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Abstract— Modern artificial intelligence relies on net-
works of agents that collect data, process information,
and exchange it with neighbors to collaboratively solve
optimization and learning problems. This article introduces
a novel distributed algorithm to address a broad class
of these problems in open networks, where the nhumber
of participating agents may vary due to several factors,
such as autonomous decisions, heterogeneous resource
availability, or DoS attacks. Extending the current literature,
the convergence analysis of the proposed algorithm is
based on the newly developed Theory of Open Operators,
which characterizes an operator as open when the set of
components to be updated changes over time, yielding
time-varying operators acting on sequences of points of
different dimensions and compositions. The mathematical
tools and convergence results developed here provide a
general framework for evaluating distributed algorithms in
open networks, enabling characterization of their perfor-
mance in terms of the punctual distance to the optimal
solution, in contrast with regret-based metrics that assess
cumulative performance over a finite-time horizon. As illus-
trative examples, the proposed algorithm is used to solve
dynamic consensus and tracking problems on different
metrics, such as average, median, and min/max, as well as
classification problems with logistic loss functions.

Index Terms— Open Operator Theory, ADMM, Open Net-
works, Open Multiagent Systems, Distributed optimization,
Distributed Learning, Dynamic Consensus.

[. INTRODUCTION

Many real-world systems consist of multiple interacting
agents in a network, where new agents may join (start in-
teracting) and others may leave (stop interacting), forming
what is called an open multi-agent system [1-3]. Notions of
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open systems can be found in computer networks and com-
munication systems, for instance, when referring to software
agents and problems related to trust evaluation [4] and network
management under churn [5, 6]. Dynamically evolving popu-
lations have also been considered in network games [7, 8] as,
for instance, the Bitcoin network [9] where miners compete
to gain a reward by adding a block of transactions to the
blockchain, leaving after winning or when the profitability
does not justify the costs, but also in social networks [10, 11]
where people participate to share their thoughts and learn from
others, leaving when they lose interest. Despite observing this
dynamic behavior in practice, traditional cooperation schemes,
optimization algorithms, game strategies, and learning tech-
niques often assume a static network with a fixed set of
participants. Under this simplified assumption, it is typically
possible to prove stability and characterize performance in
reaching equilibrium points, representing best-response strate-
gies in games, optimal solutions in optimization, or finest
trained models in machine learning. Such guarantees may
lose their relevance in the context of open networks, because
an equilibrium may never be reached and divergent behavior
could arise due to the join—leave events which the network
experiences.

Within the control and optimization community, only re-
cently there has been growing interest in the study of open
networks, as it is demonstrated by the high number of papers
published within the last decade. In multi-robot systems,
where adaptivity to addition/removal of robots is crucial, some
architectures accommodate for dynamics teams but offer no
performance guarantees [15] and only a few directly address
the open scenario to ensure collision avoidance and connec-
tivity maintenance [16—18]. Under the simplified assumption
that the time-varying agent set belongs to a time-invariant
superset, majority consensus [19] and practical consensus [20]
were analyzed, as well as generalization of stability results for
passivity systems [21] and input-to-state stable systems [22] to
the open scenario. From a different perspective, scale-invariant
quantities were exploited to study consensus problems in open
networks, as for the max-consensus problem in [1] where the
infinity norm is used to define a distance metric that does not
depend on the number of agents, and the average consensus
problem in [23, 24] where the normalized mean and variance
metrics are used to study the expected asymptotic network’s
behavior under gossip interactions. Another interesting strat-
egy is that of considering continuous approximations of large-
graphs called graphons [25, 26], which may accommodate for
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TABLE |
COMPARISON WITH THE STATE OF THE ART FOR DISTRIBUTED OPTIMIZATION AND LEARNING
IN OPEN MULTI-AGENT SYSTEMS WITH DISCRETE-TIME DYNAMICS.

. Assumptions Assumptions Time independent Convergence Convergence
[Ref.] Algorithm on the problem on the network parameters metric rate
[12] Hendrickx et al. Static + Smooth + X Distance from Linear
(2020) DGD SF rqngly convex + Only replacement / minimizers (inexact)
Minimizers in a ball
. Static + Sublinear
[13](2}(1)231 et al. aveDrZain Lipschitz + Convex + Vertex-connected t X Regret (if the network’s
sing Shared convex constraint set (jointly) size is known)
. Time-varying + Sublinear
[14](2}(1)3%2;%1 Sub-gradient Lipschitz + Convex Vertex-connected X Regret (if the network’s
Shared compact constraint set (jointly) size is bounded)
Time-varying + . . .
[This work] ADMM Semicontinuous + Convex / v DlsFar_lce_ from Linear
Connected minimizers (exact)

Unconstrained

TA graph G, = (Vi, &) is said to be jointly vertex connected if there exists B, > 1 such that at least x nodes need to be removed to disrupt the

connectivity of the union graph (Uf:

open agent sets. Major topics of interest are represented by
distributed consensus protocols, both in continuous-time [27,
28] and in discrete-time [2, 29-37], distributed optimization
algorithms [12-14, 38, 39], distributed resource allocation
[40—42], and learning problems [43, 44]. The difficulty in de-
signing distributed algorithms that can be deployed over open
networks, and in providing formal performance guarantees, is
mainly due to the lack of mathematical tools to analyze the
dynamics of systems with a varying number of state variables.

The first contribution of this manuscript is to fill this
theoretical gap by formalizing fundamental concepts for what
we call open operators, i.e., time-varying operators acting on
sequences of points of different dimensions and compositions.
We extend concepts for standard operators [45, 46] — such as
distance between points and sets, projections of points into
sets, fixed points, and convergence of the iteration toward
fixed points — to the set-up of open operators. Pioneering
ideas and results in this direction appeared in [2], where the
distance between points of different dimensions was defined by
accounting for elements in the union of their domains, whereas
this manuscript considers the intersection, as recently proposed
in [1]. Moreover, this manuscript accounts for agents with
vector states rather than just scalar states as in [2]. Since exact
convergence cannot be reached in general due to the varying
nature of the set of fixed points, this manuscript provides
sufficient conditions for the class of paracontractive operators
— a superclass of contractive operators considered in [2] —
ensuring the convergence of the iteration to a bounded distance
from the fixed point set.

The second contribution of this manuscript is the presen-
tation and characterization of an open and distributed version
of ADMM to solve optimization and learning problems over
open networks. We call the proposed algorithm Open ADMM
which enjoys the following advantages compared with other
state-of-the-art algorithms (see Table I): 1) the algorithm
accommodates arbitrary changes in the network with a time-
varying number of nodes that can grow unbounded; 2) it never
needs a centralized re-initialization procedure as the algorithm
parameters are neither vanishing nor time-varying; 3) it works

wop Ve Ur,_p&) forallk € N.

with time-varying cost functions that are only convex and
not necessarily strongly convex; and 4) it converges linearly
to the set of minimizers, achieving exact convergence if the
network composition and the local costs remain unchanged
for a sufficiently long time. Open ADMM is an extension of
DOT-ADMM (presented by us in [47]) for the scenario of open
multi-agent systems of interest in this manuscript. Assuming
all cost functions are static, smooth, strongly convex, and that
their minimizers lie within a given ball, the authors of [12]
have shown that the Decentralized Gradient Descent (DGD)
Algorithm remains stable in the constrained scenario where
departing agents are immediately replaced by new arrivals.
Relaxing strong convexity to convexity and smoothness to Lip-
schitz continuity, the authors of [13] proposed a dual averaging
method and proved sublinear convergence of the running loss,
provided the running ratio of the quadratic mean to the average
number of active agents is bounded, which accommodates
unbounded network growth. Under the stronger assumption
that the network’s size is bounded from above, the author of
[14] introduced a subgradient approach and proved sublinear
convergence of the running loss while accounting with time-
varying local loss functions. Unlike this paper and [12], these
works analyze performance using a regret-based metric and
require the network to be (jointly) vertex-connected. Instead,
this work only assumes the network to be connected and
characterizes the punctual distance of the local estimates from
the global optimum, making the performance evaluation less
coarse and more informative than regret-based metrics: this
claim follows by the fact that sublinear regret alone does not
guarantee convergence of the estimator to the global optimum,
nor that it remains within a bounded distance of it.

As a third contribution, the proposed Open ADMM al-
gorithm is applied to solve dynamic consensus problems over
open networks. Specifically, we derive closed-form updates
for Open ADMM and establish sufficient conditions on the
signals being tracked to ensure the correct tracking of three
different metrics of interest: the maximum, the median, and the
average of a set of signals, each of which is locally accessible
to the agents. Notably, for the median metric, this work
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introduces the first discrete-time protocol in the literature de-
signed for open scenarios. Additionally, the proposed approach
demonstrates superior performance for both the maximum and
average metrics. We refer the interested reader to Section IV-A
and Remark 3 for a comparison of performance and working
assumption between our algorithms and those in the literature.

