; Garg, Baranwal, Hero,
 Panagou, 2019; Parsegov, Polyakov, & Shcherbakov, 2013) and im-
rove the convergence rate. In the latter case, the sign-based functions
re widely used in finite/fixed-time dynamical systems to reach faster
onvergence, see Feng and Hu (2017), Firouzbahrami and Nobakhti

(2022a), Hu and Yang (2018), Lin et al. (2017) and Ning et al.
(2017) for example. However, this makes the protocol nonsmooth and,
therefore, the analysis must follow nonsmooth (discontinuous) system
dynamics analysis as in Cortes (2006, 2008).

4.1.2. Dual-formulation gradient tracking solutions
Dual-problem-based gradient-tracking (GT) solutions use the con-

cept of dual variables and gradient tracking to satisfy the equal-
ity constraints while optimizing the objective function (Zhang et al.,
2020). Here we explain dual-problem-based GT solutions for equality-
constraint DRA. The existing methods exploit the relationship between
distributed optimization and DRA (Alghunaim, Lyu, Yan, & Sayed,
2021; Li & Su, 2022; Nedić et al., 2018; Wu, Liu, & Zhu, 2022; Xu
et al., 2017; Xu, Zhu, Soh, & Xie, 2018; Zhang et al., 2020; Zhu, Ren,
8 
Yu, & Wen, 2019) and the idea of consensus-based small-gain theo-
rem (Zholbaryssov, Hadjicostis, & Dominguez-Garcia, 2022). The dual
problem is formulated by introducing dual variables corresponding to
the equality constraints. Let 𝜆𝑖 be the dual variable associated with the
(more general) equality constraint 𝐴𝑖𝑥𝑖 = 𝑏𝑖. The dual problem aims to
maximize the dual function with respect to the dual variables 𝜆𝑖 and is
efined as:

max
𝜆𝑖

𝛷(𝜆) = min
𝑥

𝐿𝜌(𝑥, 𝜆), (26)

where 𝐿(𝑥, 𝜆) is the Lagrangian function defined as:

𝐿(𝑥, 𝜆) = 𝐹 (𝑥) +
𝑛
∑

𝑖=1
𝜆⊤𝑖 (𝐴𝑖𝑥𝑖 − 𝑏𝑖). (27)

The key idea for solving (26) is to track the gradients of the Lagrangian
unction with respect to the dual variables. One solution is that each
gent 𝑖 updates its dual variable based on the gradients obtained from
he Lagrangian function as:

𝜆𝑖(𝑘 + 1) = 𝜆𝑖(𝑘) + 𝛼(𝑘)∇𝜆𝑖𝐿(𝑥(𝑘), 𝜆(𝑘)), (28)

with 𝛼(𝑘) as the step-size (or the learning rate) at iteration 𝑘. After
updating the dual variables, each agent 𝑖 solves its local optimization
roblem to update the local variables 𝑥𝑖 while keeping the dual vari-
bles fixed. This can be done using standard optimization techniques
o minimize the local objective function subject to the local equality
onstraint. A consensus step is then performed to improve agreement
nd convergence among the local variables (Alghunaim et al., 2021;

Zhang et al., 2020). Specifically, the agents exchange information and
update their local variables to improve consensus. This step ensures
that the local variable solutions satisfy the global equality constraints.
The algorithm continues executing with these three steps until a con-
vergence criterion is met, which may rely on various criteria such as the
change in the objective function, the primal and dual residuals, or the
number of iterations. There are also primal–dual-based DRA dynamics
to optimize non-smooth objective functions (Huang, Meng, Sun, & Ren,
2023; Huang, Meng, Sun, & Wang, 2024).

4.1.3. Dual-formulation ADMM-based solutions
The Alternating-Direction-Method-of-Multipliers (ADMM) is an op-

imization technique that is particularly useful for solving problems
ith separable objective functions or constraints. It is an iterative
ethod that combines the advantages of decomposition, proximal
ethods, and dual decomposition. This method is shown to be very

ffective for solving large-scale distributed optimization and learn-
ing models (Boyd et al., 2011; Iutzeler, Bianchi, Ciblat, & Hachem,
2015). Classic ADMM methods are based on a semi-centralized method,
nown as Parallel-ADMM (Bertsekas & Tsitsiklis, 2015). Recently, many

variations of the distributed version of this method are proposed in
the literature (Aybat & Yazdandoost Hamedani, 2019; Chang, 2016;
Doostmohammadian, Jiang and Charalambous, 2022; Falsone, Margel-
los, & Prandini, 2018; Jiang, Doostmohammadian, & Charalambous,
2022; Makhdoumi & Ozdaglar, 2017; Wei & Ozdaglar, 2012). There
re many works devoted to dual consensus ADMM (Banjac et al., 2019;

Chang, 2016; Chang, Hong, & Wang, 2014; Jian, Hu, Wang, & Shi,
2019) where the consensus ADMM cannot be applied on the primal-
ormulation but it is adopted on the dual formulation. Some other
iterature is focused on Jacobi-like ADMM (Deng, Lai, Peng, & Yin,

2017), and proximal ADMM (Yang, Jia, Xu, Guan and Spanos, 2022).
Here, we present a common distributed ADMM model for resource

llocation (see Yang, Jia et al., 2022 for details). The local constraint
at each agent 𝑖 is denoted as 𝑔𝑖(𝑥𝑖) and captures the local resource
llocation requirements or limitations. In the equality-constraint re-

source allocation formulation, 𝑔𝑖(𝑥𝑖) is in the form 𝐴𝑖𝑥𝑖 = 𝑏𝑖 with the
oupling constraint ∑

𝑖 𝑏𝑖 = 𝑏. The ADMM solution is defined over
the optimally dual formulation of the original problem based on aug-

ented Lagrangian formulation. The augmented Lagrangian function
or ADMM is defined as follows:

𝐿𝜌(𝑥, 𝜆) = 𝐹 (𝑥) +
𝑛
∑

𝜆⊤𝑖 (𝐴𝑖𝑥𝑖 − 𝑏𝑖) +
𝜌 𝑛
∑

‖𝐴𝑖𝑥𝑖 − 𝑏𝑖‖
2. (29)
𝑖=1 2 𝑖=1
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Here, 𝜆𝑖 is the dual variable associated with the agent 𝑖, and 𝜌 is a
enalty parameter. To solve the problem, the agents perform iterative
pdates to optimize the local variables and the dual variables. The steps
re as follows:

(i) Local variable update: Each agent 𝑖 solves its local optimization
subproblem by minimizing the augmented Lagrangian function
with respect to its local variables 𝑥𝑖 while keeping the dual
variables fixed. This minimization is defined as:

𝑥𝑖(𝑘 + 1) = argmin
𝑥𝑖

𝐿𝜌(𝑥, 𝜆). (30)

This can be achieved using standard optimization techniques,
such as gradient-based methods or closed-form solutions depend-
ing on the problem structure.

(ii) Dual variable update: Each agent 𝑖 updates its dual variable 𝜆𝑖
based on the current local variable solution and the global dual
variables:

𝜆𝑖(𝑘 + 1) = 𝜆𝑖(𝑘) + 𝜌(𝐴𝑖𝑥𝑖(𝑘 + 1) − 𝑏𝑖). (31)

(iii) Consensus update: A consensus step is performed to achieve
agreement and convergence among the agents. The local vari-
able updates and dual variable updates naturally along with the
consensus update ensure consistency between the agents. Note
that the primal and dual updates of ADMM both violate the
coupling constraint and, therefore, the use of dynamic average
consensus algorithms to track the feasibility-constraint violation
distributedly is adopted.

