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a b s t r a c t 

This work proposes a robust data-driven predictive control approach for unknown nonlinear systems in 

the presence of bounded process and measurement noise. Data-driven reachable sets are employed for 

the controller design instead of using an explicit nonlinear system model. Although the process and mea- 

surement noise are bounded, the statistical properties of the noise are not required to be known. By using 

the past noisy input-output data in the learning phase, we propose a novel method to over-approximate 

exact reachable sets of an unknown nonlinear system. Then, we propose a data-driven predictive control 

approach to compute safe and robust control policies from noisy online data. The constraints are guaran- 

teed in the control phase with robust safety margins by effectively using the predicted output reachable 

set obtained in the learning phase. Finally, a numerical example validates the efficacy of the proposed 

approach and demonstrates comparable performance with a model-based predictive control approach. 

© 2023 The Author(s). Published by Elsevier Ltd on behalf of European Control Association. 

This is an open access article under the CC BY license ( http://creativecommons.org/licenses/by/4.0/ ) 
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. Introduction 

Model Predictive Control (MPC) is one of the most powerful and 

ell-established methods in the field of control systems due to its 

bility to efficiently handle system constraints, nonlinear dynamics, 

nd trajectory tracking [22] . The MPC scheme generally requires a 

ufficiently accurate dynamical system model to guarantee optimal 

ontrol performance while satisfying system constraints. However, 

cquiring an accurate model in practice, especially for complex sys- 

ems, is often time-consuming and costly [23] . Consequently, data- 

riven approaches for predictive control have gained significant in- 

erest in the control community in recent years [13] . 

A remarkable contribution to data-driven predictive control for 

inear time-invariant (LTI) systems can be found in [10] , where 

he authors addressed an optimal trajectory tracking problem for 

nknown LTI systems using the data-enabled predictive control 

DeePC) algorithm. DeePC relies on behavioral systems theory 
∗ Corresponding author. 
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nd Willems’ Fundamental Lemma (WFL) [24] to learn a non- 

arametric system model from noise-free data. Although DeePC is 

 seminal approach, it was initially developed only for noise-free 

ystems, and later it was extended to stochastic LTI systems in 

11] . However, when the statistics of the uncertainties and noise 

n the LTI systems are unknown but bounded, the data-driven set- 

ased approach presented in [4] is more appropriate for guaran- 

eeing robust constraint satisfaction. This approach relies on us- 

ng data-driven reachable set prediction within a predictive control 

cheme to compensate for the complexity of capturing an accurate 

odel. Unlike LTI systems, data-driven control for nonlinear sys- 

ems is quite challenging, and there are many open challenges in 

his research area. 

Recent works on data-driven predictive control for uncer- 

ain nonlinear systems include [12] , which provides a chance- 

onstrained MPC approach to control a nonlinear system with a 

nown nominal part and unknown additive dynamics modeled as a 

aussian process. However, the nonlinear system is not completely 

nknown in [12] ; in addition, the proposed approach is not robust 

nd allows a certain amount of constraint violations. Extensions of 

he WFL to nonlinear systems have also been proposed to make 

t analogous to data-driven control approaches in LTI systems. In 
l Association. This is an open access article under the CC BY license 
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his regard, [8] proposes a data-driven predictive control approach 

or unknown nonlinear and control-affine systems using available 

oise-free data. This approach relies on local linearization of the 

nderlying system using noise-free data in order to apply WFL. In 

16] , WFL is used to reproduce kernel Hilbert space and extend its 

pplicability to a class of nonlinear systems. However, it is impor- 

ant to emphasize that all the works cited above either assume 

oise-free data or do not provide robust safety guarantees under 

ystem constraints. 

In this paper, we provide an extension of the results on ro- 

ust zonotopic data-driven predictive control presented in [4] to 

nknown nonlinear systems under bounded process and measure- 

ent noise. Our proposed approach uses noisy data to derive an 

mplicit data-driven model of the system in real-time and obtains 

n optimal control input guaranteeing robust constraint satisfac- 

ion. To this end, we employ a zonotopic set representation to pro- 

ide an implicit data-driven system model. 

Our proposed approach comprises learning and control phases. 

he goal of the learning phase is to compute an implicit data- 

riven representation of the unknown nonlinear system at each 

ime step using zonotopes. In this phase, a data-driven linear 

odel approximates the unknown nonlinear system by employing 

aylor series expansion and utilizing the past input-output data 

ver a finite horizon. Subsequently, the model mismatch and the 

agrange remainder term of the Taylor series are bounded by a 

onotope using the available data. In the control phase, we pro- 

ose a robust data-driven approach called nonlinear zonotopic pre- 

ictive control (NZPC). NZPC utilizes the learning phase and zono- 

ope recursion at each time step to predict the reachable output 

et over a finite horizon. The optimal control problem solved by 

ZPC in this phase yields an optimal control input that minimizes 

he given cost function and satisfies the specified constraints. This 

ethod involves updating the input-output data set as the closed- 

oop system evolves over time, i.e., old data is discarded when new 

ata is collected and added to the data set, thereby enhancing the 

mplicit system representation and improving the controller’s per- 

ormance. The code to recreate our findings is publicly available 1 

This paper presents three main contributions that address the 

ata-driven predictive control problem for unknown nonlinear sys- 

ems. Firstly, we propose Algorithm 1 , which efficiently estimates 

he reachable sets of an unknown nonlinear system using zono- 

opes, leveraging noisy input-output data. Secondly, we introduce 

heorem 1 , which provides a formal proof that the reachable sets 

btained through Algorithm 1 offer an over-approximation of the 

xact reachable sets for nonlinear systems. This theoretical re- 

ult establishes the reliability, accuracy, and practical applicabil- 

ty of Algorithm 1 . Finally, we present Algorithm 2 , which com- 

utes safe and robust control inputs for a receding horizon opti- 

ization problem associated with an unknown nonlinear system. 

his algorithm provides a principled approach to handling uncer- 

ain and dynamic environments, ensuring robust constraint satis- 

action. Theorem 2 provides the formal proof that the control in- 

uts generated by Algorithm 2 robustly satisfy the system’s con- 

traints, thus providing a safe and reliable control strategy. 

