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Abstract—In grid-connected inverter systems, frequency-
domain passivity theory is increasingly employed to analyze grid–
inverter interactions and guide inverter control designs. However,
due to difficulties in meeting sufficient passivity-based stability
conditions at low frequencies, passivity theory often falls short
of achieving stable system specifications. This article introduces
an extended frequency-domain passivity theory. By incorporating
a weighting matrix, an extended stability condition is derived.
Compared to conventional passivity-based stability conditions, the
proposed theory significantly reduces conservativeness and is more
suited for analyzing grid–inverter interactions and guiding inverter
control design. Theoretical analyses, numerical examples, and ex-
perimental results are provided to validate the effectiveness of the
proposed methods.

Index Terms—Control design, grid-connected inverters, passi-
vity, stability.

I. INTRODUCTION

GRID-CONNECTED inverters are commonly found in
modern power systems [1], where wide-band oscillation

issues arising from the interaction between inverters and the
grid have attracted increasing attention [2]. Passivity theory
is a widely used and intuitive tool for inverter control design,
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and stability assessment of the system [3], [4], especially when
there exists uncertainties in the grid impedance. From the en-
ergy perspective, a passive component only dissipates or stores
energy without generating it. Examples of passive components
include resistors, inductors, and capacitors. When all subsystems
within a system are passive, the system is stable, regardless of
the complexity of the interactions among the subsystems [5].
Therefore, achieving passive grid-connected inverters through
reasonable design is a highly desirable goal that prevents wide-
band oscillations caused by adverse inverter–grid interactions.
In the frequency domain, based on the different impedance
representations, the passivity degree of an inverter at a specific
frequency can be quantified by the real part value or the passivity
index of its input admittance [5], [6].

The impedance modeling of grid-connected inverters can
be divided into high-frequency and low-frequency categories
based on the frequency coupling characteristics of controllers
across different frequency bands [3]. Passivity-based analysis
also exhibits distinct features in these different frequency ranges.
For the analysis of high-frequency (ω ≥ 2.0 p.u.) oscillations,
the main destabilizing factors are the time delay introduced by
the computation and pulsewidth modulation (PWM), and the
current control (CC) dynamics [3]. The slow dynamics from the
synchronization control (SC) and power control (PC), are often
ignored, and thus the inverter can be modeled as a single-input
single-output (SISO) system [7]. The impacts of the CC and
time delay can be characterized as a negative resistance region
in the impedance, which introduces negative damping to the
system [3]. By introducing a voltage feedforward control [8] or
reducing the time delay [9], [10], the negative resistance region
of the inverter in the high-frequency range can be eliminated,
thereby avoiding potential instability.

At low frequencies (around ω = 0 in the dq frame), the outer
loops, such as a phase-locked loop (PLL) or PC, are not simply
d-to-d and q-to-q symmetric. These controls introduce complex
coupling between the d-axis and q-axis, making the equiva-
lent admittance of the inverter a multiple-input multiple-output
(MIMO) system [6], [11]. In this case, the passivity degree of the
inverter can be quantitatively assessed by the passivity index [5],
[12]. Assuming that the grid impedance is passive, the stability
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Fig. 1. Relationships among system stability, conventional passivity-based
stability conditions, and the two contributions.

conditions1 for grid-connected inverter systems based on the
passivity index in the low-frequency range are: 1) the passivity
index of the inverter is non-negative [13], or 2) the passivity
index of the inverter is negative but excess passivity from the
grid impedance can compensate for the deficiency of the inverter
passivity [5].

However, meeting either of these two conditions is chal-
lenging [14], mainly due to two limitations. First, the passivity
index of the inverter is inherently negative in the low-frequency
region, which is difficult to eliminate [15]. In [16] and [17], it is
found that the presence of the integrator in the voltage control
can even result in a negative infinity value. Second, the excess
passivity from the grid impedance is often considered zero from
a robustness perspective [12]. Therefore, a common practice in
the low-frequency range is to associate the passivity degree of
the inverter with the system stability robustness [3], [14], [18],
i.e., the system is expected to have better stability robustness
by improving the passivity degree. Two metrics can be used to
evaluate the passivity degree from the passivity index plot: first,
the width of the frequency region where the passivity index is
negative [3], and second, the minimum value of the passivity
index [12]. Recent research has found pitfalls in the two passivity
degree metrics [16]. It remains unclear which one of the two
metrics is more suitable for characterizing the passivity degree
at low frequencies, and these two metrics may even be in conflict
with each other. It has been discovered that focusing on only
one indicator, either simply reducing the frequency region of
the negative passivity index or increasing the minimum value of
the passivity index, may reduce the system stability robustness
and even result in system instability [17].

