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This work proposes a robust data-driven predictive control approach for unknown nonlinear systems in
the presence of bounded process and measurement noise. Data-driven reachable sets are employed for
the controller design instead of using an explicit nonlinear system model. Although the process and mea-
surement noise are bounded, the statistical properties of the noise are not required to be known. By using
the past noisy input-output data in the learning phase, we propose a novel method to over-approximate
exact reachable sets of an unknown nonlinear system. Then, we propose a data-driven predictive control
approach to compute safe and robust control policies from noisy online data. The constraints are guaran-
teed in the control phase with robust safety margins by effectively using the predicted output reachable
set obtained in the learning phase. Finally, a numerical example validates the efficacy of the proposed
approach and demonstrates comparable performance with a model-based predictive control approach.
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1. Introduction

Model Predictive Control (MPC) is one of the most powerful and
well-established methods in the field of control systems due to its
ability to efficiently handle system constraints, nonlinear dynamics,
and trajectory tracking [22]. The MPC scheme generally requires a
sufficiently accurate dynamical system model to guarantee optimal
control performance while satisfying system constraints. However,
acquiring an accurate model in practice, especially for complex sys-
tems, is often time-consuming and costly [23]. Consequently, data-
driven approaches for predictive control have gained significant in-
terest in the control community in recent years [13].

A remarkable contribution to data-driven predictive control for
linear time-invariant (LTI) systems can be found in [10], where
the authors addressed an optimal trajectory tracking problem for
unknown LTI systems using the data-enabled predictive control
(DeePC) algorithm. DeePC relies on behavioral systems theory
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and Willems’ Fundamental Lemma (WFL) [24] to learn a non-
parametric system model from noise-free data. Although DeePC is
a seminal approach, it was initially developed only for noise-free
systems, and later it was extended to stochastic LTI systems in
[11]. However, when the statistics of the uncertainties and noise
in the LTI systems are unknown but bounded, the data-driven set-
based approach presented in [4] is more appropriate for guaran-
teeing robust constraint satisfaction. This approach relies on us-
ing data-driven reachable set prediction within a predictive control
scheme to compensate for the complexity of capturing an accurate
model. Unlike LTI systems, data-driven control for nonlinear sys-
tems is quite challenging, and there are many open challenges in
this research area.

Recent works on data-driven predictive control for uncer-
tain nonlinear systems include [12], which provides a chance-
constrained MPC approach to control a nonlinear system with a
known nominal part and unknown additive dynamics modeled as a
Gaussian process. However, the nonlinear system is not completely
unknown in [12]; in addition, the proposed approach is not robust
and allows a certain amount of constraint violations. Extensions of
the WFL to nonlinear systems have also been proposed to make
it analogous to data-driven control approaches in LTI systems. In
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this regard, [8] proposes a data-driven predictive control approach
for unknown nonlinear and control-affine systems using available
noise-free data. This approach relies on local linearization of the
underlying system using noise-free data in order to apply WFL. In
[16], WFL is used to reproduce kernel Hilbert space and extend its
applicability to a class of nonlinear systems. However, it is impor-
tant to emphasize that all the works cited above either assume
noise-free data or do not provide robust safety guarantees under
system constraints.

In this paper, we provide an extension of the results on ro-
bust zonotopic data-driven predictive control presented in [4] to
unknown nonlinear systems under bounded process and measure-
ment noise. Our proposed approach uses noisy data to derive an
implicit data-driven model of the system in real-time and obtains
an optimal control input guaranteeing robust constraint satisfac-
tion. To this end, we employ a zonotopic set representation to pro-
vide an implicit data-driven system model.

Our proposed approach comprises learning and control phases.
The goal of the learning phase is to compute an implicit data-
driven representation of the unknown nonlinear system at each
time step using zonotopes. In this phase, a data-driven linear
model approximates the unknown nonlinear system by employing
Taylor series expansion and utilizing the past input-output data
over a finite horizon. Subsequently, the model mismatch and the
Lagrange remainder term of the Taylor series are bounded by a
zonotope using the available data. In the control phase, we pro-
pose a robust data-driven approach called nonlinear zonotopic pre-
dictive control (NZPC). NZPC utilizes the learning phase and zono-
tope recursion at each time step to predict the reachable output
set over a finite horizon. The optimal control problem solved by
NZPC in this phase yields an optimal control input that minimizes
the given cost function and satisfies the specified constraints. This
method involves updating the input-output data set as the closed-
loop system evolves over time, i.e., old data is discarded when new
data is collected and added to the data set, thereby enhancing the
implicit system representation and improving the controller’s per-
formance. The code to recreate our findings is publicly available!

