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Abstract

This paper is concerned with the analysis of periodic so-
lutions and their bifurcations in relay feedback systems.
The occurrence of periodic solutions characterised by
sliding sections is outlined and particular care is taken
in studying the bifurcation leading to their formation.
Discrete-time mappings are introduced and used to
characterise the regions of existence and stability of
various periodic orbits. Also, bifurcations of sliding or-
bits into more complex solutions such as multi-sliding
orbits are investigated.

1 Introduction

The past few years have seen a dramatic increase of in-
terest in the study of piecewise linear (PWL) systems in
both the academic and industrial world. PWL models
are used in many different branches of applied science
(1,2, 3, 4, 5,6, 7]. In control engineering, for instance,
the particular class of PWL systems referred to as re-
lay feedback systems is well established and has many
applications {8, 9]. Oscillators based on relay feedback
have been particularly well studied [10, 11, 12].

From a geometric point of view, the phase space of a
PWL system can be divided into countably many re-
gions. The vector field in each region is defined by a
linear differential equation. At the boundaries between
the regions, the trajectory of the system is continu-
ous, but may have discontinuous time derivative. The
trajectory of a PWL system therefore consists of sec-
tions lying in different regions of the phase space and
the system is switching between different configurations
whenever one of the boundaries is being crossed. A
novel type of bifurcation, termed border-collision, has
been suggested to occur when a section of a system tra-
jectory becomes tangent to one of these boundaries as
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one or more system parameters are varied {13, 14, 15).
Border-collision bifurcations give rise to seemingly ex-
otic dynamical transitions, which are unique to PWL
systems. An example of these is sudden transition from
a periodic attractor to a chaotic attractor.

It is well known that PWL systems can exhibit a pe-
culiar type of solution, termed sliding motion [16, 17].
The sliding solution belongs to the hyperplane S that
defines the boundary between two regions characterised
by two different values of the vector field. In order to
have sliding, the vector field on each side of S must be
pointing towards S itself. Therefore, according to the
direction of the vector fields close to S, it is possible to
identify sliding regions on S where sliding can occur.
It can be shown that the dynamics of the PWL system
within such a sliding region are given by a reduced or-
der linear system. This dynamics can be obtained by
applying Utkin’s equivalent control method [17] or Fil-
ippov’s convex method [16]. For PWL systems, these
two methods agree.

In recent work by the authors, the existence of peri-
odic solutions with sliding sections (termed sliding or-
bits) has been pointed out in the context of relay feed-
back systems {18, 19] and some power electronic devices
[3, 6, 20]. The main contribution of this paper is an an-
alytical and numerical study of the occurrence of this
novel class of periodic solutions and their bifurcations
in relay feedback systems. Particularly, the bifurcation
of a non-sliding limit cycle into a limit cycle with sliding
is described. For further parameter variations, sliding
orbits will be shown to bifurcate into more complex
periodic solutions, termed multi-sliding orbits, charac-
terised by more that one sliding section.

It is relevant to point out that the analysis presented
here can be applied, without major modifications, to
other systems of relevance in engineering where sliding
solutions have been shown to play an important role
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in organising the system dynamics such as friction os-
cillators [5], DC/DC power converters [6, 21, 20] and
many other [22]. During the preparation of this work,
we have become aware of some preliminary results on
the existence of sliding bifurcations, which were inde-
pendently reported in the Russian literature [23].

2 Relay Feedback System

We consider a linear system with relay feedback given
by

i = Az+ Bu )
= C=z (2)
= —signy, (3)

where signy = 1if y > 0, signy = -1 if y < 0, and
signy € [-1,1] if y = 0. The relay feedback system is
hence interpreted as a differential inclusion. A solution
to (1)-(3) is an absolutely continuous function z that
satisfies this differential inclusion. Formal definitions
for solutions in PWL systems follows as a special case
from the definitions in [16, 17).

The bifurcation analysis and the examples in this paper
refers to third-order dynamics given by

—(2w+A) 1 0 k
A= —-(2%w+w?) 0 1|, B={2kap |, (4
—Aw? 00 kp?

and C=(1 0 0), wherek > 0 and A > 0. This
corresponds to the transfer function

(82 + 20ps + p?)
(82 + 2€ws +w?)(s+ A)°
(5)
The switching plane is given by S = {z € R®: Cz =

0}.

