2023 European Control Conference (ECC)
June 13-16, 2023. Bucharest, Romania
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Abstract—1In this paper, we consider a planning problem
for a hierarchical finite state machine (HFSM) and develop
an algorithm for efficiently computing optimal plans between
any two states. The algorithm consists of an offline and an
online step. In the offline step, one computes exit costs for each
machine in the HFSM. It needs to be done only once for a
given HFSM, and it is shown to have time complexity scaling
linearly with the number of machines in the HFSM. In the
online step, one computes an optimal plan from an initial state
to a goal state, by first reducing the HFSM (using the exit costs),
computing an optimal trajectory for the reduced HFSM, and
then expand this trajectory to an optimal plan for the original
HFSM. The time complexity is near-linearly with the depth of
the HFSM. It is argued that HFSMs arise naturally for large-
scale control systems, exemplified by an application where a
robot moves between houses to complete tasks. We compare
our algorithm with Dijkstra’s algorithm on HFSMs consisting
of up to 2 million states, where our algorithm outperforms the
latter, being several orders of magnitude faster.

I. INTRODUCTION
A. Motivation

Large-scale control systems are becoming ubiquitous as
we move towards smarter and more connected societies.
Therefore, analysing and optimising the performance of such
systems is of outmost importance. One common approach to
facilitate the analysis of a large-scale system is to break up
the system into subsystems, analyse these subsystems sepa-
rately, and then infer the performance of the whole system.
This ideally ease the analysis and enables reconfiguration
(e.g., if one subsystem is changed, the whole system does
not need to be reanalysed).

One framework suited for modelling systems made of
subsystems is the notion of a hierarchical finite state machine
(HFSM). Originally introduced by Hashel [8], an HFSM is
a machine composed of several finite state machines (FSMs)
nested into a hierarchy. The motivation is to conveniently
model complex systems in a modular fashion being able to
represent and depict subsystems and their interaction neatly.

In this paper, we are interested in how to optimally
plan in HFSMs. As an example, consider a robot moving
between warehouses as in Fig. 1. In each warehouse, there
are several locations the robot can go to, and at each
location the robot can do certain tasks (e.g., scan a test
tube), with decision costs given by some cost functional.
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This system can naturally be modelled as an HFSM with a
hierarchy consisting of three layers (warehouse, location and
task layer). A key question is then how to design efficient
planning algorithms for such HFSMs that take into account
the hierarchical structure of the system, seen as a first step
towards more efficient planning algorithms for large-scale
systems in general.

B. Contribution

We consider optimal planning in systems modelled as
HFSMs and present an efficient algorithm for computing an
optimal plan between any two states in the HFSM. More
precisely, our contributions are three-fold:

Firstly, we extend the HFSM formalism in [3] to the
case when machines in the hierarchy have costs, formalised
by Mealy machines (MMs) [12], and call the resulting
hierarchical machine a hierarchical Mealy machine (HIMM).

Secondly, we present an algorithm for efficiently comput-
ing optimal plans between any two states in an HIMM. The
algorithm consists of an offline step and an online step. In
the offline step, one computes exit costs for each MM in the
HiMM. It needs to be done only once for a given HIMM,
and it is shown to have time complexity scaling linearly with
the number of machines in the HIMM, able to handle large
systems. In the online step, one computes an optimal plan
from an initial state to a goal state, by first reducing the
HiMM (using the exit costs), computing an optimal trajectory
to the reduced HiMM, and then expand this trajectory to an
optimal plan for the original HIMM. The partition into an
offline and online step enables rapid computations of optimal
plans by the online step. Indeed, it is shown that the online
step obtains an optimal trajectory to the reduced HIMM in
time O(depth(Z)log(depth(Z))), where depth(Z) is the
depth of the hierarchy of the considered HIMM Z, and
can then use this trajectory to retrieve the next optimal
input of the original HIMM in time O(depth(Z)), or obtain
the full optimal plan u at once in time O(depth(Z)|ul),
where |u] is the length of w. This should be compared with
Dijkstra’s algorithm which could be more than exponential
in depth(Z2) [6], [7].

Thirdly, we show-case our algorithm on the robot ap-
plication introduced in the motivation and validate it on
large hierarchical systems consisting of up to 2 million
states, comparing our algorithm with Dijkstra’s algorithm.
Our algorithm outperforms the latter, where the partition into
an offline and online step reduces the overall computing time,
and the online step computes optimal plans in just millisec-
onds compared to tens of seconds using Dijkstra’s algorithm.
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Fig. 1: A mobile robot moving between warehouses modelled
as a three-layer HFSM.

Location layer

Task layer

C. Related Work

Traditionally, HFSMs has been used to model reactive
agents, such as wrist-watches [8], rescue robots [15] and
non-player characters in games [13]. Here, the response
of the agent (the control law) is represented as an HFSM
reacting to inputs from the environment (e.g., “hungry”),
where subsystems typically correspond to subtasks (e.g,
“get food”). This paper differs from this line of work by
instead treating the environment as an HFSM where the
agent can choose the inputs fed into the HFSM (i.e., inputs
are now decision variables), with aim to steer the system
to a desirable state. In discrete event systems [4], a variant
of HFSMs known as state tree structures has been used to
compute safe executions [10], [18]. We differ in the HFSM
formalism and focus instead on optimal planning with respect
to a cost functional.

