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Abstract— This paper studies the distributed minimax op-
timization problem over networks. To enhance convergence
performance, we propose a distributed optimistic gradient
tracking method, termed DOGT, which solves a surrogate
function that captures the similarity between local objective
functions to approximate a centralized optimistic approach
locally. Leveraging a Lyapunov-based analysis, we prove that
DOGT achieves linear convergence to the optimal solution
for strongly convex-strongly concave objective functions while
remaining robust to the heterogeneity among them. Moreover,
by integrating an accelerated consensus protocol, the accelerated
DOGT (ADOGT) algorithm achieves an optimal convergence

rate of O (klog (e ')) and communication complexity of

O (klog (¢7') /y/T— /pw) for a suboptimality level of € > 0,

where « is the condition number of the objective function and
pw is the spectrum gap of the network. Numerical experiments
illustrate the effectiveness of the proposed algorithms.

I. INTRODUCTION

Minimax optimization has gained significant attention over
the past decade due to its broad applications in robust opti-
mization [1], [2], game theory [3], and generative adversarial
networks (GANs) [4], [5], among others. With the increasing
scale of data and devices [6], distributed optimization has
emerged as a key approach in large-scale optimization [7],
machine learning [8], and control [9].

In this paper, we consider the distributed minimax opti-
mization problem jointly solved by a network of n nodes:

1 n
i =— i 1
min maxf(z,y) = ;:1 fi(z,y), (1)
where f;, i = 1,...,n, is the local objective function,

x € RP and y € R? are primal and dual variables to be
minimized and maximized, respectively. This formulation
is general, as it recovers the traditional distributed mini-
mization problem [7] as a special case, thereby capturing
a broader class of applications. For instance, in distributed
training of Wasserstein GANs [10], [11], nodes collaborate to
minimize the generator while simultaneously maximizing
the discriminator, thus enabling data-parallel accelerated
training. A straightforward approach to solving this problem
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is to apply centralized minimax algorithms, such as gradient
descent ascent (GDA) [12], optimistic gradient descent ascent
(OGDA) [13] and extragradient (EG) [14], in combination
with the averaging consensus protocol [15]. For instance,
Deng and Mahdavi [16] proposed Local SGDA, which
integrates FedAvg from federated learning [17] with stochastic
GDA to reduce communication costs. Chen et al. [18]
introduced a variance-reduction-based decentralized GDA
method, achieving improved sample complexity under the
stronger assumption of average smoothness for each sample.
However, as shown in [19], centralized GDA methods do not
achieve linear convergence for bilinear functions. We will
show later that this limitation also applies to the distributed
GDA (DGDA) algorithm.

OGDA and EG methods have gained popularity in recent
literature due to their ability to achieve linear convergence
rates for strongly convex-strongly concave and bilinear
objective functions [19], [20], as well as their effectiveness in
training GANSs [13], [21]. In decentralized settings, Liu et al.
[10] proposed a distributed optimistic gradient descent ascent
method, DPOSG, for training large-scale GANs and analyzed
its convergence for nonconvex-nonconcave (NC-NC) objective
functions. Beznosikov et al. [22] introduced an EG-based
FedAvg method and proved that with an accelerated con-
sensus protocol, it achieves a near-optimal convergence rate,
matching the lower bound for (strongly) convex-(strongly)
concave objective functions up to logarithmic factors. Liu
et al. [23] developed a decentralized proximal point method
for NC-NC problems, which requires solving a subproblem
at each iteration. However, the above methods establish
convergence under assumptions such as uniformly bounded
gradient norms [10] or bounded feasible domains [23], [22].
Otherwise, a decaying stepsize is required to remove a steady-
state error [24]. These assumptions restrict the applicability
of their theoretical results in many real-world tasks due to
their inability to handle the heterogeneity of local objective
functions [8], i.e., the gradients of each f; differ, leading to
distinct local optimas. This heterogeneity is recognized as a
fundamental challenge in distributed optimization.