A relay feedback system, as the one described above,
can exhibit several types of periodic solutions. As men-
tioned in the introduction, it has been shown that the
system (1)-(3) can exhibit periodic solutions charac-
terised by sliding sections. In particular, we will term
non-sliding orbits those orbits that have no sliding sec-
tions in S and sliding orbits will indicate periodic solu-
tions partially lying in S. Both these periodic solutions
can be studied by imposing appropriate constraints on
the system Poincaré maps [24, 18, 19]. In next section
we describe in detail how the Poincaré map for the non-
sliding orbit is derived and how it can be used to state
conditions for existence and stability of non-sliding or-
bits. It is straightforward to modify this analysis for
sliding orbits.

G(s) = C(sI — A)'B =k

3 Non-Sliding Orbits

The dynamical behaviour of the system (1)—(3) can be
investigated by defining a Poincaré map describing the
system dynamics from one intersection with the switch-
ing plane S, to the next. In general, a distinction needs
to be made between system trajectories with sliding
and those without sliding. In what follows, we will de-
tail the derivation of the Poincaré map in the case of
trajectories that do not have sliding. The map when
sliding occurs can be derived similarly by considering
the occurrence of sliding motion.

3.1 Poincaré map

Let us consider a trajectory of the relay feedback sys-
tem (1)-(3) characterised by intersecting the switching
plane S for t = t, at a point z, = [0, 21, 22]7 located
outside the sliding strip. In this case, there will be
no sliding motion on S and the relay will switch to a
new configuration, say u = —1. The system, then, will
evolve in this phase until for £ = £ > t,, the trajectory
eventually hits the switching plane again at a point

. &n = [0,%1,%]T. At this point the system switches
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back to the next phase, u = +1, and will evolve in
this configuration until for ¢ = t,4; > £, the trajec-
tory will intersect again the switching plane at a point
Tntr = [0, 2], 25]7 ete.

A Poincaré map from the switching plane to itself
II: (tn,Zn) — (tn+1,Znt+1) can be easily constructed.
Specifically, given a generic initial condition in the
switching plane, say zo = z(0) € S, the solution is

2(t) = N(t)zo — M(2) 6)

for u = -1, and
z(t) = N(t)zo + M(2) @)

for u = +1, where N(t) = exp(At) and M (t) = (N(t)—
I)A~'B, assuming that A is nonsingular. Therefore,
starting from (tn,z,), by using (6), the state at the
successive switching can be written as

Zn = N(bn,)zn — M(‘sm)a (8)

where d,,, is the time interval from t, to the next
switching time instant, i.e., Z, = Z(tn + 6n,). The
time variable &y, is implicitly defined by the followin,
switching condition: :

9)

After t = t,, + 8,, the system will evolve on the other
side of the switching plane, i.e., the output will become
negative and the input will be u = 1. The state at the
next switching time instant 41 = T(tn41) will then
be given by

Cin = C[N(bny)Tn — M(6n,)] = 0.

Tn4l = N(Jng)in + M(an) (10)
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where ¢, 11 = tn+65, +0n, and b, is implicitly defined
by the switching condition Cz,41, i.e.

C[N(8n:)N(8n, )T — N (00, ) M (8n,) + M(8n,)] = 0-)
(11
The Poincaré map can be obtained by substituting (8)
in (10), thus providing

Tpt1 = N(0n,)N(0n, )20 — N(0ny )M (65;) + M (35, ),
_ (12)
where é,, and 4, are implicitly defined by (9) and (11).

3.2 Necessary conditions of existence
Necessary conditions can be given for the existence of
periodic solutions. It is simple to show that the equi-
librium point of the Poincaré map (12) can be written
as

g=[I-N@§]' [I-NEO]MG), (13)
where we assumed that the orbit is symmetric, i.e.,
dn, = 8n, = 8. A necessary condition for the existence
of such a periodic solution is given by (9) at steady
state, i.e., by the scalar equation

c [N(S) (I-N@28)™ (I-N@) M@) - M(S)] =0.

(14)
By solving (14) we obtain candidate time intervals &
(and the corresponding fixed points from (13)) for pos-
sible limit cycles. Once a candidate § have been ob-
tained, the existence of the corresponding orbits and
their stability must be verified.

3.3 Local stability

To investigate the stability of the periodic solutions
located using the conditions outlined in the previous
section, we now illustrate the derivation of the Jaco-
bian of the Poincaré map around an equilibrium point
corresponding to a given periodic solution.

Introducing the vector A, = (éy, ,énz)T, map (12) can
be rewritten as follows:

Tntl = f(xn, An) (15)

and the switching conditions (9) and (11) can be rewrit-

ten in vector form as
#(Zn, An) = 0. (16)

By using implicit differentiation, the Jacobian can be
computed as

J= % _of _df
dz, Oz, O0A,

(%)
0A,
After some algebraic manipulation, we get
Ny
Cz,Ciy,

+itco (aé;CN.2 - Ngi;c)] Ny, (7

.