This article aims to address the limitations of using the
frequency-domain passivity theory to guide inverter control de-
sign and verify system stability in the low-frequency range. The
relationships among system stability, conventional passivity-
based stability conditions, and the two contributions of this
article are shown in the Venn diagram in Fig. 1. First, the
conventional stability conditions based on passivity theory are
extended. The proposed extension provides a larger framework
than conventional passivity theory by adding flexibility through
the inclusion of a weighting matrix when defining the passivity

1The marginally stable case is included.

index. This allows for a more flexible decomposition of the
dynamics of inverters and the grid. The second contribution lies
in the specific choice of a rotation matrix as the weighting matrix
within the extended passivity theory framework. This results
in a new passivity index, termed the rotated passivity index,
which is particularly effective for specifying low-frequency
dynamics and guiding inverter control design. Compared to the
conventional passivity index, the stability conditions based on
the rotated passivity index exhibit significantly reduced con-
servativeness when applied to grid-connected inverter systems.
This means that the new index, along with the associated stability
conditions, provides a practical criterion for ensuring the closed-
loop system stability and system-stabilizing inverter control
specifications. Moreover, the proposed index is as straightfor-
ward as the conventional one and remains within the framework
of generalized passivity theory. It introduces no additional the-
oretical complexities, thereby avoiding the potential difficulties
and high complexity that can arise when employing multiple
theoretical tools for system dynamics specification in practical
applications.

The rest of this article is organized as follows. In Section II,
the preliminaries of grid-connected inverters and the passivity
theory are presented. In Section III, the basic principles of the
proposed extended passivity frequency domain passivity theory
are introduced, along with the stability conditions and a general
guideline. In Section IV, the rotated passivity index is proposed,
which is utilized in the subsequent sections. In Sections V and
VI, the effectiveness and superiority of the rotated passivity
index over the conventional passivity index in terms of dynamic
specification and control design guidance are shown through
examples of both PLL-synchronized and PC-synchronized in-
verters. In Section VII, a comprehensive discussion is presented,
primarily covering the system uncertainties, comparisons with
other multivariable theories, and the limitations of the proposed
theory. Experimental validations are provided in Section VIII.
Finally, Section IX concludes this article.

II. PRELIMINARIES

A. Grid-Connected Inverter System

Fig. 2 shows the schematic diagram of a grid-connected
inverter system. On the inverter side, it consists of a set of
controllers and an output filter. The controllers include CC,
alternating voltage control (AVC), reactive power control (RPC),
and SC. In this article, SC refers to the PLL in Sections V and
PC in Section VI, respectively. The output filter is typically an
inductive–capacitive filter, but the influence of capacitance at
low frequencies is negligible [19]. The detailed configurations
of the controllers for PLL-synchronized and PC-synchronized
inverters are presented in Figs. 3 and 4, respectively. The PLL is
proportional and has a gain of αp/E0, where αp represents the
PLL bandwidth. First-order low-pass filters H(s), H1(s), and
H2(s) feature a bandwidth of αf . Ra is the CC gain, configured
asαcL, whereαc denotes the desired CC loop bandwidth and L is
the output filter inductance [13]. The PC is also proportional, and
the design of its gain is aligned with [20]. On the grid side, grid
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Fig. 2. System configuration and block diagram of a grid-connected inverter.

Fig. 3. Controller structure of PLL-synchronized inverter. (a) PLL and Q-V
droop. (b) AVC. (c) CC.

Fig. 4. Controller structure of PC-synchronized inverter. (a) P-f droop and
Q-V droop. (b) AVC. (c) CC.

impedance is characterized by inductance Lg , with negligible
resistance Rg [12].

Passivity-based analysis in frequency domain requires system
impedance modeling [13]. In this article, the inverter is modeled
as an ideal current source in parallel with an admittance Y, while
the grid is modeled as an ideal voltage source in series with an
impedanceZg . The corresponding circuit representation is given

Fig. 5. System circuit representation of the grid-connected systems.

in Fig. 5. In the testbench used in this study, the dc-side voltage
is provided by a dc voltage source. In practical applications, the
dc-side voltage can be supplied by a back-to-back converter or
an energy storage unit, such as a GFM-BESS [21]. This setup
decouples the dc-side dynamics from the inverter of interest. As
a result, the dynamics from the dc side are not considered. In
addition, since this study primarily focuses on low-frequency
behavior, the high-frequency dynamics caused by delays are
also not considered [12]. The impedance modeling method for
grid-connected inverters has been widely discussed, and this
article adopts the modeling process from [6], [12], [22], and
[23] without a further discussion.

B. Passivity Theory

A MIMO system (real-rational transfer function) is said to
be exponentially stable if all its poles are located in the open
left-half complex plane. It is said to be marginally stable if all
its poles are located in the closed left-half complex plane and
any poles on the imaginary axis are simple. A system is called
stable if it is either exponentially stable or marginally stable, and
unstable if it is not stable in this work. It is said to be minimum
phase if all its zeros are located in the open left-half complex
plane.

Given a general matrix M ∈ C
n×n, its complex conjugate

transpose is denoted by MH . M is said to be Hermitian if M =
MH . When this is the case, M > xI for some x ∈ R implies
min λ[M] > x, where λ denotes the eigenvalue of M. M is said
to be positive definite if M > 0.