This paper presents three main contributions that address the
data-driven predictive control problem for unknown nonlinear sys-
tems. Firstly, we propose Algorithm 1, which efficiently estimates
the reachable sets of an unknown nonlinear system using zono-
topes, leveraging noisy input-output data. Secondly, we introduce
Theorem 1, which provides a formal proof that the reachable sets
obtained through Algorithm 1 offer an over-approximation of the
exact reachable sets for nonlinear systems. This theoretical re-
sult establishes the reliability, accuracy, and practical applicabil-
ity of Algorithm 1. Finally, we present Algorithm 2, which com-
putes safe and robust control inputs for a receding horizon opti-
mization problem associated with an unknown nonlinear system.
This algorithm provides a principled approach to handling uncer-
tain and dynamic environments, ensuring robust constraint satis-
faction. Theorem 2 provides the formal proof that the control in-
puts generated by Algorithm 2 robustly satisfy the system’s con-
straints, thus providing a safe and reliable control strategy.

The remainder of this paper is organized as follows.
Section 2 provides preliminaries and formally defines the problem.
In Section 3, we present our robust data-driven predictive control
approach for unknown nonlinear systems. An illustrative example
demonstrating the proposed approach is presented in Section 4,
and its performance is compared to a robust model predictive
control approach in the same section. We conclude the paper with
Section 5, where we summarize our results and discuss the future
prospects of this work.

1 github.com/aalanwar/Data-Driven-Predictive-Control.
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2. Preliminaries and problem statement
2.1. Notations

The set of natural numbers, non-negative integers, and real n-
dimensional space are denoted by N, Z.g, and R", respectively. The
absolute value of a scalar ¢ is denoted as |c|. For an n x 1 vec-
tor x € R", ||x|lo and ||x||, respectively represent the infinity-norm
and the 2-norm of x, and ||x||,2, = x" Px. Furthermore, R™™ denotes
the real n x m matrix space. We write 1,, and 0, for n-dimensional
column vectors with all entries equal to 1 and 0, respectively. For
simplicity, where no confusion arises, we use 0 and 1 to denote
matrices with the proper dimensions. For a given vector x, x(!) de-
notes its ith element. For a given matrix A, the row i of A is de-
noted by (A); , the column j of A is denoted by (A) ;, and the
element at row i and column j of A is presented by (A); ;. Finally,
diag(-) denotes the diagonal operator, which constructs a diago-
nal matrix using its arguments. For X e R™™, XT and X' indicate
the transpose and Moore-Penrose pseudoinverse of a matrix X, re-
spectively. If matrix X is full-row rank, then X7 = X7 (XX7)~! is the
right inverse, i.e., XX' = I,, where I, e R™" is the identity matrix.
The Kronecker product is denoted by ®. A stacked window of se-

quence {x(k)}i_, ; is

Xt =[xt =T) x(t-=T+1) x(®)].

For notational simplicity, we introduce Xy =X|;_r41, and X_ =
Xi¢—1,t—1] to represent the shifted stacked windows. We use the
subscript ¢ + k|t to highlight predictive quantities, e.g., X, is the
(t + k)-step-ahead prediction of the vector x initialized at time t,
and x;; = x(t).

2.2. Set representations

A zonotope is an affine transformation of a unit hypercube, [14],
and it is defined as follows.

Definition 1 (Zonotope). Given a center cz € R" and a number
yz € N of generator vectors g5, € R", a zonotope is defined as

Z={xeR"

Yz
x=cz+y BUgh -1<p9 <1
i=1

To simplify notation, we denote a zonotope as Z = (cz, Gz), where
Gz =gl ... g7 eRM 7z,

A zonotope Z could be over-approximated by a multidimen-
sional interval as [5, Proposition 2.2]:

Yz
I=int(2) =[cz - Ag cz+Agl, Ag= Z g |

i=1
where the absolute value is taken element-wise. The conversion of
an interval I = [I,1] to a zonotope is denoted by Z = zonotope(I, I).

Given L e R™", the linear transformation of a zonotope Z is

a zonotope LZ = (Lcz, LGz). Given two zonotopes 2 = {cz,,Gz,)
and 2, = (cz,,Gz,), the Minkowski sum is defined and obtained
as

21D 2 = {Z] + 2z |Z1 € 21,2y € Zz}
= <C21 +cz,.[Gz, Gz2]>~

For simplicity, we use the notation + instead of & to represent
the Minkowski sum and write Z; — Z, to denote Z; + (—2,). The
Cartesian product of two zonotopes Z; and Z, is defined and ob-
tained as

Z] XZZ = { |:§;i|

Z1€ 21,2y 622}
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_ Cz, GZI 0
Cz, ’ 0 GZZ ’
A matrix zonotope is defined as follows [5, p. 52].