Gradient tracking (GT) methods [25], [26] are widely
used in distributed minimization to mitigate the effects of
data/function heterogeneity. Recent studies have explored
their application to minimax optimization. For instance,
Wai et al. [27] introduced a GDA-based GT method for
multi-agent reinforcement learning and established a linear
convergence rate for SC-SC settings. Mukherjee et al. [28]
combined GT with EG methods, achieving linear convergence
for strongly convex-strongly concave (SC-SC) objectives
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without assuming a bounded gradient norm or feasible domain.
However, there remains a gap between the convergence
rates in [27], [28] and the established lower bound in [22].
Another line of research utilizes second-order similarity based
on the mirror-descent method [29], [30], [31], where the
difference between the second-order derivative matrices of
fi is bounded by a finite quantity 6. This approach improves
algorithmic efficiency when ¢ is smaller than the smoothness
condition number. However, these methods often incur high
computational costs due to the need to solve a subproblem.

To address these challenges, inspired by the mirror-descent-
type method in decentralized settings [29], [30], we propose
a distributed optimistic gradient tracking method, termed
DOGT, for solving Problem (1). This algorithm solves
a surrogate objective function that captures the similarity
between the local gradient and an estimator of the global
gradient, using one-step approximate solutions to avoid the
need for inner loops to solve subproblems. Theoretically,
we prove that DOGT achieves a linear convergence rate
and outperforms the result in [28] by a factor of O (k!/3)
when the graph connectivity is strong. Furthermore, by
integrating an accelerated consensus protocol with prior
knowledge of the graph, we propose ADOGT and prove that it
achieves an optimal convergence rate of O (mlog (6’1)) and
communication complexity of O (klog (¢7') /\/1 = \/pw).
matching the lower bound established in [22] for deterministic
settings under the assumptions considered in this work.
Numerical results validate our theoretical findings.

Paper organization. The rest of the paper is structured
as follows: Section II formulates the distributed minimax
optimization problem with several common assumptions and
presents the algorithm design of DOGT and ADOGT. Section
IIT provides the main convergence results of the proposed
algorithms. Section IV presents numerical experiments to
validate our theoretical findings. Finally, Section V concludes
the paper, and several supporting lemmas for the proof of
the main results are provided in the appendix.

Notations. Throughout this paper, we adopt the following
notations: (-, ) is the inner product of vectors, ||-|| represents
the Frobenius norm, [-] indicates the ceiling operation, 1
represents the all-ones vector, I denotes the identity matrix,
and J = 117 /n denotes the averaging matrix.

II. PROBLEM FORMULATION AND ALGORITHM DESIGN

A. Distributed Minimax Optimization Problem

To solve the distributed minimax optimization problem
(1) in a decentralized manner, we consider each node ¢ €
[n] maintaining a local copy of the global primal and dual
variables, i.e., z; € RP,7; € R%, and optimize the following
constrained problem, which has the same optimal solution as
the original problem (1):

1 n
min  max F(x,y):= — NETRAN
xER"XP yeRnxd (x,y) nTZ:;fl( i Yi) ?)

st. @ =z, Y =y, Vi,j=1,...,n

where -
- nx
X = [x1,22,...,2,] € R"P

T
y = [y17y25"'ayn] ERnXd

are the collections of the primal and dual variables, respec-
tively, which are required to reach consensus. Moreover, the
nodes are connected over a decentralized network, and its
topology is modeled as an undirected graph G = (V, ),
where V = {1,2,...,n} denotes the set of agents, and
€ CV x V denotes the set of edges consisting of ordered
pairs (i, ) modeling the communication link from j to i.
Each node 7 only communicates with its neighbor N; =
{jlj#1, (i,j) € E}, including i itself. Then, we make the
following commonly used assumptions on the differentiable
objective function f;, its gradient V f;, and the graph G.
Assumption 1 (Convexity and Concavity): Each objective
function f; (x,y) is p-strongly convex in z and p-strongly
concave in y, i.e., Vo, 2’ € RP, Yy, € R and p > 0,

fi (‘T/vy) - fZ (x7y)
> (Vefi(@y) @' —a) + & e — '],
filz,y') = fi(z,y)

% 2
<S(Vyfilwy) v —y) = Slly =y
Assumption 2 (Smoothness): Each  objective function
fi (z,y) is jointly L-smooth in z and y, i.e., Vz,2’ € RP
and Vy, 1y’ € R?, there exists a constant L > 0 such that for
z e {x7y}s
2
”vzfz (:L‘, y) - vzfl (x/a y/)”
<2 (o= 2'I* + ly - y/I°) -
Assumption 3 (Graph connectivity): The weight matrix
W = [wi,j]zjzl induced by graph G is doubly stochastic,
e, W1=1,1TW =17 and py == |W - J|| < L.