0z,

J = NNy —

{i; Cig, C
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where No = N(b,), N1 = N(8,,), %, = AZ, — B,
%y = A#, +B, and &, = AZny1 + B. Note that the
Jacobian is derived for the general case with asymmet-
ric orbits. Eq. (17) can be used to check stability of
symmetric orbits by assuming that ,1 = z,, = % and
Ont1 = 0, = & in (17) and then computing the eigen-
values of the corresponding Jacobian, cf. [24, 18, 19].

4 Sliding Orbits

Sliding motion is possible for the relay feedback sys-
tem. Under sliding motion the system trajectory is
constrained to lie on the switching hyperplane S. The
equations of the reduced order system describing the
system dynamics on S are given by

i~ )=

where the state 2 consists of the second and third com-
ponents of z. Note that the eigenvalues of the system
(18) are equal to the zeros of the transfer function (5).
The origin is a stable equilibrium of (18) for op > 0
and unstable for op < 0.

—-20p 1

—p2 0 (18)

In order to have sliding motion, the equivalent control
(17] must satisfy the following constraint:

[ueg) = [(CB)~'CAz| < 1. (19)

By substituting the system matrices (4) in (19), it is
straightforward to see that (19) corresponds to |z,| <
k. Hence, the sliding strip is given by —k < 25 < k.

The Poincaré map reported in the previous section is
valid for non-sliding orbits. If we instead assume that,
at a generic switching time t,, the second component
of z,, is within the interval (—k, k), then the trajectory
will start sliding on the plane and the corresponding
state evolution will be constrained to be within the
sliding strip. If the sliding dynamics (18) is unstable,
the trajectory will evolve towards the boundaries of
the sliding strip. Hence, when the second component
of z (the first component of z) becomes equal to +k,
the trajectory will “escape” from the switching plane
and the corresponding state evolution will be described

by (6) or (7).

It is possible to show that for some values of the sys-
tem parameters a stable periodic trajectory is exhib-
ited, which consists of four different parts: two slid-
ing sections and two sections on either side of S [19].
The Poincaré map of such an orbit can be obtained
by following a similar procedure to that presented in
the previous section by taking into account the onset
of sliding dynamics described by (18). Specifically, let
us indicate with z, the system state at a switching in-
stant outside the sliding strip, and assume that from
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Zn to T, (next intersection on S) the system under-
goes a smooth evolution whose map can be described
using (6). Assume that Z, is in the sliding strip. In
this case, a sliding motion will start whose dynamics
can be described by solving (18). If the fixed point of
the sliding equation (18) is unstable, the sliding state
evolution will be then directed towards the border of
the sliding strip. Let us indicate with Z, the state at
which the border of the sliding strip is reached; the first
component of Z,, will be zero and its second component
will be equal to £k. From Z,, the system will then
follow the evolution described by (7) and so on. The
overall Poincaré map for a sliding orbit will therefore
be the composition of two submappings: one describ-
ing the periodic connection and the other the sliding
section of the orbit. These can be easily obtained by
appropriately combining (6), (7), and the solution to
(18).

Conditions for existence and local stability of the slid-
ing orbit are readily derived by appropriately modify-
ing the expression for the non-sliding orbit in the pre-
vious section.

5 Sliding Bifurcations

As shown above, a relay feedback system can exhibit
different types of periodic solutions, which can either
contain sliding sections or not. In this section, we will
seek to understand the mechanism behind the forma-
tion of sliding orbits and their further bifurcations, as
the system parameters are varied. In doing so, we will
vary the positions of the zeros of the transfer function
(5), via variation of the parameter p. Hence, we will
study the family of codimension-1 bifurcations result-
ing from this parameter variation. In the next section
we will instead vary the poles through the parameter
w and see that it gives bifurcations to multi-sliding or-
bits. The other parameters of (5) are fixed to k = 1,
o = -1, and A = 1. The damping ¢ = 1 when p is var-
ied and ¢ = 0.05 when w is varied. This means that G
has left half-plane poles and real right half-plane zeros.
By varying p and w, only the distances of the zeros and
the poles to the origin is changed.

Careful numerical computation showed that as p is var-
ied, the system undergoes several bifurcations. These
are summarised in the bifurcation diagram depicted in
Fig. 1, where the second component of the Poincaré
map is shown versus p.