There is an extensive literature when it comes to path plan-
ning in discrete systems [2], [9]. Hierarchical path planning
algorithms, e.g., [5], [11], [14], are the ones most reminiscent
to our approach due to their hierarchical structure. Related
algorithms consider path planning on weighted graphs, pre-
arranging the graph into clusters to speed up the search, and
could be used to plan FSMs. However, to apply such methods
for an HFSM, we would first need to flatten the HFSM to
an equivalent flat FSM, making the algorithm agnostic to the
modular structure of the HFSM (and thus less suitable for
instance reconfigurations in the HFSM), and could also in
the worst case (when reusing identical components of the
HFSM, see [1], [19] for details) cause an exponential time
complexity. It is therefore beneficial to instead consider path
planning in the HFSM directly. This is done in this work.
The work [17] seeks an execution of minimal length between
two configurations in a variant of an HFSM. This paper differ
in the HFSM formalism and consider non-negative transition
costs instead of just minimal length.

Finally, the work [3] formalises HFSMs without outputs,
and uses a modular decomposition to decompose an FSM
into an equivalent HFSM. Planning is not considered. In this
work, we extend the HFSM formalism from [3] to HFSMs
with outputs (modelling costs) and consider optimal plan-
ning.

2

D. Outline

The outline of the paper is as follows. Section II formally
defines HIMMs and formulates the problem statement. Sec-
tion III presents our planning algorithm. Section IV validate
our algorithm in numerical evaluations. Finally, Section V
concludes the paper. An extended version of this paper can
be found at [16] that contains all the proofs in Appendix.

II. PROBLEM FORMULATION
A. Hierarchical Finite State Machines

We follow the formalism of [3] closely when defining our
hierarchical machines, extending their setup to the case when
machines also have outputs. Formally, we consider Mealy
machines [12] and then define hierarchical Mealy machines.

Definition 1 (Mealy Machine): An MM is a tuple M =
(Q,%2,A,0,7,s), where @ is a finite set of states; X is a
finite set of inputs, the input alphabet; A is a finite set of
outputs, the output alphabet; § : @ x ¥ — @ is the transition
function, which can be a partial function’; v : Q x ¥ = A
is the output function; and s € @ is the start state.

An MM M works as follows. When initialised, M starts in
the start state s. Next, given a current state ¢ € () and input
x € ¥, M outputs y(¢g,x) € A, and transits to the state
d(q,z) if §(q,x) # O (i.e., if 6(q,x) is defined), otherwise
M stops. Repeating this process results in a trajectory of M:

Definition 2 (Trajectory): A sequence z = {(q;,=;)}¥,

with N € Z% is a trajectory of an MM M
(Q,%,A,0,7,s) (starting at ¢1 € Q) if g1 = 0(qs, ;) # 0
forie{l,...,N —1}.
In this work, we assume that we can choose the inputs.
In such settings, we also talk about plans and their corre-
sponding induced trajectories. More precisely, a plan is a
sequence u = (z;)N, € ¥V with N € Z*, and we call
z = {(qi,z:)}Y, the induced trajectory to u starting at
g1 € @ if z is a trajectory. Finally, we sometimes use the
notation Q(M), (M), A(M), dar, yar and s(M) to stress
that e.g., Q(M) is the set of states of M.

Remark 1: Here, § is a partial function to model stops
in the machine. In the hierarchical setup, this allows higher-
layer machines in the hierarchy to be called when lower-layer
machines are completed. See [3] for a detailed account.

Definition 3 (Hierarchical Mealy Machine): An HiMM
is a pair Z = (X, T), where X is a set of MMs with input
set ¥ and output set A (the MMs in Z), and T is a tree with
the MMs in X as nodes (specifying how the MMs in X are
composed in Z). More precisely, each node M € X in T has
|Q(M)| labelled outgoing arcs {M Mgy} qeq (), Where
either M, € X (meaning that state ¢ of M corresponds
to the MM M, one layer below in the hierarchy of Z) or
M, = 0 (meaning that ¢ is just a state without refinement).
For brevity, call Qz := Upex@Q(M) the nodes of Z and
Sz == QzN{q: M, = 0} the states of Z. The depth of
Z, depth(Z), is the depth of the tree T, i.e., the maximum

'We use the notation f : A — B to denote a partial function from a set
Ato aset B (i.e., a function that is only defined on a subset of A). If f(a)
with a € A is not defined, then we write f(a) = 0.
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Fig. 2: Example of an HiMM taken from [3] but with added
outputs, assumed to be unit costs.

over all directed path lengths in 7. Furthermore, we also
have notions of the start state, the transition function and
the output function (where (X; - X;) € T means that
there is an arc labelled v from X; to X; in T):

(i) Start function: The function start : X — Sy is

S(XL)

otherwise.

start(X;) = {S(X)

(ii) Hierarchical transition function: Let ¢ € Q(X), where
X; € X, and v = (g, ). Then the hierarchical
transition function v : Q7 X ¥ — S is defined as

start(Y), v#0,(X; >Y)eT,Y € X

v, v # (), otherwise

Y(g,z) = o w
Y(w,z), v=0,(W = X;)eT,WeX
0, v = ), otherwise.