The remainder of this paper is organized as follows. 

ection 2 provides preliminaries and formally defines the problem. 

n Section 3 , we present our robust data-driven predictive control 

pproach for unknown nonlinear systems. An illustrative example 

emonstrating the proposed approach is presented in Section 4 , 

nd its performance is compared to a robust model predictive 

ontrol approach in the same section. We conclude the paper with 

ection 5 , where we summarize our results and discuss the future 

rospects of this work. 
1 github.com/aalanwar/Data- Driven- Predictive- Control . 

t

Z

2 
. Preliminaries and problem statement 

.1. Notations 

The set of natural numbers, non-negative integers, and real n - 

imensional space are denoted by N , Z ≥0 , and R 

n , respectively. The 

bsolute value of a scalar c is denoted as | c| . For an n × 1 vec-

or x ∈ R 

n , ‖ x ‖ ∞ 

and ‖ x ‖ 2 respectively represent the infinity-norm

nd the 2-norm of x , and ‖ x ‖ 2 
P 

= x � P x . Furthermore, R 

n ×m denotes

he real n × m matrix space. We write 1 n , and 0 n for n-dimensional

olumn vectors with all entries equal to 1 and 0, respectively. For 

implicity, where no confusion arises, we use 0 and 1 to denote 

atrices with the proper dimensions. For a given vector x , x (i ) de- 

otes its i th element. For a given matrix A , the row i of A is de-

oted by (A ) i,. , the column j of A is denoted by (A ) ., j , and the

lement at row i and column j of A is presented by (A ) i, j . Finally,

iag (·) denotes the diagonal operator, which constructs a diago- 

al matrix using its arguments. For X ∈ R 

n ×m , X � and X † indicate

he transpose and Moore-Penrose pseudoinverse of a matrix X , re- 

pectively. If matrix X is full-row rank, then X † = X � (X X � ) −1 is the

ight inverse, i.e., X X † = I n , where I n ∈ R 

n ×n is the identity matrix.

he Kronecker product is denoted by �. A stacked window of se- 

uence { x (k ) } t 
k = t−T 

is 

 [ t −T,t ] = 

[
x (t − T ) x (t − T + 1) · · · x (t) 

]
. 

or notational simplicity, we introduce X + = X [ t −T +1 ,t ] and X − = 

 [ t −T,t −1] to represent the shifted stacked windows. We use the 

ubscript t + k | t to highlight predictive quantities, e.g., x t+ k | t is the 

t + k ) -step-ahead prediction of the vector x initialized at time t ,

nd x t| t = x (t) . 

.2. Set representations 

A zonotope is an affine transformation of a unit hypercube, [14] , 

nd it is defined as follows. 

efinition 1 (Zonotope) . Given a center c Z ∈ R 

n and a number 

Z ∈ N of generator vectors g i Z ∈ R 

n , a zonotope is defined as 

 = 

{ 

x ∈ R 

n 

∣∣∣x = c Z + 

γZ ∑ 

i =1 

β(i ) g i Z , −1 ≤ β(i ) ≤ 1 

} 

. 

o simplify notation, we denote a zonotope as Z = 〈 c Z , G Z 〉 , where

 Z = [ g 1 Z . . . g 
γZ 
Z ] ∈ R 

n ×γZ . 

A zonotope Z could be over-approximated by a multidimen- 

ional interval as [ 5 , Proposition 2.2]: 

 = int (Z) = [ c Z − �g, c Z + �g ] , �g = 

γZ ∑ 

i =1 

| g i Z | 

here the absolute value is taken element-wise. The conversion of 

n interval I = [ I , I ] to a zonotope is denoted by Z = zonotope ( I , I ) .

Given L ∈ R 

m ×n , the linear transformation of a zonotope Z is 

 zonotope L Z = 〈 Lc Z , LG Z 〉 . Given two zonotopes Z 1 = 〈 c Z 1 , G Z 1 〉
nd Z 2 = 〈 c Z 2 , G Z 2 〉 , the Minkowski sum is defined and obtained

s 

 1 � Z 2 = { z 1 + z 2 | z 1 ∈ Z 1 , z 2 ∈ Z 2 } 
= 

〈 
c Z 1 + c Z 1 , [ G Z 1 G Z 2 ] 

〉 
. 

or simplicity, we use the notation + instead of � to represent 

he Minkowski sum and write Z 1 − Z 2 to denote Z 1 + (−Z 2 ) . The

artesian product of two zonotopes Z 1 and Z 2 is defined and ob- 

ained as 

 1 × Z 2 = 

{[
z 1 
z 2 

]∣∣∣∣z 1 ∈ Z 1 , z 2 ∈ Z 2 

}

https://github.com/aalanwar/Data-Driven-Predictive-Control
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= 

〈[
c Z 1 
c Z 2 

]
, 

[
G Z 1 0 

0 G Z 2 

]〉
. 

