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Abstract: A multi-vehicle search strategy for finding an optimum of a scalar
based on the simplex search algorithm is proposed. The strategy is described as
hierarchical scheme with two layers. A team controller (upper layer) is described
by a discrete-event system. The output of this layer is a set of waypoints for the
vehicles and it is used by the vehicle controller (lower layer) to drive each vehicle to
the next waypoint. The vehicles can communicate sensor data. Since underwater
communication is costly in terms of energy, a protocol that reduces the average
communication load is considered. Simulations are carried out in order to evaluate
the performance of the search strategy for varying fields and levels of measurement
noise.

1. INTRODUCTION

The problem of coordination and control of multi-
ple heterogeneous vehicles has recently attracted the
attention of researchers in control engineering and
computer science. There are several aspects to this
problem such as sensing capabilities, layered control
strategies, stability of geometric formations and con-
trol under communication constraints, just to name
a few. In this paper we are concerned with a specific
multi-vehicle control problem: given a scalar field, co-
ordinate the motions of a set of vehicles with sampling
capabilities to find its minimum (maximum) in a given
region. Here we report our investigations concerning
the implementation of the fixed-size simplex search al-
gorithm [12]. The simplex algorithm is a direct search
method used in many practical optimization problems.
Its simplicity and robustness properties [8, 10] makes
it an interesting algorithm for minimum search appli-
cations with multiple vehicles. The simplex method
is usually applied in situations where the cost of gra-
dient estimation is high. The method behaves as a

gradient descent method even if no explicit gradient
calculation is needed. In spite of its wide application,
there are few cases for which it possible to prove
convergence of the simplex algorithm, for a scalar
field with dimension two or higher. It was, actually,
shown that the original Nelder-Mead algorithm [10]
(in which the size of the simplex can change over time)
can converge to a non-stationary point even for quite
smooth and strictly convex functions [9]. The simplex
algorithm is useful to improve an initial estimate of the
solution in few iterations without explicit estimation
of the gradient and with few function evaluations. An
informal description of a multi-vehicle search strategy
based on the simplex algorithm is proposed in [6]. Here
we formalize the search strategy and discuss some of
its properties. Our objective is to use the simplex
algorithm to progress towards a minimum and to get
as close as possible to it. In order to improve the
estimate of the solution obtained with the simplex
algorithm we can also resort to other kinds of search
strategies combined with dynamic estimation. It is
not the objective of this paper to analyze the final



Fig. 1. Autonomous Underwater Vehicle used in the
PISCIS project at Porto University.

phase of the search procedure, but we plan to use
the proposed algorithm as part of a global search
strategy. Optimization algorithms have been used as
the inspiration for other multi-vehicle search strate-
gies. Bachmayer et al. [1] use a pure gradient-based
method for scenarios where a vehicle platoon searches
the minimum of a convex and smooth scalar fields.
Burian et al. [2] report results with mixed strategies
and present illustrative examples using real data, such
as depth profiles of a lake. However, these results are
drawn for single vehicle operation.

The main contributions of this paper are the definition
of a new motion coordination strategy for the vehicles
performing the search operation and a communica-
tions protocol for the implementation of the simplex
algorithm.

Our work is mainly motivated by the PISCIS project [4]
at the Underwater Systems and Technology Labora-
tory (USTL), Porto University, but the results can
be applied also to other vehicles and scenarios. The
PISCIS project offers an experimental testbed consist-
ing of two small size autonomous underwater vehicles
(Figure 1) with environmental sensors and acoustic
modems for underwater communications.

The paper is organized as follows. A general hierar-
chical model for the multi-vehicle control system is
presented in Section 2. It consists of two parts: a team
controller and a vehicle controller. In Section 3 we
describe how to map the simplex algorithm to such
hierarchical control structure. We first construct a
team controller that implements the simplex search
algorithm. Starting from the construction of such team
controller we then extend it to the case of two inde-
pendent team controllers which synchronize thought
a communication channel. Since communication un-
derwater requires a large amount of power we discuss
some communication issues in Section 4. In Section 5
we describe the dynamic model of the underwater
vehicles. Simulation results are reported in Section 6
and some conclusions are drawn in Section 7.