Definition 2 (Matrix Zonotope). Given a center matrix Cy € R™T
and a number y, € N of generator matrices G}, ..., GYyt e R,
a matrix zonotope is defined as

Ym
X=Cu+)y BYGC, -1=pV <1
i=1

M={XeRr™T

We use the short notation M = (Cu, Gu() to denote a matrix zono-
tope, where Gy = {G}, ..., G4'}.

2.3. Problem statement

Consider a discrete-time nonlinear control system
x(k+1) = f(x(k), u(k)) +w(k) (1a)

y(k) = Hx(k) + v(k) (1b)

where f:R™ x R™ — R™ is an unknown nonlinear function,
x(k) e X c R™ and y(k) e R are respectively the state and the
output of the system with ny <ny at time k e Z.q, u(k) € 2, =
(cz,.Gz,) Cc R™ is the control input, Xy C X is the set of initial
states, H ¢ R™*™ is the system output matrix which is assumed
to be known and full row-rank, ie., rank(H) = ny, w(k) denotes
the process noise bounded by a zonotope w(k) € Zy = {(cz,,, Gz, ),
and v(k) is the measurement noise bounded by a zonotope v(k) €
Zy = (cz,, Gz,) for all time steps. At each time step k, input and
output constraints for a controller design are given by

uk) ety € 2y, y(k) e Yy cRM. (2)

In (2), the set Z, represents the time-invariant domain of con-
trol inputs, corresponding to constraints inherent to the problem
and may be driven by physical limitations. Meanwhile, the sets i/
and ), are time-varying input and output constraints, respectively,
because they account for additional limitations dependent on time-
varying circumstances.

We aim to solve a receding horizon optimal control problem by
employing only the input-output data of the system (1) without
explicit knowledge of the nonlinear function f(x(k),u(k)). To be
precise, we assume that at each time step t € Z(, we have access
to the past K input-output trajectories of different lengths T; + 1,
i=1,...,K, denoted by {u(k)}f{=[7Ti and {y(k)}f{zHi. For simplicity,
we consider a single trajectory and collect all the input and ‘noisy’
output data in the following matrices

Yiorg = [yt -T) y(t-T+1) y©]l.
Uprg = [u-T) ut-T+1) u@®)]-

If a data point index k is negative, it refers to the data obtained
from offline experiments, i.e., it was collected before implementing
NZPC in the control loop. We indicate the set of all available data
at time t by Dy = Upe_1¢). Ye-1))-

Given the set of all possible inputs u(k) € Z,, process noise
w(k) € Zy, for k=0,...,N—1, and initial state set A, the state
reachable set Rf is defined as the set of all possible states in the
state space that a system can reach after N time steps:

v =[xV e R™ [x(k+ 1) = f(x(k), u(k)) +w(k),
Vx(0) € Xy, w(k) € 2y, and u(k) e 2y,
k=0,....N-1}. (3)

In this paper, however, we are particularly interested in the output
reachable set, which is defined below.
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Definition 3 (Output reachable Set). The output reachable set R;VV
is defined as the set of all possible outputs that a system can reach
after N time steps:

Ry, =HRY + 2,

where RY, is the state reachable set defined in (3) and 2z, is the
measurement noise zonotope.

We denote the sequences of the unknown actual process and
measurement noise corresponding to the available input-output
trajectories as {W(k)}f(zﬁ and {"(k)}ﬁ:rfr' respectively. Based on
the assumptions of bounded noise, we can directly infer that the
stacked matrices Wi;_t¢_1}, Vjr_1-1)» and Vj;_r;q,) are bounded,
satisfying the conditions W;_r;_1) € Mw and Vj;_1 1}, Vii_111,] €
My. Here, My, = (Ca,,» Gu,,) and My = (Cry,,, Gy, ) Tepresent ma-
trix zonotopes resulting from the concatenation of multiple noise
zonotopes Zy, and Z, as described in [2]. Additionally, we denote
the actual state trajectory, which is unknown, as Xj;_r .

2.4. Main assumptions

In this subsection, we present the essential assumptions for the
data-driven nonlinear zonotopic predictive control approach.

Assumption 1. We assume that the zonotope 2, = (Oy,, nly,) in-
scribes the state space X, where 1 > 0 is known. In other words,
for any k € Z-o, we assume |[|x(k) ||« < 1.

It is important to note that the aforementioned assumption
does not imply that the system is already stabilized. Rather, it is a
consequence of the operational or physical constraints on the sys-
tem states; that is, the domain of states is a bounded subset X.