For an exponentially stable and minimum phase MIMO sys-
temG(s), according to [5], the input feedforward passivity (IFP)
index at frequency ω, denoted as νF [G(s), ω], is defined as

1

2
min λ

[
G (jω) +GH (jω)

]
(1)

and the output feedback passivity (OFP) index at frequency ω,
denoted as ρF [G(s), ω], is defined as

1

2
min λ

[
G−1 (jω) +G−H (jω)

]
(2)

where min λ is the minimum eigenvalue and the superscriptH is
the Hermitian operator, i.e., transpose–conjugate. G(s) is said
to be passive if νF (or ρF ) ≥ 0, ∀ω ≥ 0. For a general MIMO
interconnected negative-feedback system [G1, G2] shown in
Fig. 6(a), if G1 and G2 are passive, [G1, G2] is stable. The
passivity-based stability conditions can be extended to nonpas-
sive systems [5], [24]. The underlying idea is that within an
interconnected system, there exist both passive and nonpassive
subsystems. If the surplus passivity in the passive subsystem can
offset the passivity deficit in the nonpassive system, then the
closed-loop system is stable [5]. More specifically, the feedback
system is exponentially stable, if G1 is exponentially stable and
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Fig. 6. Interconnected feedback system of (a) [G1, G2]. (b) [Zg , Y].

G2 is exponentially stable and minimum-phase, and

νF [G1(s), ω] + ρF [G2(s), ω] > 0, ∀ω ≥ 0. (3)

This extension reduces the conservatism of the original
passivity-based stability condition, enabling the continued ap-
plicability of the passivity-based theory even in cases where
certain subsystems are not passive.

The grid-connected inverter system in Fig. 5 can also be
modeled as an interconnected negative feedback system, as
shown in Fig. 6(b), which is denoted as [Y, Zg], where Y is
typically stable but may be a nonminimum-phase system [12],
[25], and Zg (passive components) is exponentially stable and a
minimum-phase system. Therefore, according to (3), [Y, Zg] is
exponentially stable if Y is exponentially stable and

νF [Y(s), ω] + ρF [Zg(s), ω] > 0, ∀ω ≥ 0. (4)

However, typically from a robustness perspective, contributors
to the excess passivity in Zg , such as line resistance, are con-
sidered to be zero [12]. Therefore, when using passivity theory
to guide inverter control design to ensure system stability, it
is necessary to have the equivalent admittance of the inverter,
∀ω ≥ 0, satisfy

νF (Y(s), ω) > 0. (5)

However, as discovered in numerous studies [3], [14], [26], its
hard to obtain condition (5) that are feasible in practice. In such
cases, stability assessments or control designs based on passivity
may carry potential risks, as discussed in detail in [17].

III. PROPOSED EXTENDED FREQUENCY-DOMAIN PASSIVITY

THEORY

A. Extended Passivity Theory and Extended Definitions of
Passivity Index

First, we aim to extend the definitions of the IFP index
and the OFP index. To differentiate from those in (1) and (2),
the definitions therein are referred to as conventional passivity
indices, while the proposed definitions are denoted as extended
passivity indices.

Here, definitions of the extended passivity indices are pro-
vided: for a MIMO system G, its extended IFP index at fre-
quency ω, denoted as νR[G(s), ω], is defined as

1

2
min λ

[
RH (ω)G (jω) +GH (jω)R (ω)

]
(6)

Fig. 7. Interconnected feedback system [ ZgR
−H , RHY].

and the extended OFP index at frequency ω, denoted as
ρR[G(s), ω], is defined as

1

2
min λ

[
RH (ω)G−1 (jω) +G−H (jω)R (ω)

]
(7)

where the matrix R(ω) is used to weight the system G. The
subscript “R” indicates that the extended definition of the indices
depends on the weighting matrix R(ω).

Based on the extended passivity index definitions in (6) and
(7), for the system [Y,Zg] of interest, the following result is in
order. The proof is given in the Appendix.

Theorem 1: Given stable Y and exponentially stable and
minimum-phase passive Zg , if there exists R such that ∀ω ≥ 0
for which jω is not a pole of Y

νR [Y(s), ω] + ρR [Zg(s), ω] > 0 (8)

and ∀ω0 ≥ 0 for which jω0 is a pole of Y

ρR [Zg(s), ω0] > 0 (9)

and

R(ω0)
HN+NHR(ω0) ≥ 0 (10)

where

N := lim
s→jω0

(s− jω0)Y(s)

then the feedback system is exponentially stable.
Fig. 7 illustrates the idea of the proposed extension, which

is similar to the loop transformation performed in [27] for the
small gain theory. According to (1) and (2), it is easy to obtain

νR [Y(s), ω] = νF
[
RH (ω)Y(s), ω

]
(11)

ρR [Zg(s), ω] = ρF
[
ZgR

−H(s), ω
]
. (12)

When the stability condition in (8) is applied, it is equivalent to
assess the stability of the system shown in Fig. 7. The main idea
is to prove that the stability of the system in Fig. 7 is equivalent
to the stability of the system shown in Fig. 6(b).