(iii) Hierarchical output function: Let ¢ € (Q(X,) where
X; € X and v = 0(q, x). Then the hierarchical output
function x : Qz x ¥ — A of Z is defined as

start(Xj), (Xz e X]) eT, Xj eX

Fig. 3: Tree representation of the HiIMM in Fig. 2. The
tuple on an MM M is the optimal exit costs (¢}, c)!, )
obtained by the offline step. The light-grey region depicts
the part that is removed in the online step with sjn;y = 2 and
Sgoal = 10.

concerning the hierarchical transition function 1, consider
the case when Z is in state 2 and apply input y. If there
would have been a y-transition from 2, then we would have

just moved according to that transition. However, this is

not the case and hence, we instead move up iteratively in
the hierarchy until we find a node that has a y-transition
(or stop Z if we don’t find one). In this case, the node
{1,2} (just above 2 in the hierarchy) does not support a y-
transition either, but the node {1, ..., 8} (above {1, 2}) does
and we therefore move according to that transition, i.e., to
{9,10}. Once moved, we iteratively follow the start states
down in hierarchy until we arrive at a state of Z, in this case
from {9, 10} to 9. With this step, the procedure is complete,
that is, ¥(2,y) = 9. Moreover, the output x(2,y) captures

vx,(¢;x), v#0,(X; 5Y)€T,Y € X the transition corresponding to the y-transition going from

vx,(q,x), v #0,otherwise
x(w, z),
0, v = ), otherwise.

An HIMM Z = (X,T) works analogously to an MM.
When initialised, the HIMM starts at state start(My) € Sz
(where M, is the root of T'). Next, given a current state
q € Sz and input x € X, Z outputs x(g,x) € A, and transits
to the state 1(q,z) € Sz if 1¥(q, ) # 0, otherwise Z stops.
Furthermore, a trajectory, plan, and induced trajectory are
(with obvious modifications) defined totally analogously as
for an MM.

Remark 2 (Intuition): For intuition regarding Definition 3,
consider the HIMM Z = (X,T) in Fig. 2. The HIMM is
from [3] but with added outputs, for simplicity assumed to
be all unit costs, hence, we omit writing them. Here, the
states of Z are the circles labelled 1 to 10, while the nodes
of Z are the circles plus the (unlabelled) rounded rectangles,
which we denote by the states they contain, e.g., {9,10}.
Furthermore, the inputs are ¥ = {x,y, z}, where labelled
arrows denote corresponding transitions, and small arrows
specify start states. For example, in the MM having nodes
{4,5} and 6 as states, one starts in {4,5} and can e.g.,
transition from {4,5} to 6 with input y. To get intuition

x(q,z) =

{1,...,8} with y, i.e., x(2,y) = vym({1,...,8},y), where

v=0,(W % X)) eT, W c x M is the MM in Z having the node {1,...,8} as state.

The motivation is to support modularity neatly, where we in
our case care about that we moved in M from {1,...,8}
with y, but not how we arrived at {1,...,8} (with y)
from layers below. Future work will consider variations of
this setup. Finally, we also depict the HiIMM in a tree-
like structure given by Fig. 3, useful when illustrating the
planning algorithm given in the next section.

In this paper, we exclusively consider HIMMs such that
A C RT (henceforth implicitly assumed), interpreting
x(q,x) as the cost for executing x at node ¢. For such an
HiMM Z, we also define a cumulative cost. More precisely,
for a trajectory z = {(g;, z;)}Y; of Z, the cumulative cost is
C(2) = X0y x(gi ;) if all X(gi, #) # 0, and C(2) = +00
otherwise.” We put C(z) = 400 in the latter case since we
do not want Z to stop.

B. Problem Statement

We now formalise the problem statement. Let Z = (X, T))
be an HiMM such that A C R*. Consider state s, € Sz,
called the initial state, and sgoa € Sy called the goal state

2In fact, since z is a trajectory, only x(gn, ) may be empty.
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Algorithm 1 Hierarchical planning

Algorithm 2 Offline_step

Input: HIMM Z = (X, T) and states Sinit, Sgoal-
Output: Optimal plan u to (Z, Sinit, Sgoal)-

: Offline step:

(M M) es mex + Offline_step(Z)

Online step:

z +— Reduce_and_solve(Z, Sinit, Sgoal, (M M

x T
u ¢ Expand(z, (23" )sex,mex, Z)

AN

(any states of Z). Let W(Sinit, Sgoal) be the set of plans u =
(z;)N_, that ends at Sgoal if starting at sini¢, i.e., the induced
trajectory z = {(q;,7;)}}¥, to u starting at g; = Sin;¢ exists
(i-e., z is a trajectory) and ¢ (gn,ZN) = Sgoal- Then, find a
plan & € ¥(Sinit, Sgoa1) that minimises the cumulative cost

C(2),

min

wE Y (Sinit,Sgoal )
where z is the induced trajectory to w starting at Sini.
We call such a @ an optimal plan to the planning objec-
tive (Z, Sinit, Sgoa1)» and the induced trajectory Z an op-
timal trajectory 10 (Z, Sinit, Sgoal). Moreover, a plan u €
U (Sinit, Sgoa1) 18 called a feasible plan to (Z, Sinit, Sgoal )s
and we say that (Z, Sinit, Sgoal) 18 feasible if there exists a
feasible plan.