We define My = (Cu,, Gu,) to denote a matrix zonotope re-

sulting from the concatenation of multiple zonotopes Z,. Addition-
ally, we define

F =2y xZy.

For simplicity, we omit the time index k when no confusion may
arise. In order to introduce a concise notation, we define a new
extended state vector as follows:

[

Assumption 2. The unknown nonlinear function f is twice contin-
uously differentiable in x and u.

According to Assumption 2, f is locally Lipschitz continuous in
x and u at each dimension, i.e., there exists a vector of constants
Ly € R™ with L}’) >0, fori=1,..., ny, such that for any &1, &, € F,
it holds that

IfP &) - fO(&)| < L}i)||~§1 —&lla.

Considering a separate Lipschitz constant for each element of the
function f decreases conservatism, especially when the data has a
different scale for each dimension.

3. Robust data-driven predictive control

In this section, we propose a data-driven nonlinear zonotopic
predictive control (NZPC) approach for the nonlinear system (1).
The proposed NZPC algorithm, consists of two online phases: the
learning phase and the control phase, which are described in detail
in the following subsections.
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3.1. Learning phase

In this phase, we propose a data-driven algorithm to over-
approximate reachable sets of a nonlinear control system given in-
put and noisy output data Dj;_t . This algorithm is a key techni-
cal result for predicting all possible output reachable trajectories
within the prediction horizon in the NZPC approach. Using (1a),
we rewrite the output Eq. (1b) as

y(k+1) = fygx(k),u(k)) + Hw(k) +v(k+ 1) (4)
with
fux(k), u(k)) = Hf (x(k), u(k)).

Our NZPC approach does not involve state measurement x(k), and,
therefore, we need to construct a zonotope that contains all possi-
ble x(k) consistent with the output measurement y (k).

Lemma 1 [3]. Let Assumption 1 hold. Then, given the output mea-
surement y(k) of the system (1), it holds that x(k) € Z,,,, where

Zyy = HTO’(k) - Zy) + 82y
= (Cxy- Gyy)

with gy = (I, —H'H),

[H'Gz,  ngyl.

Let &* = [xT u*T]T. Then, Taylor series of fy around £* can
be represented (see [9]) by

lyr

Gy =HI (k) —cz,), and Gy, =

u(®) = fute) + LiB| -1y 5)
£=¢-
where Ly is the Lagrange remainder given by
82f(l) (2)

(1) _ T —&*
FE 6T D] €

for some z € {§* + (&£ — &*)|a € [0, 1]}.
To present a standard notation of the linearized system, we can
separate vector £ into x and u in (5) and rewrite it as follows:

1
futeuw) = [fu(x,u)  Ag By |:X —X*] + Ly (6)
u—u
My
where
A 0 fu(x, u) B — 3 fu(x,u)
H=79x  |x=x"""7 "5y |x=x
u=u u=u

If a model of a nonlinear system is available, the Lagrange re-
mainder Ly could be over-approximated as described in [5, Sec-
tion 3.4.3]. However, in this paper, the model is unknown. There-
fore, we over-approximate Ly from the available input-output data
using Algorithm 1, which is described below.

Algorithm 1 computes over-approximated data-driven reach-
able sets of the nonlinear control system (1). At time t, the
over-approximated data-driven reachable set and the exact reach-
able set within k steps are denoted by ka\t and Rt+k|t' respec-

tively. The initial output set is denoted by Rtlt The procedure of

Algorithm 1 is as follows: Set k = 0. First, we obtain an approxi-
mate linearized model My given available data Di¢_t,) in line 1;
[1,2]. Subsequently, for the chosen linear model, we derive a zono-
tope Z; that over-approximates the modeling mismatch AMy to-
gether with the Lagrange remainder Ly following lines 2-4. By
computing a zonotope Z, we over-approximate the modeling mis-
match along with the Lagrange remainder for all data points in F
in line 5. Eventually, we compute the over-approximated output

<y a . .
reachable sets Rt+k+l|t for k=0,...,N—1 according to lines 6-9.
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Algorithm 1 Data-Driven Reachability Analysis.

Input: Input-output data Dj;_r), initial set Ry‘t, process noise

zonotope Z,, measurement noise zonotope 2, Lipschitz constants
L}') for i=1,...,ny covering radius 8, upper bound 7, and input
zonotope Z,.