B. Algorithm Design

Motivated by the SONATA algorithm [29] originally
designed for minimization problems, we propose a distributed
optimistic gradient tracking (DOGT) algorithm for solving the
distributed minimax problem (2). In particular, we consider
the following surrogate function for minimizing on z; € R?
and maximizing on y; € R%:

1 2 1 2
fz (xza yz) + % ”xz wz,k” + % Hyl yz,kH

+ ik — Vafi @in,yin) | (@i — xig)
similarity in x
+ (qix — Vyfi (Tik, yi,k))T

similarity in y

€)

(yi - yzk) )

where p; ;, and ¢; ; are the gradient tracking variables used
for estimating the global gradient at iteration k with respect
to = and y, receptively. This surrogate function captures the
difference between the local and global gradients. Solving it
in a decentralized manner helps to asymptotically reduce this
gap and approximate a centralized optimistic method, thereby
improving the convergence [29]. Specifically, according to the
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first-order optimality condition of (3), and taking the primal
variable = as an example, we derive the following proximal
point method:

Tigr1 = Tik — YV lfi (Tiks1, Yikt1)
— v i — Vafi (@ik, yik)) -

To obtain an algorithm that is easy to deploy without requiring
the exact solution of the surrogate function (3), we use the
approximation

“

Vo fi (Tik+1,Yik+1)
~2Vufi (Tik, Yik) — Vali (Tik—1,Yik—1)

which has an error bounded by o ('72) [19]. Based on this, we
propose the DOGT algorithm, an optimistic gradient descent
ascent method with gradient tracking. The pseudo-code for
DOGT is provided in Algorithm 1. Notably, DOGT adopts a
single-loop structure, making it more suitable for practical
deployment than mirror-descent-based methods [29], [30],
particularly in scenarios with data heterogeneity.

&)

Algorithm 1 Distributed Optimistic Gradient Tracking
(DOGT)

Initialization: TInitial points z;9 € RP, y;o € R, ini-
tial gradient tracking variables V,f; 1 = pio =
Vafi (2i0,Yi0)s Vyfi—1 = @0 = Vyfi(2i0,%i0)s
and stepsize v > 0.

1: for iteration k =0, 1,..., each node i € [n], do
2:  Optimistic gradient descent ascent with gradient track-
ing variables:

Y Pik + Vafir — Vafir-1),
Yikt1 = Yik + 7 ( @ik +Vyfir —Vyfir1).
3:  Compute gradient V f; x+1 and V, f; ky1.
Update gradient tracking variables:
Dik+1 = Pik + Vafik+1 —
Qik+1 = Qi + Vyfikt1 —

T k41 = Tik —

vzfi,kv
Vyfik
5:  Inter-node communication for packaged message
Oi k1 2= {Ti bt 1, Vit 1> Di k15 Qi k1 J:
0i k41 — E wi,j9z‘,k+1~
JEN;

6: end for

For brevity, we introduce the following notations for the
gradients of all nodes at iteration k:

where the collection of the gradient tracking variables for the
primal and dual decision variables are denoted as follows:

T
7pn,k] S Rnxp’

T d
aq”,k] S Rnx .