As a fourth contribution, the proposed algorithm is applied
to supervised learning problems with logistic loss functions,
and numerical simulations are carried out to demonstrate
performance in different scenarios: (i) networks with Poisson
arrivals and departures, the distance from the optimal solution
is proportional to the Poisson rates but remains bounded;
(ii) eventually closed, fixed networks, the algorithm achieves
exact convergence at steady state; (iii) networks with only
node replacements, larger networks exhibit higher robustness.
Open ADMM has been benchmarked against state-of-the-art
algorithms, demonstrating superior performance in terms of
both convergence rate and tracking error. Furthermore, the use
of stochastic gradients and alternative initialization methods
is explored to address cases where computing local optima is
computationally expensive, as in very large datasets.

Structure of the manuscript: Section II introduces all rel-
evant concepts of open operator theory, generalizing the
concepts of fixed points, sequences and their convergence,
projections, and distances. Section III formalizes the prob-
lem of interest together with the working assumptions, then
presents and characterizes the proposed Open ADMM algo-
rithm. Section IV exploits Open ADMM to solve the tracking
problem (or dynamic consensus) over the maximum, median,
and average functions, and supervised learning problems with
logistic loss function. Section V concludes the paper by
discussing some future research directions.

[I. OPEN OPERATOR THEORY

The set of real and integer numbers are denoted by R and
Z, respectively, while R, and N denote their restriction to
positive entries. Matrices are denoted by uppercase letters,
vectors and scalars by lowercase letters, while sets and spaces
are denoted by uppercase calligraphic letters. The identity
matrix is denoted by I,, n € N, while the vectors of ones
and zeros are denoted by 1,, and 0,,; subscripts are omitted
if clear from the context. We use the symbol ® to denote
the Kronecker product. Letting Z # () be a finite set of
labels, we adopt the non-standard yet intuitive notation RZ
to denote a vector space of finite dimension equal to the
number of elements of Z, and by =z € RZ we denote a
vector with labeled components z; € R where each label
i € I corresponds to a label in Z. We limit our discussion
to finite-dimensional Euclidean normed spaces (RZ, |-||,,) and
denote the distance between two points x,y € RT with the
same labeled components by d: RT x R — R, given by
d(z,y) = ||z — y|,- In turn, the distance of a point z € R
from a set X C RZ and the distance between two sets
X.,Y C R? are defined as follows

dw,Y) = inf d(e,y). d@X.Y) = il d@.Y). D

In the remainder of this section, we introduce all relevant
concepts about operators T : X — ) mapping spaces X C

RZx into spaces ) C RZY where Zy, Ty are sets of labels
with different cardinality and composition: such operators will
be called open when X # Y # 0 or, equivalently, Zx # Zy.

A. Open-operators and sets of interest

Let 7, denote the set of labels at time k& € N. According to
Fig. 1, we identify the following subsets:
o Remaining labels Ry, = 1Zj, N I;_q: labels present both
at time £ — 1 and time k;
o Arriving labels Ay, = T, \ Zy_1: labels present at time k
but not at time k — 1;
o Departing labels Dy, = T \ Zy11: labels present at time
k but not at time k + 1.
By convention, Z_; = (), yielding Ry = @) and Ay = Zy. Note
that, in general, the set of departing labels may contain both
remaining and arriving labels, which are instead disjoint:

D, CIp, =R UA,L, RN A =0.

Example 1. Consider the sets of labels Ty = {a,b,c},
7, ={a,b,c,d}, Iy = {b,c,d}, Is = {e, f}. Then:

o (at the initial step 0) D_1=0, Agy={a,b,c}, Ro=0;

o (from step O to step 1) Do=0, Ay={d}, R1={a,b,c};

o (from step 1 to step 2) D1 ={a}, A2=0, Ra={b,c,d};

o (from step 2 to step 3) Da={b,c,d}, A3={e, f}, Rs=0.

An open operator Ty : RZ*=1 — RZ* maps points zj_;
with components z}_, labeled by i € Zj_; into points zy,
with components z! labeled by i € Zj, which may have
different size. The sequence {x; : k € N} generated by
the iteration of Ty is such that the points z; € RZ* may
have different dimensions for k¥ € N, and thus are called
open sequences. Since x;, takes values in RZ* at all times
k, departing components with label ¢ € Dj,_q are simply left
out from xy,. Instead, new components with label ¢ € A;, are
initialized to some value x}?’l € R, and remaining components
with label ¢ € Ry, are updated according to a scalar operator
Fi : RTt-1 — R. Thus, the iteration of the open operator T
can be written component-wise for each ¢ € 7, as follows:

. . Fi (xr—1) ifi € Ry
z, =T (zp_1) = ki 2
b= Thl(@r-) {x’,}l if i € Ay, @
which, in compact form, becomes
Ty = Tk(xk,l), T € RI’“. 3)

Note that if the components of the system remain unchanged,
that is, Z, = Z,_1, then the operator Fj : RTx-1 — RTZk—1
rules the so-called standard iteration:

T = Fk(il,'k,l), when Ik = Ik71~ (4)

Fig. 1. Venn diagram of labels at two consecutive steps k — 1 and k.
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Example 2. Consider the open operator Ty, as in (2) ruled
by the averaging operator Fi : xy_1 — F}xy, defined by

; 1
F} o Vi € Ty,

= T Tl

If the set of labels evolves as in Example 1, then a possible
open sequence generated by the iteration (3) is:

¢ 3
a:§ 2 x% 3 x%’ 4 5 0
0 ) ¢ 3 2 ) il?f 1
x§ 4 b x4 4 3
0 x¢ 7 2 ~—~—
o T2 3
z1
where:

o (from step O to step 1) all components associated with
remaining labels update their value to the average of x,
that is (2+3+4)/3 = 3; label d arrives, and component
x¢ is initialized at 7;

o (from step 1 to step 2) all components associated with
remaining labels update their value to the average of x1,
that is (3 +3 4+ 3+ 7)/4 = 4; label a departs, and
component x4 is left out;

o (from step 2 to step 3) labels b,c,d depart, and com-

¢ are left out; labels e, f arrive, and

ponents xg, x5, xﬁ
components x$, x5 are initialized at 0, 1, respectively.

The need to generalize the usual concept of set of fixed
points X = {z : x = F(z)} for time-invariant standard
operators F : R — RZ arises naturally. Since for open
operators Ty € RZx-1=Zr the fixed point relation 1 =
Ti(zk—1) is not well-posed if Zj,_1 # Zy, it is necessary to
consider instead the standard iteration Fj : R%x—1 — RZk-1,
for which zp_1 = Fg(xg—1) is always well-posed. This
yields a trajectory of sets containing fixed points of different
dimension, which we call the trajectory of sets of interest.

Definition 1 (Trajectory of sets of interest).
Consider the iteration of an open operator Ty, as in (2) and
let X}, be the set of fixed points of the operator Fii1 ruling
the standard iteration, i.e.,

Xy = {z e RT | 2 = Fyi(z)}. (5)

Then, the sequence {Xj, : k € N} is called the “trajectory of
sets of interest” (TSI) of the operator Ty.

If each operator Fy, has a unique equilibrium point X}, = {1},
then the sequence {Zy : k € N} of these points forms the
trajectory of points of interest [2, Definition 3.1].

Example 3. Consider the iteration described in Example 2.
Then, the TSI is given by
X = {od € RT* | o € R}.

Indeed, at each k € N, the set of fixed points of the standard
iteration ruled by Fy, : x — Fyx consists of the eigenvectors
of Fy, corresponding to the (unique) unitary eigenvalue.

We formalize the concept of convergence for open se-
quences, emphasizing that comparing distances in spaces

of different dimensions is unfair without normalization by
the corresponding space’s dimension. Without normalization,
iterations of an open operator with increasing number of
components may produce sequences diverging from the TSI,
even if the distance between new components and their TSI
counterparts remains bounded. We define convergence based
on normalized distance from the TSI and provide an example
clarifying the importance of this normalization.