Output: Data-driven reachable sets RY for k=0,...,N—1.

t+k+1]t
17 i
1: My = (Y — HCpy,, CMV)|:HT(Y - 1T Y ):|
U_ - 1T ®u*
0
2: z = min <(Y+)__,- —My | HI((Y2) j— (" —v) )
! u-) j—-u
0
3: z) = max ((Y+)4,j = My | HI((Y2) ;= ¢ = 1) )
! Uu-),j—u
1
4: Z = zonotope(z;,Z;)—My |:—HTZU+g,72,,j| —Hfz,—2Z,
On,

5: 2e = (On, diag(|(H)1 ILs3/2.....
6: for k=0:N-1do

|(H>ny,.|Lfa/2))

7: Rf+k|t Hf (Rt+k|t Zy) + 8y 2y
8: R{+k+]lt MH(l><((RHkltxZu)fE*))+Zy+HZW+ZL+Z€
9: end for

Theorem 1. Let Assumptions 1 and 2 hold. Then, given the input-
output trajectories Di;_r; of the system (1) at time t e Zo, the
data-driven reachable set R’ computed in Algorithm 1 over-

t+k+1]t
approximates the exact reachable set Rt+k+1\t' ie., ﬁ{+k+1\t )
RHH”[, holds for for k = N1
Proof. We can rewrite (6) as follows:
- 1 1
fH(s):MH[SE,j|+AMH|:§-E,:|+LH (7)

where My is an approximation of My and AMy = My — My is the
model mismatch. We aim to obtain My, which is an approximate
linearization of fy(x(k),u(k)), and over-approximate the model
mismatch AMy along with the Lagrange remainder Ly. Let As-
sumption 2 hold. Then, by neglecting the Lagrange remainder and
substituting (6) in (4), the following holds for the collected data
and its corresponding unknown actual state and noise realizations:

lT

T

Y, ~My| X_ -1 @x* [+ HW_+V, (8)
U -1leu

where, by Lemma 1, we set x* = Hf (y* —v*) and v* = cz, with y* a

known linearization point. Now, let Assumption 1 hold. Then, again

by Lemma 1, it holds that

X_ € My, = H' (Y- — My) + gy M.

To get an approximated linear model My, we set X_ = HT(Y_ —

Cm,), which is the center of matrix zonotope M,,. Also, in (8),

we choose V; =Cy, and W_ = Cyy,. By substituting these values

in (8), we obtain

X —1] @x* =H'Y_ —HCy, — 1]
=H'(Y_- 1] ®y")

because v* =cz, and Cy, = 1] ® cz,. Consequently, an approxi-
mated linear model My can be derived using the least-squares so-
lution of (8), according to line 1 of Algorithm 1.

® HT(y* _ v*)
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The second step of the proof involves over-approximating the
model mismatch AMy and the Lagrange remainder Ly for the
given data. For this, we define

= | X X).r
U-).a Wo).r

with (8) j, j=1,...,T, denoting the jth column. By substituting
(7) in (4), the following relation holds for any point (&) ; and its
corresponding noise realization (W_) ; € Zy:

(Y+)j - H(W,)] - (v+)] = (MH + AMH)|:(E) j_ %—g] +Ly.
(9)

Rearranging Eq. (9) and considering zonotopes bounding the noise
realizations Z,, Zy, and the zonotope bounding the state 2y
yields to bounding the model mismatch and Lagrange remainder
for a single point (&) ; as follows:

AMy| 1 N+Lhe Yy j—HZ, -2,
(8).;-¢§

1
— My | HU((Y2) ;- Z0) + 8y 2y —HI (* —v*) | (10)
), j—u

Now, we can over-approximate the right-hand side of (10) for all
(8).j,i=1,...,T, corresponding to the data Dj;_r ) together with
their state trajectory and noise realizations by Z; according to lines
2-4 of Algorithm 1. In particular, we have proved that for all (&) ;,
j=1,...,T, corresponding to the data Dj,_r the following holds

1
AMy| Ly € Z;.
H|:(C‘)”j - g,il +LlyeZ;

Next, the model mismatch and the Lagrange remainder should be
over-approximated for all £ € 7. To this end, we assume Z;, and
2y to be compact. Due to this assumption, all points (E) ;, j=
1,...,T, corresponding to Dj;_r;j are dense in F, ie., there exists
some § > 0 such that, for any & € 7, there is a (E)_; correspond-
ing to Dy;_t, such that [|§ — (E) jll <& [20]. The quantity § is
referred to as the covering radius of the set of (E) ;, j=1,...,T
corresponding to Dj;_r ). Given Assumption 2 and a known §, we
know that for every & € F, there exists a (&) ; corresponding to
Dj¢_t, such that

IFPE) - FPE) DI < [H)i ILeIE = (B) I

< |(H); |Lsé
for each dimension. Here, |(H); | represents the element-wise ab-
solute value of row i in matrix H with i=1,...,ny. This yields