ADMM iterates until the convergence criterion is met. The key idea be-
hind ADMM is the alternating updates of 𝑥 variables while maintaining
consistency with the dual variable 𝜆. The algorithm iteratively solves
subproblems that are relatively easier to solve than the original prob-
em. The augmented Lagrangian terms help enforce the constraints and
alance the primal–dual convergence. ADMM is particularly effective
hen the objective function and constraints can be decomposed into

eparable parts. This allows for parallel or distributed computation, as
ifferent nodes or processors can independently optimize their local
ariables 𝑥𝑖 and communicate their results to update the dual variable

𝜆. By iteratively updating the local variables and the dual variables,
DMM enables agents to coordinate their resource allocations in a
istributed manner while respecting the constraints imposed by the
roblem. It is important to note that the specific mathematical expres-
ions and algorithms may vary depending on the problem formulation
nd the specific constraints and objectives of the resource allocation

problem at hand. The formulations described here provide a general
framework for understanding how ADMM can be applied to equality-
constraint resource allocation. Other than resource allocation, ADMM
has been successfully applied in various fields, including machine
learning, signal processing, image reconstruction, and network opti-

ization. Compared to the gradient-based approaches, ADMM has both
dvantages and disadvantages. Specifically, ADMM is well-suited for
roblems that can be decomposed into smaller, easier-to-solve subprob-
ems. In these cases, compared to gradient-based methods, ADMM can
e faster, leading to more efficient parallelization (Boyd et al., 2011).

4.2. Problem-specific solutions

Most real-world applications consider nonlinear constraints. Linear
models, although useful in some aspects, are limited in their ability
to capture complex dynamics and interactions. By studying problem-
pecific models, we can develop more realistic and accurate representa-
ions of the existing distributed resource allocation systems. Nonlinear
onstraints exist in both node dynamics and data exchange among
he agents. For example, in AGC the node dynamics are constrained

with the so-called RRLs that represent saturation-type nonlinear mod-
els on the rate of change on the node states (Doostmohammadian,

ghasi, Vrakopoulou et al., 2022). On the other hand, quantization
 s

9 
(Grammenos, Charalambous, & Kalyvianaki, 2021) and clipping exist
in the communication systems that exchange information among the
odes/agents. Additionally, it is important to note that some nonlinear
odels add useful properties to the system, for example, faster con-

vergence and finite/fixed-time solutions (Doostmohammadian, Aghasi,
Pirani et al., 2022). Many existing solutions to distributed algorithms
re mainly limited to finite-time (Chen, Ren, & Feng, 2016;

Doostmohammadian, 2020) or fixed-time (Doostmohammadian,
Aghasi, Pirani et al., 2022; Garg et al., 2019; Ning et al., 2017;
Parsegov et al., 2013) convergence models. Such sign-based dynam-
ics are also prevalent in consensus literature (Doostmohammadian,
2020; Stanković, Beko, & Stanković, 2019; Wei, Everts, Camlibel, &
van der Schaft, 2017) which also allow for robust and noise-resilient
design (Doostmohammadian & Aghasi, 2023). Other works also de-
velop realistic models considering the effect of actuation saturation
or clipping in the data channels. Some existing works study data
quantization (Hadjicostis, Vaidya, & Domínguez-García, 2016; Nedic,
Olshevsky, Ozdaglar, & Tsitsiklis, 2008; Nekouei, Alpcan, Nair and
Evans, 2016; Nekouei, Nair and Alpcan, 2016; Rikos et al., 2020;
Rikos & Hadjicostis, 2020; Wei, Yi, Sandberg, & Johansson, 2019)
and some study saturation and clipping (Liu, Saberi, Stoorvogel and
Nojavanzadeh, 2020; Wei et al., 2019). Such nonlinear modellings
make distributed (both constrained and unconstrained) optimization
challenging in terms of computation, accuracy, feasibility, optimal-
ity, and convergence. Other than these works that consider only a
specific problem, some works focus on a general model to account
for all types of model constraints on the agents’ dynamics. These
works may include, e.g., a combination of the aforementioned non-
linear models (Doostmohammadian, Aghasi, Vrakopoulou et al., 2022;
Doostmohammadian, Aghasi and Zarrabi, 2023; Doostmohammadian,
Vrakopoulou, Aghasi and Charalambous, 2022). An example problem-
pecific DRA solution is given below:

𝑥𝑖(𝑘 + 1) = 𝑥𝑖(𝑘) − 𝛼
∑

𝑗∈−
𝑖

𝑊𝑖𝑗𝑔𝑛
(

𝑔𝑙(𝜕𝑥𝑖𝑓𝑖(𝑘)) − 𝑔𝑙(𝜕𝑥𝑗𝑓𝑗 (𝑘))
)

, (32)

where 𝑔𝑛(⋅) denotes possible nonlinearity on the node dynamics and
𝑙(⋅) denotes possible nonlinearity on the links. A composition of
onlinearities is considered in the above model. For converging to the
ptimal value, these nonlinearities must follow some specific proper-

ties (Doostmohammadian, Aghasi, Vrakopoulou et al., 2022;
Doostmohammadian, Aghasi, Pirani et al., 2022. The convergence is
roved under sign-preserving odd nonlinear mappings for both 𝑔𝑛(⋅)
nd 𝑔𝑙(⋅). An example is when the nonlinear mapping follows upper and
ower sector-bound conditions, for example, logarithmic quantization
Doostmohammadian, Aghasi, Rikos et al., 2022). The feasibility of the

solution holds for undirected networks (Doostmohammadian, Aghasi,
rakopoulou et al., 2022; Doostmohammadian, Vrakopoulou et al.,

2022). In case, there is no node nonlinearity (i.e., 𝑔𝑛(𝑥) = 𝑥) the
solution converges to the optimal allocation over weight-balanced
networks (Doostmohammadian & Aghasi, 2024; Doostmohammadian,
Aghasi, Pirani et al., 2022; Doostmohammadian, Aghasi, Rikos et al.,
2022). These nonlinear solutions might be designed to address data
quantization, to handle saturation/clipping, to converge in prede-
fined time, and to address resiliency and robustness to noise. Note
that it is not easy to address these nonlinearities with the existing
dual-formulation-based solutions, e.g., the ADMM method.

4.3. Machine-learning-based solutions

Other than traditional methods which rely on predefined heuristics
r optimization techniques, the advent of machine learning (ML) has
pened new avenues for developing adaptive algorithms, particularly
n dynamic and uncertain environments. ML approaches for distributed
esource allocation use historical data to learn patterns and make
redictions about resource demands, usage, and optimal allocation
trategies. In the following, we include some of these techniques.
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Supervised learning models, trained on labelled datasets, predict
resource allocation requirements based on input features (Amiri &
Mohammad-Khanli, 2017; Morariu, Morariu, Răileanu, & Borangiu,
2020). For example, regression models can forecast the future de-
mand for resources based on historical consumption patterns (Amiri
& Mohammad-Khanli, 2017; Zhang, Cherkasova, & Smirni, 2007). In
this regard, many distributed supervised learning algorithms can be
adopted to train and classify the data and learn specific patterns (Boyd
t al., 2011; Doostmohammadian, Aghasi, Zarrabi, 2023; Nedic, 2020;

Sundhar Ram, Nedić, & Veeravalli, 2012). Unsupervised learning tech-
niques such as clustering can identify groups of similar users or appli-
cations, helping to improve resource allocation strategies (Wang, Eisen,
& Ribeiro, 2021); for example, using K-means clustering to segment
users with similar resource needs (Kumar, Chauhan, & Yadav, 2021;
Liu, Jia and Ding, 2020). Multi-agent reinforcement learning (RL) is
articularly useful for scenarios where multiple agents must collabo-
atively or competitively allocate resources. In this case, each agent
earns to make decisions based on its own objective and the actions
f other agents, leading to the emergence of cooperative resource
llocation strategies through exploration and exploitation processes, for
xample, resource allocation/scheduling over IoT networks (Gu, Zhang,

Lin, & Alazab, 2020; Hussain, Hussain, Anpalagan, & Benslimane,
2020), distributed data centres (Wei et al., 2022), device-to-device
D2D) communications (Jayakumar & Nandakumar, 2023), and UAV-
ided multi-access edge computing (MEC) systems (Nie, Zhao, Gao, &