A matrix zonotope is defined as follows [ 5 , p. 52]. 

efinition 2 (Matrix Zonotope) . Given a center matrix C M 

∈ R 

n ×T 

nd a number γM 

∈ N of generator matrices G 

1 
M 

, . . . , G 

γM 

M 

∈ R 

n ×T ,

 matrix zonotope is defined as 

 = 

{ 

X ∈ R 

n ×T 

∣∣∣X = C M 

+ 

γM ∑ 

i =1 

β(i ) G 

i 
M 

, −1 ≤ β(i ) ≤ 1 

} 

. 

e use the short notation M = 〈 C M 

, G M 

〉 to denote a matrix zono-

ope, where G M 

= { G 

1 
M 

, . . . , G 

γM 

M 

} . 
.3. Problem statement 

Consider a discrete-time nonlinear control system 

 (k + 1) = f (x (k ) , u (k )) + w (k ) (1a)

 (k ) = Hx (k ) + v (k ) (1b) 

here f : R 

n x × R 

n u −→ R 

n x is an unknown nonlinear function, 

 (k ) ∈ X ⊂ R 

n x and y (k ) ∈ R 

n y are respectively the state and the

utput of the system with n y ≤ n x at time k ∈ Z ≥0 , u (k ) ∈ Z u =
 c Z u , G Z u 〉 ⊂ R 

n u is the control input, X 0 ⊂ X is the set of initial

tates, H ∈ R 

n y ×n x is the system output matrix which is assumed 

o be known and full row-rank, i.e., rank(H) = n y , w (k ) denotes

he process noise bounded by a zonotope w (k ) ∈ Z w 

= 〈 c Z w , G Z w 〉 ,
nd v (k ) is the measurement noise bounded by a zonotope v (k ) ∈
 v = 〈 c Z v , G Z v 〉 for all time steps. At each time step k , input and

utput constraints for a controller design are given by 

 (k ) ∈ U k ⊆ Z u , y (k ) ∈ Y k ⊂ R 

n y . (2) 

In (2) , the set Z u represents the time-invariant domain of con- 

rol inputs, corresponding to constraints inherent to the problem 

nd may be driven by physical limitations. Meanwhile, the sets U k 
nd Y k are time-varying input and output constraints, respectively, 

ecause they account for additional limitations dependent on time- 

arying circumstances. 

We aim to solve a receding horizon optimal control problem by 

mploying only the input-output data of the system (1) without 

xplicit knowledge of the nonlinear function f (x (k ) , u (k )) . To be

recise, we assume that at each time step t ∈ Z ≥0 , we have access

o the past K input-output trajectories of different lengths T i + 1 , 

 = 1 , . . . , K, denoted by { u (k ) } t 
k = t−T i 

and { y (k ) } t 
k = t−T i 

. For simplicity,

e consider a single trajectory and collect all the input and ‘noisy’ 

utput data in the following matrices 

Y [ t −T,t ] = 

[
y (t − T ) y (t − T + 1) · · · y (t) 

]
, 

 [ t −T,t ] = 

[
u (t − T ) u (t − T + 1) · · · u (t) 

]
. 

f a data point index k is negative, it refers to the data obtained

rom offline experiments, i.e., it was collected before implementing 

ZPC in the control loop. We indicate the set of all available data 

t time t by D [ t −T,t ] = (U [ t −T,t ] , Y [ t −T,t ] ) . 

Given the set of all possible inputs u (k ) ∈ Z u , process noise

 (k ) ∈ Z w 

, for k = 0 , . . . , N − 1 , and initial state set X 0 , the state

eachable set R 

x 
N 

is defined as the set of all possible states in the

tate space that a system can reach after N time steps: 

 

x 
N = 

{
x (N) ∈ R 

n x | x (k + 1) = f (x (k ) , u (k )) + w (k ) , 

∀ x (0) ∈ X 0 , w (k ) ∈ Z w 

, and u (k ) ∈ Z u , 

k = 0 , . . . , N − 1 

}
. (3) 

n this paper, however, we are particularly interested in the output 

eachable set, which is defined below. 
3 
efinition 3 (Output reachable Set) . The output reachable set R 

y 
N 

s defined as the set of all possible outputs that a system can reach 

fter N time steps: 

 

y 
N 

= HR 

x 
N + Z v 

here R 

x 
N 

is the state reachable set defined in (3) and Z v is the

easurement noise zonotope. 

We denote the sequences of the unknown actual process and 

easurement noise corresponding to the available input-output 

rajectories as { w (k ) } t 
k = t−T 

and { v (k ) } t 
k = t−T 

, respectively. Based on

he assumptions of bounded noise, we can directly infer that the 

tacked matrices W [ t −T,t −1] , V [ t −T,t −1] , and V [ t −T +1 ,t ] are bounded, 

atisfying the conditions W [ t −T,t −1] ∈ M w 

and V [ t −T,t −1] , V [ t −T +1 ,t ] ∈ 

 v . Here, M w 

= 〈 C M w , G M w 〉 and M v = 〈 C M v , G M v 〉 represent ma-

rix zonotopes resulting from the concatenation of multiple noise 

onotopes Z w 

and Z v as described in [2] . Additionally, we denote 

he actual state trajectory, which is unknown, as X [ t −T,t ] . 

.4. Main assumptions 

In this subsection, we present the essential assumptions for the 

ata-driven nonlinear zonotopic predictive control approach. 

ssumption 1. We assume that the zonotope Z η = 〈 0 n x , ηI n x 〉 in-

cribes the state space X , where η > 0 is known. In other words, 

or any k ∈ Z ≥0 , we assume ‖ x (k ) ‖ ∞ 

≤ η. 

It is important to note that the aforementioned assumption 

oes not imply that the system is already stabilized. Rather, it is a 

onsequence of the operational or physical constraints on the sys- 

em states; that is, the domain of states is a bounded subset X . 

We define M η = 〈 C M η , G M η 〉 to denote a matrix zonotope re-

ulting from the concatenation of multiple zonotopes Z η . Addition- 

lly, we define 

 = Z η × Z u . 

or simplicity, we omit the time index k when no confusion may 

rise. In order to introduce a concise notation, we define a new 

xtended state vector as follows: 

= 

[
x 
u 

]
. 

ssumption 2. The unknown nonlinear function f is twice contin- 

ously differentiable in x and u . 