1
AM JNFLluezZ+ 2
H[$€i| H L €
and

- 1
fH(é)eMH[g_S*]—i—ZLJ’_ZE (11)
with Z¢ = (Ony,diag(|(H)1“|Lf6/2,‘.., I(H)ny,‘|Lf8/2)> represent-
ing a box with length [(H); |L8 in each dimension i. Finally, ac-
cording to Egs. (4) and (11), the exact reachable set can be over-
approximated using line 8 of Algorithm 1, i.e., ﬁ{+k+1\r ) R{+l<+]|t'
which completes the proof. O

Note that as T — oo, i.e., 6 approaches zero, we observe that
Zc — 0. Consequently, for every & € 7, Z; accounts for both the
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model mismatch and the Lagrange remainder. For computing the
Lipschitz constant and the covering radius, [20] and [21] have pro-
posed methods that work well in practice.

Remark 1. In model-based reachability analysis of nonlinear sys-
tems, [6] proves that the norm of the Lagrange remainder is mini-
mized by choosing the center of the reachable set as a linearization
point. Therefore, based on this result, we simply choose centers of
R{lt, Zy, and Zy, as linearization points y*, v*, and u*, respectively.

3.2. Control phase

In this section, we present a novel approach for solving the re-
ceding horizon optimal control problem for the nonlinear system
in (1) subject to the constraints in (2). At each time step t, we
use past input-output measurements to predict future reachable
regions over the time horizon N € N using the learning phase de-
scribed in Section 3.1. Then, we compute the control input trajecto-
ries such that the predicted outputs remain within the computed
reachable regions while minimizing the cost over the horizon N.
At time t € Z.o, given the past T + 1 input-output data Dy;_g of
the nonlinear system in (1) with constraints in (2), and bounds on
the process and measurement noise, we define the following data-
driven optimal control problem

N-1
min JO ) = €Wk Uerkie) (12a)
k=0

s.t. 7%¥+k+1|t = Mﬂ(l X ((7%;(+k‘f X ut+k\t) -£&%)
+Zy +HZy + 2, + 2 (12b)
RY e € Vesknn (12¢)
Yerks1)t € ﬁﬁkﬂ‘f (12d)
U ikje € Upik (12¢)
with the initial point y,, = y(t). Here, u = (uy, ..., Uryn—1)¢) and
Y= estes - - Yepne) are input and output trajectories predicted

at time t over the finite horizon N, respectively. Meanwhile, y(t) is
the measured output at the current time t. The cost function J(y, u)
containing a positive definite stage cost function ¢ : R™W x R™ —
R.o is minimized online. Notice that problem (12) can be classi-
fied as convex provided that the stage cost function is convex. The
constraint (12b) is derived from Algorithm 1 where Z, is substi-
tuted with u; ;. Notice that the Cartesian product of a zonotope
and a vector in Eq. (12b) is given by

. .
R ke X Urskle = R e X (Ueskie On, )

The constraint (12c¢) ensures that the output constraints are sat-
isfied by predicted reachable sets (12b). This ultimately limits
the choice of u; 4, in (12e). On the other hand, the constraint
(12d) guarantees that y,, 1, remains within the allowable reach-
able region. We denote the optimal solution of (12) at time t by
u* and y*. We then apply the first optimal control input u;“t to the
system. Similar to standard MPC, (12) is solved in a receding hori-
zon fashion as summarized in Algorithm 2.

To implement the constraint (12c), we need to verify that the

. AJ} .
predicted reachable set Re k) is @ subset of the zonotope Y, 1.

To this end, we first over-approximate R

kit by an interval vec-
tor as

int(R{Jrk““) = [Zeippes ft+k+1\t]~
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Algorithm 2 Nonlinear Zonotopic Predictive Control (NZPC).

Input: Inputs of Algorithm 1, time horizon N, input and output
constraints 4, and ), and stage cost function £(.).
Online Phase:

1: while t € Z.( do

Learning Phase: Compute the over-approximated reachable
sets 7@{+k+1|t at time t for k=0, ..., N — 1 using Algorithm 1.
3: Control Phase: Solve (12) and apply the first input u;“ , to the
system.

Increase the time step t =t + 1.

Collect the new data and update Dj;_r ;.

Update the initial output set R{lt = (y(t), Ony).
end while

N

N @ U

Then, we verify the following constraints:

Trkrt < Verksts Zekrge = Vernn

with int (V1) = [Vey 10 Vel

In the remainder of this section, we prove the robust satisfac-
tion of the specified control problem subject to the feasibility of
(12). Notice here that, by assuming feasibility, we mean it is as-
sumed that an admissible solution to (12) exists, which satisfies
the constraints. Then, the following result guarantees that such a
solution can be found by Algorithm 2.