III. HIERARCHICAL PLANNING

In this section, we present our hierarchical planning algo-
rithm, providing an overview in Section III-A, followed by
details in Sections III-B to III-D. We fix an arbitrary planning
objective (Z, Sinit, Sgoa1) throughout this section.

A. Overview

The hierarchical planning algorithm finds an optimal plan
u 10 (Z, Sinit, Sgoal)- The algorithm is summarised by Algo-
rithm 1 and consists of an offline step and an online step.
The offline step computes optimal exit costs (¢M),cx and
corresponding trajectories (2M),cx for each MM M € X
(line 2). This step needs to be done only once for a given
HiMM Z. The online step then computes an optimal plan «
t0 (Z, Sinit, Sgoal) Using the result from the offline step. More
precisely, it first reduces Z to an equivalent reduced HIMM
Z (equivalence given by Theorem 1), pruning all irrelevant
MMs of Z and replacing them with corresponding costs from
the offline step, and then finds an optimal trajectory z to
Z (line 4). Then, it expands z to an optimal trajectory for
(Z, Sinit, Sgoa1) from which we get the optimal plan u (line
5). The details of the offline and online step is given by
Section III-B and Sections III-C to III-D, respectively, where
lines 2, 4 and 5 in Algorithm 1 correspond to Algorithm 2,
4 and 35, respectively.

B. Offline Step

Towards a precise formulation of the offline step, we need
the following notions. A state ¢ € Sz is contained in an
MM M € X if q is a descendant of M in T (e.g., state 4 is
contained in the MM labelled (2,1,1) in Fig. 3). A trajectory

)IEE,JWGX)

4

Input: HIMM Z = (X T) with markings.
Output: Computed (¢, 2M) s for each MM M of Z

Z ’ ZIJ

1: Optimal_exit(My) > Run from root MM M, of T
2: Optimal_exit(M): > Recursive help function
3: for each state ¢ in Q(M) do

4: if ¢ € Sz then

5: (c)zes Oz

6: else

7: Let M, be the MM corresponding to q.

8 (cg, ZT)reg <+ Optimal_exit(My)

9: end if

10: end for

11: Construct M

12: (M, 2M), cx « Dijkstra(s(M), {Ey }pesx, M)
13: return (cM, 2M) ex

z = {(q;,x;)}X, is an (M, z)-exit trajectory if every gq; is
contained in M, xy = x, and qn1 := ¥(gn, N ) (possibly
empty) is not contained in M (hence, z exits M with x). The
corresponding (M, x)-exit cost of z equals Zf\;l X(qi, i)
(the cost of (qn,xn) is excluded since the transition goes
outside the subtree with root M). The optimal (M, x)-exit
cost, denoted ¢, is the minimal (M, z)-exit cost,’ and any
such ¢M is called an optimal exit cost of M. An (M, x)-
exit trajectory that achieves the optimal (M, z)-exit cost is
an optimal (M, x)-exit trajectory, and any such trajectory is
called an optimal exit trajectory of M.

We now provide the details of the offline step. The
offline step obtains (cM),ex for each MM M in Z
(X,T) recursively over the tree 7. More precisely, let
M (Q,2,A,6,7,5) be an MM of Z. To compute
(M) es, form the augmented MM M given by M = (QU
{E.}sex, 2, A, 6,4, ). Here, M is identical to M except
that whenever an input z € ¥ would exit M (6(q,z) = 0)
then one instead goes to the added state E, in M. That is,
5(q, ) := 0(q,x) if §(q, ) # 0 and (¢, z) = E, otherwise
(the values of &(q, ) for ¢ € {E,},ex are immaterial).
Furthermore, 4 is given by 4(q,z) el 4+ v(q,x) if
d(q,z) # 0 and (g, z) := ¢ otherwise (again, the values
of 4(q,x) for ¢ € {E;}4ex are immaterial). Here, ¢ = 0
if ¢ € Sz is a state of Z, and ¢ = c% otherwise, where
M, is the MM corresponding to ¢. Thus, intuitively, §(q, )
reflects the cost of exiting ¢ with = plus the cost of applying
z from ¢ in M. Note also that, by recursion (going upwards
in the tree 7), we may assume that all c¢Z are already known.

We can now obtain (cM),cx by doing a shortest path
search in M starting from s. We use Dijkstra’s algorithm
[6], [7] computing a shortest-path tree from s until we have
reached all E,, and thereby obtained (c}),cx (with ¢ =
oo if we never reach E,). We also save the corresponding
trajectories (zM)yex in M that we obtain for free from
Dijkstra’s algorithm. This procedure is performed recursively

3If no (M, x)-exit trajectories exists, then ¢! = oo and any trajectory

contained in M is said to be an optimal (M, x)-exit trajectory.
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over the whole tree T' to obtain (c}),cx and (2M),¢x for
all MMs M of Z. The algorithm is given by Algorithm 2,
with correctness given by Proposition 1 and time complexity
given by Proposition 2. See Fig. 3 for an example concerning
the optimal exit costs

Proposition 1: ¢M € [0,00] computed by Algorithm 2
equals the optimal (M ,¢)-exit cost of Z.