For decreasing values of p, we see that a non-sliding
orbit turns into a sliding orbit at p &~ 2.1. Then, for
p € (—9.4,0) the origin is globally stable while for
p < —9.4 a non-sliding orbit is present. The transi-
tion from a non-sliding to a sliding orbit can be better
outlined when the phase-space evolution of the system
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Figure 1: Bifurcation diagram of system (1)—(3), when pis
varied. The second component of the Poincaré

map is plotted against p.

is investigated on both sides of the sliding bifurcation
point. In particular, we observed that the fixed point of
the switching map corresponding to the non-sliding or-
bit enters the sliding strip at the bifurcation point and
sliding orbits are then generated for further parameter
variations.

Using the analytical tools sketched in previous sections,
the bifurcation can be located analytically and the the-
oretical bifurcation point (the parameter value at which
the fixed point sits on the boundary of the sliding strip)
was found to be p = 2.098841. This can be done by
imposing the additional condition that the fixed point,
corresponding to a non-sliding orbit, belongs to the
boundary of the sliding strip onto the system of nec-
essary conditions of existence (14). In doing so, a sys-
tem of equations defining the location of the bifurcation
point as a function of the parameter p can be obtained.

After the sliding bifurcation, the sliding orbit contains
longer and longer sliding sections until for p = 0 the
origin becomes the only stable attractor. As depicted
in Fig. 1, this remains the only equilibrium until at
p ~ —9.4, a new simple limit cycle is generated after
a saddle-node bifurcation. Again, using the analytical
tools devised above, this bifurcation was located an-
alytically and shown to be a saddle-node bifurcation
of the system switching map, characterised by having
both the eigenvalues of the map Jacobian crossing the
unit circle at +1. This bifurcation, actually, generates
a pair of equilibria, one stable and the other unsta-
ble, hence the existence of a corresponding stable and
unstable simple orbits was also detected.

6 Multi-Sliding Bifurcations

We now consider p = 1, fixed to a value at which a
sliding orbit exist, and vary the position of the system
poles via the parameter w. In doing so, we seek to
uncover possible bifurcations of sliding orbits into more
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Figure 2: Phase space diagrams before (a) and after (b)
the bifurcation point. The apparent change in
size of the sliding strip is due to a mere change
of scale.

complex dynamical behaviour. Numerical experiments
confirm that as w is varied, the periodic section of the
sliding orbit under investigation undergoes a geometric
“twist” that leads to the appearance of an additional
sliding section (see Fig. 3). This mechanism is due to

Figure 3: Phase space diagrams of a 3-sliding orbit.

the fact that the eigenvalues of the linear part of the
system are conjugate complex, thus causing the onset
of oscillating modes corresponding to “twists” of the
system solution in the phase space. When this occurs, a
bifurcation is observed from a sliding orbit to a periodic
solution characterised by two sliding sections, which we
term 2-sliding orbit. We will refer to such a bifurcation
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as a multi-sliding bifurcation.

Further parameter variations will cause a similar bi-
furcation to occur, so that a 3-sliding solution may be
generated from a 2-sliding solution (see Fig. 3) and so
on. Specifically, as shown in Fig. 4, a “sliding addirg”
scenario is observed. Here, a cascade of multi-sliding
bifurcations causes the formation of multi-sliding or-
bits characterised by an increasing number of sliding
sections. The analysis of this scenario is currently un-

0 15 20 2% N I L £ D

Figure 4: Bifurcation diagram of a sliding orbit showing
the second component of the Poincaré map as
p is kept constant and w is varied. Notice the
appearance of several fingers corresponding to
additional sliding sections.

der investigation. There is a fascinating similarity be-
tween the bifurcation diagram described above and the
so-called “chattering and sticking” behaviour recently
observed in mechanical oscillators with impacts [25].

7 Conclusion’

We discussed the existence and stability of sliding and
non-sliding periodic solutions in a class of relay feed-
back systems. The occurrence of a novel class of bifur-
cations was outlined. In particular, a sliding bifurca-
tion was defined as the transition from a simple limit
cycle to a sliding orbit. Such a bifurcation has been<
characterised in terms of the fixed point of an appropri-
ate Poincaré map and has been located analytically in
the case of a third-order relay feedback systems. Also,
the occurrence of multi-sliding bifurcations causing the
metamorphosis of a sliding orbit into more complex dy-
namical behaviour has been outlined.

We conjecture that the features described in this paper
are not specific to relay feedback systems but are in-
stances of a more general class of novel bifurcations in
piecewise linear, and more generally, piecewise smooth
dynamical systems. This is the subject of on-going re-
search.

Preliminary results indicate that similar sliding bifur-
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cations are the cause of the occurrence of sliding orbits
also in applications such as DC/DC converters and fric-
tion oscillators [5, 26].
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