Definition 2 (Convergence of open sequences).
Consider the open sequence {x) € R™ : k € N} generated
by the iteration of an open operator as in (3) whose TSI is
{Xk C RT* : k € N}. The open sequence “converges” to the
TSI within a radius R > 0 if

d(l‘k7.)2k) R
VITel

Example 4. Consider the iteration described in Example 2
and assume that the components are totally renewed at each
step and increase in number by 2 at each step, namely,
Dy, =TIy and |Ag| = |Zi—1| + 2. A possible open sequence
generated by the iteration xy, = Ti(xg_1) is

lim sup
k—o0

+1

+1 +1

_[+1} ! !
Zo = _1,331— 1 y L2 = ~1l

-1 -1

-1

where half of the components are initialized at +1 and the
other half at —1. The point &), € Xy in the TSI attaining the
minimum distance from xy is the null vector Ty, = 0gr11)
and therefore

(g, Xy) = d(zg, &) = d(n, 02gp41)) = V2(k + 1),
which, as k — oo, diverges even though the new components
have bounded distance of 1 from the corresponding component
of the TSI. Instead, when normalization is considered, it is
possible to find a finite upper bound

Jim sup A8 Ak _

k—oo 2/ Q(k + 1)

B. Open distances and projections

A notion of open distance is necessary to evaluate the
distance between points with labeled components that belong
to vector spaces of different dimensions. We propose to
evaluate this distance by considering only the common labeled
components, disregarding the others.

Definition 3 (Open distance). Let 71 and I, be two fi-
nite sets of labels. If Ty N Iy # (), the “open distance”
d:RT x RT2 5 R, between points x € RT and y € R
is defined by

= [l‘i for 1€, ﬁIQ],

T
d(z,y) = |2 — §|,, where N ; .
(z,y) = | y”z {y — [y‘ fori el mI2]~

Otherwise, if Ty N Iy = () then d(x,y) = 0.
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Example 5. Consider the sets of labels T, = {a, b, c} and
Iy ={b,c,d} and let

x® (1 y? 4
rz=|zb| = |2| eRTY, y=|y°| = |5] e RT.
€ 13 y? 6

Since the common components are those labeled by b and c,
the distance between them is given by

=B -

For the sake of simplicity, we overload the notation of
standard distance in a way that the distance of a point z € R%
from a set X C RZ2 and the distance between two sets
X C R%2, Yy C R%s of different dimension are naturally
defined as in (1). The projection of a point z € RZ' over a
non-empty set ) C R”2 is a set of points y € ) of minimum
distance from z, given by the projection operator defined as

proj(z,Y) = {y* € YV : d(z,y*) = inf d(z,y)}

d(z,y) = =8,

When Z; O Z, the projection reduces to a singleton (see
Fig. 2), but when Z, \ Z; # 0 it is indeed a set (see Fig. 3)
because components with label in Z, that are not in Z; can be
arbitrary within ).

Example 6. Ler 7, = {a,b}, In = {a}, and
V={yeR® |ycll,3]} as in Fig. 2. Then, the distance
of x =[z%2°" = [5,1]" € RT: from Y is

dz,Y)=d(z*Y)=min|5b—y| =15—-3| =2,
yey
and proj(x,)) = 3 € R%2 is a singleton. Instead, the distance
of v =[z%2°" = [2,1]" € RT: from Y is
d(x,¥) = d(z*,Y) = min[2 —y| =0,
yey

and proj(x,Y) = 2 € R%2 is a singleton.

b b
T pI“Oj ((L’, y) X
l \1

T T.

Y d(x,Y)

v, proj(z, V)

1 “I/
a y a
d(z,Y)=0

7, = {a, b} I, ={a}

Fig. 2. Representation of the open distance (curly brace) and the open
projection (bold dot) in two examples with Zo C Z7 # 0.

z € Rh Y c R

b b

Y proj(z,)) proj(z,Y) d(z,Y)=0
L ,
| ) AN

Iy ={a} Iy={ab} reRh Y c RE:

Fig. 3. Representation of the open distance (curly brace) and the open
projection (dashed line) in two examples with Za \ Z1 # 0.

Example 7. Ler 1, = {a}, Zy={a,b}, and
x=5¢cRY as in Fig. 3. Then, the distance of = from
Y={ly"y’] eR® [y € [1,2]} is

d(.’t,y) =

min
[y*,ybley

and proj(z,Y) = {[2,2°]T € R2} is a set. Instead, the dis-
tance of x from Y = {[y*,y*] € RT2 | yb € [-2, -1} is

d(z,Y) =d(z*,Y) =

5—y*l=15-2=3,

min
RRTISNY

and proj(z,Y) = {[5,2°]" € RT2 | 2> € [-2, 1]} is a set.

|27,y0«| :Oa

The projection operator is a particular case of the proximal
operator which, for a point z € R?!, a function f : R”2 — R,
and penalty parameter € > 0, is defined by

d2(x,y*): min {f(y)-f-dQ(x’y)}}

2e yeRT2 2e

prOX‘;l(af)={y*:f(y*)+

Indeed, it holds proj(z,Y) =  prox; (=) where
ty : R" - R" U {+o0} is the indicator function defined
as ty(z) =0if y € Y CR%, and ty(y) = +oo otherwise.

We also introduce the concept of shadow distance between
two spaces X', ) of different cardinality or composition, that
is the maximum distance between any pair of projections.

Definition 4 (Shadow distance). Let 7, and Io be two
finite sets of labels. If Ty NIy # (), the “shadow distance”
d:RT x RT2 s R, between points x € RT' and y € R*2
is defined by

dsu(X,Y) = sup d(proj(z, X),proj(z,})).

ZG]RII UZy
The concept of shadow distance is essential as it allows
formulating the following version of triangle inequality:

d(Z7X)Sd(Z’y)+dSH(X7y) (6)

Example 8. Consider the set of labels T = {a} and the
sets X ={x eRT: 2 € [1,2]}, Y={y e RT : y € [5,6]}.
The standard distance between these sets is attained by the
points © = 2 and y = 5, namely,

d(Xx = inf inf d =|2-5|=3.
(X, Y) = inf inf d(@,y) =2 -5
On the other hand, the shadow distance (see Fig. 4) is attained
for all points z € R® such that z € (—o0, 1] U [6, +00). For
instance, the projection of z < 1 onto X is 1 and the projection
onto Y is 5, yielding

dsy(X,Y) = sup d(proj(z, X),proj(z,Y)) = |1 — 5| = 4.

z€RT

dSH<X7y) 7= {a}
X cR?
YCR?

Fig. 4.  Representation of the shadow distance compared to the
standard distance in an example with Z = Z; = Zs.
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C. A convergence result for paracontractive operators

In this section, we provide sufficient conditions ensuring the
convergence of open sequences generated by the iteration of
open operators — in the sense of Definition 2 — whose standard
iteration is ruled by a paracontractive operator [48-50]. Para-
contractive operators are a class of operators that generalizes
that of contractive operators for two different reasons: 1) they
allow for multiple fixed points, rather than implying just a
unique fixed point; 2) they enjoy a contractivity property
between trajectories and fixed points, rather than between
trajectories in general.

Definition 5. An operator Fj, : RT — RZ is said to be
“paracontractive” if there exists v € [0,1) such that for all
k >0 and for all x € RZ it holds

d(Frpa(x), Xy) < v - d(z, Xy), ©)
where Xy, is the set of fixed points of F1 for all k € N.

Proposition 1. If the operator F : R™ — R" is:

o a-averaged, i.e., there is o € (0,1) such that
d*(Fpy1(2), Ay < dP(2, &) — 152 d> (2, Frga (2));
o p-metric subregular, i.e., there is p > 0 such that
d(z, X)) < pd(z, Fraq(x));
then it is paracontractive with v == /(1 — (1 — a)/(au?)).

Proof: The statement follows from the following steps:

. . 1-a«
@ (Fipa (@), Xp) < d? (2, ) — d*(, Frpa(2)) <
. 1-a . 1-a .
< d? — 2 <(1- ? .
< o ) = e &) < (1 o ) (@, %)

|
The sufficient conditions that we enforce correspond to
limits on the variation of the TSI and on the process by which
the labels components join and leave during the iteration.
In plain words, the normalized shadow distance between
two consecutive sets of interests (see Definition 6) and the
normalized distance of the arriving components from the set
of interest (see Definition 8) must be bounded from above.
Moreover, the dimension of the state space cannot decrease
too fast (see Definition 7), i.e., there must be an upper bound
to the ratio between the number of components at consecutive
steps. These limits are formally defined next.

peﬁnition 6 (Bounded TSI). Consider the TSI
{Xr CRIx : k € N} of an open operator as in (3). The TSI
is said to have “bounded variation” if

st (X, 1)

VIRl

Definition 7 (Bounded departure process). Consider the
open sequence {x;, € RTx : k € N} generated by the iteration
of an open operator as in (3). The departure process is said
to be “bounded” if

IB>0: <B, VkeN.