Yu, 2021). In contrast to the centralized learning approaches which
gather resource/demand data from all agents, distributed RL allows
gents to hold individual policies based on local observations. Deep
einforcement learning, on the other hand, combines deep learning
ith RL to process complex input data and learn high-dimensional

policies, allowing for resource allocation decisions in large and dynamic
environments, for example in resource scheduling for space-air-ground
ntegrated networks (Zhang et al., 2022), Vehicle-to-vehicle (V2V)

communication (Gündoğan, Gürsu, Pauli, & Kellerer, 2020), and spec-
trum/power allocation over networks (Nasir & Guo, 2019; Yang, Zhao
t al., 2022). In distributed setups, where agents are interconnected,
raph Neural Networks (GNNs) can model the relationships and de-

pendencies between agents’ objectives to facilitate informed resource
allocation. By considering the graph structure formed by agents and
their interactions, GNNs help in learning policies that account for inter-
agent allocation dynamics (Gu, She, Quan, Qiu, & Xu, 2023; Wang,
Eisen and Ribeiro, 2022). In decentralized settings where data privacy
s a concern, federated learning allows agents to collaboratively learn

a shared objective model while keeping their local data private (Guo
et al., 2022; Ji & Qin, 2022; Ji, Qin and Tao, 2023). This is especially
elevant in scenarios like IoT (Nguyen, Sharma, Vu, Chatzinotas, &

Ottersten, 2020), where resource allocation decisions need to be made
ith limited data sharing. These ML approaches, particularly those

utilizing RL in multi-agent settings, offer promising directions for im-
proving distributed resource allocation strategies (in uncertain setups)
and adapting to dynamic objectives, see Lim et al. (2021) for instance.

4.4. Convergence rate

The convergence rate refers to the speed (number of iterations)
at which a distributed optimization algorithm reaches a state that is
sufficiently close to the optimal solution. Fast convergence is impor-
tant in various applications, e.g., in time-critical applications where a
quick response is required, or in scenarios with limited computational
resources, as it reduces the overall computation time and resource
consumption. For example, fast convergence is crucial in EDP and AGC
over the power grid since the optimization problem needs to be termi-
nated over finite time intervals (e.g., the applications in Sections 6.1
and 6.3). Moreover, the convergence rate impacts the scalability of
he DRA algorithms as they are commonly employed over large-scale
ystems.
 m
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The convergence rate of existing distributed optimization problems
nd DRA may differ based on the adopted techniques. Most DRA
iterature claims linear convergence for their algorithms. In this case,
he residual (i.e., the difference between the current state and the
ptimal state) decreases geometrically (linear in log scale) with respect
o the number of iterations (Xin & Khan, 2018). In most existing
orks, linear convergence is considered to be desirable and indicates
 sufficiently-fast convergence rate, e.g., see Chang et al. (2014), Doan

and Olshevsky (2017), Haddadpour, Kamani, Mahdavi, and Cadambe
(2019), Ling and Ribeiro (2013), Nedic, Olshevsky, and Shi (2017),
Nedić et al. (2018), Nedić, Olshevsky, Shi, and Uribe (2017), Olshevsky
(2015), Scaman, Bach, Bubeck, Lee, and Massoulié (2017) and Stich
(2019). Some of the existing algorithms establish linear convergence for
particular quadratic-form objective functions; for example, consensus-
based scenarios for CPU scheduling (Rikos et al., 2021) or economic
ispatch (Kar & Hug, 2012). However, in most cases, the objective is
on-quadratic, e.g., because of extra penalty terms to address the box

constraints. For non-quadratic objectives, some ADMM-based solutions
prove an ergodic rate of convergence for both the residual and feasibil-
ity violation (Aybat & Yazdandoost Hamedani, 2016a, 2016b). Some
optimization papers propose algorithms with superlinear (faster than
linear) convergence rates (Beck, Nedić, Ozdaglar, & Teboulle, 2014;
Zargham, Ribeiro, Ozdaglar, & Jadbabaie, 2013). Additionally, differ-
ent algorithms and techniques for unconstrained distributed optimiza-
tion can be used to improve the convergence rate, such as acceleration
methods (Ghadimi et al., 2011; Scaman et al., 2017; Xin, Sahu, Khan
and Kar, 2019), adaptive learning rates (Chen & Sayed, 2012; Chen, Tu,
& Sayed, 2011; Dauphin, De Vries, & Bengio, 2015; Liu et al., 2019),
r variance reduction techniques (Ghadikolaei & Magnússon, 2020; Li,
en, Chen and Chi, 2020; Qureshi, Xin, Kar, & Khan, 2021; Xin et al.,

2020).
In general, for problems subject to feasibility constraints the asymp-

totic convergence should be fast enough to result in near-optimal
olutions before the termination time of the algorithm. For all-time

feasible but asymptotic solutions (i.e., the algorithms in Section 4.1.1),
s the algorithm evolves over time the solution gets closer to the
ptimal value while satisfying the feasibility constraint at all times.

On the other hand, for dual-based and ADMM solutions (i.e., the
algorithms in Sections 4.1.2 and 4.1.3) the convergence is ensured to
be fast enough to reach all-time feasibility asymptotically as fast as
possible. In general, dual-based and ADMM solutions are known to be
faster than primal-based solutions in terms of number of iterations for
convergence, however, they are computationally more complex and
each iteration is more time-consuming. Some works in the literature
propose strategies that converge in finite-time (Chen et al., 2016;
Doostmohammadian, Aghasi, Vrakopoulou et al., 2022; Li, Lin, Cai
and Yan, 2020; Wang, Fei, & Wu, 2020), fixed-time (Chen & Guo,
2020; Dai, Fang, & Jia, 2022; Doostmohammadian & Aghasi, 2024;
Doostmohammadian, Aghasi, Pirani et al., 2022; Li & Ding, 2020; Shi,
Xu, Yang, Lin, & Wang, 2022; Song, Cao, & Rutkowski, 2021), or
rescribed-time (predefined-time) (Gong, Cui, Shen, Xiong, & Huang,

2022; Guo & Chen, 2022; Lin, Wang, Li, & Yu, 2020b). Recall that
inite-time convergence implies reaching the optimal state in finite time

interval depending on the initial values, while fixed-time convergence
does not depend on the initial states. The prescribed-time algorithms,
on the other hand, converge in a predefined time interval irrespective
of the initial states. These algorithms are mainly based on non-Lipschitz
sign-based mapping, and in discrete time, may result in unwanted
oscillations (chattering phenomena) around the equilibrium.

4.5. Summary of key points

Here, we summarize some key points discussed in this section.
In general, dual-based GT and ADMM solutions converge faster than
rimal-based LG solutions. However, some LG algorithms use (i) mo-
entum terms and (ii) nonlinear sign-based mapping to accelerate the
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Table 1
Comparison between existing DRA algorithms.

Algorithm Formulation Rate Smoothness

LG Primal Slow Smooth
Accelerated LG Primal Fast Nonsmooth
GT Dual Average Smooth
ADMM Dual Fast Smooth

rate of convergence. Recall that, for the latter case, the sign nonlinearity
akes the solution nonsmooth, which mandates convergence analysis

based on discontinuous dynamical systems. Table 1 summarizes these
omparisons based on different properties, including formulation type,
onvergence rate, and smoothness of the solution.

5. Main features and properties

In this section, we discuss different key features of the existing
DRA solutions in terms of their assumptions on feasibility constraints,
etwork connectivity, delay-tolerance, and packet-drops.

5.1. Anytime feasibility

In DRA anytime feasibility implies that resource-demand balance
holds during all iterations. In other words, as the optimization algo-
rithm evolves in time, the coupling constraint on the states is always
satisfied (Cherukuri & Cortés, 2015; Wu et al., 2021). In real-world
applications, by maintaining the resource-demand balance, the system
an better meet the quality of service (QoS) guarantees, ensuring that
he allocated resources are sufficient to satisfy the desired demand

levels. This is of importance in, for example, economic dispatch in
power networks or automatic generation control. In this application,
this ensures the produced power meets the power load demand at
ll times. Violating the resource-demand balance may cause service

disruption, power delivery issues, and even breakdown in the power
grid (Cherukuri & Cortés, 2015; Wu et al., 2021). So it is crucial to pre-
serve this balance at all times. Ensuring feasibility in network structures
often relies on the crucial feature of weight-balancing. The majority of
LG-based solutions presume the presence of weight-balanced digraphs
or undirected graphs to maintain feasibility (Cherukuri & Cortés, 2015;
Doostmohammadian, Aghasi, Rikos et al., 2022).