Theorem 2. Consider a discrete-time nonlinear system (1) together
with input and output constraints (2). Suppose Assumptions 1 and
2 hold, and process and measurement noise are bounded by Z,, and
2y, respectively. If problem (12) is feasible at each time step, then the
data-driven controller obtained from (12) guarantees the robust sat-
isfaction of the closed-loop constraints, i.e., y(k) € Y, and u*(k) € Y,
for all time k € Z-o and for all possible realizations of the bounded
process and measurement noise.

Proof. Based on Theorem 1, the data-driven reachable sets com-
puted in (12b), over-approximates the exact reachable sets. Accord-
ing to the constraints (12c) and (12d), the optimal control input se-
quence is chosen such that the output is within the intersection of
the over-approximated output reachable sets and the output con-
straints in the presence of bounded noise, along with satisfying in-
put constraints (12e). This, therefore, guarantees the robust con-
straint satisfaction of )), at each time step subject to the feasibility
of (12). O

This theorem allows optimal predictive control to be performed
directly using the available noisy data, eliminating the need for an
offline system identification step. The designed controller provides
robust constraint guarantees against all possible bounded noise re-
alizations. While we focused on robust constraint satisfaction, we
did not tackle the issue of how to guarantee recursive feasibility
and closed-loop stability in this paper. Addressing this matter is a
relevant future research direction.

Remark 2. While Theorem 2 assumes the problem (12) to be fea-
sible and does not require additional assumptions on guarantee-
ing feasibility, we highlight that controllability and observability of
the linearized system are necessary in this regard. The controlla-
bility condition is essential to guarantee that the system’s output
y(k) can be regulated at any desired reference output. In contrast,
observability is necessary to ensure that the state x(k) does not
blow up without being observed in the output y(k). Furthermore,
without the model knowledge and direct state measurements, ver-
ifying the controllability and observability of the nonlinear system
is challenging. However, similar to [8], we can implicitly assume
that the linearization (6) of the nonlinear system (1) is controllable
and observable at every point in X x Z, so that the data-driven
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predictive control approach proposed in this paper is feasible and
well-posed. This amounts to assuming that the system is equipped
with a sufficient amount of sensing and actuating equipment to
ensure that the output of the nonlinear system can be steered eas-
ily and the input-output data is informative of the system’s state.
Formally exploring notions of controllability and observability in a
data-driven setting is not considered in the current paper and is
deferred for future work.

4. Numerical example

In this section, we verify our proposed NZPC algorithm through
an illustrative example. First, we demonstrate the effectiveness
of the proposed data-driven reachability analysis by consider-
ing Algorithm 1 as a self-contained algorithm. We consider the
discrete-time nonlinear system given in [7, Section 8.3.5], whose
model is given by:

(1-057 - aexp(){z%)r)m T+t

) _
fP%u) = 17050 +u (k)T
0w = (1= 1.57)xy (k) + px (k)exp(325)
’ 1+1.57
T(350 — 6.3x1 (k) — 14.4x, (k))
+ 11157 +uy(k)t

where 7 =0.015, a =7.2-10, B =-8750, and p=1.5-1013,
Note that this illustrative example differs from the original exam-
ple given in [7, Section 8.3.5] in the sense that the process noise
and the control input are applied differently, and we consider the
system output matrix

1 0001
H= [—0.01 1 ]

Furthermore, we assume 7 = 22. The initial available input-output
data contain 50 trajectories with a length of 10 (i.e.,, T = 500). It is
important to highlight that in the context of model-based reacha-
bility analysis, the function f(x, u), representing the ground truth,
is known. However, this knowledge is not available to the data-
driven reachability analysis Algorithm and the NZPC algorithm. Ad-

-12
13t “,/»—%—f%,:#/f—f‘ |
S my
15| - 1
=N
16t — ]
s
A7} — 1
|
=
18} |
19} |
Initial set )y
20t [Set from model RY_ ;]
I:, ——Set from data ﬁgﬂ‘u
-21 . I L L : ;
205 2 195 -19 -185 -1.8 175 -17

Y1

Fig. 1. The output reachable sets of the numerical example computed using input-
output data by applying Algorithm 1.
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Fig. 2. The reachable sets over 150 time steps of the closed-loop system employing the NZPC approach are presented in (a). One dimension of the closed-loop output
trajectory y; (k) using both NZPC and RMPC-zono approaches is depicted in (b). One dimension of the control input u; (k) computed utilizing NZPC and RMPC-zono techniques

is illustrated in (c).

ditionally, in this section, we misuse the notation RJt/+k\t to rep-
resent model-based reachable sets, which correspond to an over-
approximation of the exact reachable set. For the simulations, we
use CORA toolbox [6] in MATLAB, along with Multi-Parametric
Toolbox [15] and YALMIP solver [17].