Y

V1]

38 €(0,1): Vk € N.

Definition 8 (Bounded arrival process). Consider  the
TSI {X;, C RZ+ : k € N} of an open operator as in (3) and
let x‘k* € RA* be the vector stacking the components of all
arriving labels. The arrival process is said to be “bounded” if

S0, M)
VA
Example 9. Consider the iteration described in Example 2
whose TSI is that described in Example 3 and assume that the
components change as outlined in Example 4. Then:
o the TSI is bounded with B = 0 because there are never
remaining components;
e the departure process is bounded for any [ € [0,1]
because the number of components never decreases;
e the arrival process is bounded with H = 1 because
all arriving components initialized at {—1,+1} and the
corresponding components of the TSI are zeros.

<H, VkeN.

We now state and prove the main result of this section. A
key novelty of this result, compared to with respect to existing
works on open multi-agent systems — namely [2, Theorem 3.8]
and [1, Theorem 1] — lies in allowing multiple fixed points
at each step, forming what we have defined in Definition 1
as the trajectory of sets of interest (TSI). In contrast, [1, 2]
assume the existence of a trajectory of points of interest (TPI),
which is a special case of TSI corresponding to a unique fixed
point at each step. This extension is far from being trivial as
it required introducing a new notion of distance between sets
with potentially different cardinalities or compositions, which
we have called shadow distance in Definition 4, where the
name is reminiscent of the projection operation. The need to
handle standard iterations with multiple fixed points naturally
arises in optimization and learning problems, particularly when
the objective function is convex but not strongly convex.
This is precisely the case in the present work: in Section
III we present a new algorithm, Open ADMM, designed
to solve optimization problems with convex (not necessarily
strongly convex) functions in the scenario of open networks,
and we characterize its stability and performance through the
following general results.

Theorem 1. Consider the iteration of a time-varying open
operator Ty, : RTk=1 — Rk given component-wise i € Ij, by

rh =T (rp_1)= {Fj'f\(fk_l) l:fZ:GRk =Li1\Dica,
z;’ leGAk:Ik\Ik,L

and assume that

(a) Fy is paracontractive with vy € (0,1);

(b) the TSI has bounded variation B > 0;

(c) the arrival process is bounded with H > 0.

(d) the departure process is bounded with 3 € (v, 1).

Then, the open sequence {xj € R+ : k € N} converges lin-

early with rate 0 = v/ € (0,1) to the TSI within a radius

B+H
R= 8
o (®)
according to the following punctual upper bound
L 0, Xo) 1 — 6%
d(ﬂjk, k) < ekd('TO7 0) (B+H)

=R Ch < -
VT Vol 1-96
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Proof: Let us split the state x; =
vectors such that:

[zR; 4] into two

. J;}; € RR* is the vector of the remaining components;
o zp € RA* is the vector of the new components.

For any two consecutive steps k — 1,k with k£ € N, it holds:

xk,Xk \/d2 xk,Xk +d2($k,Xk)

< \/d2 xk,Xk —|—\/d2 xk,){k)

. . (@) .
= d(xlljan) + d(xllz,‘)(k)a < d(xlljan) + v ‘Ik|H>

(i)
< d(]}k,Xk 1)+dsﬂ(Xk,Xk 1)+ |Ik|H7

(#47)

< d(xf, Xeo1) + V1Zk|(B + H),

(iv) N

< d(Fr(zp—1), Xu—1) + V| Z|(B + H),

(v) N
< yd(xp—1, Xp—1) + V| Tk|(B+ H),

where (7) holds by assumption (c) and |Ag| < |Zg|; (i)
holds by triangle inequality in (6) for the shadow distance in
Definition 4; (4i7) holds by assumption (b) and |Ry| < |Z|;
(iv) holds because the vector z® is entirely contained into
Fi(zk—1) by definition; (v) holds by assumption (a). Thus,
we have shown that,

d(z, Xy < d(xp—1, Xx_1)

<7
VT

7 d(wp—1, Xpo1)
B VT

By iterating over £ € N one gets
k N
d(xo, Xo)

d(z, X _ (7>
VI T \B) VTl
Since in the limit ¥ — oo the term (v/3)* goes to 0 and
the geometric series equals to (1 — 6%)/(1 — #) and goes to

1/(1 —~/p), it holds

+B+H,

+(B+H)kzl(g>i.

=0

lim sup < =R,
k—o00 \/ ‘Ik| 1- %
thus concluding the proof. ]

Corollary 1. Consider the setting of Theorem 1 and the
following simplified cases:

(a) The iteration is not open;
(b) The iteration is time-invariant.

Then, the results of Theorem I become:

o (a) implies that the convergence rate is equal to the
paracontractivity constant 8 = ~y because 3 = 1, so the
radius reduces to R = B/(1 — ~) because H = 0;

o (a) A (b) implies that the radius reduces to zero because
B =0, i.e., the sequence converges to a fixed point for
any initial condition.

[1l. PROBLEM OF INTEREST AND
OPEN ADMM ALGORITHM

With the theoretical framework developed in Section II,
we have now the tools to design and analyze algorithms for
optimization and learning over open networks. In particular,
we are interested in algorithms that can solve the following
optimization problem

min > fi(y) )
1€V
where p € N denotes the number of variables, f; : R? — R

denotes the local objective function of an agent ¢ € V, in the
network at time k, where Vj represents the time-varying set
of agents. Most of the literature addresses this problem under
the assumption that the set of agents in the network remains
constant over time, i.e., V =}y = V1, - - -, which facilitates the
application of various results from operator theory to study
the convergence of custom-designed algorithms. Instead, this
work considers the problem without this assumption, thus
letting the agents be able to leave and join the network
arbitrarily, which results in a time-varying number of agents

& = |Vk| € N: such networks are usually called Open Mulri-
Agent Systems (OMAS). We propose a distributed algorithm
called Open ADMM to solve the problem in (9) in OMAS
and we carry out a convergence analysis by means of open
operator theory.

Remark 1 (Relationship with online optimization). We
remark that (9) is an online optimization problem because
the optimal solution is time-varying due to two different
factors: 1) the local costs are time-varying [51]; 2) the
agents participating in the network change over time, thus
vielding a change in the set of the local costs. Consequently,
even when the local costs are static, the problem solution is
still time-varying due to the open nature of the network.

A. Problem set-up and working assumptions

An OMAS consists of a time-varying set of agents V), which
may leave and join the network at any time k¥ € N. We define
the sets of remaining, arriving, departing agents as follows

VR =V N Vie1, Vo =V \ Vo1, VP = Vi \ Vi1,

By convention, V_; = (), yielding V& = () and V3 = V.
The agents are linked according to a graph G, = Vi, &),
where &, C Vi x Vi, represents the set of agents pairs that
are linked by a point-to-point communication channel. The
set of agents that can communicate with the i-th agent at
time k is denoted by N} = {j € Vi : (i,j) € &} and
its cardinality is denoted by 7} = |./\/ 4B are
assumed to be without self-loops, i.e., i ¢ Nj. We also denote
by & =2[E| =ni 4+ +np* twice the total number of
communication channels. We formalize next our assumptions
on the communication graph among the agents.

Assumption 1. The communication graph G = (Vk, &)
of the OMAS satisfies the following at all times k € N:
o undirected, i.e., (i,7) € & if and only if (j,1) € Ek;
o connected, i.e., there is a sequence of consecutive pairs
(i,a), (a,b), -, (y,2),(2,4) in & for all i,j € Vy.
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An OMAS can actually solve (9) under suitable assumptions
on the local objective functions and the corresponding local
and global solutions. We formalize our set of assumptions in
Assumption 2, which makes use of the following notation for
the set of solutions to the problem in (9),

Vi =quyp €RP: +(yz) = min .
k {yk i;;k fe(yr) yeRpigv:k fk(l/)}7
and for the minimizers of each local cost function,
vt = {ol € R AL = i i)}
yERP
Assumption 2. The problem in (9) is such that, ¥k € N:
(i) the local cost functions fi are proper [46, Defini-
tion 1.4], lower semi-continuous [46, Lemma 1.24], and
convex [46, Definition 8.1] for all i € Vy;
(ii) the set of minimizers y,f;* C RP for each local cost
function f}, is not empty;
(iii) the distance between two consecutive global solutions
yr € Vi and y;_, € Y;_, is upper bounded by a
constant o > 0;

(iv) the distance between any local solution y,i’* € y,f;* and
any global solution y;; € YV} is upper bounded by w > 0.