According to Assumption 2 , f is locally Lipschitz continuous in 

 and u at each dimension, i.e., there exists a vector of constants 

 f ∈ R 

n x with L (i ) 
f 

> 0 , for i = 1 , . . . , n x , such that for any ξ1 , ξ2 ∈ F ,

t holds that 

 f (i ) (ξ1 ) − f (i ) (ξ2 ) | ≤ L (i ) 
f 

‖ ξ1 − ξ2 ‖ 2 . 

onsidering a separate Lipschitz constant for each element of the 

unction f decreases conservatism, especially when the data has a 

ifferent scale for each dimension. 

. Robust data-driven predictive control 

In this section, we propose a data-driven nonlinear zonotopic 

redictive control (NZPC) approach for the nonlinear system (1) . 

he proposed NZPC algorithm, consists of two online phases: the 

earning phase and the control phase, which are described in detail 

n the following subsections. 
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Algorithm 1 Data-Driven Reachability Analysis. 

Input : Input-output data D [ t −T,t ] , initial set R 

y 
t| t , process noise 

zonotope Z w 

, measurement noise zonotope Z v , Lipschitz constants 

L (i ) 
f 

for i = 1 , . . . , n x , covering radius δ, upper bound η, and input 

zonotope Z u . 

Output : Data-driven reachable sets ˆ R 

y 

t+ k +1 | t for k = 0 , . . . , N − 1 . 

1: ˆ M H = (Y + − HC M w − C M v ) 

[ 

1 � 
T 

H 

† (Y − − 1 � T � y � ) 

U − − 1 � 
T 

� u � 

] † 

2: z l = min 

j 

(
(Y + ) ., j − ˆ M H 

⎡ 

⎣ 

0 

H 

† ( ( Y −) ., j − (y � − v � )) 
(U −) ., j − u � 

⎤ 

⎦ 

)

3: z l = max 
j 

(
(Y + ) ., j − ˆ M H 

⎡ 

⎣ 

0 

H 

† ( ( Y −) ., j − (y � − v � )) 
(U −) ., j − u � 

⎤ 

⎦ 

)

4: Z L = zonotope ( z l , z l ) − ˆ M H 

[ 

1 

−H 

† Z v + g ηZ η

0 n u 

] 

− H 

† Z w 

−Z v 

5: Z ε = 

〈 
0 n y , diag (| (H) 1 ,. | L f δ/ 2 , . . . , | (H) n y ,. | L f δ/ 2) 

〉 
6: for k = 0 : N − 1 do 

7: ˆ R 

x 
t+ k | t = H 

† ( ̂  R 

y 

t+ k | t − Z v ) + g ηZ η

8: ˆ R 

y 

t+ k +1 | t = 

ˆ M H (1 ×(( ̂  R 

x 
t+ k | t ×Z u ) −ξ � )) + Z v + HZ w 

+ Z L + Z ε

9: end for 

T

o

d

a

R

P
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m

l  

m
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w  
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.1. Learning phase 

In this phase, we propose a data-driven algorithm to over- 

pproximate reachable sets of a nonlinear control system given in- 

ut and noisy output data D [ t −T,t ] . This algorithm is a key techni- 

al result for predicting all possible output reachable trajectories 

ithin the prediction horizon in the NZPC approach. Using (1a) , 

e rewrite the output Eq. (1b) as 

 (k + 1) = f H (x (k ) , u (k )) + Hw (k ) + v (k + 1) (4)

ith 

f H (x (k ) , u (k )) = H f (x (k ) , u (k )) . 

ur NZPC approach does not involve state measurement x (k ) , and, 

herefore, we need to construct a zonotope that contains all possi- 

le x (k ) consistent with the output measurement y (k ) . 

emma 1 [3] . Let Assumption 1 hold. Then, given the output mea- 

urement y (k ) of the system (1) , it holds that x (k ) ∈ Z x | y , where 

 x | y = H 

† (y (k ) − Z v ) + g ηZ η

= 〈 c x | y , G x | y 〉 
ith g η = (I n x − H 

† H) , c x | y = H 

† (y (k ) − c Z v ) , and G x | y =
H 

† G Z v ηg η
]
. 

Let ξ � = 

[
x � � u � � 

]� 
. Then, Taylor series of f H around ξ � can 

e represented (see [9] ) by 

f H (ξ ) = f H (ξ
� ) + 

∂ f H (ξ ) 

∂ξ

∣∣∣
ξ= ξ � 

(ξ − ξ � ) + L H (5) 

here L H is the Lagrange remainder given by 

 

(i ) 
H 

= 

1 

2 

(ξ − ξ � ) T 
∂ 2 f (i ) 

H 
(z) 

∂ξ 2 

∣∣∣
ξ= ξ � 

(ξ − ξ � ) 

or some z ∈ { ξ � + α(ξ − ξ � ) | α ∈ [0 , 1] } . 
To present a standard notation of the linearized system, we can 

eparate vector ξ into x and u in (5) and rewrite it as follows: 

f H (x, u ) = 

[
f H (x � , u 

� ) A H B H 

]︸ ︷︷ ︸ 
M H 

[ 

1 

x − x � 

u − u 

� 

] 

+ L H (6) 

here 

 H = 

∂ f H (x, u ) 

∂x 

∣∣∣x = x � 

u = u 

� 

, B H = 

∂ f H (x, u ) 

∂u 

∣∣∣x = x � 

u = u 

� 

. 

If a model of a nonlinear system is available, the Lagrange re- 

ainder L H could be over-approximated as described in [ 5 , Sec- 

ion 3.4.3]. However, in this paper, the model is unknown. There- 

ore, we over-approximate L H from the available input-output data 

sing Algorithm 1 , which is described below. 