2. HIERARCHICAL MULTI-VEHICLE MODEL

Consider a compact convex set Ω ⊂ R
2 containing

the origin. Define a field through a scalar-valued map
V : Ω → R with a global minimum at the origin. Let
n ≥ 2 vehicles be positioned in pi ∈ Ω, i = 1, . . . , n.
Each vehicle can take measurements and communicate
them to the other vehicles. Based on the measure-
ments the vehicles are supposed to find the minimum
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Fig. 2. Hierarchical control structure for n vehicles.

of V . In practice there are limitations on how often
measurements can be taken and how accurate the
communication is. We propose a hierarchical control
strategy [5, 13, 14] with two layers: an upper layer,
called team controller, modeled by a discrete-event
system and a lower layer modeled by a continuous-
time control system called vehicle controller, as shown
in Figure 2. The discrete layer generates waypoints
for the autonomous underwater vehicles (AUV’s) ac-
cording to an optimization algorithm. The continuous
layer uses waypoints as target points to be reached by
the AUV’s. The continuous-layer therefore generates
feasible trajectories for the AUV’s which connects
waypoints. We assume that the vehicles are able to
exchange information through a communication chan-
nel.

In the next two subsections we review some definitions
and properties of discrete-event systems and discuss
how their interaction with continuous-time systems
create a hierarchical control structure.

2.1 Discrete layer

The discrete layer is modeled by a discrete-event
system [3].

Definition 2.1. A discrete-event system is a quintuple

D = (Z,E,W, ξ, z0) (1)

where E is the alphabet of events E = {e0, e1, e2, . . . },
Z is the discrete state space, W the set of inputs,
ξ : E × Z × W → Z the transition function, and
z0 ∈ Z the initial state.

The transition function ξ defines the evolution of
the discrete-event system, i.e., it maps the current
state to next state once an event happens. Note
that in our definition of a discrete-event system, the
transition function depends also on the input set W .
In the following we recall two important concepts for
discrete-event systems that we will use later in the
paper.

Definition 2.2. The language generated by D =
(Z,E,W, ξ, z0) is defined as

L(D) = {(e, w) ∈ (E ×W )∗ : ξ(e, z0, w) is feasible}

where w = (w1, w2, w2) ∈ W is a vector of three real
values.



Definition 2.3. Given two discrete-event systems D1

and D2, they are equivalent if L(D1) = L(D2).

2.2 Continuous layer

The continuous layer represents the dynamics of the
vehicles and the continuous-time control algorithms.
Each vehicle i = 1, . . . , n is described by a control
system

ẋi = fi(xi, ui), ui ∈ Ui

where fi : Xi × Ui → Ω defines the dynamics of
the individual vehicles with continuous state xi and
admissible continuous controls in Ui. The control ui is
a state feedback that depends on both the continuous
state and the state of the discrete-event system in the
discrete layer zi i.e.,

ui = ui(xi, zi).

The interactions between the two layers are described
in the following.

3. TEAM CONTROLLER

The search strategy described in this paper is based
on the simplex algorithm which we describe in some
detail in the next subsection. We then show how it
is possible to design a team controller, modeled as
a discrete-event system, that executes the simplex
algorithm. An equivalent implementation with com-
municating team controllers is then designed.

3.1 Simplex search

The simplex algorithm is a direct search method used
in many practical optimization problems. It is usu-
ally applied in situations where the cost of function
evaluation is high and gradient calculation is difficult,
as happens in scalar field corrupted by noise or time-
varying. The algorithm is useful to improve an initial
estimate of the solution with few function evaluations.
Its simplicity and robustness properties [8, 10], make
it an interesting algorithm for minimum search appli-
cations with multiple vehicles. Notice that the widely
used gradient based methods cannot cope with the
existence of noise in the field. Moreover, the main
objective in this kind of application is not an algo-
rithm which converges in few iterations but one which
enhances the synergy between the vehicles given the
problem constraints.

Let us define a triangular grid G ∈ Ω as depicted in
Figure 3, with aperture d > 0. Introduce an arbitrary
point p0 ∈ Ω◦ and a base of vectors given by b1, b2
such that bT

1
b1 = bT

2
b2 = d2 and bT

1
b2 = d2 cosπ/3.

The grid is then equal to

G = {p ∈ Ω| p = p0 + kb1 + `b2, k, ` ∈ Z}.

A simplex z = (z1, z2, z3) ∈ G3 is defined by three
neighboring vertices of G, which belong to a triangle.
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Fig. 3. A triangular grid with aperture d over a
two-dimensional scalar field depicted by its level
curves. The solid line triangle illustrates the state
z of the discrete-event system evolving on the
grid.