(10)

Assumption 2(i) and (ii) are standard in the context of convex
distributed optimization. Assumption 2(iii) is standard in on-
line optimization [51], since it requires consecutive problems
to be similar, thus ensuring that warm-starting the algorithm at
time k£ with the output at time k—1 leads to good performance.
Assumption 2(iv), on the other hand, bounds the heterogeneity
of the local cost functions at time k. This implies that all
agents have similar data, thus motivating them to cooperate
rather than minimizing the local cost functions independently.
See section III-C.3 for further discussions.

B. Open ADMM and convergence analysis

To solve the problem in eq. (9) in a distributed way over
an open network, we propose the open version of ADMM,
which we call Open ADMM and whose implementation is
detailed in Algorithm 1. Open ADMM requires each agent
i € Vj to initialize and update per-edge variables z;) € R?
with j € AN}, while making an estimate y; of the global
solution via the proximal step as in eq. (12), tuned with a
proximal scaling factor p > 0, applied to its local objective
and evaluated at the average of its local per-edge variables.
Each per-edge variable is symmetrically updated as in eq. (11)
as a convex combination, with coefficient o € (0, 1), of its
previous value and the neighbor’s message, which implements
the Peaceman—Rachford splitting agreement step.

By defining the set of remaining neighbors
Ri =N.NN}_, and the set of arriving neighbors
¢t =N\ N_,, the open operator T : RIx — RZk

with Ty, = {(4,4,¢) : (i,j) € & and £ =1,... p} describing
Open ADMM can be formalized block-wise as follows,
F(z,_1) ifi€VR and jeRE,
ay =T (wp-1)= ki(* & o ki : ’ J *
Py if je Aj, oric Ay,

where F?j is the operator as in eqs. (11)-(12).

Algorithm 1 Open and distributed ADMM

Input: The relaxation o € (0, 1) and the penalty p > 0
Output: Each agent returns y; which is an approximate
solution to the optimization problem in (9)
for k=0,1,2,... each agent | € Vy:
if i € V2 is an arriving agent:
initializes the state variables to a local optimum

2 = pyb* (see (10)), VjeN;

else if i € V}j‘is a remaining agent:
receives y;_,, xj,_, from each neighbor j € R},
updates the remaining state variable according to

2 = (1— oz)x;j;l — ozxiil —i—2pozyi717 Vi GRfC (11)
initializes the new state variables to a local optimum
) = py* (see (10), Vj € Aj,

end if
updates the output variable

P _ 1/pm}, 1 ij
Y = Prox K p—% Z‘xk (12)
JEN}
transmits y}, =} to each neighbor j € N}
end for
We construct the global network state
xp=[--,2Y,---] € RT= by concatenating all individual

agent states associated with edges in the network. Specifically,
we stack all vectors x;) € RP corresponding to edges
(i,7) € & according to lexicographic ordering, i.e., first by ¢
and then by j. Thus, the standard iteration of Open ADMM
ruled by the operator Fy = [--+,F/,---]T becomes that of
DOT-ADMM presented by the same authors in [47], given by

rp=Fp(zr_1)=[(1—a)]—aPy_1|xp_1+2apPr_1Ax—1Yr—1
yk:Pk(xk):prox}ipm (Dp AL x)

where: the operator prox}i P R7x  — RI* with

Je={@@,0):i€Vyand £ =1,...,p} applies block-
wise the proximal of the local costs f;; the matrix
A =A®1I, €{0,1}5>*7% is given by A € {0,1}5>*Vr
defined block-wise for i € V; and j € N by the
matrices AY = [e;,e;]T for j > i where e, € {0,1}Y*
denotes a canonical vector; the matrix D) € RT+xTk
is given by Dy = blkdiag{(pn.) 'I,}7,; the matrix
Py € {0,1}2:*Zk is a squared block-diagonal matrix given
by P, = Ifk/Q ® (H@Ip) with II = [0 1;1 0]

To prove the convergence of Open ADMM, we resort to our
main convergence result in Theorem 1 for open operators. We
first show that Assumptions 1-2 are sufficient to guarantee the
existence of a TSI and its boundedness (Lemma 1) as well as
the boundedness of the arrival process (Lemma 2). Theorem 2
builds on these lemmas to establish that Theorem 1 holds for
Open ADMM; specifically, it proves that Open ADMM is open
stable, meaning that the open sequences it generates converge
linearly to the trajectory of sets of interest within a certain
stability radius, as formalized in Definition 2.
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Lemma 1. Consider an OMAS executing Open ADMM
to distributedly solve the optimization problem (9) under
Assumptions 1-2. Then, there is a TSI {X}, : k € N} given by

X ={@x | (I + Pi)2x =2pPr A (Lo, ®Y5), yp€Vi}, (13)
where Y} is the solution set, while the TSI is bounded with
(14)
Proof: See Section A in the Appendix. ]

Lemma 2. Consider an OMAS executing Open ADMM
to distributedly solve the optimization problem (9) under
Assumptions 1-2. Then, the arrival process is bounded with

5)
Proof: See Section B in the Appendix. ]

Theorem 2. Consider an OMAS executing Open ADMM
to distributedly solve an optimization problem as in (9) under
Assumptions 1-2. If the standard iteration is paracontractive
with v € (0,1) and the departure process is bounded with
B € (v,1), then the open sequence {xy : k € N} generated
by the open operator of Open ADMM converges with linear
rate 0 = v/B € (0,1) within a radius R,

B = po.

H = pw.

) d(:z:k,/{’k) (0 +w)
lim su < =: R.
Y/ )

Proof: The proof consists in showing that conditions
(a) — (d) of Theorem 1 hold: Paracontractivity of the operator
ruling the standard dynamics holds by assumption with v €
(0,1); Boundedness of the variation of the TSI holds by
Lemma 1 with B = po/ VD; Boundedness of the arrival
process holds by Lemma 2 with H = po/,/p; Boundedness
of the departure process holds by assumption with 5 € (v, 1).
The thesis follows by substituting H and B into (8). ]

Remark 2. Proposition 1 offers a practical way to verify
the paracontractivity of the operator F ruling the standard
iteration. If F admits affine lower and upper bounds then
it is metric subregular [47, Proposition 1], which, together
with averagedness' implies paracontractivity by Proposition 1.
Remarkably, this is the case for the logistic loss function
considered in the numerical simulations [47, Proposition 4].

We now characterize the performance of Open ADMM in
terms of the normalized distance between the open sequence
of the stacking of all agents’ states,
gk = [glla te 7@7:;%]T
yr = ]ln,i @ Y
from the consensus state on the optimal solutions,

{C; - keN} with Cf:= {1, @5 | i€V} (17)

Theorem 3. In the scenario of Theorem 2, the open se-
quence of agents’ estimates (16) converges linearly to the con-
sensus state on the optimal solutions (17) within a radius A,

3

{Jr : keN} with { (16)

: d(Gu,Cr) _ (0 +w)
lim sup = =: A.
k—o00 V pfk (1 - 9)
Proof: See Section C in the Appendix. ]

IBecause the standard iteration results from the relaxed Peaceman-Rachford
Splitting to the dual of the distributed version of the problem in (9) [52, 53]

C. Discussion on the proposed algorithm and the set-up

Let us discuss the set-up and Algorithm 1 from the perspec-
tive of learning. Each agent has access to data sampled from
a local distribution, which are used to define the local cost as

Fe) = sy 020 Uy | din k)

where d;;, i are the local data, m; j is the number of data, and
£ is a loss function. In principle, each agent could compute its
model on the local data only, i.e., y,* € V", which always
exists according to Assumptions 2(i)-(ii). However, this model
in general can have poor accuracy and generalization. The
poor accuracy is due to the limited amount of data that an
agent can collect and store, while the poor generalization is
due to the skewed/biased perspective that the local distribution
has of the phenomenon being analyzed. Thus, each agent has
an incentive to participate in the cooperative learning process
to train a model that is more accurate (all data of all agents
are involved) and more general (all distributions together offer
a better perspective on the phenomenon).

1) Initialization procedure: This interpretation then moti-
vates the fact that Open ADMM requires that agents’ state
variables z;) are initialized to their local minimizer y,~.
Essentially, Open ADMM assumes that any arriving agent has
already pre-trained its local model as well as possible using
its available data, and then joins the network to collaboratively
refine this model into a more accurate and general one. During
execution, each agent tracks its local minimizer to initialize
new state variables as the network topology evolves, which
ensures smooth adaptation without the cost of re-training the
local model every time. In practice, the local optimum may not
be computable exactly and can only be approximated within
a bounded error. This approximation does not compromise
the functioning of Open ADMM; however, it affects the
stability radius by effectively increasing the bound on the
arrival process in Lemma 2.