Algorithm 1 computes over-approximated data-driven reach- 

ble sets of the nonlinear control system (1) . At time t , the 

ver-approximated data-driven reachable set and the exact reach- 

ble set within k steps are denoted by ˆ R 

y 

t+ k | t and R 

y 

t+ k | t , respec- 

ively. The initial output set is denoted by R 

y 
t| t . The procedure of 

lgorithm 1 is as follows: Set k = 0 . First, we obtain an approxi-

ate linearized model ˆ M H given available data D [ t −T,t ] in line 1 ; 

1,2] . Subsequently, for the chosen linear model, we derive a zono- 

ope Z L that over-approximates the modeling mismatch �M H to- 

ether with the Lagrange remainder L H following lines 2–4 . By 

omputing a zonotope Z ε , we over-approximate the modeling mis- 

atch along with the Lagrange remainder for all data points in F
n line 5 . Eventually, we compute the over-approximated output 

eachable sets ˆ R 

y 

t+ k +1 | t for k = 0 , . . . , N − 1 according to lines 6–9 . 
4 
heorem 1. Let Assumptions 1 and 2 hold. Then, given the input- 

utput trajectories D [ t −T,t ] of the system (1) at time t ∈ Z ≥0 , the 

ata-driven reachable set ˆ R 

y 

t+ k +1 | t computed in Algorithm 1 over- 

pproximates the exact reachable set R 

y 

t+ k +1 | t , i.e., ˆ R 

y 

t+ k +1 | t ⊇
 

y 

t+ k +1 | t , holds for for k = 0 , . . . , N − 1 . 

roof. We can rewrite (6) as follows: 

f H (ξ ) = 

ˆ M H 

[
1 

ξ − ξ � 

]
+ �M H 

[
1 

ξ − ξ � 

]
+ L H (7) 

here ˆ M H is an approximation of M H and �M H = M H − ˆ M H is the 

odel mismatch. We aim to obtain 

ˆ M H , which is an approximate 

inearization of f H (x (k ) , u (k )) , and over-approximate the model

ismatch �M H along with the Lagrange remainder L H . Let As- 

umption 2 hold. Then, by neglecting the Lagrange remainder and 

ubstituting (6) in (4) , the following holds for the collected data 

nd its corresponding unknown actual state and noise realizations: 

 + ≈ M H 

[ 

1 

� 
T 

X − − 1 

� 
T � x � 

U − − 1 

� 
T � u 

� 

] 

+ HW − + V + (8) 

here, by Lemma 1 , we set x � = H 

† (y � − v � ) and v � = c Z v with y � a

nown linearization point. Now, let Assumption 1 hold. Then, again 

y Lemma 1 , it holds that 

 − ∈ M x | y = H 

† (Y − − M v ) + g ηM η. 

o get an approximated linear model ˆ M H , we set X − = H 

† (Y − −
 M v ) , which is the center of matrix zonotope M x | y . Also, in (8) ,

e choose V + = C M v and W − = C M w . By substituting these values

n (8) , we obtain 

 − − 1 

� 
T � x � = H 

† Y − − H 

† C M v − 1 

� 
T � H 

† (y � − v � ) 

= H 

† 
(
Y − − 1 

� 
T � y � 

)
ecause v � = c Z v and C M v = 1 � 

T 
� c Z v . Consequently, an approxi- 

ated linear model ˆ M H can be derived using the least-squares so- 

ution of (8) , according to line 1 of Algorithm 1 . 



M. Farjadnia, A. Alanwar, M.U.B. Niazi et al. European Journal of Control 74 (2023) 100878 

m

g

�

w  

(  

c

 

R

r

y

f

�

N

(  

t

2  

 

�

N

o

Z  

1  

s

i

r

c  

k

D

|

f

s  

�

a

w  

i  

c  

a

w

Z

m

L

p

R

t

m

p

R

3

c

i  

u

r

s

r

r

A  

t

t

d

m

s

w  

y

a

t  

c

R

fi

c

t

a

R

T

i

t

(

a

u  

s

z

p

T

t

i

The second step of the proof involves over-approximating the 

odel mismatch �M H and the Lagrange remainder L H for the 

iven data. For this, we define 

= 

[
(X −) ., 1 . . . (X −) .,T 
(U −) ., 1 . . . (U −) .,T 

]
ith (�) ., j , j = 1 , . . . , T , denoting the jth column. By substituting

7) in (4) , the following relation holds for any point (�) ., j and its

orresponding noise realization (W −) ., j ∈ Z w 

: 

(Y + ) ., j − H(W −) ., j − (V + ) ., j = ( ˆ M H + �M H ) 

[
1 

(�) ., j − ξ � 

]
+ L H . 

(9)

earranging Eq. (9) and considering zonotopes bounding the noise 

ealizations Z w 

, Z v , and the zonotope bounding the state Z x | y 
ields to bounding the model mismatch and Lagrange remainder 

or a single point (�) ., j as follows: 

M H 

[
1 

(�) ., j − ξ � 

]
+ L H ∈ (Y + ) ., j − HZ w 

− Z v 

− ˆ M H 

[ 

1 

H 

† ((Y −) ., j − Z v ) + g ηZ η − H 

† (y � − v � ) 
(U −) ., j − u 

� 

] 

. (10) 

ow, we can over-approximate the right-hand side of (10) for all 

�) ., j , j = 1 , . . . , T , corresponding to the data D [ t −T,t ] together with

heir state trajectory and noise realizations by Z L according to lines 

–4 of Algorithm 1 . In particular, we have proved that for all (�) ., j ,

j = 1 , . . . , T , corresponding to the data D [ t −T,t ] the following holds

M H 

[
1 

(�) ., j − ξ � 

]
+ L H ∈ Z L . 