For data-driven reachability analysis, we assume that the ini-
tial state set is Xy = ([-2 —ZO.S]T,diag(O.Ol,O.Z)). The pro-
cess noise and measurement noise are bounded by Z, = (Op,, 2 -
10~*1,,) and 2, = (0,,. 10731y, ), respectively. The initial output
set is Yy = HXy + Zy. The input set is Z, = (0p,, diag(0.1, 3)), Yk =
0,...,4. Figure 1 illustrates that the model-based output reachable

sets R% 1) are over-approximated by data-driven output reachable

sets 7%;12+1|0 computed by Algorithm 1 in Section 3.1, which vali-
dates the result of Theorem 1.

Next, we apply the proposed NZPC approach (Algorithm 2) to
the same system and demonstrate its applicability considering the

following cost function:
N-1

Jy.u) = Z Yesrre —,Vr”é + kg — ur”}zz
k=0

where yr = Op,, ur=[0  0.007]", Q =5lp,, and R = 0.02I,. We
set the following parameters:

%o=([-2 -205]" diag©01,1))
Zy = <0,,X, [0.0002 0.02]T>,
2, = (on,.[0.001 0.01]")

and N=3. The constraints are U = (ur,diag(5,3)), Y =
[-3 -22]",0=[025 27]', and 2 = (0, diag(0.08,0.71)).
The data-driven reachable sets 7@{ ke system trajectory y(k), and
predicted output y,.q(k) of the closed-loop system are plotted in
Fig. 2a over 150 time steps. Figure 2a illustrates that the output
trajectory of the closed-loop system and the predicted outputs by
NZPC are inside the reachable sets. For comparison, we also apply
NZPC assuming the availability of an accurate model of the system,
which we refer to as the RMPC-zono approach. The input-output
trajectories of one dimension of the closed-loop system under

both the NZPC and RMPC-zono approaches are depicted in Fig. 2b
and c. The results indicate that in NZPC, the convergence of the
closed-loop outputs towards the output reference is slower com-
pared to RMPC-zono. This can be attributed to the less accurate
prediction in NZPC. However, it is noteworthy that both control
approaches satisfy all constraints.

We would like to note that while we did not explicitly discuss
the computation of the reference control input in this paper, it
is worth mentioning that similar techniques, as described in [18],
were employed for its computation. Moreover, there are alterna-
tive methods proposed in the literature. For instance, authors in
[8] proposed a different stage cost function by introducing an arti-
ficial equilibrium that is optimized online, and it does not require
prior knowledge of whether a given input-output setpoint is a fea-
sible equilibrium.

We presented the effectiveness of the NZPC approach through
a simple example for illustration purposes. However, this approach
can be applied to higher-dimensional systems, as well as those in
which the number of outputs is less than the number of states.
In particular, our future work will exploit the presented results to
design a data-driven predictive scheme for complex systems like
smart buildings to optimize energy use for space heating while
maintaining the thermal comfort levels of the occupants [19].

5. Conclusion

We presented a zonotopic data-driven predictive control ap-
proach to robustly control unknown nonlinear systems using only
input-output data, where the output data could be noisy. The pro-
posed algorithm uses available data to over-approximate reachable
sets over a finite horizon through the learning phase (Algorithm 1).
Then, in the control phase, we utilized the over-approximated
reachable sets as an implicit data-driven system representation in
the receding horizon optimal control problem. The proposed con-
trol algorithm updates the input-output data as the closed-loop
system evolves (Algorithm 2). We showed that the optimal control
inputs computed by our proposed algorithm provide robust system
constraint satisfaction.

As compared to the existing literature, the distinctive features
of our method are twofold. First, we provide robust safety guaran-
tees in the presence of bounded process and measurement noise.
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Second, these guarantees do not require explicit knowledge of the
nonlinear system model.

The work presented in this paper points towards several open
problems to be addressed in future works. For instance, future
work involves providing necessary and sufficient conditions for the
recursive feasibility of the NZPC algorithm. Related to this, char-
acterizing data-driven observability and controllability notions for
systems with unknown models is a challenging problem that needs
to be addressed. In addition, extending the current framework to
include unknown nonlinear systems with unknown output map is
an interesting problem that will also be pursued. Not knowing the
output map makes the problem quite challenging because, in this
case, the dimension of the state variable may not be accurately
inferred. We believe that the method proposed in this paper will
serve as the foundation for the aforementioned prospects.
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