Alternative initialization strategies are also possible, such
as the “blind” initialization to a zero vector, i.e., y,i = 0,, or
initialization based on the average of neighboring estimates,
e, a) =3 N ;.. Both approaches are computationally
cheaper for the agents, since they avoid the overhead of
pre-training and tracking updates of local models. However,
each comes with limitations. The blind initialization typically
yields poorer performance, as it ignores both local information
and the current global estimate. In contrast, the neighbor-
averaging approach exhibits good performance as it enables
a form of knowledge transfer between agents [13], but it
introduces additional communication and coordination among
agents when new agents arrives or new links are established.
A rigorous convergence analysis of Open ADMM under these
different initialization schemes is left for future work, while
Section IV-B.4 provides comparative numerical results for the
two methods discussed above.

2) Arrival/departure process: Agents benefit from joining
cooperative learning to refine their local models, but internal
decision rules or resource constraints may also lead them to
leave, establishing a feedback loop. For instance, agents could
decide to leave the cooperative learning once the trained model
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exceeds a high enough test accuracy on its local distribution;
in the case of networks of battery-powered devices, agents
may choose to, or be forced to, stop participating to preserve
battery, and join again only once its charge is restored; in
multi-robot exploration tasks where each robot builds a local
map and shares updates only with neighbors within its radio
range, some robots may move so far away that they cannot
communicate with any others, leaving them excluded from the
shared model until they return close enough to rejoin the team.
In these examples, the interplay between an agent’s state, its
actions, and its network membership closes the feedback loop.

3) Working assumptions: Since the arrival and departure
of agents might disrupt the cooperative learning, resulting in
trained models with poor accuracy. Some assumptions on the
time-variability of the optimization problem are needed. First,
Assumption 2(iii) bounds the variation of the global solution
over time. This ensures that changes in the set of participating
agents and their local datasets do not drastically alter the global
model. Second, we need to guarantee that suitable bounds
on the departure and arrival process are satisfied. Assumption
2(iv) ensures that local models (which are the initializations
of edge variables of arriving agents and links) are not too far
from the global model. This condition effectively bounds the
distance between local and global distributions: heterogeneity
of local data is still allowed, but within a controlled level
that prevents excessive divergence in local models. Finally,
Theorem 2 requires a bounded rate of departure to mitigate
the drifting effect of the global solution toward the local ones
due to agent departures. Together, these assumptions delineate
a class of open learning problems for which stability and
convergence guarantees can be established.

4) Hyperparameter tuning: Algorithm 1 has two tunable
hyperparameters, the relaxation o € (0,1) and penalty p >
0. Importantly, Theorem 2 holds for any choice of these
parameters from the allowed ranges. How to (distributedly)
tune these parameters for optimal performance is still an open
problem, especially in open networks.

[V. APPLICATIONS AND NUMERICAL SIMULATIONS

In this section, we demonstrate Open ADMM performance
by showcasing its application to dynamic consensus problems
and supervised learning problems in OMAS.

A. Dynamic consensus algorithms for open networks

Consider an OMAS in which the i-th agent with 7 € V), has
access to a scalar, time-varying reference signal ui € R. The
dynamic consensus problems on the average, the maximum,
and the median values of these signals can be recast as a
time-varying optimization problem in (9) with local scalar cost
functions with p = 1, satisfying Assumption 2(i)-(ii), given by

o) = 2y =il +15,0)

Proposition 2. [57, Proposition 1] Consider an OMAS
distributedly solving the optimization problem (9) with local
costs (18) under Assumption 1. Then, there is a unique solution
Y5 € Yy to the problem such that:

(18)

i) If =2 and S =R, then y} = avg(uy);
i) If =2 and S}, = {x > u;(k)}, then y; = max(ug);
iii) If g =1 and S} = R, then y} = med(uy).

The updates of the Open ADMM for the tracking (or alter-
natively, dynamic consensus) problems of the average, max-
imum, and median values can be written in closed-form. In
particular, the initialization of the new state variables becomes
z! = pul, ‘because the local optimal solution is unique and
equal to y,* = ul; the updates of the state variables in (11)
remain unchanged; the updates of the output variables in (12)
becomes (cfr. [57, Lemmas 1-2-3]):

D DI
1+pmj,

i ij
)

maximum ¢ —max< ul ,
( ) Uk { k> 1 P

(median)  yi=u} +max{0; " —u, 0} +min{f) " —u},0},

(average) y,z€ =

with Gi’i:% [ ;vfcj_l :i:l} .

k" jeni
It can also be verified that the general conditions required by
Assumption 2(iii)-(iv) hold if the reference signals UZ eR
with ¢ € V), are such that [57, 58]: their absolute variation is
bounded by a constant o > 0, i.e., |ui — UZ_J < o; they lie
within a set of size w > 0, [t — u;| < w.

Remark 3 (Comparison with the state-of-the-art).

A comparison of the working assumptions of the proposed
protocols derived from Open ADMM and their performance
with the state-of-the-art is detailed in Table II. The only
algorithms accounting for directed communications are those
provided in [54-56], but their tracking error is not formally
characterized. This is the most common case as the network
is usually assumed to be eventually closed and the algorithm
is characterized only at steady state. In contrast, the proposed
Open ADMM and the algorithms proposed in [1], [2] work
under the stronger assumption of undirected communications,
but enjoy an eventually bounded tracking error. Also, the
proposed Open ADMM is the only algorithm guaranteeing a
null steady state error for closed, fixed networks and constant
reference signals (as a consequence of Corollary 1), while
[1] ensures it can be made arbitrarily small.

Figure 5 shows a typical realization of a network of agents
executing the proposed Open ADMM algorithm and compare
it with the OPDC algorithm [2], the OpenRC algorithm [54],
and Algorithm 1 in [55] in the scenario described next.
We used the tuning parameters p = 1 and o = 0.99 for
Open ADMM, and o« = ¢ = 0.01 for OPDC. The network
starts with 200 agents whose state is initialized uniformly at
random in the interval [0,500]. The initial graph is randomly
generated with edge probability p = 0.05. At any subsequent
step k > 0, there is a probability p}" € [0, 1] that one node
joins the network and there is a probability pl¥™® € [0, 1] that
one node leaves the network. The probabilities are chosen
time-varying so that the network first increases in size by
approximately 50% and then decreases by approximately 20%.
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TABLE I
COMPARISON WITH THE STATE OF THE ART FOR DISTRIBUTED TRACKING
IN OPEN MULTI-AGENT SYSTEMS WITH DISCRETE-TIME DYNAMICS.

[Ref] Probl Assumptions Assumptions Bounded Null
et roblem on the network on the signals tracking error  steady-state error
. Undirected + Connected + Bounded variation +
[1] Deplano et al. (2024) Max/Min Bounded diameter + Dwell time Bounded span v (arbitrarily small)
. . Complete +
[33] Abdelrahim et al. (2017) Max/Min Eventually closed Constant X v
S Directed + Strongly connected + »
[54] Makridis et al. (2024) Avg Unbalanced + Eventually closed Constant X v
L Directed + Strongly connected +
[55] Hadjicostis et al. (2024) Avg Eventually closed Constant X v
. Undirected + Connected +
[34] Oliva et al. (2023) Avg Eventually closed Constant X v
. Undirected + Connected + Bounded variation +
[2] Franceschelli et al. (2020) Avg Bounded departures Bounded span v X
Directed + Balanced + Relative
[56] Zhu et al. (2010) Avg jointly strongly connected bounded variation X X
. Undirected + Connected +
[31] Dashti et al. (2022) Avg/Mode Eventually closed Constant X v
[THIS WORK] Avg, Max/Min, Undirected + Connected + Bounded variation + v v
Median, - - - Bounded departures Bounded span

We model these events in a way that the network remains
connected whichever event occurs. Consequently, the set of
network agents is frequently renewed and the number of
agents changes according to Fig. 5(bottom). The arriving agent
creates random communication channels with all other agents
with probability p = 0.1. Input reference signals are randomly
sampled in the interval [y, u;, + w] with w = 5 when agents
join the network and evolve with bounded variation o = 0.02.
Figure 5(top) shows the normalized distance of the network
state from the consensus on the average, namely

d(gkvé/]:)
Vg

One can verify that the OpenRC algorithm in [54] and
Algorithm 1 in [55] initially converge close to the optimal

e = with 5, Ci as in (16)-(17).  (19)

- OPEN ADMM + OPDC in [1] = OpenRC in [54] = Alg. 1 in [55]

) Ay I N \hHJ J‘nm\ ||
g’ il | ‘H I “" “I J,
= | m. Ll
~e
(s}
o |
S 240 ¢
220 1
200 ——————

80t
0 70 140 210 0
Step k

1,000 2,000 3,000 4,000 5,0(
Step k

Fig. 5. Comparison between Open ADMM, OPDC in [2], OpenRC in
[54], and Alg. 1 in [55] in an open network, where A is the stability radius
as in Theorem 3.

solution, but then lose the tracking because they do not account
for time-varying reference signals. Even though they behave
very similarly, as they are both based on a ratio-consensus
mechanism, we observe larger transient errors with OpenRC,
possibly due to its additional acknowledgement-based and
mass-redistribution mechanisms tailored for unbalanced di-
rected graphs.