Pr = [PLk,Pz,k, e
qi = [Q1,k7(J2,k7 cee

Furthermore, taking the average over all nodes on both
sides of the algorithm yields the following equations:

17 T
Thtl 1= Xkl =Tk — Y~ - (2VoFy, — Vo Fi_1),

1T 17
k1 i= —=Yha1 = Gp 7 - (2VyFy = VyFi_1),

1T 1T (7)
Drt1 i= ~ Pr1 = *V e Frt1,

T -

Qk+1 = %Qkﬂ = %vak—&-L

It can be observed that, on average, DOGT employs a
centralized OGDA update scheme, with the gradient tracking
variables asymptotically aligning with the average gradient
across all nodes. The consensus of these variables is ensured
by the weighting matrix W, which satisfies Assumption 3.
To further enhance the convergence of DOGT, we incor-
porate the accelerated gossip consensus protocol [32] and
obtained ADOGT, leveraging prior knowledge of the spectrum
gap pw . Specifically, we replace the communication step of
DOGT (cf. line 5 in Algorithm 1) with the following update,
executed a finite number of 7' times at each iteration:

Oit1 < (L+n) Z Wi 05 k+1 — 105 kt1, (8)

JEN;
where n = (1—+T—=pw)/(14++IT—pw). Then, we
obtain a generated weight matrix M7y of ADOGT as follows:
My = (1+n) WMy —nM;_y, )]

where t = 0,1,..., 7 — 1, and M_; = My = I. We will
show that ADOGT achieves the optimal convergence rate
with this accelerated weight matrix (cf., Theorem 2).

III. CONVERGENCE ANALYSIS

In this section, we provide the convergence analysis of
DOGT and ADOGT for SC-SC smooth objective functions.
For simplicity, we further denote

Zi i= Xk, Yk s Tk := [Phs =k}, VFi := [V Fi, =V Fi].

Then, letting

T €k:VFk+1—VFk—VFk+VFk,1,
szk = [,szl (mi,kvyi,k);-“} S RnXp7 0 q | ; 1T / foll
we get the update rule of zx := 7z /n as follows:
VyFe = Vyfi @inoyin),...] € R™4 g P kT ’“ .
Then, the DOGT algorithm can be rewritten in the following Zhyr = 2k — Y—VEFry1 +y—er, (10)
compact form: n n
and
Xpr1 = W (xg — v (Pr + VoI — Vi Fr_1)), i
Vi1 =W (yr +v(ar + Vy Fr, — VyFr_1)), ©) Zp+1 —Y— (VFgy1 — VEy)
n
Pit1 =W (P + VoFiq1 — Vo Fy), 17 17 (1D
Qi1 = W (ax + VyFip1 — V, Fi) . =2k =7~ (VEe = V1) = 7= V1.
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A. Linear Convergence

To prove the convergence of DOGT, we define the
following Lyapunov function:

- ~vL 2
W, = || Z|]? + = — Zp_
k= |2kl p 1z — za—1| (12)

+c1 |z — 12|12 + 2 v — 17

where c¢; and c; are coefficients defined in (19), and the
optimality gap to the optimal solution z* := [z*,y*] of
problem (2) is defined as

T

1
Ep =7z, — (e (VF, —VEF,_1) — (13)

Then, with the help of Lemmas 1-4 in the appendix, the

following theorem shows a linear convergence rate of DOGT.

Theorem 1: Consider the DOGT algorithm as depicted
in (6). Suppose Assumptions 1-3 hold. Let the stepsize

< min 1 m (14)
TS 64L° 144L/ow [
Then, we have for all £ > 0
3yu 11— k
@, < (1 —min{Z'u, SPW }) 7. (15)

Proof: By Lemma 1 and Lemma 4, we can obtain that

— 2 L 2
| Ek41ll” + Y |Zk+1 — 2z ]|

3N = 2, WPL?
<1 e ) IZk]” +
n

|z — zi—1]|”

16)
9vL . 9793L P
+ 2 e = 15+ T e — 17
n(l—pw)
2 3
7 8L _ 2
(L - VF(15,)]2.
(4n L) 19 )
Letting v < 1/(8L) such that
3yu 3p 272
12 51— 2 5 4212 4y
4 3o, © VT
we can obtain
_ 2 ’YL 2
1Zk41l” + — l|Zpr1 — 2]
3 -
<(1- 1’“‘) (15l + 122 — 1))
97 ML = 12
2y — 17 — T g -1
+ lzi — 12]* + o p— [re — 17|
4fyL 2 v 8L
S e[ ST [y (A VF .
2 ot - s - (1 - 228 I9F a0
(17)