Proposition 2: The time complexity of Algorithm 2 is

O(N[bs[Z] + (bs + [X]) log(bs + [E])]),

where b, is the maximum number of states in an MM of Z,
and N is the number of MMs in Z.

Remark 3: We stress that all the time complexity results
in this section (Section III) are based on using Dijkstra’s
algorithm with a Fibonacci heap, due to the low time com-
plexity, see [7] for details. However, for the systems in the
simulations in Section IV, we use Dijkstra’s algorithm with
an ordinary priority queue (that has a slightly higher time
complexity) since it is in practice faster for those systems.

Finally, in the remaining sections, for brevity, let a (¢, z)-
exit trajectory (cost) mean an (M, x)-exit trajectory (cost) if
q corresponds to the MM M. If ¢ does not correspond to an
MM, i.e., ¢ is a state of Z, then let the (g, z)-exit trajectory
and cost be simply (¢, z) and zero cost, with intuition that
one can then only exit ¢ with x by applying « directly. An
optimal (g, x)-exit trajectory is defined analogously and the
corresponding optimal (g, x)-exit cost ¢ is as above (readily
obtained from the optimal exits costs from Algorithm 2).

C. Online Step: Theory

We continue with the online step providing necessary
theory in this section, while the algorithm is presented in
Section III-D. To this end, let Uy,...,U, be the path of
MMs in T from s;,;t to the root of T, that is, sjnjt 1S a state
of the MM U, the corresponding node of Uj is a state of the
MM U, 1, and U, equals the root MM of T'. Similarly, let
Dy, ..., Dy, be the path of MMs of X in T from Sgoa1 to the
root of T" (with sg0,1 being a state of the MM D). Note that
there exist indices « and 3 such that corresponding nodes of
U, and Dg are states in the same MM of X. For brevity, let
B := Dg. To get an optimal plan, we consider only the MMs
of these two paths, see Fig. 3 for an example, formalised by
the reduced HiMM in Definition 5 with equivalence to the
original HIMM given by Theorem 1. For this result, we need
the notion of a reduced trajectory and an optimal expansion.
These two notions can be seen as complementary operations:
the first reduces a trajectory to a subset of 7', where the latter
can be used to expand a reduced trajectory with respect to a
subset of 7" to the whole tree.

Definition 4 (Reduced trajectory): Let Z = (X,T) be an
HiMM and consider a connected subset M of tree-nodes
of T that includes the root of T Let z = (q;,x;)Y, be a
trajectory and define the reduced trajectory z|aq of z with
respect to M as follows. For any state ¢ € Sz in some MM
M € X, let ¢ be the reduced node of ¢ with respect to M;
that is, ¢ € Q(M) contains ¢, where M is the MM in M
with minimal path length to M in T'. Define z; = (q;, x;) if

Algorithm 3 Optimal_expansion

Input: HIMM Z = (X, T') and node-input pair (g, x).
Output: An optimal expansion z
. return z < Trajectory_expansion(q, x)
Trajectory expansion(g, x): > Recursive function
if ¢ € Sz then

return (g, ).
else

(q1,21),-- -,
step

for each (g;,x;) do

z; « Trajectory_expansion(g;, ;)

end for
10: return (21, ...
11: end if

AN A

M,

M .
(Gms®m) < 2z © > zz * from offline

® 3

s Zm)

di+1 # q; and z; = () otherwise. Then z|,, is the sequence
of nonempty Zz;.

In words, z|r equals all visible transitions seen in M,
where g gives us the best information of the state g with
respect to M, and z| ¢ changes whenever this g changes.

Next, an optimal expansion of a node-input pair (¢, z) €
Qz x ¥ of Z is defined by Algorithm 3, denote it by F(q, ).
An optimal expansion of a sequence z = (g;, z;)., of node-
input pairs is on the form (E(q1,x1),...,E(qn,zn)). The
following result justifies the notion:

Proposition 3: Let Z = (X,T) be an HIMM and (¢, z) €
Qz x X. Then E(q,z) is an optimal (g, z)-exit trajectory.

We now define the reduced HIMM Z.

Definition 5 (Reduced HIMM): Let Z = (X, T), Sinjt and
sgoal be as above. Consider the HIMM Z = (X,T) where
X = {Uy,...,U,} U{Ds,...,D,} and T is equal to

the subtree of T' consisting of the nodes Uy,...,U, and
Dy, ..., D,, but replaced with Uy,...,U, and Dl,...,Dn
respectively. For brevity, let M = {U,...,U,} U

{D1,...,D,}. The details of this construction are:
G Let U, = (Q%,A4,7,5). Then U; =
(Q? E’A7 67 ’77 S)’ Where /7(q7 x) =

v(q, ), 8(q,x) #0,(U; L M)y e T,M e M
¢ +7(g,z), d(q,x) # 0, otherwise
0, §(q,x)=0,U; L M)eT,M e M
i, 5(q, ) = 0, otherwise.