Remark 1: Alternatives of the definitions in (6) and (7) may be
used to increase the flexibility in choosing the weighting matrix.
Specifically, due to the symmetry of an interconnected feedback
system, Theorem 1 continues to hold if νR[G(s), ω] is replaced
by

1

2
min λ

[
G (jω)RH (ω) +R (ω)GH (jω)

]
(13)

and ρR[G(s), ω] by

1

2
min λ

[
G−1 (jω)RH (ω) +R (ω)G−H (jω)

]
. (14)

It should be noted that the stability condition in Theorem 1 is
a sufficient condition for the system stability. While it might
be possible to obtain necessary and sufficient conditions for
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robust feedback stability in Theorem 1 using the methods in [28],
[29], [30], [31], these conditions would revert to the standard
passivity and hence of limited relevance to the inverter applica-
tion considered in this work for the following reason. Since the
grid-connected inverter is user designed, the uncertainty in the
feedback system lies within the grid itself, which is known to be
passive. Robust stability against passive uncertain necessitates
the inverter to be strictly passive, which is infeasible in practice
as discussed in [17].

B. Implementation Guideline: Using Different Weight
Matrices Across Different Frequency Bands

The matrix R introduces an additional degree of freedom in
the definition of the passivity index. The selection of R can
be either frequency-dependent or constant, which gives rise to
different reshaping of the dynamics of the inverter and the grid.
When the matrix R is the identity matrix, the extended IFP
index, OFP index, and the corresponding stability conditions
are consistent with the conventional passivity theory. In [12]
and [16], it has been demonstrated that the inherent nondissi-
pative characteristic of grid-connected inverters mainly occurs
around ω = 0. At higher frequencies, conventional passivity
theory can effectively analyze grid–inverter interactions, assess
system stability, and guide control design. Therefore, it is suffi-
cient to find an appropriate weighting matrix R that can satisfy
the conditions in (8) in the low-frequency range of interest.

Assuming that in the low-frequency range [0, ωL), (4) does
not hold, while it holds in the high-frequency range [ωL,∞].
Then, [0, ωL) is the frequency range of interest, where ωL

generally does not exceed 2.0 p.u. [3]. In this case, the objec-
tive is to identify a suitable matrix R(ω) for ω ∈ [0, ωL). The
frequency range [0, ωL] can be further discretized into several
segments, for instance, [0, 0.5ωL] and (0.5ωL, ωL). Concerning
the selection of R, an numerical choice can be made using the
convex optimization toolbox (e.g., CVX) in MATLAB. Opt for
R(0.25ωL) and R(0.75ωL) such that (8) hold at ω = 0.25ωL

and ω = 0.75ωL. Subsequently, set R(ω) = R(0.25ωL) for
ω ∈ [0, 0.5ωL] and R(ω) = R(0.75ωL) for ω ∈ (0.5ωL, ωL)
and verify the satisfaction of condition in (8) for all ω ∈ [0, ωL).
If it is met, the process is complete. Otherwise, consider using
finer frequency segments, and repeat the same procedure. The
process has been summarized as a flow chart, as shown in
Fig. 8. However, it is important to note that the purpose of
this part is merely to provide a possible approach for finding
the weighting matrix, and it does not guarantee that a suitable
weighting matrix necessarily exists. Besides numerical methods,
analytical or trial-and-error approaches may also be used to
identify a potentially suitable weighting matrix.

IV. ROTATED PASSIVITY INDEX AND CORRESPONDING

SUFFICIENT STABILITY CONDITION

When applying passivity theory to grid-connected inverter
systems, it is typically desired that passivity theory provides
a means for dynamic specification and inverter control de-
sign guidelines. Therefore, rather than investigating whether a
weighting matrix exists for a specific grid-connected inverter

Fig. 8. Flow chart of using CVX tool to find suitable weighting matrix.

system that satisfies the stability conditions, it is of more interest
to propose a fixed weighting matrix and frequency band selection
that can serve as a specification guideline for inverter control
design as well as stability specification.

Thus, in this section, we aim to provide a fixed, simple selec-
tion for the weighting matrix R and the frequency band division
(the choice ofωL) between the extended passivity theory and the
conventional passivity theory. To avoid any confusion, it needs
to be repeated that in the subsequent context, the IFP index of
RHY refers to the extended IFP index of Y. Similarly, the OFP
index of ZgR

−H refers to the extended OFP index of Zg .