We suppose, without loss of generality, that V (z3) ≥
V (zi), i = 1, 2. Given a simplex z = (z1, z2, z3) the
next simplex, z′, is generated from z by reflecting z3
with respect to the other vertices, namely

z 7→ z′ = S(z1, z2, z
′

3
) z′

3
= z1 + z2 − z3 (2)

where S(.) defines the following simplex algorithm:

1: z(0)← (z1(0), z2(0), z3(0))
2: k ← 0
3: while true do

4: i← argmaxi V (zi(k))
5: z′i ← zj + zh − zi with j, h ∈ {1, 2, 3}

and j 6= h, j 6= i, h 6= i
6: z′j ← zj

7: z′h ← zh

8: z(k + 1)← (z′
1
, z′

2
, z′

3
)

9: k ← k + 1
10: if k ≥ 2 ∧ z(k) = z(k − 2) then

11: stop
12: end if

13: end while

Notice that the algorithm terminates at time instance
k = N with N ≥ 2, if z(N) = z(N − 2). Since the
algorithm is deterministic, it follows that a continua-
tion after step N would lead to an oscillation between
the two discrete states z(N) and z(N − 1).

Definition 3.1. A fixed point χ for the simplex al-
gorithm is a pair of two simplexes that makes the
algorithm to terminate. Thus

χ = {
(

z(k−1), z(k)
)

∈ G3×G3 : z(k−2) = z(k), k ≥ 2}.

3.2 Simplex search as team controller

Let D = (Z,E,w, ξ, z0) be a discrete-event system
modeling the team controller. We will design D so
that it implements the simplex search algorithm.

Let the state space of the discrete-event system be
Z ⊂ G3 such that z = (p1, p2, p3) ∈ Z is a simplex. The
event alphabet E consists of a single enabling event,
{e}, triggered by the underlying continuous-time layer
as shown in Figure 2. Such event is generated when the
submarines reach the waypoints (z1, z2), vertices of the
simplex z. The activation of such event is discussed in
detail in section 5.
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Fig. 4. Decentralized hierarchical control structure for
n = 2 vehicles with a communication channel.

When an event is triggered the input w is also gener-
ated. It consists of the value of the scalar field V at
the AUV’s current position, which we indicate with
p1, p2 and p3. Thus w = (V (p1), V (p2), V (p3)) ∈W is
the ordered triple of measurements.

Remark 3.2. We assume that the value of the third
vertex of the simplex is know to both vehicles. We will
discuss later in this section how this value is available
to the AUV’s.

The transition function ξ(e, z, w) of the discrete-event
system is defined as follows

ξ(e, z, w) =


















(p′
3
, p2, p1), if w3 ≥ max{w1, w2}

(p1, p
′

2
, p3), if w2 ≥ max{w1, w3}

and w2 6= w3

(p′
1
, p2, p3), if w1 > max{w2, w3}

(3)

where p′k with k ∈ {1, 2, 3} is the reflected vertex as
defined in (2). The following proposition follows form
construction.

Proposition 3.3. Let D = (Z,E,W, ξ, z0) with z(0) =
z0 be the team controller previously defined. Let Z =
{z(0), . . . , z(N)} be a sequence of simplexes generated
by the simplex algorithm, such that (z(N − 1), z(N))
is a fixed point. Then the language generated by D is
L(D) = Z ∪ {z(N − 1), z(N)}∗.

Thus the team controller implements the simplex and
in particular z is the set of waypoints where the AUV’s
need to move in order to find the minimizer of the field
V . Such waypoints are used by the continuous-time
layer to compute feasible trajectories for the AUV’s
to reach the vertices of the new simplex.

3.3 Communicating team controllers

Consider now the case with two communicating
AUV’s, see Figure 4. Let `i ∈ Li ⊂ R

2 be the

data locally available to the ith AUV, in particular
`i = (V (pi), V (p3), i = 1, 2. At each step the ith AUV
needs to have some information about V (pj), j ∈ 1, 2,
j 6= i in order to compute the next simplex. We
assume that such information is available through a
communication channel. Let ci ∈ Ci ⊂ R be the mea-
surement received by the ith AUV, namely ci = V (pj),
with j 6= i. Notice that when the two AUV’s have
exchanged measurements they have available the data
(li, ci).

We, then,define the following two team controllers
that generate waypoints for the AUV’s

Di =
(

Z,Ei,(Li, Ci),

ξi, z0
)

, i = 1, 2 (4)

The event alphabet contains a common enabling
event, triggered by the continuous-time layer, thus
Ei = {e}. In other words, the two AUV’s observe
the same enabling event e which is triggered when
both vehicles have reached their previously computed
waypoint. The transition function ξi is defined as
follows

ξ1(e, z1, (`1, c1)) =


















(p′
3
, p2, p1), if V (p3) ≥ max{V (p1), c1}

(p1, p
′

2
, p3), if c1 ≥ max{V (p1), V (p3)}

and c1 6= V (p3)

(p′
1
, p2, p3), if V (p1) > max{V (p3), c1}

(5)

and,

ξ2(e, z2, (`2, c2)) =


















(p′
3
, p2, p1), if V (p3) ≥ max{V (p2), c2}

(p1, p
′

2
, p3), if V (p2) ≥ max{V (p3), c2}

and V (p2) 6= V (p3)

(p′
1
, p2, p3), if c2 > max{V (p2), V (p3)}

(6)

Proposition 3.4. The team controller D and the team
controller obtained by composing D1 and D2 are
language equivalent: L(D) = L(D1‖D2).