As detailed in Section 4.1.1, LG-based solutions hold all-time
resource-demand feasibility (the coupling-constraint) for feasible ini-
ialization. This indicates that at any termination time of these algo-
ithms, the resource-demand feasibility holds and there would be no
onstraint violation (Cherukuri & Cortés, 2015; Doostmohammadian

& Aghasi, 2024; Doostmohammadian, Aghasi, Pirani et al., 2022;
Doostmohammadian, Aghasi, Rikos et al., 2022; Doostmohammadian,

ghasi, Vrakopoulou et al., 2022). In contrast, the feasibility in most
ptimal dual-formulation-based solutions (such as in Sections 4.1.2

and 4.1.3) is asymptotic and, therefore, the convergence must be
ast enough to reach (almost) feasibility within the algorithm running
ime (Aybat & Yazdandoost Hamedani, 2016a; Nedić et al., 2018;

Wang, Hong, Sun, & Liu, 2019). In general, anytime feasibility does
ot hold in the ADMM-based literature, but some works claim to
each feasibility sufficiently fast during the run-time of the algo-
ithm (Banjac et al., 2019; Falsone et al., 2020). Dynamic average

consensus has been used to track the feasibility violation in a dis-
tributed way (Li & Su, 2022). Feasibility-violation tracking is studied in
dual-formulation-based gradient-tracking over unbalanced network
(Zhang et al., 2020) and in dual-based ADMM-tracking (Kia, 2017).
Note that for all-time feasibility, the agents need to take initial values
which are feasible, i.e., in the beginning, the sum of resources must
meet the demand. There are some algorithms in the literature to set
the feasible initialization of states, for example, see the algorithm
11 
in Cherukuri and Cortés (2015). On the other hand, initialization-free
solutions are proposed in the literature (Chen & Guo, 2020; Ji, Yu et al.,
2023; Lin, Wang, Li, & Yu, 2021; Yi et al., 2016); these works do not
eed specific feasible initialization to converge, but they converge to

the feasible solution over time.

5.2. Network reliability

In a distributed optimization setting, multiple nodes or entities
collaborate to solve a complex optimization problem by sharing in-
formation, exchanging messages, and coordinating their actions over
a network. The network acts as the communication infrastructure that
enables these interactions. In distributed optimization algorithms, the
network is typically modelled as an undirected or directed graph with
nodes representing the agents and links as their interactions (message-
passing or communication). The properties of the network infrastruc-
ture are modelled over the graph topology; for example, packet drop is
modelled as link failure (Doostmohammadian, Khan and Aghasi, 2022)
or failed agents as node removal (Li, Ho, & Lu, 2016). Additionally, in
some optimization literature, the knowledge of the network topology is
ocal (Sundaram & Gharesifard, 2016), i.e., each agent only knows its

neighbouring topology and not the entire network.
Distributed optimization algorithms often assume the presence of

all nodes throughout the optimization process. However, in real-world
scenarios, nodes can fail due to hardware failures, software crashes,
or network partitions. When a node fails, it disrupts communication
and coordination among other nodes, potentially impacting the overall
optimization performance. Robustness to node failures becomes crucial
to ensure the algorithm can continue making progress even in the pres-
ence of such failures (Chen & Sayed, 2012; Chen et al., 2011). On the
ther hand, some works study optimization under the arrival/addition

of new nodes (Falsone, Margellos, Zizzo, Prandini, & Garatti, 2022).
ome works are devoted to studying optimality and convergence in

the presence of deception attacks (Fu, Ma, Qin, & Kang, 2021; Shao,
Wang, Wang, & Liu, 2020), denial-of-service (DoS) attacks (Sardana
& Joshi, 2009), byzantine man-in-the-middle attacks (Turan, Uribe,
Wai, & Alizadeh, 2020; Wang, Liu and Ling, 2022; Xu & Liu, 2022;
Xu, Liu, & Huang, 2022), and malicious agents (Yemini, Nedić, Gil,
& Goldsmith, 2022). In these works the network links or the nodes
could be corrupted and under attack. On the other hand, some works
propose privacy-preserving strategies for optimal DRA to avoid some
of these attacks (Angel, Kannan, & Ratliff, 2020; Beaude, Benchimol,
Gaubert, Jacquot, & Oudjane, 2020; Chen & Li, 2021; Jacquot, Beaude,
Benchimol, Gaubert, & Oudjane, 2019; Lin, Wang, Li, & Yu, 2020a). In
these works the agents avoid to reveal their private information on the
constraints, gradients, and individual solution profile to a third party.
Subsequent subsections will delve into the examination of network
reliability concerns, encompassing connectivity, latency, and packet
drops.

5.2.1. Networks subject to connectivity considerations
Distributed optimization algorithms typically rely on iterative pro-

cesses to reach an optimal solution. The convergence speed depends
n how quickly nodes can exchange information and update their local
odels or variables. If the network experiences frequent disruptions

or high latency, the convergence speed may be significantly affected,
leading to slower optimization and potentially suboptimal results.
Note that in many applications, the network might be dynamic (time-
varying or switching). This is, for example, due to agents’ mobility
or change in their broadcasting range. At some iterations, the net-
work may even get disconnected and regain connectivity over time.
Therefore, in many works the convergence is proved over uniformly-
onnected networks (Doostmohammadian, Aghasi, Pirani et al., 2022;

Doostmohammadian, Aghasi, Rikos et al., 2022; Doostmohammadian,
Aghasi, Vrakopoulou et al., 2022; Nedic & Ozdaglar, 2009), in contrast
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to all-time connectivity in many other works (Rikos et al., 2021; Wu
et al., 2021; Xin & Khan, 2018; Xin, Sahu et al., 2019). Uniform
network connectivity is common in mobile sensor network applica-
tions, where some links may connect and disconnect as the mobile
ensors (agents or robots) move into and out of broadcast range of

one another. The connectivity might be lost at some times due to link
failures while preserving uniform connectivity over some finite time
ntervals. See the mathematical modelling in Section 3.2 for details.

In the existing literature, most dual-formulation-based and ADMM-
based solutions in Sections 4.1.2 and 4.1.3 assume all-time network
connectivity. On the other hand, LG-based solutions defined on the
primal formulation in Section 4.1.1 prove convergence over uniformly-
connected networks (Doostmohammadian, 2023; Doostmohammadian
& Aghasi, 2024; Doostmohammadian, Aghasi, Pirani et al., 2022;
Doostmohammadian, Aghasi, Rikos et al., 2022; Doostmohammadian,

ghasi, Vrakopoulou et al., 2022, 2023), which is a privilege of these
orks.

5.2.2. Networks subject to time-delays
In a distributed setting, nodes often need to exchange informa-

ion, such as optimization variables, gradients, or updates. If the
etwork experiences delays, it can significantly impact the commu-
ication between nodes. Increased communication delays can hin-
er the convergence of the optimization algorithm and slow down
he overall coordination process. The effect of communication de-
ays in coordination and consensus literature is vastly studied, see
or example (Doostmohammadian, Khan, Pirani and Charalambous,

2021; Hadjicostis & Charalambous, 2014; Olfati-Saber & Murray, 2004;
Seuret, Dimarogonas, & Johansson, 2008) and references therein. One
trivial approach to handle time delays is to update over a longer time
scale after receiving all delayed information (Hadjicostis & Charalam-
bous, 2014). However, a more challenging and desirable approach
s to update at the same time scale via all the delayed and non-
elayed received information (Doostmohammadian, Khan et al., 2021;

Olfati-Saber & Murray, 2004; Seuret et al., 2008). On the other hand,
synchronous data transmission over the links is considered. This is the
ase where the receiver and the transmitter clocks are not necessarily
ynchronized and are independent. Therefore, distributed algorithms
re needed to synchronize the clocks over the communication network
o prevent issues raised by asynchronous cases (Schenato & Fiorentin,

2011; Schenato & Gamba, 2007). In the distributed optimization set-
ting latency may cause the solution to diverge. Few works address
homogeneous delays or asynchronous data exchange (Wang et al.,
2019; Zhu et al., 2019), and some other works discuss how latency
affects unconstrained or consensus-constraint optimization (Agarwal &
Duchi, 2012; Al-Lawati & Draper, 2020; Hadjicostis & Charalambous,
2011; Wang, Wang et al., 2018, 2018). Note that latency may result in
easibility gap (violation of the coupling-constraint) (Wang et al., 2019)
hile LG-based delay-tolerant solutions lead to no feasibility gap over
etworks, see Chen and Zhao (2017) and Doostmohammadian, Aghasi,
ikos et al. (2022).