(1)
Here, cZ is as in Section III-B. The MM D; is defined
analogously (replace U; and U, with D; and D,
respectively).
(ii) The reduced hierarchical transition function v is con-
structed according to Definition 3 for the HIMM Z.
(iii) Let ¢ be a node in Z = (X,T) where ¢ € Q(X;),
X; € X. Let v = §(q,z). The reduced hierarchical
output function Y is defined as x(q,z) = vx,(q, )
if v # 0 X(g,z) = 'VXj(q»x) + X(w,z) if v = 0
and (W =% X;) € T with W € X; and, (¢, 7) =
() otherwise.
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We call Z the reduced HiMM (with respect o Sini; and Sgoal).
Analogous to HiMMs, the reduced cumulative cost C(z)
for a trajectory 2z of Z is C(z) = Zf\il x(qi,x;) Gf
x(gn,zn) # 0, and C(z) = +oo otherwise), a plan that
MINIMISes Min, e g (s, 540.) C () 1S an optimal plan and the
induced trajectory is an optimal trajectory to the reduced
planning objective (Z, sinit, Sgoal)- We have the following
key result:

Theorem 1 (Planning equivalence): Let Z = (X,T) be
an HIMM and M = {U,,...,U,}U{D,..., Dy, }. Then:

(i) Let z be an optimal trajectory to (Z, Sinit, Sgoal). Then,
the reduced trajectory z|a¢ is an optimal trajectory
to (27 Sinit Sgoal)- _

(i) Let z be an optimal trajectory to (Z, Sinit, Sgoal)- Then,
an optimal expansion of z (expanded over Z) is an
optimal trajectory to (Z, Sinit, Sgoal)-

Theorem 1 (ii) says that, to look for an optimal trajectory
t0 (Z, Sinit, Sgoal ), ONe can look for an optimal trajectory to
(Z, Sinit, Sgoa1) instead and then just expand it. This result
is crucial for our planning algorithm, since it drastically
reduces the search space. Also, (i) says that if there is no
feasible trajectory to (Z, Sinit, Sgoal ), then there is no feasible
trajectory to (Z , Sinit, Sgoal) €ither. Thus, we can exclusively
consider the reduced planning objective (Z, sinit, Sgoal ). For
the planning algorithm, we also need the following result:
Proposition 4: Consider (Z, Sinit, Sgoal)- Then:

(i) An optimal trajectory z = (gi, z;)¥; t0 (Z, Sinit, Sgoal)
has a state ¢; equal to start(B)

(ii) Let start(B) be a state of Dy, and start(Dy, 1) be
the start state of Dy, and so on till start(Dy,) is the
start state of D;. Then, provided (Z, start(B), sgoal) is
feasible*, an optimal trajectory to (Z,start(B), $goal)
is wy,we, ..., w;, where w; is an optimal trajectory in
Dk from the start state of Dk to the state correspond-
ing to Dki,l (with Dy = Sgoal)-

D. Online Step: Algorithm

In this section, we provide the details of the online step,
based on the theory in Section III-C. More precisely, to
compute an optimal plan to (Z, Sinit, Sgoal), the algorithm
first considers the reduced planning objective (Z , Sinit sgoal),
which by Proposition 4 (i) can be divided into obtaining an
optimal trajectory to (Z, sinit, start(3)) and then combining
it with an optimal trajectory to (Z,start(B), Sgoal). An
optimal trajectory to (Z, Sinit, Sgoa1) 1S then obtained by
expanding this trajectory, as given by Theorem 1 (ii). From
this, we obtain an optimal plan to (Z, Sinit, Sgoal ). The details
are given below.

1) Solving (Z, sinit, Sgoal): To solve (Z, Sinit, Sgoal )
with procedure given by Algorithm 4, we first solve
(Z, Sinit, start(B)). To this end, we first reduce Z to Z.
We then note that there exists an optimal trajectory from
Sinit tO start(B) in Z that only goes through states in
Ui, ..., U,. Therefore, to solve (Z, sinit, start(B)), we only
need to consider Uy, ..., U,. Furthermore, only some states

4This is true if (Z, sinit, Sgoal) 1s feasible, by (i).