The result follows by construction. The parallel com-
position of D1 and D2 is the discrete-event system

Dp = D1‖D2 =
(

Z × Z, {e}, (L1 ∪ C1)

∪ (L2 ∪ C2), ξp, (z0, z0)
)

.

where the initial state z0 is the same simplex for both
AUV’s. Note that (L1 ∪C1)∪ (L2 ∪C2) = W , defined
as for the centralized scheme. Since the enabling event
e is observed by both discrete-event system then the
transition function ξp is defined as follows

ξp(e, (z1, z2), w) =
(

ξ1(e, z1, w), ξ2(e, z2, w)
)

with w ∈ W and where (z1, z2) ∈ Z × Z. Since the
AUV’s know the position of each other and ξ1 =
ξ2 it follows that if the initial condition z0 is the
same for D1 and D2 then their future states are the
same, i.e. z1(k) = z2(k) for all k ≥ 0. This implies
that ξ(e, z1, w) = ξ(e, z2, w), thus ξp(e, (z1, z2), w)
represents a single state of Z. Then we conclude that
L(Dp) = L(D).



Remark 3.5. The team controllers specify how the
discrete-event systems compute a new simplex. How-
ever, they do not define which AUV moves to the re-
flected point. Such decision is implicitly defined by the
transition functions ξi (cf. equations (5) and (6)) if we
interpret the next state ξi(e, zi, (`i, ci)) as an ordered
tuple, namely the next waypoint for the ith AUV is
the ith element of ξi(e, zi, (`i, ci)), with i = 1, 2.

4. COMMUNICATION ISSUES

Underwater communication is very costly in terms of
energy since the SNR is generally very low [11]. From
the transition functions (5) and (6) we notice that
both AUV’s need to know the value of the field V at
all the three vertices of the current simplex in order to
generate the next simplex. This is achieved transmit-
ting measurement using underwater acoustic modems.
We propose a communication protocols in which mea-
surements and very short (in term of bits/symbols)
synchronization codes are used. In doing this the av-
erage data rate is decreased compare to a protocol
where the raw measurements are communicated.

If the communicated data are not available then
the discrete event systems D1 and D2 are non-
deterministic. This fact follows from that there are
three possible states z′i = ξi(e, zi, (`i, ∅)), that can be
reached.

We consider the following communication strategy. At
each step the first AUV sends its measurement, V (p1)
to the second. This AUV then replies using a message
γk depending on the comparison of the field’s value at
the vertices of the current simplex. Summarizing we
have

message condition
γ1 V (p3) is the largest
γ2 V (p2) is the largest
γ3 V (p1) is the largest

The messages γk need tp be designed very small, in
term of bits/symbols, compared with a measurement.

Observe that the second AUV, after receiving V (p1),
knows the field’s value at all vertices of the current
simplex, thus it can determine uniquely the message
γk, k = 1, . . . , 3.

The team controllers require the AUV’s to know the
value of the field V at the common point p3 at each
step. The communication strategy suggested, implic-
itly assigns the role of master to one of the two
AUV’s. Thus this constraint can be relaxed and it
is necessary that only the master always knows the
field’s value at that point. We consider as example a
possible case that could occur. Suppose V (p3) is the
largest value. This case is shown in Figure 6(a). The
field assumes largest value at p3. Thus the next sim-
plex is {p1, p2, p

′

3
}. With the communication protocol

proposed, the vehicle in p2 receives the measurement
taken by the vehicle in p1, namely V (p1), shown with
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Fig. 6. Motion of the AUV’s and communicated date
for two different scenarios. In dotted line is shown
the current simplex. With the arrowed solid line is
represented the communication of raw measure-
ment, while with a dashed line is represented the
transmission of a message. In deash-dotted line
is shown the trajectory of the AUV’s toward the
destination vertexes.

a solid arrows line. At this point the vehicle in p2 has
all the measurements available and computes which
vertex of the current simplex should be reflected. The
message γ3 is then communicate the the vehicle in p1.
The transition functions ξi give

ξ2(e, p2, {V (p1), V (p2), V (p3)}) = (p′
3
, p2, p1)

and,

ξ1(e, p1, {V (p1), γ3, V (p3)}) = (p′
3
, p2, p1).