Typically, addressing communication time delays is more conve-
ient in LG-type solutions. Consider a network of agents where each
gent’s available information consists of its own data without delay
nd all data possibly delayed from its neighbours up to that point.
enerally, it is assumed that the delays are upper bounded, for example
y 𝜏 steps, to prevent packet drops over the links. The communicated

packets over the multi-agent network are time-stamped and every node
𝑖 knows the time at which agent 𝑗 ∈ −

𝑖 sent its data over the link
(𝑗 , 𝑖). To make the mathematical analysis more convenient, define an
indicator function 𝑘,𝑖𝑗 capturing the delay 𝜏𝑖𝑗 (𝑘) ≤ 𝜏 on the link
(𝑗 , 𝑖),

𝑘,𝑖𝑗 (𝜏) =
{

1, if 𝜏𝑖𝑗 (𝑘) = 𝜏 ,
0, otherwise. (33)
12 
Table 2
Summarizing the main properties of existing DRA algorithms.

Algorithm Feasibility Convexity Connectivity Delay/Packet-Drop

LG All-Time Strict Uniform Resilient
GT Asymptotic Regular All-Time Prone
ADMM Asymptotic Regular All-Time Prone

Then, one can rewrite the delay-tolerant version of the LG-type dynam-
ics to solve resource allocation as,

𝑥𝑖(𝑘+ 1) = 𝑥𝑖(𝑘) − 𝛼
∑

𝑗∈−
𝑖

𝜏
∑

𝑟=0
𝑊𝑖𝑗 (𝜕𝑥𝑖𝑓𝑖(𝑘− 𝑟) − 𝜕𝑥𝑗𝑓𝑗 (𝑘− 𝑟))𝑘−𝑟,𝑖𝑗 (𝑟). (34)

Note that to avoid any feasibility gap, the weighted difference of the
gradients over every link (𝑗 , 𝑖) is considered. For all-time feasibility
some more assumptions on the delay are needed: the network should
be undirected and 𝜏𝑖𝑗 (𝑘) = 𝜏𝑗 𝑖(𝑘). The delays at different links could
e arbitrary, heterogeneous, and time-varying in general. Convergence
ver a nonlinear setup can be established for the following delay-
olerant dynamics (as demonstrated in Doostmohammadian, Aghasi,

Rikos et al. (2022))

𝑥𝑖(𝑘 + 1) =𝑥𝑖(𝑘)

− 𝛼
∑

𝑗∈−
𝑖

𝜏
∑

𝑟=0
𝑊𝑖𝑗

(

𝑔𝑙(𝜕𝑥𝑖𝑓𝑖(𝑘 − 𝑟)) − 𝑔𝑙(𝜕𝑥𝑗𝑓𝑗 (𝑘 − 𝑟))
)

𝑘−𝑟,𝑖𝑗 (𝑟).

(35)

5.2.3. Networks subject to packet drops
DRA algorithms should be designed to handle large-scale systems

ith a high number of nodes. However, as the network scales up,
aintaining reliable communication between all nodes becomes more

hallenging. Network reliability issues, such as a high probability
f packet loss, can become more prevalent in large-scale distributed
ystems, potentially impacting the performance and scalability of the

optimization and coordination algorithm. In this direction, some works
address coordination and convergence in the presence of packet drops
in the distributed setups, see for example robust consensus under packet
drops (Fagnani & Zampieri, 2009; Hadjicostis, Vaidya, & Domínguez-
García, 2015; Liu, You, Yang, & Zhao, 2015; Vaidya, Hadjicostis, &
Domínguez-García, 2012b). In DRA setup, convergence under packet
drops cannot be easily addressed by the existing ADMM solutions,
and therefore, ideal communications are considered, for example,
ee Banjac et al. (2019) and Falsone et al. (2020). One reason is the

feasibility violation. In the LG-type setup packet drops are addressed
based on link removal, see for example Doostmohammadian, Khan
t al. (2022).

5.3. Summary of key points

Here, we summarize some key points discussed in this section. In
general, the primal-based LG algorithms preserve all-time constraint
easibility, require strict convexity of the objective function, can be
esigned resilient to (possible) delay and packet-drops, and converge
ver uniformly connected networks that may change over time and
ose/regain connectivity. On the other hand, dual-based GT and ADMM
lgorithms reach constraint feasibility asymptotically, only require con-
exity (and not strict convexity) of the objective, require all-time
onnectivity for convergence, and are generally prone to delay and
acket-drops. These are summarized in Table 2.

6. Applications of DRA

In this section, we provide motivating examples and real-world
applications of DRA.
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6.1. Distributed energy resource management over smart grids

Distributed energy resource management refers to the optimization
of power generation and allocation across multiple distributed energy
resources in an electrical grid. Traditionally, this is a centralized pro-
ess where a central authority determines the optimal allocation of
ower generation resources to meet the load demand while minimizing

costs (Chowdhury & Rahman, 1990; Xia & Elaiw, 2010). However, in
 distributed setting, where there are numerous small-scale generation
ources like solar panels, wind turbines, batteries, and microgrids, the

traditional centralized economic dispatch suffers from the drawbacks
of the centralized solutions and may not be suitable on large scale.
By enabling individual energy units or small clusters of energy units
to autonomously optimize their power generation and consumption
decisions, one can decentralize this process. In the distributed ap-
proach, each unit or cluster assesses the local conditions, such as energy
prices, local demand, and availability of renewable energy sources,
to make optimal decisions regarding their power generation and con-
sumption (Chen & Zhao, 2017; Cherukuri, Martínez, & Cortés, 2014;
Doostmohammadian, Vrakopoulou et al., 2022; Elsayed & El-Saadany,
2014; Firouzbahrami & Nobakhti, 2022b; Pourbabak, Luo, Chen, & Su,
2017). By coordinating and optimizing these distributed decisions, the
overall system efficiency and cost-effectiveness can be improved. The
solution often relies on advanced control and communication technolo-
gies to facilitate information exchange and coordination among the
units (Doostmohammadian, 2023). It can incorporate real-time data,
redictive models, and optimization algorithms to dynamically adjust

power generation and consumption in response to changing conditions.
In the context of distributed systems, this problem focuses on man-

aging a diverse set of resources such as distributed generation (e.g., so-
lar, wind, and biomass), energy storage (e.g., batteries), electric vehi-
cles, demand response programs, and smart grid technologies. The goal
is to coordinate and optimize the operation of these resources to meet
energy demands, improve system reliability, and achieve economic and
environmental objectives. It involves tasks such as forecasting energy
generation and consumption, scheduling and dispatching resources,

anaging energy storage, coordinating charging and discharging, opti-
izing demand response programs, and integrating renewable energy

sources into the grid. Advanced analytics, optimization algorithms, and
ontrol systems are often utilized to enable efficient decision-making
nd resource coordination. Other factors like grid constraints, envi-

ronmental considerations, market dynamics, and regulatory policies
ensure the optimal utilization of energy resources while maintaining
grid stability and meeting sustainability goals (Boqiang & Chuanwen,
2009).