A. Selecting Rotation Matrix as Weighting Matrix

First, set

R =

[
cos

(
π
2

)
sin

(
π
2

)
− sin

(
π
2

)
cos

(
π
2

)] =

[
0 1
−1 0

]
(15)

which is a rotation matrix corresponding to the complex number
-j. When applied to a matrix, it swaps the diagonal elements with
the off-diagonal elements. According to (6) and (7), the inverter
admittance Y and the grid impedance Zg are weighted by the
left multiplication of matrix RHand the right multiplication of
R−H , respectively. The inverter admittance and grid impedance
matrix is given as

Y =

[
Y11 Y12

Y21 Y22

]
, Zg =

[
sLg −ω1Lg

ω1Lg sLg

]
. (16)

In this work, the extended passivity index obtained using a
rotation matrix as the weighting matrix is referred to as the
rotated passivity index. By substituting (15) and Y from (16)
into (6), the rotated IFP index of Y is obtained. Similarly, by
substituting (15) and Zg from (16) into (7), the rotated OFP
index of Zg is obtained. Specifically, inverter admittance after
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Fig. 9. Plot of the proposed extended OFP index of grid impedance under
different SCRs.

being weighted is given as

RHY =

[−Y21 −Y22

Y11 Y12

]
. (17)

Grid impedance Zg after being weighted is given as

ZgR
−H =

[
ω1Lg sLg

−sLg ω1Lg

]
. (18)

Since the Zg is a passive component, according to [32], it
is straightforward to transform its matrix form in (16) into a
complex vector form containing real and imaginary parts. In
(16), before the grid impedance is weighted, the term ω1Lg is in
the imaginary part and does not contribute any excess passivity.
However, after being weighted, ω1Lg moves to the real part,
as shown in (18). Define the short-circuit ratio (SCR) as the
reciprocal of the per-unit (p.u.) value of Lg . The OFP index
plot of ZgR

−H with different SCRs is given in Fig. 9. The
frequency on the horizontal axis is also in p.u., with the base
value ωb set to 50× 2π rad/s. Since the base frequency is the
same as the operating frequency of the grid, denoted as ω1, we
have ω1 = 1.0 p.u.

B. Frequency Band Separation Between Rotated Passivity
Index and Conventional Passivity Index

When discussing the frequency band division between the
rotated passivity index and the conventional passivity index, it
is necessary to consider the applicable frequency ranges of the
stability conditions corresponding to both the proposed rotated
passivity index and the conventional passivity index.

First, the applicable frequency range for the stability condi-
tions after selecting the rotated passivity index is discussed. The
extended OFP index ofZg after being weighted (or equivalently,
the OFP index of ZgR

−H ) is positive in [0, ω1) and becomes
negative when the frequency is higher than ω1. Furthermore, the
rotated IFP index of the inverter admittance is likely negative
across the entire frequency range (details will be presented in
the next two Sections). Consequently, the stability condition in
(8) cannot be satisfied at frequencies greater than ω1 if R is
configured as in (15). The applicable frequency range for the sta-
bility conditions corresponding to the rotated passivity index is
denoted as [0, ωL), whereωL ≤ ω1, as shown in Fig. 10(a). Next,
the applicable frequency range for the conventional passivity-
based stability condition is considered, denoted as [ωC ,∞], as
shown in Fig. 10(b). Generally, the choice of ωC is flexible.
However, to ensure that both stability conditions cover the

Fig. 10. Illustration of frequency band division. (a) Frequency range appli-
cable to the stability conditions corresponding to the rotated passivity index.
(b) Frequency range applicable to the stability conditions corresponding to the
conventional passivity index. (c) Combined stability conditions across the entire
frequency range.

entire frequency range, the relationship between the frequencies
should satisfy ωC ≤ ωL ≤ ω1, as illustrated in Fig. 10(c). It
should be emphasized again that this requirement applies when
dividing the frequency bands; once these three frequencies are
fixed, inverter control designs that meet this standard can then
be sought.

C. Rotated Passivity Index-Based Stability Condition

The stability condition shown in Fig. 10(c) can be summarized
as follows:

1) For frequencies in the range ω ∈ [0, ωL), the matrix R is
selected according to (15) to ensure that the passivity index
of the grid impedance and inverter admittance, weighted
by R, satisfies (8).

2) For frequencies in the range [ωC ,∞], R is chosen as
the identity matrix, representing conventional passivity
indices, with the condition thatωC ≤ ωL. If the conditions
in (5) are satisfied in this interval, the feedback system is
stable.

In the following sections, this sufficient condition for system
stability will be employed to analyze grid-inverter interactions
and guide inverter control design. It should be noted that in all the
numerical example presented later, ωc = ωL = ω1 = 1.0 p.u.

V. APPLICATIONS IN PLL-SYNCHRONIZED INVERTERS

A. Dissipative Characteristics Analysis of PLL-Synchronized
Inverters

In the case of a PLL-synchronized inverter, its input admit-
tance expression, excluding time delay, is given by

Ydd =
Ra

sL+Ra
Gad +

1

sL+Ra

s

s+ αf

Yqd =
Ra

sL+Ra

iq0
E0

αp

s+ αp

Ydq = − Ra

sL+Ra

Kv

s
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Fig. 11. Plots of the conventional IFP index of a PLL-synchronized inverter
with (a) different PLL bandwidths and (b) different AVC gains.