Algorithm 4 Reduce_and_solve

Inpllt' (Z Slnltasgoal) and ( Cyp ,Zi\/l)zeg MeX-
Output: An optimal trajectory z to (Z, Sinit, Sgoal)-

1: Part 1: Solve (Z, sinit, start(B))

2. Z « Reduce(Z, Sinit, Sgoal, (M, 2M) pes mrex)

3: Set G to an empty graph > To be constructed
4: Add nodes to G

ssfori=1,...,ndo > Consider U
6: Get states to search from and too, I and D, in U;.
7: for s € I do

8: (¢, zq)aep <+ Dijkstra(s, D, U;)

9: Add arcs corresponding to (¢4, z4)dep in G

10: end for

11: end for

12: 21 < Dijkstra(sinit, B, G) > End of Part 1
13: Part 2: Solve (Z, btart(B) Sgoal)

14: Let zo be an empty trajectory > To be constructed
15: (M, ¢c) < (Dy,,start(B))

16: g + corresponding state in M to Dy, 1

17: while ¢ # 54041 do

18: z + Dijkstra(c, g, M)

19: 29 — 222 > Add z to 29
20: ¢ « start(g)

21: if ¢ # 5g0a1 then

22: Let Dy, be the MM with state ¢

23: M <« Dy,

24: g < corresponding state in M to Dy, 4

25: end if

26: end while > End of Part 2
27: return z <— 2129

and trajectories in each U, are relevant. Namely, for U, the
relevant states are the ones we might start from: s;,;; and
s(U;). From these states, the relevant trajectories are the
ones that optimally exit Ui, starting from the states. 5 For U,
the relevant states are s(Us) and states in Us that could be
reached by exiting U; (at most |X| such states). From these
states, the relevant trajectories are the ones that optimally exit
U, as well as the optimal trajectories to get to U, (might be
optimal to go back to U;). The other U; are analogous to Us
except that: the relevant trajectories of U, also include the
optimal trajectories to B; and, for U,,, we do not calculate the
ones that optimally exit U,, (since this would only stop Z).
With this, we form a graph G where nodes (arcs) corresponds
to the relevant states (trajectories), labelling each arc with
the relevant trajectory and its cumulative cost. Searching in
G using Dijkstra’s algorithm, from sj,;¢ to B, we find an
optimal trajectory z; to (Z, sinjt,start(B)). This procedure
is Part 1 in Algorithm 4. We then get an optimal trajectory 2z
0 (Z,start(B), sgoal) using Proposition 4 (ii), and Dijkstra’s
algorithm to search in each Dy,. This is Part 2 in Algorithm
4. Finally, we combine z; and z, to get an optimal trajectory

SMore precisely, if one can exit Uy withz € 3, starting from sjpit, then
we find a trajectory ¢, that does this optimally. The relevant trajectories
from sinjt are then all the found ¢,. The case for s(U1) is analogous.
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Algorithm 5 Expand

to and

Input: Optimal (Z, Sinit» Sgoal)

(C£47Z£4)(E€E7M€X‘
Output: Executes/saves optimal plan u to (Z, Sinis, Sgoal)-
: Let u be an empty trajectory > To be constructed
: for (¢,z) in z do
t < Plan_expansion(q, x)
U — ut
end for
if save u then return u
end if

trajectory z

> Concatenate v and ¢

A o e

2 10 (Z, Sinit, Sgoal)- We get time complexity:
Proposition 5: The time complexity of Algorithm 4 is

O(|Z[*depth(Z) + |X|depth(Z) - log(|X|depth(Z)))+
O([bs|Z] + bs log(bs)] - depth(Z))

where the first (second) O-term is from Part 1 (Part 2),
and b, is the maximum number of states in an MM. In
particular, with bounded |X| and bs, we get O(depth(Z) -
log(depth(Z))).

2) Solving (Z, sinit, Sgoa1): We get an optimal plan u
t0 (Z, Sinit, Sgoa1) by conducting an optimal expansion of
the optimal trajectory z to (Z, Sinit, Sgoal) from Algorithm
4. The optimal plan u can be executed sequentially or
obtained at once, with procedure given by Algorithm 5.
Here, Plan_expansion is identical to Trajectory_expansion
in Algorithm 3 except line 4 that is changed to [return x] or
[apply «] if one wants the full plan u at once or sequential
execution, respectively. We get time complexity:

Proposition 6: Executing an optimal plan u sequentially
using Algorithm 5 has time complexity O(depth(Z)) to
obtain the next input in u. Obtaining the full optimal plan at
once has time complexity O(depth(Z)|u|), where |u] is the
length of .

IV. NUMERICAL EVALUATIONS

In this section, we consider numerical case studies to
validate the hierarchical planning algorithm given by Algo-
rithm 1. Case study 1 demonstrates the scalability of the
algorithm. Case study 2 show-case the algorithm on the robot
application introduced in the motivation.

A. Case Study 1: Recursive System

1) Setup: To validate the efficiency of Algorithm 1, we
consider an HIMM Z constructed recursively by nesting the
same MM repeatedly to a certain depth. More precisely, the
MM M we consider has tree states @ = {1,2,3} with
start state 2 and three inputs ¥ = {x,y, z} with transitions
depicted in Fig. 4 (left) and units costs (not depicted). The
recursion step is then done by replacing state 1 and 3 with
M, with result given by Fig. 4 (right). This procedure is then
repeated for the recently added MMs until we have reached
a certain depth (e.g., in Fig. 4, we would replace state 2, 4,
5 and 7 with M). This yields the HIMM Z.
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Fig. 4: MM M (left) and HIMM Z (right) with depth 2 for
Case study 1.