Mathematical Model: The distributed optimization problem for
EDP is formulated as minimizing the sum of local energy cost
functions (Doostmohammadian, 2023; Doostmohammadian, Aghasi,

rakopoulou et al., 2023) (subject to the equality-constraint mentioned
ater):

min
𝐱,𝐲

𝐹 (𝐱, 𝐲) =
𝑚
∑

𝑖=1
𝑓𝑖(𝑥𝑖) +

𝑛
∑

𝑗=𝑚+1
𝑒𝑗 (𝑦𝑗 ), (36)

with 𝑥𝑖, 𝑦𝑗 ∈ R as the power state of the generator node 𝑖 ∈ {1,… , 𝑚}
and battery node 𝑗 ∈ {𝑚+ 1,… , 𝑛}. Following the formulation (1) vector
𝐳 = [𝑥1; … ; 𝑥𝑚; 𝑦𝑚+1; … ; 𝑦𝑛] denotes the global state, 𝑓𝑖(𝑧𝑖) = 𝑓𝑖(𝑥𝑖) as
he local cost of generators and 𝑓𝑗 (𝑧𝑗 ) = 𝑒𝑗 (𝑦𝑗 ) as the local cost of

battery nodes. The feasibility constraint coupling the energy resources
and the demand is the following equality-constraint:
𝑚
∑

𝑖=1
𝑥𝑖 = 𝑏𝑑 𝑒𝑚 +

𝑛
∑

𝑗=𝑚+1
𝑦𝑗 . (37)

This implies that the summation of the produced powers equals the
demand 𝑏𝑑 𝑒𝑚 ∈ R plus the summation of the reserved powers. This
nergy resource-demand feasibility constraint is of crucial importance
nd needs to hold at all times; otherwise, the generated and reserved
 p

13 
power balance is violated which may cause service disruption and
even system break-down. Further, the local box constraints on the
energy nodes imply the limiting range of produced/reserved powers at
generators/batteries,

𝑥𝑖 ≤ 𝑥𝑖 ≤ 𝑥𝑖, 𝑦𝑗 ≤ 𝑦𝑗 ≤ 𝑦𝑗 . (38)

It should be recalled from KKT condition in Section 3, from the formu-
ation (1) and the optimal state (7), one can replace 𝐚 = [𝟏𝑚,−𝟏𝑛−𝑚] in
he optimal gradient formulation in (7).

6.2. Distributed CPU scheduling and task allocation over data centers

Distributed CPU scheduling and task allocation over data centres
nvolve the efficient allocation of computational tasks across mul-
iple CPUs or computing nodes/servers in a distributed computing
nvironment, see Fig. 2.

In such a system, there are multiple CPUs or computing nodes that
an execute computational tasks (Grammenos, Charalambous, & Kaly-

vianaki, 2023; Rikos, Nylöf, Gracy, & Johansson, 2022). Distributed
CPU scheduling aims to optimize the allocation of tasks to these CPUs
n order to achieve efficient resource utilization, load balancing, and

overall system performance. Traditional centralized CPU scheduling
algorithms, such as those used in standalone operating systems, are not
irectly applicable in distributed environments due to the distributed
ature of resources and the need for inter-node communication. In

distributed CPU scheduling, the task allocation decisions are typically
made in a distributed manner, where individual computing nodes
collaborate to make scheduling decisions based on local information.

Distributed CPU scheduling algorithms often consider factors such
as CPU load, resource availability, network latency, and task character-
istics (e.g., priority, estimated execution time) to determine the most
uitable node for task execution. The goal is to evenly distribute the
orkload among the available CPUs, minimize task response time, and
ptimize resource utilization (Chen et al., 2022; Kalyvianaki, Charalam-

bous, & Hand, 2009; Makridis, Deliparaschos, Kalyvianaki, Zolotas,
& Charalambous, 2020; Vlahakis et al., 2021). On the other hand,
task allocation over data centres further refers to the assignment of
computational tasks to specific data centres or cloud resources (see an
example in Hattab et al., 2019). In a large-scale distributed comput-
ng environment, data centres are geographically distributed and may

have different computing capacities, network connectivity, and service-
evel agreements. Task allocation aims to optimize the utilization of
hese resources while satisfying performance objectives and resource
onstraints (Mann, 2015).
Mathematical Model: The data centre is modelled as a set of 𝑛

omputing servers each can also operate as a resource scheduler (which
s a standard procedure in modern data centres). Define the set  as all
asks to be scheduled and 𝑏𝑗 ∈  as the task which requires 𝜌𝑗 cycles
o be executed. Additionally, define 𝑇ℎ as the time that optimization
uns the tasks on the servers. The CPU capacity during the optimization
peration is then equal to 𝜋max

𝑖 ∶= 𝑐𝑖𝑇ℎ, with parameter 𝑐𝑖 denoting the
um of all clock rate frequencies of all processing cores at node 𝑖 (Rikos

et al., 2021). Let the total demanded resources be 𝜌 ∶=
∑

𝑏𝑗∈ 𝜌𝑗 .
he cost formulation for this problem is then in standard distributed
ptimization form (2) with the quadratic cost defined as (Grammenos

et al., 2023; Rikos et al., 2021),

min
𝐱

𝐹 (𝐱) =
𝑛
∑

𝑖=1
𝑓𝑖(𝑥𝑖) =

𝑛
∑

𝑖=1

1
2𝜋max

𝑖
(𝑥𝑖 − 𝜌𝑖)2, (39)

with 𝑥𝑖 as the workload to be assigned to node/server 𝑖 and the
orkload-demand constraint (or resource-demand feasibility) as
𝑛
𝑖=1 𝑥𝑖 = 𝜌 and some box constraints make the solution non-trivial,

n general. These box constraints follow the fact that we need to keep
he operating point of the servers away from the overall capacity; in
act, below 70 − 80% of full capacity (because of the uncertainty of the
rocessing times) since the mean response time of the servers grows
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Fig. 2. Distributing the task allocation among a group of networked data centres: every server is associated with a cost function and the algorithm optimally assigns the computing
tasks to the servers only based on local information exchange.
(exponentially) at some point (Makridis et al., 2020). This concern is
addressed by box constraints on the load-to-capacity ratios in the form
0 ≤ 𝑥𝑖+𝜌𝑖

𝜋max
𝑖

≤ 0.75 as a rule-of-thumb which is modelled via proper extra
penalty terms in the objective function (Doostmohammadian, Aghasi,
Rikos et al., 2022).

6.3. Distributed automatic generation control

Distributed automatic generation control is a control mechanism
used in power systems to maintain the balance between power gen-
eration and load demand across multiple control areas or regions.
It involves the coordination and control of various generating units
distributed throughout the power grid to regulate the system fre-
quency and ensure stable operation. This problem has some similarities
with the economic dispatch problem particularly from an optimiza-
tion viewpoint and the nature of the optimization variables and cost
functions (Boqiang & Chuanwen, 2009; Li, Zhao, & Chen, 2015). In
a power grid, the electricity demand is continuously changing, and
the generation must be adjusted in real time to match the load. Note
that, as compared to the economic dispatch problem in Section 6.1,
automatic generation control pertains to the real-time adjustment of
the generation outputs of power plants to maintain the balance between
supply and demand, ensuring system stability and frequency control. It
adjusts the generation outputs based on the deviations between sched-
uled and actual system conditions. While economic dispatch deals with
the long-term planning of generation resources, automatic generation
control addresses the short-term fluctuations and variations in demand
and generation, working to maintain the stability and reliability of the
power grid in real time.

Automatic generation control is traditionally implemented in a
centralized manner (Kumar & Kothari, 2005), where a single control
centre monitors the system frequency and issues control signals to
the generating units to adjust their power output. However, in large
interconnected power grids, this centralized control approach may
face challenges in terms of communication delays, scalability, and
system resilience (Bevrani & Hiyama, 2017; Kumar & Kothari, 2005;
14 
Ullah, Basit, Ullah, Aslam, & Herodotou, 2021). Distributed automatic
generation control addresses these challenges by decentralizing the
control mechanism and allowing individual control areas or regions
to autonomously adjust their power generation based on local mea-
surements and information. Each control area has its own processing
system, which monitors the local frequency and exchanges information
with neighbouring control areas (Bevrani & Hiyama, 2017; Ullah et al.,
2021; Zhou et al., 2020) (see Fig. 3).