Then, combining Lemma 2 and 3 , we can obtain the

contraction of the Lyapunov function:

Uit
1 —
< |1 —min 37—”, pw /7%
4 8
872L4pw L WPowl? 4L >
c1— zx — zk—1|
1 —pw 1—pw
9L? 9 L 1-
+ < pW 'Y PW Cl) sz 7 12k||2
n 4
93 L 1—pw 2
- ~1
* (1_PW n(l—pw) g i =175

2 3 272
v 8L 167 L= pw 2
- — - — FQ1 .
(3 -2 - a2 Y yyr )
(18)
Set the parameters of the Lyapunov function as follows:
72vL 4608v3 L
(= = (19)
n(l—pw) n(l—pw)

Then, letting the stepsize further satisfy (14) such that the
coefficients of the last four terms on the right-hand side of
the inequality are all less than or equal to 0, we complete
the proof. [ ]

Remark 1: Theorem 1 shows that DOGT converges to the
optimal solution of problem (2) at a linear rate. And, by the
upper bound of the stepsize (14), we can drive that it reaches
a suboptimality level of ¢ > 0 in at most K iterations:

_ VPw 1 .
KO((”(“(lpw>2>+1—pw>1°g(6 )>’

(20)
where k := L/u denotes the condition number of the overall
objective function, O (-) hides the constants. Compared to
the GT-EG method [28], DOGT achieves at least the same
convergence rate and improves it by a factor of O (/@1/ 3)
when py is small, indicating strong network connectivity.

B. Optimal Convergence Rate

For the ADOGT algorithm with accelerated consensus
protocol (8), the following theorem gives the optimal con-
vergence rate and communication complexity matching the
existing lower bound in deterministic settings [22].

Theorem 2: Suppose Assumptions 1-3 hold. Let the step-
size satisfy (14), and the number of communication steps
at each round T' = 2)/\/1—+/pw]. Then, for a
given py, the ADOGT algorithm achieves a linear rate of
O (n log (e’l)), and the number of communication rounds
R required to reach a suboptimality level of € > 0 is

log (e *

= ()

Proof: The proot of ADOGT follows a similar approach

to that of DOGT, with the weight matrix W replaced by

M. In specific, after executing T steps of the accelerated

consensus (8), we obtain an equivalent weight matrix Mr
generated by (9). Then, by Proposition 3 in [32], we get

2T
2(1— 1—,/7pw> . Q)

R=0 21

pr = | Mr - J|*
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Letting the number of communication steps at each round 7' =

2)/y/1—\/pw |, we have 1—pps > 1/2. Then, replacing
pw in the iteration complexity of DOGT in (20) with pjs
and noticing that the total number of communication steps
equals the iterations multiplied by 7', we obtain the optimal
linear convergence rate and communication complexity. M

IV. NUMERICAL EXPERIMENTS

In this section, we conduct numerical experiments to
compare the convergence performance between DGDA, D-
OGDA, DOGT, and ADOGT. To this end, we consider the
following synthetic example:

fi(wiyyi) = ol yi + g s — asl|” — g ly: = bill”,  (23)
where i € [n], a; € R? and b; € R? are different for
each nodes. We consider n = 16 nodes connected as an
undirected ring graph. We set the dimensions p = d =
2, the regularization constant ¢ = 0.1, and the stepsize
~v = 0.1, respectively. For ADOGT, we set the number of
communication steps at each round 7' = 4 as suggested by
Theorem 2. Moreover, we set the optimal solution z* =
[0,0;0,0] by choosing > ; a; = >, b; = [0;0].