Thus the next simplex is the ordered triple (p′
3
, p2, p1).

This means that vehicle in p1 will need to move to p′
3

and vehicle p2 should remain standing still.

At the next step the value of V (p1) is known only
to the vehicle in p2, but after the communication of
V (p′

3
) it can compute which of the vertexes should

be reflected and transmit back the corresponding
message.

The other two cases, shown in Figure 6(b) and Fig-
ure 6(c), follow similarly.

5. VEHICLE CONTROLLER

A complete nonlinear model of a Autonomous Under-
water Vehicles can be found in [7]. In this work we
consider the problem of controlling the AUV’s on a
plane. The nonlinear model of the system is

ẋi = V cosψi

ẏi = V sinψi

ψ̇i = ri i = 1, 2

where (xi, yi)
T is the position of the ith AUV with

respect to a global coordinate frame, ψi is the yaw
angle and ri is the yaw rate. The velocity V is
assumed constant. The guidance in the horizontal
plane is achieved using a “line of sight” control law:
at each time step the vehicle is commanded to head
towards the reference waypoint zi. The continuous-
time controller for the yaw is a PID

ri(xi, zi) = kpεi + ki

∫ t

0

εi(τ)dτ − kd

dψi

dt
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Fig. 5. Trajectories of two AUV’s controlled by the hierarchical control algorithm proposed in the paper.

where

εi = ∠(zi − (xi, yi)
T )− ψi

The event e is generated when the vehicles reach
the assigned waypoints. Due to the vehicles’ control
limitations, in practice, it is not possible to assure
that the vehicles will reach the exact waypoint. To
overcome this difficulty, when a vehicle reaches a
neighborhood of radius δ of the assigned vertex of the
simplex, a new measurement is taken and the event
e is triggered. Therefore, the values are not always
sampled at the exact grid intersections. Additionally,
position estimation errors may lead to sampling being
done even further from the desired point. Monte
Carlo simulations, reported in the following section,
have been performed in order to test the robustness
properties of the algorithm performing.

6. SIMULATION

In this section, we present simulation results to illus-
trate the implementation of the simplex based search
strategy, namely the interaction between team and
vehicle controllers. We consider the two autonomous
underwater vehicles identical.

In what concerns the size of the simplex (or grid
aperture) we are interested in setting it as small as
possible because the smaller the simplex the closer we
can get to the minimizer. However, the grid aperture is
limited below by the dynamic behavior of the vehicle,
namely the vehicles’ turning radius. The considered
simplex size is d = 40 m. Positioning errors were
modeled by considering a worst case estimation er-
ror and by enlarging the acceptance neighborhood
in order to encompass this error. In practice, each
the vehicle performs a local filtering of the acquired
samples along its trajectory. This was also considered
in our simulations allowing higher levels of sensor and
field noise.

Figure 5 shows a simulation run for the scalar field
V (p1, p2) = p2

1
+ 4p2

2
with gaussian noise superim-

posed, modeling measurement noise, and vehicles de-
parting from the vertexes of the simplex with centroid
at (320,320) (m). Simulations were stopped when the
simplex reached a fixed point. The vertexes of the

successive simplexes are marked with stars. The same
scenario, with different noise realizations, was simu-
lated 100 times. We also considered three different
noise levels Results are collected in Table 1. As we
can notice the vehicles are able to arrive very close
to the minimizer. On the other hand, a fixed point is
reached much earlier when the noise level is high as
shown in the “Completion Time” row.

We have also simulated the behavior of the proposed
control structure when the scalar field is time-varying.
In Figure 7, we have simulated a scalar field that drifts
at constant speed (a rough simulation of the stream’s
effect on a temperature field, for example). Figure 7
shows four snapshots of the evolution of the AUV’s.
As illustrated in the figure, the vehicles are able to
move very close to the minimizer of the field.

7. CONCLUSIONS

In this paper we have considered the problem of
finding the minimizer of a scalar field using a team
of autonomous underwater vehicles. We proposed a
hierarchical control strategy in which the high level
consists of a team controller, modeled as a discrete-
event system, which generates waypoints according
to the simplex algorithm. The low level consists of
a vehicle controller which generates continuous-time
control commands that move the AUV’s between
waypoints.

A communication protocol have been designed in or-
der to reduce the average bit-rate. Simulation results
have been carried out to show how the hierarchical
control system moves the AUV’s towards the mini-
mizer of a time-invariant and a time-varying vector
field.
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