ext, the model mismatch and the Lagrange remainder should be 

ver-approximated for all ξ ∈ F . To this end, we assume Z η and 

 u to be compact. Due to this assumption, all points (�) ., j , j =
 , . . . , T , corresponding to D [ t −T,t ] ar e dense in F , i.e., there exists

ome δ ≥ 0 such that, for any ξ ∈ F , there is a (�) ., j correspond- 

ng to D [ t −T,t ] such that ‖ ξ − (�) ., j ‖ 2 ≤ δ [20] . The quantity δ is 

eferred to as the covering radius of the set of (�) ., j , j = 1 , . . . , T 

orresponding to D [ t −T,t ] . Giv en Assump tion 2 and a known δ, we

now that for every ξ ∈ F , there exists a (�) ., j corresponding to 

 [ t −T,t ] such that 

 f (i ) 
H 

(ξ ) − f (i ) 
H 

((�) ., j ) | ≤ | (H) i,. | L f ‖ ξ − (�) ., j ‖ 2 

≤ | (H) i,. | L f δ
or each dimension. Here, | (H) i,. | represents the element-wise ab- 

olute value of row i in matrix H with i = 1 , . . . , n y . This yields

M H 

[
1 

ξ − ξ � 

]
+ L H ∈ Z L + Z ε

nd 

f H (ξ ) ∈ 

ˆ M H 

[
1 

ξ − ξ � 

]
+ Z L + Z ε (11) 

ith Z ε = 

〈 
0 n y , diag (| (H) 1 ,. | L f δ/ 2 , . . . , | (H) n y ,. | L f δ/ 2) 

〉 
represent-

ng a box with length | (H) i,. | L f δ in each dimension i . Finally, ac-

ording to Eqs. (4) and (11) , the exact reachable set can be over-

pproximated using line 8 of Algorithm 1 , i.e., ˆ R 

y 

t+ k +1 | t ⊇ R 

y 

t+ k +1 | t , 
hich completes the proof. �

Note that as T → ∞ , i.e., δ approaches zero, we observe that 

 ε −→ 0 . Consequently, for every ξ ∈ F , Z accounts for both the 
L 

5 
odel mismatch and the Lagrange remainder. For computing the 

ipschitz constant and the covering radius, [20] and [21] have pro- 

osed methods that work well in practice. 

emark 1. In model-based reachability analysis of nonlinear sys- 

ems, [6] proves that the norm of the Lagrange remainder is mini- 

ized by choosing the center of the reachable set as a linearization 

oint. Therefore, based on this result, we simply choose centers of 

 

y 
t| t , Z v , and Z u , as linearization points y � , v � , and u � , respectively. 

.2. Control phase 

In this section, we present a novel approach for solving the re- 

eding horizon optimal control problem for the nonlinear system 

n (1) subject to the constraints in (2) . At each time step t , we

se past input-output measurements to predict future reachable 

egions over the time horizon N ∈ N using the learning phase de- 

cribed in Section 3.1 . Then, we compute the control input trajecto- 

ies such that the predicted outputs remain within the computed 

eachable regions while minimizing the cost over the horizon N. 

t time t ∈ Z ≥0 , given the past T + 1 input-output data D [ t −T,t ] of

he nonlinear system in (1) with constraints in (2) , and bounds on 

he process and measurement noise, we define the following data- 

riven optimal control problem 

in 

y,u 
J(y, u ) = 

N−1 ∑ 

k =0 


 (y t+ k +1 | t , u t+ k | t ) (12a) 

.t. ˆ R 

y 

t+ k +1 | t = 

ˆ M H (1 × (( ̂  R 

x 
t+ k | t × u t+ k | t ) − ξ � )) 

+ Z v + HZ w 

+ Z L + Z ε (12b) 

ˆ R 

y 

t+ k +1 | t ⊆ Y t+ k +1 (12c) 

y t+ k +1 | t ∈ 

ˆ R 

y 

t+ k +1 | t (12d) 

u t+ k | t ∈ U t+ k (12e) 

ith the initial point y t| t = y (t) . Here, u = (u t| t , . . . , u t+ N−1 | t ) and

 = (y t+1 | t , . . . , y t+ N| t ) are input and output trajectories predicted 

t time t over the finite horizon N, respectively. Meanwhile, y (t) is 

he measured output at the current time t . The cost function J(y, u )

ontaining a positive definite stage cost function 
 : R 

n y × R 

n u −→ 

 ≥0 is minimized online. Notice that problem (12) can be classi- 

ed as convex provided that the stage cost function is convex. The 

onstraint (12b) is derived from Algorithm 1 where Z u is substi- 

uted with u t+ k | t . Notice that the Cartesian product of a zonotope 

nd a vector in Eq. (12b) is given by 

ˆ 
 

x 
t+ k | t × u t+ k | t = 

ˆ R 

x 
t+ k | t × 〈 u t+ k | t , 0 n u 〉 . 

he constraint (12c) ensures that the output constraints are sat- 

sfied by predicted reachable sets (12b) . This ultimately limits 

he choice of u t+ k | t in (12e) . On the other hand, the constraint 

12d) guarantees that y t+ k +1 | t remains within the allowable reach- 

ble region. We denote the optimal solution of (12) at time t by 

 

∗ and y ∗. We then apply the first optimal control input u ∗
t| t to the

ystem. Similar to standard MPC, (12) is solved in a receding hori- 

on fashion as summarized in Algorithm 2 . 

To implement the constraint (12c) , we need to verify that the 

redicted reachable set ˆ R 

y 

t+ k +1 | t is a subset of the zonotope Y t+ k +1 . 

o this end, we first over-approximate ˆ R 

y 

t+ k +1 | t by an interval vec- 

or as 

nt ( ̂  R 

y 

t+ k +1 | t ) = [ I t+ k +1 | t , I t+ k +1 | t ] . 
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Algorithm 2 Nonlinear Zonotopic Predictive Control (NZPC). 

Input: Inputs of Algorithm 1 , time horizon N, input and output 

constraints U k and Y k , and stage cost function 
 (. ) . 