Mathematical Model: Given the power mismatch, e.g., due to some
failed generators, the distributed optimization problem is to coopera-
tively allocate this power mismatch to the rest of the generators while
optimizing the costs. The problem is as follows:

min
𝐱

𝑛
∑

𝑖=1
𝑓𝑖(𝑥𝑖), (40)

s.t.
𝑛
∑

𝑖=1
𝑥𝑖 = 𝑃𝑚𝑖𝑠, −𝑥𝑖 ≤ 𝑥𝑖 ≤ 𝑥𝑖

where 𝑃𝑚𝑖𝑠 is the power mismatch due to the failed generators, 𝑥𝑖 is the
state of the power state at generator 𝑖, 𝑥𝑖, 𝑥𝑖 are the upper and lower
limits of generated power at the generator 𝑖. The coupling constraint
∑𝑛

𝑖=1 𝑥𝑖 = 𝑃𝑚𝑖𝑠 implies that the mismatch in the power is equal to
the new extra allocated powers to the existing generators. The cost
function is typically in the quadratic form 𝑓𝑖(𝑥𝑖) = 𝛾𝑖𝑥2𝑖 + 𝛽𝑖𝑥𝑖 + 𝛼𝑖 with
𝛾𝑖, 𝛽𝑖, 𝛼𝑖 defined based on the generator type (fuelled by oil, gas, coal,
etc.). Some examples of these parameters are given in Table 3 (Wood,
Wollenberg, & Sheblé, 2013; Yang et al., 2013).

Moreover, in some literature, some realistic ramp-rate-limit (RRL)
constraints are also considered, implying that the rate of change of the
generated powers is constrained, i.e.,

− 𝑅 ≤ 𝑥̇𝑖 ≤ 𝑅 (41)

where 𝑥̇𝑖 implies the rate of change in the generator power and 𝑅
denotes the RRL. This problem follows the standard formulation (2)
and, therefore, the optimal condition on the states follows (6), i.e., 𝐚 =
𝟏𝑛 in (7).

Some existing methods in power generation networks in the AGC
setup include Chen et al. (2016), Cherukuri and Cortés (2015), Kar and
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Fig. 3. A group of generators producing electricity to meet the load demand: in case there is a power mismatch between the generated power and the demand, the generators
readjust their produced power to meet this mismatch while optimizing the sum of local generation cost functions.
Table 3
The cost parameters of the generated powers based on the generator types (Wood et al.,
2013; Yang et al., 2013).

Type 𝛼𝑖 ($/h) 𝛽𝑖 ($/MWh) 𝛾𝑖 ($/MW2 h) 𝑥𝑖 (MW)

A 561 2.0 0.04 80
B 310 3.0 0.03 90
C 78 4.0 0.035 70
D 561 4.0 0.03 70
E 78 2.5 0.04 80

Fig. 4. Allocating the charging stations to the fleet of PEVs: each charging station
and PEV is associated with an electricity cost and the distributed algorithm optimally
assigns the PEVs to the charging stations such that the energy cost is minimum.

Hug (2012), Xiao and Boyd (2006), Yang et al. (2013), Yi et al. (2016)
and Zhu et al. (2019). However, these works failed to address the
so-called RRLs. More recent solutions address RRLs because of the sat-
urated generator dynamics (Doostmohammadian, Aghasi, Vrakopoulou
et al., 2022).

6.4. Distributed PEV optimal charging schedule

The distributed PEV (plug-in electric vehicle) optimal charging
schedule refers to the decentralized and coordinated scheduling of
charging activities for a fleet of electric vehicles, see Fig. 4. The objec-
tive is to optimize the charging schedules of individual vehicles while
considering factors such as electricity grid constraints, user preferences,
and system-level objectives (Sun, Yang, & Yan, 2017). Distributed
PEV optimal charging schedule involves individual electric vehicles
making charging decisions autonomously based on local information.
Instead of a centralized controller dictating the charging schedules
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for all vehicles, each vehicle independently determines its charging
schedule based on its own constraints, preferences, and available in-
formation (Kisacikoglu, Erden, & Erdogan, 2017; Li, Gao, Chen, Zhao,
& Shen, 2019; Mukherjee & Gupta, 2016). The goal of the distributed
PEV optimal charging schedule is typically to minimize the cost, max-
imize user convenience, or enhance the overall system efficiency. The
optimization objective can vary depending on the specific application
and stakeholder requirements. For example, the cost objective may aim
to minimize the electricity bill for charging, while the user convenience
objective may prioritize charging at preferred times or accommodating
specific time constraints (Abdalrahman & Zhuang, 2017; Kisacikoglu
et al., 2017; Li et al., 2019; Mukherjee & Gupta, 2016). Distributed
PEV optimal charging schedule takes into account grid constraints to
ensure that charging activities do not overload the electricity grid. By
considering factors such as peak demand periods, available grid capac-
ity, and grid stability, the charging schedules can be adjusted to prevent
excessive load on the grid and promote grid reliability. Additionally,
distributed charging schedules can also incorporate demand response
mechanisms, allowing vehicles to respond to dynamic pricing signals or
grid signals for load management purposes (Amin et al., 2020; Dallinger
& Wietschel, 2012). Various optimization algorithms can be employed
by electric vehicles to determine their charging schedules. These algo-
rithms consider the available information, constraints, and objectives to
find an optimal or near-optimal charging schedule (Esmaili & Rajabi,
2014; Falsone, Margellos, Garatti, & Prandini, 2017).

Mathematical Model: A fleet of 𝑛 electric vehicles needs to select a
schedule to charge their internal batteries via shared charging stations
to minimize the electricity costs (Deori, Margellos, & Prandini, 2016;
Falsone et al., 2017, 2020; Vujanic, Esfahani, Goulart, Mariéthoz, &
Morari, 2016). There exist both vehicle-level constraints, e.g., user
preferences on the final state of charge and physical limitations of the
batteries, and grid-wide constraints, e.g., maximum deliverable power.
In this section, we omit the details of these constraints (refer to Vujanic
et al. (2016) for details) and state the main formulation related to the
DRA problem (1). Let variable 𝐲𝑖 include the charging and discharging
parameters 𝑢𝑖, 𝑣𝑖 ∈ {0, 1} and 𝑒𝑖 as the charge level of battery 𝑖.
Optimizing whether to charge each vehicle or not to charge, i.e., some
states in 𝐲𝑖 follow 0-1 discrete values implying charging or not-charging
of the vehicles, implies a mixed integer programming (Ioan, Prodan,
Olaru, Stoican, & Niculescu, 2021; Vujanic et al., 2016). Reformulating
the problem differently compared to Vujanic et al. (2016), we aim to
optimize the charging rate of the batteries (Falsone et al., 2017, 2020;
Li, Yi et al., 2020). Then, the distributed optimization problem is in the
form,

min
𝐲1 ,…,𝐲𝑛

𝑛
∑

𝑖=1
𝛾⊤𝑖 𝐲𝑖, (42)

s.t.
𝑛
∑

𝐴𝑖𝐲𝑖 ≤ 𝑏, 𝐲𝑖 ∈ 𝑖

𝑖=1
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Fig. 5. Allocating the network bandwidth, power, or capacity to a group of users: each
user/resource pair is associated with a cost and the distributed algorithm optimally
assigns the network resources to the users such that the objective utility function is
maximized.

with 𝑖 as a set determining the local constraint at node 𝑖.
Note that the coupling constraint in (42) is an inequality constraint.