TABLE I
PARAMETERS OF CASE 1-CASE 4IN P.U

Yqq =
Ra

sL+Ra

(
Gaq

s

s+ αp
− id0
E0

αp

s+ αp

)

+
1

sL+Ra

(
s

s+ αf

s

s+ αp

)
. (19)

This admittance model encompasses CC, PLL, and AVC, with
RPC disabled. First, a case with CC loop and PLL is considered.
In this scenario, Ydq is 0, and the inverter’s nondissipative region
is primarily caused by the PLL. Fig. 11(a) shows the variation of
the passivity index of the inverter with different PLL bandwidths.
The remaining parameters are set as follows: the αc is 8 p.u.,
L is 0.08 p.u., P is 1.0 p.u., and Q is 0.1 p.u. When AVC is
activated, the integrator in the AVC will dominate in the low-
frequency range. The conventional IFP index plots of the inverter
admittance for different Kv values are shown in Fig. 11(b). It
can be observed that with an increase in PLL bandwidth and
voltage control gain, the negative frequency region of the index
widens.

B. Numerical Examples of Proposed Rotated Passivity Indices

Cases 1 and 2 are the numerical examples of PLL-synchro-
nized inverters, where the parameters are given in Table I. For
Case 1, the system exhibits low-frequency oscillations at the fre-
quency of 0.64 p.u., as shown in Fig. 12(a). In Fig. 12(b), the plot
of the conventional IFP index of Y is shown. In Fig. 12(c), the
plots of the extended IFP index of Y (repeated for clarification,
the IFP index of {RHY}) and the extended OFP index of Zg

(the OFP index of {ZgR
−H}) are given. Since the closed-loop

system is unstable, both the conventional passivity-based and
the extended passivity-based stability conditions are not met.

For Case 2, the q-axis active damping (AD) method proposed
in [33] is employed, with the gain αaq adjusted to match the
bandwidth of the PLL. However, the conventional IFP index plot

Fig. 12. Numerical example of Case 1. (a) Pole map of the closed-loop system.
(b) Conventional IFP index of Y. (c) Proposed rotated passivity index plots, IFP
index of RHY(solid), OFP index of ZgR

−H (dashed-dotted), and IFP index
of RHY+OFP index of ZgR

−H (dashed). (d) Zooming.

Fig. 13. Numerical example of Case 2. (a) Pole map of the closed-loop system.
(b) Conventional IFP index of Y. (c) Proposed rotated passivity index plots, IFP
index of RHY(solid), OFP index of ZgR

−H (dashed-dotted), and IFP index
of RHY+OFP index of ZgR

−H (dashed). (d) Zooming.

of Y, as shown in Fig. 13(b), presents limited insights. It is only
confirmed that the condition in (4) is satisfied whenω ≥ 0.5 p.u.
Forω ∈ [0, 0.5]p.u., negative IFP index values are yielded. Since
the conventional passivity-based stability condition is not upheld
across all frequencies, comprehensive stability specifications for
the system cannot be provided in Fig. 13(b). In Fig. 13(c), the
plots of the extended IFP index of Y and the extended OFP
index ofZg are given. The condition in (8) holds whenω ∈ [0, 1]
p.u. The condition for the system stability based on the rotated
passivity index proposed in Section IV is met, indicating system
stability. The system root plot in Fig. 13(a) further confirms this
conclusion.

VI. APPLICATIONS IN PC-SYNCHRONIZED INVERTERS

The article takes the PSC control with inner loops of vector
current and vector voltage control as an example. The parameter
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Fig. 14. Plots of the conventional IFP index of a PC-synchronized inverter
with (a) different PC gains, (b) different d-q AVC gains, (c) different d-d and
q-q AVC integral gains, (d) different d-d and q-q AVC proportional gains,
(e) different LPF bandwidths in the active PC, and (f) different Q–V droop
gains (Kq).

design follows the guidelines in [20], with the current controller
being a proportional controller with a gain of Ra. The voltage
control employs a proportional-integral controller, and to ensure
an adequate stability margin, the integral gain is usually set
relatively small [20].

Fig. 14 illustrates the relationship between the conventional
IFP index of Y and different control parameters. The impact
of the proportional gain of PC, the asymmetric d-q damping
used in [34], the integral gain in the vector voltage control, the
proportional gain in the vector voltage control, the bandwidth of
the low pass filter in PC, and the RPC gain Kq (Q–V droop gain)
on the conventional IFP index plots are shown in Fig. 14(a)–(f),
respectively. Generally, reducing the gain of the active power
controller, narrowing the bandwidth of the low-pass filter in the
active PC, lowering the voltage control gain, or increasing the
Q–V droop control gain can enhance the passivity degree of
the inverter. However, the nondissipative characteristic of the
inverter at low frequencies remains unchanged. The analysis
of PC-synchronized inverters at low frequencies based on tra-
ditional passivity theory has been discussed in detail in [12].
Hence, this article will not elaborate further on this topic.

Two numerical examples of PC-synchronized inverters are
given here, which are denoted as Case 3, and Case 4. The
parameters are given in Table I. Case 3 presents an unstable
example, as shown in Fig. 15(a). The conventional passivity
index plot and proposed passivity index without considering
αa are given in Fig. 15(b) and (c), respectively. Due to the
instability of the closed-loop system, it is easily discernible from

Fig. 15. Numerical example of Case 3. (a) Pole map of the closed-loop system.
(b) Conventional IFP index of Y. (c) Proposed rotated passivity index plots, IFP
index of RHY(solid), OFP index of ZgR

−H (dashed-dotted), and IFP index
of RHY+OFP index of ZgR

−H (dashed). (d) Zooming.