Online Phase: 

1: while t ∈ Z ≥0 do 

2: Learning Phase : Compute the over-approximated reachable 

sets ˆ R 

y 

t+ k +1 | t at time t for k = 0 , . . . , N − 1 using Algorithm 1 . 

3: Control Phase : Solve (12) and apply the first input u ∗
t| t to the 

system. 

4: Increase the time step t = t + 1 . 

5: Collect the new data and update D [ t −T,t ] . 

6: Update the initial output set R 

y 
t| t = 〈 y (t) , 0 n y 〉 . 

7: end while 
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Fig. 1. The output reachable sets of the numerical example computed using input- 

output data by applying Algorithm 1 . 
hen, we verify the following constraints: 

 t+ k +1 | t ≤ Y t+ k +1 , I t+ k +1 | t ≥ Y 

t+ k +1 

ith int (Y t+ k +1 ) = [ Y t+ k +1 , Y t+ k +1 ] . 

In the remainder of this section, we prove the robust satisfac- 

ion of the specified control problem subject to the feasibility of 

12) . Notice here that, by assuming feasibility, we mean it is as- 

umed that an admissible solution to (12) exists, which satisfies 

he constraints. Then, the following result guarantees that such a 

olution can be found by Algorithm 2 . 

heorem 2. Consider a discrete-time nonlinear system (1) together 

ith input and output constraints (2) . Suppose Assumptions 1 and 

 hold, and process and measurement noise are bounded by Z w 

and 

 v , respectively. If problem (12) is feasible at each time step, then the 

ata-driven controller obtained from (12) guarantees the robust sat- 

sfaction of the closed-loop constraints, i.e., y (k ) ∈ Y k and u ∗(k ) ∈ U k ,
or all time k ∈ Z ≥0 and for all possible realizations of the bounded

rocess and measurement noise. 

roof. Based on Theorem 1 , the data-driven reachable sets com- 

uted in (12b) , over-approximates the exact reachable sets. Accord- 

ng to the constraints (12c) and (12d) , the optimal control input se- 

uence is chosen such that the output is within the intersection of 

he over-approximated output reachable sets and the output con- 

traints in the presence of bounded noise, along with satisfying in- 

ut constraints (12e) . This, therefore, guarantees the robust con- 

traint satisfaction of Y k at each time step subject to the feasibility 

f (12) . �

This theorem allows optimal predictive control to be performed 

irectly using the available noisy data, eliminating the need for an 

ffline system identification step. The designed controller provides 

obust constraint guarantees against all possible bounded noise re- 

lizations. While we focused on robust constraint satisfaction, we 

id not tackle the issue of how to guarantee recursive feasibility 

nd closed-loop stability in this paper. Addressing this matter is a 

elevant future research direction. 

emark 2. While Theorem 2 assumes the problem (12) to be fea- 

ible and does not require additional assumptions on guarantee- 

ng feasibility, we highlight that controllability and observability of 

he linearized system are necessary in this regard. The controlla- 

ility condition is essential to guarantee that the system’s output 

 (k ) can be regulated at any desired reference output. In contrast, 

bservability is necessary to ensure that the state x (k ) does not 

low up without being observed in the output y (k ) . Furthermore, 

ithout the model knowledge and direct state measurements, ver- 

fying the controllability and observability of the nonlinear system 

s challenging. However, similar to [8] , we can implicitly assume 

hat the linearization (6) of the nonlinear system (1) is controllable 

nd observable at every point in X × Z u so that the data-driven 
6 
redictive control approach proposed in this paper is feasible and 

ell-posed. This amounts to assuming that the system is equipped 

ith a sufficient amount of sensing and actuating equipment to 

nsure that the output of the nonlinear system can be steered eas- 

ly and the input-output data is informative of the system’s state. 

ormally exploring notions of controllability and observability in a 

ata-driven setting is not considered in the current paper and is 

eferred for future work. 

. Numerical example 

In this section, we verify our proposed NZPC algorithm through 

n illustrative example. First, we demonstrate the effectiveness 

f the proposed data-driven reachability analysis by consider- 

ng Algorithm 1 as a self-contained algorithm. We consider the 

iscrete-time nonlinear system given in [ 7 , Section 8.3.5], whose 

odel is given by: 

f (1) (x, u ) = 

(
1 − 0 . 5 τ − αexp 

(
β

x 2 (k ) 

)
τ
)
x 1 (k ) + τ

1 + 0 . 5 τ
+ u 1 (k ) τ

f (2) (x, u ) = 

(1 − 1 . 5 τ ) x 2 (k ) + ρx 1 (k ) exp 

(
β

x 2 (k ) 

)
1 + 1 . 5 τ

+ 

τ (350 − 6 . 3 x 1 (k ) − 14 . 4 x 2 (k )) 

1 + 1 . 5 τ
+ u 2 (k ) τ

here τ = 0 . 015 , α = 7 . 2 · 10 10 , β = −8750 , and ρ = 1 . 5 · 10 13 .

ote that this illustrative example differs from the original exam- 

le given in [ 7 , Section 8.3.5] in the sense that the process noise

nd the control input are applied differently, and we consider the 

ystem output matrix 

 = 

[
1 0 . 001 

−0 . 01 1 

]
. 

urthermore, we assume η = 22 . The initial available input-output 

ata contain 50 trajectories with a length of 10 (i.e., T = 500 ). It is

mportant to highlight that in the context of model-based reacha- 

ility analysis, the function f (x, u ) , representing the ground truth, 

s known. However, this knowledge is not available to the data- 

riven reachability analysis Algorithm and the NZPC algorithm. Ad- 
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Fig. 2. The reachable sets over 150 time steps of the closed-loop system employing the NZPC approach are presented in (a). One dimension of the closed-loop output 

trajectory y 1 (k ) using both NZPC and RMPC-zono approaches is depicted in (b). One dimension of the control input u 1 (k ) computed utilizing NZPC and RMPC-zono techniques 

is illustrated in (c). 
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itionally, in this section, we misuse the notation R 

y 

t+ k | t to rep- 

esent model-based reachable sets, which correspond to an over- 

pproximation of the exact reachable set. For the simulations, we 

se CORA toolbox [6] in MATLAB, along with Multi-Parametric 

oolbox [15] and YALMIP solver [17] . 