Instead, both Open ADMM and the OPDC algorithm
converge linearly despite the continuous network changes
and approach a bounded tracking error. In this simulation,
Open ADMM outperforms OPDC both for the faster conver-
gence rate and the smaller tracking error, which is bounded
coherently with Theorem 3. In particular, we considered the
best possible convergence radius A = (0 + w) = 5.02. It is
evident that this bound on the tracking error is a quite
conservative estimate of the actual error.

B. Supervised learning over open networks

In this subsection we apply the Open ADMM to solve
supervised learning problems. Each local dataset contains
labeled pairs (a;n, b;n) where a;, are the features and by,
are the associated labels. The goal is to learn a model y that
predicts the label b;;, from the sample a;;. In particular, we
consider a classification problem characterized by the loss

, 1 &
Jily) = — 3" log (1+exp (<binazhy)) + 3yl
" h=1

where a;;, € RP and b;, € {—1,1} are the pairs of feature
vector and label. Datasets of dimension m; = 150 are
randomly generated with scikit-learn given p = 5 and
e = 0.05.

This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see https://creativecommons.org/licenses/by/4.0/



This article has been accepted for publication in IEEE Transactions on Automatic Control. This is the author's version which has not been fully edited and
content may change prior to final publication. Citation information: DOI 10.1109/TAC.2026.3653296

TRANSACTIONS ON AUTOMATIC CONTROL, VOL. XX, NO. XX, XXXX 2025

We note that the local costs do not have a closed form prox
for the selected logistic loss; rather, the agents approximate it
with accelerated gradient descent, up to precision of 10710,
Since this makes it impractical to numerically evaluate the
distance of the agents’ estimates from the global optimal
solution, we instead use the following metric as a proxy for
the algorithm’s convergence to the solution of (9):

Z yi  (20)

’LEVk

2

va’t yk; )

ZGVk

We consider arrival and departure events that occur according
to the Poisson distributions Pois(\°™") and Pois(\!€3"¢), respec-
tively, resulting in A°" and A°® arrivals and departures in
mean. Additionally, arriving agents are connected to a number
of remaining agents equal to the average degree in the network,
and the network starts with ng = 50 agents.

1) Comparison with the state-of-the-art: Our first simulation
considers a scenario in which the network is characterized
by four modes for the arrival/departure processes: 1) same
arrivals and departures A" = \l@¢ — 1: 2) more arrivals
o — g)leave — 1. 3) more departures A€4Y¢ = 2\ — 1,
4) fixed network \®¢ = \i°i" — (), In Figure 6 we compare
Open ADMM with the dual-averaging approach proposed in
[13] and the distributed subgradient method proposed in [14],
and report the evolution of 5 and the number of agents ny
over the course of a simulation for the three algorithms. The
step-size for the algorithms in [13, 14] has been hand-tuned
to a fixed constant in the order of O(1/v/T) to achieve the
best performance while meeting their theoretical requirements.
After the initial transient, €; remains upper bounded for
all three algorithms, with Open ADMM exhibiting the best
performance with an average tracking error of ~ 5- 1073 —

TABLE IlI
PERFORMANCE OF OPEN ADMM IN TERMS OF &, IN (20) FOR
DIFFERENT ARRIVAL/DEPARTURE RATES.

A Min Mean + Std Max

0.1 | 6.163x 107>  (6.765+7.988) x 10~ % 4.192 x 10~3
1 3.178 x 1073 (1.701 £1.012) x 1072 5.655 x 102
10 | 6.550 x 1072 (1.76540.968) x 10~  5.698 x 10~1
100 | 9.282 x 10~! 1.692 + 0.624 3.046

+ Open ADMM = [13] + [14]

660
Step k

990

Fig. 6. Comparison of Open ADMM with the state-of-the-art for solving
a supervised learning problem in an open network with four modes:
)‘join:Aleave:1’)\join:2)‘leave:1’)\join :0.5)\Ieave:l’Ajoin:Aleavezol

within & € [100, 1000], thus excluding the initial transient and
the final steady state — followed by [14] with ~ 2-10~! and
by [13] with ~ 2- 10°. Moreover, when the network becomes
fixed, Open ADMM is the only algorithm that converges
asymptotically to the optimal solution with no error.

2) The impact of arrival and departure rates: The values of
N and \lea¥e of course affect that magnitude of the fluctu-
ations in ny that happen over the course of the simulation.
To explore how this in turn impacts €, we run a set of
simulations with M°" = )l — \ and different choices of
A € {0.1,1,10,100}. The results are reported in Figure 7.
We notice that the larger the mean of the arrival/departure
events, the larger ¢, is, due to the wider fluctuations in the
number of agents. This is further verified by the results of
Table III, which report the minimum, maximum, mean and
standard deviation of ¢, in the second half of the simulation
(to exclude transient behaviors due to the initialization). The
results are averaged over 10 Monte Carlo iterations. The results
confirm that the more arrival/departure events, the larger €, in
line with our theoretical results. We remark that the algorithm
does not diverge even in the challenging scenario A = 100.

3) The special scenario of only replacements: The open
network models used in the previous sections allowed for the
number of agents nj to vary over time. We now consider
the special case in which the network has a fixed number of
agents n [3, 12, 23], but allow a number of them — drawn from
Pois(A), A = 1 — to be replaced throughout the simulation.
Table IV reports the minimum, maximum, mean and standard
deviation of ¢, in the second half of the simulation, with
n € {50,100,500}. The results are averaged over 10 Monte
Carlo iterations. We notice that the higher the number of
agents, the smaller the value of €. Indeed, in larger networks
the impact of replacing a few nodes (1 on average) is lesser,

TABLE IV
PERFORMANCE OF OPEN ADMM IN TERMS OF &g, IN (20) FOR
DIFFERENT NETWORK SIZES, AND ONLY REPLACEMENT EVENTS.

n_ | Min Mean + Std Max
50 | 1.661 x 10~>  (1.253 £0.980) x 10~2  6.159 x 10~2
100 | 3.997 x 1074 (3.685 £ 4.535) x 1073 3.382 x 1072
500 | 7.493 x 107°  (4.676 +3.045) x 10~*  1.817 x 1073
e A=01=A=1+A=10+X=100
10!
ao10” l\
\: 1073 U\N “\ LI |\\ Vl ‘
S 10*) V J\\ % N \ \
= o0 W W
w 10_
300 [ )
200 |
=
<
100 oA e N
Al -~ —
0t : ‘ ‘ o
0 200 400 600 800 1,000
Step k
Fig. 7. Comparison of Open ADMM performance while solv-
ing a supervised learning problem in an open network with
Aoin — yleave — X ¢ {0.1,1,10,100}.
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as the large number of cost functions in (9) ensure smaller
sensitivity to individual changes in the agents. However, ¢y,
does not converge to zero, as changes in the network still act
as persistent perturbations.

4) Alternative initialization strategies: The agents executing
Open ADMM use their local optimum as an initialization
when they join the network (or when they connect to a new
neighbor). However, in practice the agents may not have access
to a locally optimal model (especially if their cost function
changes over time). Thus, in this section we test the perfor-
mance of Open ADMM with different local initializations: (a)
local optimum z} = py"*; (b) zero vector z;) = 0; (c) the
average of neighbors’ states z;/ = 37\ 43 _1-

Table V reports the minimum, maximum, mean and stan-
dard deviation of £; (in the second half of the simulation)
with the different initializations. The results are averaged over
10 Monte Carlo iterations. First of all, we remark that the
naive choice (b) leads to the worst performance overall, due
to the fact that it causes the largest transient effect. Indeed,
the zero vector is (on average) much farther from the fixed
point than (a) and (c). On the other hand, these two better
informed initializations have very close performance, with
(c) being slightly worse. As mentioned above, (a) may be
inaccessible due to the computational cost of computing the
local optimum, making (c) a less expensive alternative that
relies on communication rather than local computation.