Fig. 16. Numerical example of Case 4. (a) Pole map of the closed-loop system.
(b) Conventional IFP index of Y. (c) Proposed rotated passivity index plots, IFP
index of RHY(solid), OFP index of ZgR

−H (dashed-dotted), and IFP index
of RHY+OFP index of ZgR

−H (dashed). (d) Zooming.

the plot of the passivity index that the system does not satisfy
the stability conditions. Although the method proposed cannot
directly predict instability, the stability assessment approach
presented in Section IV-C provides valuable insights for system
diagnostics and inverter adjustment when the stability conditions
are not met. From the passivity index plots in Fig. 15(b) and (c),
it is evident that the oscillation frequency fall within the range,
where the stability conditions in Section IV-C are not satisfied.
Therefore, the proposed method can also serve as an indicator
of risky frequency band.

Case 4 is a stable example, the d-q integral-based control
is considered here. This inclusion causes the conventional IFP
index of Y to become negative infinity at ω = 0, as shown
in Fig. 16(b). Similar to the cases of the PLL-synchronized
inverters, the conventional passivity-based stability condition in
(4) cannot hold for ω below 0.6 p.u. However, with the proposed
rotated passivity index, as shown in Fig. 16(c), (8) holds for
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Fig. 17. (a) Extended OFP index of different types of grid impedance.
(b) Zooming. (c) Zooming. (d) Zooming.

ω ∈ [0, 1) p.u. By selecting ωL as 1.0 p.u., the condition for the
system stability based on the rotated passivity index proposed in
Section IV is met, indicating system stability. The system root
plot in Fig. 16(a) further confirms this conclusion.

VII. DISCUSSION

This section provides a detailed discussion of the proposed
method, focusing on three main aspects. First, it addresses the
sources and impacts of uncertainty in the system and how the
proposed method can be applied for robust inverter control
design. Second, a comparison is made with other multivariable
theories, primarily from the perspectives of complexity and con-
servativeness. Third, the compatibility of the proposed method
with SISO systems and its limitations are discussed.

A. Sources and Impacts of Uncertainty in the System

In this work, the inverter model (including the control struc-
tures and parameters) is user-defined and adjustable, but the
grid impedance is variable due to the inherent complexity of
the power grid [1]. For the system of interest, the source of
uncertainty comes from the grid impedance, particularly its type
and the value of grid inductance, i.e., SCR [35]. In this study,
it is assumed that the low-frequency grid impedance is purely
inductive. However, in practice, grid impedance may be RL,
RC, or RLC. In Fig. 17, when Lg = 0.2 p.u. (corresponding to
SCR = 5 in Fig. 9), the rotated OFP index for different types of
grid impedance is plotted, where R = 0.05 p.u. and C = 0.04
p.u., with the values of R and C based on the practical setup
referenced in [20]. From the zoomed-in views of Fig. 17(b)–(d),
it can be observed that at low frequencies, the impact of resis-
tance and capacitance on the rotated passivity index is minimal,
with a difference of only around 0.3 in the maximum values
and a narrow applicable frequency range difference of merely
0.03 p.u. Therefore, the uncertainty in the type of grid impedance
does not significantly affect the proposed method, as long as it
remains inductance-dominated.

On the other hand, the magnitude of the grid inductance
uncertainty (SCR) has a significant impact, as demonstrated in

Fig. 10. The rotated OFP index of the grid impedance varies
greatly under different SCRs. As indicated by (8), the excessive
OFP index value of the grid impedance at low frequencies is
a critical reference for adjusting the inverter design. When the
SCR is known, directly applying the condition in (8) is straight-
forward. However, when the information of grid impedance
is unknown, ensuring that the inverter design remains robust
against variations in SCR is a common challenge [35].

Here, we propose a simple yet effective robust design ap-
proach against SCR uncertainties. When applying a rotation
matrix to weight the grid impedance, as shown in Fig. 9, it is
observed that as SCR increases, the surplus passivity provided
by the grid impedance at low frequencies also increases. In
practical systems, SCR = 1.1 is almost the lowest SCR that
might be encountered [1]. Therefore, when designing the in-
verter, replacing the actual Lg in (8) with 0.9 p.u. (SCR = 1.1)
will yield a design that is robust to SCR variations. As long
as the actual SCR exceeds 1.1, the closed-loop system remains
stable.

B. Comparison With Other Multivariable Techniques

As shown in Fig. 10, the contribution of this work is to propose
a new passivity-based stability condition for the low-frequency
range, building upon the conventional passivity-based stability
criterion. This results in a stability condition that spans the
entire frequency range, applicable to grid-connected inverter
systems. Based on other multivariable control theories, such as
small-gain [36] and small-phase [37] theories, low-frequency
stability conditions also exist as a complement to Fig. 10(b). In
the following, these approaches are compared and discussed in
terms of complexity and conservativeness.