For data-driven reachability analysis, we assume that the ini- 

ial state set is X 0 = 〈 [−2 −20 . 5 
]� 

, diag (0 . 01 , 0 . 2) 〉 . The pro-

ess noise and measurement noise are bounded by Z w 

= 〈 0 n x , 2 ·
0 −4 1 n x 〉 and Z v = 〈 0 n y , 10 −3 1 n y 〉 , respectively. The initial output

et is Y 0 = HX 0 + Z v . The input set is Z u = 〈 0 n u , diag (0 . 1 , 3) 〉 , ∀ k =
 , . . . , 4 . Figure 1 illustrates that the model-based output reachable 

ets R 

y 

k +1 | 0 are over-approximated by data-driven output reachable 

ets ˆ R 

y 

k +1 | 0 computed by Algorithm 1 in Section 3.1 , which vali- 

ates the result of Theorem 1 . 

Next, we apply the proposed NZPC approach ( Algorithm 2 ) to 

he same system and demonstrate its applicability considering the 

ollowing cost function: 

(y, u ) = 

N−1 ∑ 

k =0 

‖ y t+ k +1 | t − y r ‖ 

2 
Q + ‖ u t+ k | t − u r ‖ 

2 
R 

here y r = 0 n y , u r = 

[
0 0 . 007 

]� 
, Q = 5 I n y , and R = 0 . 02 I n u . We

et the following parameters: 

X 0 = 

〈 [
−2 −20 . 5 

]� 
, diag (0 . 01 , 1) 

〉 
, 

 w 

= 

〈 
0 n x , 

[
0 . 0 0 02 0 . 02 

]� 〉 
, 

Z v = 

〈 
0 n y , 

[
0 . 001 0 . 01 

]� 〉 
, 

nd N = 3 . The constraints are U = 〈 u r , diag (5 , 3) 〉 , Y l =
−3 −22 

]� 
, Y u = 

[
0 . 25 2 . 7 

]� 
, and Z ε = 〈 0 2 , diag (0 . 08 , 0 . 71) 〉 .

he data-driven reachable sets ˆ R 

y 

t+ k +1 | t , system trajectory y (k ) , and 

redicted output y pred (k ) of the closed-loop system are plotted in 

ig. 2 a over 150 time steps. Figure 2 a illustrates that the output 

rajectory of the closed-loop system and the predicted outputs by 

ZPC are inside the reachable sets. For comparison, we also apply 

ZPC assuming the availability of an accurate model of the system, 

hich we refer to as the RMPC-zono approach. The input-output 

rajectories of one dimension of the closed-loop system under 
7 
oth the NZPC and RMPC-zono approaches are depicted in Fig. 2 b 

nd c. The results indicate that in NZPC, the convergence of the 

losed-loop outputs towards the output reference is slower com- 

ared to RMPC-zono. This can be attributed to the less accurate 

rediction in NZPC. However, it is noteworthy that both control 

pproaches satisfy all constraints. 

We would like to note that while we did not explicitly discuss 

he computation of the reference control input in this paper, it 

s worth mentioning that similar techniques, as described in [18] , 

ere employed for its computation. Moreover, there are alterna- 

ive methods proposed in the literature. For instance, authors in 

8] proposed a different stage cost function by introducing an arti- 

cial equilibrium that is optimized online, and it does not require 

rior knowledge of whether a given input-output setpoint is a fea- 

ible equilibrium. 

We presented the effectiveness of the NZPC approach through 

 simple example for illustration purposes. However, this approach 

an be applied to higher-dimensional systems, as well as those in 

hich the number of outputs is less than the number of states. 

n particular, our future work will exploit the presented results to 

esign a data-driven predictive scheme for complex systems like 

mart buildings to optimize energy use for space heating while 

aintaining the thermal comfort levels of the occupants [19] . 

. Conclusion 

We presented a zonotopic data-driven predictive control ap- 

roach to robustly control unknown nonlinear systems using only 

nput-output data, where the output data could be noisy. The pro- 

osed algorithm uses available data to over-approximate reachable 

ets over a finite horizon through the learning phase ( Algorithm 1 ). 

hen, in the control phase, we utilized the over-approximated 

eachable sets as an implicit data-driven system representation in 

he receding horizon optimal control problem. The proposed con- 

rol algorithm updates the input-output data as the closed-loop 

ystem evolves ( Algorithm 2 ). We showed that the optimal control 

nputs computed by our proposed algorithm provide robust system 

onstraint satisfaction. 

As compared to the existing literature, the distinctive features 

f our method are twofold. First, we provide robust safety guaran- 

ees in the presence of bounded process and measurement noise. 
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econd, these guarantees do not require explicit knowledge of the 

onlinear system model. 

The work presented in this paper points towards several open 

roblems to be addressed in future works. For instance, future 

ork involves providing necessary and sufficient conditions for the 

ecursive feasibility of the NZPC algorithm. Related to this, char- 

cterizing data-driven observability and controllability notions for 

ystems with unknown models is a challenging problem that needs 

o be addressed. In addition, extending the current framework to 

nclude unknown nonlinear systems with unknown output map is 

n interesting problem that will also be pursued. Not knowing the 

utput map makes the problem quite challenging because, in this 

ase, the dimension of the state variable may not be accurately 

nferred. We believe that the method proposed in this paper will 

erve as the foundation for the aforementioned prospects. 
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