5) Inexact proximal evaluations: Open ADMM requires the
(approximate) computation of local proximals in (12), which
in the previous sections was done by accelerated gradient
descent up to high precision. However, this requires the
agents to compute full gradients, which might be impractical
especially if m; > 1. Thus in this section we evaluate the
performance of Open ADMM when the agents use 7 steps of
stochastic gradient descent, evaluating gradients on a subset
B; € {1,...,m;} of local datapoints. We select a network
with ng = 50 and Poisson arrivals/departures with mean A,
with agents storing m; = 25 datapoints. The results in terms
of asymptotic ¢ are reported in Table VI for different 7, A
and |B;|. There are several interesting phenomena to observe
in this figure, which future theoretical research will address.

TABLE V
PERFORMANCE OF OPEN ADMM IN TERMS OF €y, IN (20) FOR
DIFFERENT INITIALIZATIONS OF ARRIVING AGENTS.

Init. | Min Mean + Std Max
(@ | 3178 x 1073  (1.701 £1.012) x 102  5.655 x 10~ 2
(b) | 2.665x 1073  (2.214 £ 3.854) x 1071 1.692
(©) | 3.212x 1073 (2.13441.630) x 1072 7.773 x 10~2

TABLE VI
PERFORMANCE OF OPEN ADMM WHEN EMPLOYING STOCHASTIC
GRADIENTS DURING PROXIMAL EVALUATIONS.

A=0 A=1
Bil | =1 7=10 T =100 =1 71=10 7=100
1 0.127 0.236 0.368 0.545 0.159 0.193
5 0.040 0.092 0.149 0.502 0.096 0.045
10 0.017 0.020 0.051 0.454 0.077 0.012
15 0.007 0.004 0.015 0.411 0.043 0.006
20 0.009 0.006 0.003 0.356 0.050 0.006
m; 0.017 0.021 7 x10~% | 0.344 0.059 0.006

First, when 7 is small, selecting a larger batch might not be
the best choice (see e.g. columns 1 and 2 with A = 0). This
is due to the fact that stochastic gradients might reach a small
neighborhood of the exact proximal faster than full gradients
allow. When 7 is large, a larger batch is beneficial, since the
stochastic gradient noise reduces and the proximal is more
accurately computed. Secondly, we observe that with A = 1,
convergence is of course not exact, since both the network
openness and the use of stochastic gradients contribute to it.
Interestingly, when 7 = 100, the openness is the dominant
factor, since |B;| = 15,20, m; all achieve the same error.

V. CONCLUSIONS

This article presents the Open ADMM algorithm to solve
distributed optimization and learning problems in networks
where agents may join or leave during the execution of the
algorithm. The stability and performance of Open ADMM are
discussed in the light of the newly introduced open operator
theory, which are corroborated through extensive simulations
on dynamic consensus problems with different metrics, as
well as on classification tasks using logistic regression. The
superiority of our approach with respect to the state-of-the-art
has been discussed both in terms of working assumptions and
performance, as detailed in Tables I-II.

Many interesting future research directions originate from
this manuscript, mainly involving the development of new
technical tools within the framework of open operator theory
to describe and analyze more complex and realistic scenar-
ios, such as asynchronous communications among agents,
unreliable or limited links accounting for packet losses and
quantization effects, inexact local computations, and so on.
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APPENDIX:
PROOFS OF LEMMAS 1-2 AND THEOREM 3

A. Proof of Lemma 1

Let &, = Fj11(Zx) be a fixed point of the standard iteration.
Since the updates of Open ADMM are the result of the
application of the Peaceman-Rachford operator to the dual of
the distributed version of the problem in (9), then the output
variable at a fixed point is equal to (1,,, ® y;) where y; € V}:
is a solution to problem in (9) (cfr. [46, Therorem 26.11]), i.e.,

(Ln, ® k) = proxy ™ (Dy A @) 1)
Thus, the fixed point & of the standard iteration satisfies

thus completing the first part of the proof. Now, we need to
prove that the following is bounded from above,

dSH(')Eka')ek—l) = Ssup d(proj(z,)ek),proj(Z,)Ek_l)).

2€RZk

Let us denote by ;. the projection of z € R”* onto X, C RZ+,
namely 2 = proj(z, X), then by [59, Section 6.2.2] it holds

2 =2— (14 P)' (I + Pu)z — 20Pe Ax (1, ® 1))

Since I + Py = I¢, /o ® (J ® I,) where J = (II + I) is
a matrix with all ones with pseudoinverse Jt = %J , We can
decompose 2, into vectors 2;” € R?P where i € Vi, j € N}

such that j > i, given by
L g1 i

5 =2~ L(J© 1)~ pl12 @ 4))
Similarly, the components in Z;, of proj(z, Xj_1) are given by
gl =29 (J ® Ip) (2" = p(Ls ® yji_y)).

Let Ri = NiNN]_,. Thus, d(proj(z, &), proj(z, Xx_1)) =

2
A’Lj_ AZ]
B TPk 1”

=X X |

ieVRi<jeRY
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() D &22 =0 | > 2 < po/[RA]
ieVRi<jeR] ieVRi<jer]

where (7) follows by sub-multiplicativity of the norm; (i%)
holds by Assumption 2(iii) and the properties of the Kronecker
product; (7i7) follows by [60, Theorem 8]; (iv) holds because
the 2-norm of an identity matrix is equal to 1; (v) follows by
the Riesz-Thorin Theorem [61, Theorem 4.3.1]; (vi) follows
by the fact that |[M|, and || M|, are, respectively, the row-
and column- sum of the absolute values of the matrix M, and
from the fact that J has exactly 2 ones in each row and each
column; (vi4) holds because the number of remaining channels
at time k is equal to |Ry|. Therefore, the TSI is bounded with
B = po, completing the proof.

B. Proof of Lemma 2

Open ADMM requires that state components x? of all
arriving agents i € V2 and new state components of the
remaining agents ¢ € V{8, j € Aj are initialized to the
minimizer y;* of the local cost fi, scaled by the penalty
parameter p > 0, namely,

2 = pyi*, where yi* € Vit — {y : Ji(y) = min iz >} .

zERP

Let 2 € € R4 be the vector stacking the components of all
arriving labels, and denote 4 = prOJ(:r i Xk) Further, let us
decompose x4, 2% into vectors z}”, &’ € RP where i € Vy,
j € Aj. Then, by Lemma 1 it holds that:

d(zll: 7‘)2‘]6):(1("22 ,pI‘Oj(ZBQ 7Xk)):d(xll§ 7:%/2)

NN

]

b [
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where (i) hold by Lemma 1; (i) holds by triangle inequal-
ity; (#i7) holds as explained in steps (ii¢) — (vi) at the end of
the proof of Lemma 1 and by Assumption 2(iv); (iv) holds
because the number of arriving channels at time & is equal to
| A |. Therefore, the arrival process is bounded with H = @“i,
completing the proof.
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C. Proof of Theorem 3

Denoting by z% the vector stacking the edge variables ij
for j € N of node i € V, we first compute an upper bound
to the distance between the local estimate y! and the set of
optimal solution V;:

. ) ) (i), .
Ay} V)= inf, yi—y| < llvi—vill
(#4) i 1 . i 1 )
S pI‘OX;ng,k (W‘Azkx}g) _prOijgpnk (WAI]@:%2> ’
k k
Goll1 + . @ 1 S
< - aTueiab)| €| AT fet-at
PNy, P

@ 1 P T

= —=d(z}, %),
P\ M

where (7) holds since y; € Vi (4i) holds by eqgs. (12) and (21),

where AZ,C is an opportune slicing of A, ; (iii) follows by the

non-expansiveness of the proximal; (iv) holds by choosing

&y = arginf, [ — yll; (v) holds because matrix %A;rk

(22)

is column-stochastic and its rows sum up to 1/7;.

We now compute an upper bound to the distance between
the estimation vector g of the whole network as in eq. (16)
from the consensus state C;; on the solutions as in eq. (17):

SN @) = S nid? )

i€Vk jEN] i€V

d(Jr. Ci) =

where (i) holds by d(yL, Vi) < (p*ni)~Y/2d(x, Xy) as per
eq. (22). This means that the linear convergence of yi to a
neighborhood of Cj; is implied by that of x), to a neighborhood
of fk, which follows from Theorem 2 and Lemmas 1-2, up
to a convergence radius computed as follows

lim sup Lgk’gp < limsup d(xk’/{/k) _15+H
k—oo VP& T k—oo  PVDEK pl-13

Using B = po in (14), H = pw in (15), yields the thesis.
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