To reformulate the problem in the standard DRA formulation, consider
auxiliary or slack variable 𝑠𝑖 in the coupling constraint (Falsone et al.,
2020). Then, the problem (42) changes to the standard form as

min
𝐲1 ,…,𝐲𝑛

𝑛
∑

𝑖=1
𝛾⊤𝑖 𝐲𝑖, (43)

s.t.
𝑛
∑

𝑖=1
𝐴𝑖𝐲𝑖 + 𝑠𝑖 = 𝑏, 𝐲𝑖 ∈ 𝑖, 0 ≤ 𝑠𝑖 ≤ 𝑠

Then, the identification variable is 𝐱𝑖 = [𝐲𝑖; 𝑠𝑖] and the cost function is
𝑓𝑖(𝐱𝑖) = 𝛾⊤𝑖 𝐲𝑖.

6.5. Distributed network utility maximization

Network utility maximization (NUM) is a fundamental concept in
the field of network optimization, focusing on the efficient allocation
of resources and the maximization of system-wide utility in commu-
nication networks (Chiang, Low, Calderbank, & Doyle, 2007). In this
framework, the resources, such as bandwidth, power, or capacity, are
distributed among network users or components to maximize overall
utility or performance, see Fig. 5. Each user or component in the
network is associated with a utility function that quantifies their prefer-
ence for allocated resources. This objective is to maximize the aggregate
utility of all users or components in the network while addressing
resource constraints such as bandwidth limits, energy constraints, or
capacity restrictions. These constraints need to be satisfied while opti-
mizing the objective. This objective is to maximize the aggregate utility
of all users or components in the network while addressing the resource
constraints.

NUM problems are often complex and high-dimensional, making
direct optimization challenging. Decomposition methods are used to
break down the problem into smaller, more manageable sub-problems,
allowing for efficient optimization (Palomar & Chiang, 2006). NUM
plays a critical role in various applications including, telecommuni-
cation networks (Lin, Shroff, & Srikant, 2006; Srikant & Ying, 2013),
spectrum allocation (Hasan et al., 2016; Tsiropoulos, Dobre, Ahmed, &
Baddour, 2014), network energy management (Kraning, Chu, Lavaei,
& Boyd, 2013), Internet content delivery (Ercetin & Tassiulas, 2003;
Trossen & Parisis, 2012), and Cloud computing (Ergu, Kou, Peng, Shi,
& Shi, 2013; Guo, Liu, Yang, Xiao, & Li, 2018). A review of more recent
applications in Fog and IoT networks is provided by Chiang and Zhang
(2016).
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Mathematical Model: This problem models a communication net-
work with a set of  links, where the link/channel has certain finite
capacity denoted by 𝑐. These channels are shared with a set of 𝑛 sources
or nodes denoted by 𝑠. Each source in 𝑠 uses a set of (𝑠) ∈  of
links with certain utility function 𝑈𝑠(𝑥𝑠) where state 𝑥𝑠 denotes the
transmission rate of the source. The network utility maximization is
modelled as (Chiang et al., 2007; Kelly, Maulloo, & Tan, 1998)

max
𝐱1 ,…,𝐱𝑛

∑

𝑠
𝑈𝑠𝐱𝑠, (44)

s.t. 𝑅𝐱 ≤ 𝑐

with 𝑅 as network congestion protocol defined as:

𝑅𝑙 𝑠 =
{

1, if 𝑙 ∈ (𝑠) source 𝑠 uses link 𝑙 ,
0, otherwise. (45)

Similar to (42) this problem can be reformulated to standard DRA for-
mulation as in (43), by use of auxiliary/slack variables in the coupling
constraint.

6.6. Other applications

There are many other diverse applications of DRA where the formu-
lation is a bit different compared to the above-mentioned cases. Some
examples of these applications are listed next where efficient resource
allocation and coordination among distributed entities are essential for
optimal system performance and resource utilization.

6.6.1. Multi-robot coordination systems for coverage
Distributed resource allocation is crucial in multi-robot systems

where multiple robots collaborate to perform tasks in complex envi-
ronments. It involves allocating tasks and resources, such as sensing
capabilities, processing power, and sensor coverage, to different robots
to optimize the overall cost/objective, achieve task completion, and
ensure coordination among the robots (Bullo et al., 2009; Cortés et al.,
2004; Doostmohammadian et al., 2009; Sayyaadi & Moarref, 2011;
Telsang, 2022).

6.6.2. Transportation and logistics
In transportation and logistics systems, DRA is essential for optimiz-

ing the allocation of vehicles, routes, and delivery tasks. It involves dis-
tributing tasks to different vehicles based on their locations, capacities,
and availability to minimize delivery time, reduce fuel consumption,
and improve overall efficiency (Baldacci et al., 2012; Gao & Niu, 2021;
Taillard et al., 1996).

6.6.3. Spreading processes and control of epidemic disease
In the spread of viruses or diseases over a network, different mod-

els for epidemic spreading are considered, where the most common
model is linearized Susceptible-Infected-Susceptible (SIS). A distributed
application over multi-agent social networks is to locally compute
the optimal allocation of vaccination resources (for prevention) and
antidotes (for treatment) to control the contagion (Enyioha, Jadbabaie,
Preciado, & Pappas, 2015; Nowzari, Preciado, & Pappas, 2016).

7. Conclusion and future directions

This paper presents a comprehensive review of distributed algo-
rithms for resource allocation over multi-agent systems, including
mathematical formulations, relevant applications, various existing so-
lutions, and algorithmic properties. The exploration of these topics has
shed light on the challenges and potential solutions in this domain,
providing a better comparative analysis of the existing strategies.
Specifically, the pros and cons of the primal and dual optimization
methods are discussed in detail, giving insight into when/how to
apply each method. The comparative analysis in terms of feasibility,
convergence, and network properties further enlightens the specific ap-
plications and also limitations of each method. Our thorough analysis of
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the algorithmic properties enables readers to understand the trade-offs
involved in employing different distributed algorithms. By comparing
convergence rates, communication networking overhead, and con-
straint feasibility, we provide nuanced insights into the strengths and
weaknesses of each approach.

To summarize some of the key points, primal-based DRA algorithms
achieve convergence with less stringent requirements and maintain all-
time constraint feasibility, although they tend to converge at slower
rates compared to dual-based solutions. Primal-based solutions can
converge under more relaxed connectivity conditions (uniform con-
nectivity over time), unlike dual-based solutions that demand all-time
connectivity. On the other hand, dual-based algorithms only necessitate
the convexity of the objective cost function, while primal-based solu-
tions require a stricter assumption of strict/strong convexity. Existing
research on primal-based approaches also offers insights into their
delay-tolerance and resilience to packet-loss. Moreover, ML and RL-
based approaches are adopted in scenarios with dynamic (time-varying)
objectives and uncertain setups.

As the field of distributed resource allocation continues to progress,
numerous avenues for future research emerge, opening new opportuni-
ties for advancements in this domain. Investigating dynamic adaptation
in algorithms to accommodate changing system conditions, such as
fluctuating resource availability, (mobile) agent arrivals/departures,
or evolving demand patterns, presents a promising focus. Areas like
asynchronous scheduling (Grammenos et al., 2021), robust and noise-
resilient solutions (Stanković et al., 2019; Wei et al., 2017), and
low-bit communication-efficient strategies (Doostmohammadian, 2020;
Zayyani, Korki, & Marvasti, 2015) stand as examples for future ex-
loration. Developing adaptive resource allocation strategies holds
he potential to create more responsive and efficient systems that
ffectively handle dynamic environments. Furthermore, integrating
achine learning and artificial intelligence techniques into resource

llocation algorithms could enhance decision-making processes signif-
icantly. Exploring reinforcement learning, deep learning, or evolution-
ary algorithms (Kumar, Kaul, & Hu, 2022; Peteiro-Barral & Guijarro-
Berdiñas, 2013) offers an exciting prospect to improve resource alloca-
ion efficiency and adaptability. Additionally, the pursuit of data-based
odelling and optimization (Mohajer, Barari, & Zarrabi, 2017) holds
romise as an interesting research direction. Finally, given the ris-
ng emphasis on energy efficiency and sustainability, future research
ould focus on resource allocation algorithms explicitly incorporating
nergy consumption (green computing) and environmental impact as
ptimization criteria.
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