In Fig. 1, we plot the trajectory with respect to the primal
and dual decision variables, the residual 1/n |z, — 12*|°,
and the consensus error 1/n ||z — 1Z|| for each algorithm,
respectively. The trajectories show that DOGT and ADOGT
converge to the optimal solution, with ADOGT achieving
faster convergence due to the integration of an accelerated
consensus protocol. This demonstrates the robustness of GT-
based methods against function heterogeneity. Instead, D-
OGDA converges to a non-optimal point, and DGDA exhibits
periodic oscillations without achieving convergence. Their
non-zero residuals further support this behavior. Additionally,
we observe that the consensus errors of DGDA and D-OGDA
do not converge to zero. This is due to the heterogeneity
of the objective functions, as also observed in [24], which
leads to inconsistent optimal points across nodes. In contrast,
DOGT and ADOGT remain robust to this issue. These results
demonstrate the effectiveness of the proposed algorithms.

V. CONCLUSION

In this paper, we have proposed a distributed optimistic
gradient tracking method, DOGT, along with its accelerated
variant, ADOGT, for solving distributed minimax optimization
problems over networks. We have also provided rigorous
theoretical analysis to show that DOGT achieves a linear
convergence rate to the optimal solution for SC-SC objective
functions. Furthermore, the proposed ADOGT integrated
with accelerated consensus protocol achieves an optimal
convergence rate and communication complexity that matches
the existing lower bound. Numerical experiments demonstrate
the effectiveness of the proposed algorithms. Future work will
focus on the design and analysis of algorithms in stochastic
and non-convex settings, as well as exploring their potential
applications in the distributed training of GANs.

APPENDIX

In this section, we introduce several supporting lemmas
for the proof of the main results, highlighting important
contraction properties of the consensus error, gradient tracking
error, and optimality gap.

Lemma 1: Suppose Assumptions 2 and 3 hold. Then, we
have for all k£ > 0,

1Zk1 — zi
+ (4 +89%L?) ||z1. — 15|
+ 89 e — 17| * + 807 [V f (1)1

<4Y°L? ||zx — 211 |)?

(24)

Proof: See Appendix in [33]. [ ]
Lemma 2 (Consensus error): Suppose Assumptions 2 and

3 hold. Let the stepsize satisfy v < 1/ (4L), we get Vk > 0,

| Zrs1 — 151c+1||2

22 (1
2+ 2 (1 fpw)pw [rs, — 17

2 =z ]|
(25)
Proof: See Appendix in [33]. [ ]
Next, we have the following lemma showing the contraction
of the gradient tracking error.
Lemma 3 (Gradient tracking error): Suppose
Assumptions 2 and 3 hold. Let the stepsize satisty

1 1-
Y e L (26)
4L’ 8L /pw
Then, we get for all k£ > 0,
[trs1 — 17k
3+ _ 8y2L4
< P e = 1l + TP e — |
9L2pw _ 16n’y L?pw
T a1+ PO ()
(27)
Proof: See Appendix in [33]. [ ]

We are now in a position to show the contraction of the
optimality gap defined in (13).

Lemma 4 (Optimality gap): Suppose Assumptions 1-3
hold. Let the stepsize satisfy

I 1-pw
<4 —, . 28
! {SL 8Low } @9
Then, we have for all k¥ > 0,
—_ 2
[y
3w |, - 2L2
(1 - ) N P
4L 9 3L (29)
+ 2z = 13+ I - 17
n(l—pw)
- ]7 IVEF (12|
Proof: See Appendix in [33].
||

4349

Authorized licensed use limited to: KTH Royal Institute of Technology. Downloaded on April 22,2026 at 14:36:51 UTC from IEEE Xplore. Restrictions apply.



[1]

[2]

[3]

[4]

[5]

[7]

[8]

[9]

[10]

(1]

[12]

[13]
[14]
[15]

[16]

[17]

0.7

Consensus Error

(a) Trajectory

——DGDA
—o—D-OGDA
06 U DOGT
0.5 ——ADOGT
: ¢ Start
0.4 + Optima (0,0)
E
0.3 °
3
0.2 o
0.1
0 |
0.1
NANS
-02 -0.15 -0.1 -0.05 O 0.05 0.1 0 20 40 60
X Iteration

(b) Residual

80 100 0 20 40 60 80
Iteration

100

(c) Consensus error

Fig. 1: Comparison of the convergence performance between DGDA, D-OGDA, DOGT and ADOGT.
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