We check the computing time of Algorithm 1 when
varying the depth of Z. To this end, we let sini; and sgoa1 be
opposite states in the HIMM (e.g., state 2 and 7 in Fig. 4)
and compute the full optimal plan. For comparison, we also
consider Dijkstra’s algorithm for finding the optimal plan,
applied to the equivalent flat MM.®

2) Result: The computing time is shown in Fig. 5 with
depth(Z) from 1 to 20. The online step finds optimal plans
for all depths within milliseconds, while Dijkstra’s algorithm
is a bit faster for small depths (depth(Z) < 6) but takes
several seconds for larger depths (depth(Z) > 15). In
particular, for depth(Z) = 20, with about 2 million states,
the online step finds an optimal plan in just 3.8 ms, compared
to 108 s using Dijkstra’s algorithm. Also, the offline step
has a computing time comparable to Dijkstra’s algorithm
being slower for small depths (max 4 times slower), but
negligible difference for large depths, and even slightly faster
for depth(Z) > 18 (due to a slower increase). Hence, for
large depth, even the computing time for the offline plus the
online step is slightly faster than Dijkstra’s algorithm.

B. Case Study 2: Robot Warehouse Application

1) Setup: We now consider the robot application intro-
duced in the motivation, schematically depicted by Fig. 1.
To formalise the example as an HIMM Z, we consider 10
warehouses ordered linearly, where the robot can move to
any neighbouring house (e.g., to house 2 and 4 from house
3, and only to house 2 from house 1), at a cost of 100. This
yields the MM M7 corresponding to the top layer of Z, with
house 1 as start state and inputs 3 = {left, right}.

Furthermore, each house is modelled as an MM M, having
a single room. The room is a square 10 x 10 grid, where
the robot at grid point (i,5) (1 < i,7 < 10) can move to
any neighbouring (non-diagonal) grid point at a cost of 1
using inputs 3 = {left, right, up, down}. We also have a grid-
point just outside the house, the entrance state, adjacent to
(1,1). The robot can move between the entrance state and
(1,1) with cost 1. From the entrance state, the robot can
also exit Mo by applying input a € {left, right}. This a is
then fed to M;, which moves the robot to the corresponding
neighbouring house. The MM M5 has 101 states and four
actions with the entrance state as start state.

Finally, at each grid-point inside the house, the robot
has a work desk, modelled as an MM M3, consisting of

5This flat MM can be obtained by simply checking all transitions and
costs at each state in Z, and form the corresponding MM from this data.
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Fig. 5: Computing time for varying depth in Case Study 1.

9 laboratory test tubes arranged in a 3 X 3 test tube rack,
where the robot can move between the test tubes or scan
a tube using a robot arm. More precisely, at test tube (i, j)
(1 <1,7 < 3), it can move the robot arm to any neighbouring
tube (analogous to Ms) or scan the test tube, using inputs
Y = {left,right, up, down} U {scan}. When a test tube has
been scanned, it remembers it and do not scan other tubes.
Similar to Ms, we have an entrance state from which the
robot can either enter the work desk (starting at test tube
(1,1) and nothing scanned), or exit M3 by applying input
a € {left, right, up, down}. This input a is then fed to M,
which transition to the corresponding grid-point. From (1, 1),
we can also go back to the entrance state. All transition costs
are set to 0.5 except the scanning, which costs 10. The MM
M3 has 9-10+1 = 91 states and inputs X, with entrance state
as start state. The hierarchy of M;, My and M3 yields Z.

2) Result: We set st to be the state where the robot is
in house 1 at grid-point (10,10) having scanned test tube
(3,3), and sga is identical to sini¢ except in house 10. That
is, the robot has to move to house 10 and scan test tube (3, 3)
at grid-point (10, 10). The online step finds an optimal plan
in just 0.022 s compared to 3.4 s using Dijkstra’s algorithm.
Also, the offline step takes only 2.0 s, hence, even the offline
plus online step is faster than Dijkstra’s algorithm.

V. CONCLUSION

In this paper, we have considered a planning problem for
an HIMM and developed an algorithm for efficiently com-
puting optimal plans between any two states. The algorithm
consists of an offline step and an online step. The offline step
computes exit costs for each MM in a given HIMM Z. This
step is done only once for Z, with time complexity scaling
linearly with the number of MMs in Z. The online step then
computes an optimal plan, from a given initial state to a goal
state, by constructing an equivalent reduced HIMM Z (based
on the exit costs), computing an optimal trajectory z for Z,
and finally expanding z to obtain an optimal plan u to Z.
The online step finds an optimal trajectory z to Z in time
O(depth(Z)log(depth(Z))) and obtains the next optimal
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input in « from z in time O(depth(Z)), or the full optimal
plan v in time O(depth(Z)|u|). We validated our algorithm
on large HiIMMs having up to 2 million states, including a
mobile robot application, and compared our algorithm with
Dijkstra’s algorithm. Our algorithm outperforms the latter,
where the partition into an offline and online step reduces
the overall computing time for large systems, and the online
step computes optimal plans in just milliseconds compared
to tens of seconds using Dijkstra’s algorithm.

Future work includes extending the algorithm to efficiently
handle changes in the given HIMM (e.g., modifying an MM
in the HIMM), and comparing it with other hierarchical
methods. Another challenge is to extend the setup to stochas-
tic systems.
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