1) Complexity: Small-phase theory shows promise but re-
mains relatively unfamiliar to the power electronics field [38].
It has a high theoretical threshold and cannot be directly ap-
plied to low-frequency grid-connected inverter systems because
inverters do not satisfy the sectoriality condition [36], [37].
Extending small-phase theory to this context would require
further research, as mentioned in [37]. As for small-gain the-
ory, while it can be directly applied to grid-connected inverter
systems, it is also known to be quite conservative [39], [40],
especially when there exits a pole close to or at the origin in the
inverter. Similar to this work, appropriate weighting functions
need to be selected to achieve the specified control objec-
tives [36]. Structured-singular-value theory is a powerful tool
for multivariable control, particularly in addressing robustness
in systems with uncertainties. However, it is a generalization
of the small-gain theory that suffers from the same drawback
in that it is only applicable to open-loop exponentially stable
systems and is inapplicable to marginally stable systems with
poles on the imaginary axis. Moreover, it introduces additional
complexity.

The stability condition proposed in Fig. 10(a) remains within
the passivity theory framework and is similar in application
to the conventional passivity-based method, making it acces-
sible to those already familiar with passivity theory. Moreover,
the approach presented in Section IV employs fixed constant
weighting matrices and frequency ranges, eliminating the need
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for case-by-case selection of weighting matrices or frequency
band divisions. This further enhances its practicality for real-
world applications.

2) Conservativeness: When using low-frequency stability
conditions based on other theories as a complement to Fig. 10(b),
the applicable frequency range becomes a crucial metric. Only
when the new stability condition covers a wider frequency range
can it be possible to combined with traditional passivity-based
stability conditions to derive a stability condition that spans the
entire frequency range, as illustrated in Fig. 10(c). If the new
stability condition applies to only a narrow frequency range,
condition (5) must hold over a broader frequency range. Since
small-phase theory still needs further development in the field
of power electronics for low frequency region, the comparison
is primarily focus on small-gain theory in [36] and the method
proposed in this work.

As demonstrated in the examples from the previous sec-
tions, the maximum frequency range applicable to the proposed
method is [0, 1] p.u., which is sufficient for condition (5) to
overlap and cover the entire frequency range. However, accord-
ing to [36], the applicability of the stability condition based
on small-gain theory is case-specific, typically around or below
0.5 p.u. When PC-synchronized inverters are present in the
system, the upper frequency limit is further reduced. This implies
that condition (5) needs to be satisfied at even lower frequencies,
which may result in more conservative design.

It should be noted that decentralized stability conditions
capable of covering the entire frequency range can also be
obtained in [36], [37]. However, within the framework of
the problem addressed here, any method outside of passiv-
ity theory would require the simultaneous use of two differ-
ent theories for stability assessment or inverter design guid-
ance, significantly increasing practical complexity. In con-
trast, the proposed method is notably simple, striking a bal-
ance between theoretical complexity, practical ease of use, and
effectiveness.

C. Compatibility With SISO Systems and Limitations

Although all the methods and conclusions in this work are
based on MIMO systems, they are still applicable to SISO
systems, as a SISO system can be considered a simplified
version of a MIMO system. When the system is a SISO transfer
function, the passivity index reduces to the real part of the
transfer function. It is noteworthy that a fundamental limitation
of the proposed theory based on passivity is its inability to handle
systems with repeated poles on the imaginary axis. This issue is
also present in standard passivity theory [41] and carries over to
the extension considered in this article.

VIII. EXPERIMENTAL RESULTS

Experimental tests are conducted for both PLL-synchronized
and PC-synchronized inverters. The experimental platform is
shown in Fig. 18, and the system and controller parameters are
listed in Table II.

Fig. 19(a) presents a stable design for a PLL-synchronized
inverter under weak grid conditions. The plots for both the

Fig. 18. Experimental platform.

TABLE II
PARAMETERS OF THE EXPERIMENTAL PLATFORM AND THE CONTROLLERS

Fig. 19. Stable operation of the PLL-synchronized inverter. (a) Experimental
waveform. (b) Conventional IFP index plot of Y. (c) Proposed rotated passivity
index plots, IFP index of RHY(solid), OFP index of ZgR

−H (dashed-dotted),
and IFP index of RHY+OFP index of ZgR

−H (dashed).

conventional passivity index and the extended passivity index are
shown in Fig. 19(b) and (c), respectively. While Fig. 19(b) alone
does not provide sufficient information on the system stability,
it is evident from Fig. 19(c) that the system satisfies the stability
conditions based on the extended passivity index, confirming
the system stability.
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Fig. 20. Unstable operation of the PLL-synchronized inverter with Gad =
5.5 p.u. and Gaq = 1 p.u. (a) Experimental waveform. (b) Conventional
IFP index plot of Y. (c) Proposed rotated passivity index plots, IFP index
of RHY(solid), OFP index of ZgR

−H (dashed-dotted), and IFP index of
RHY+OFP index of ZgR

−H (dashed).

Fig. 21. Unstable operation of the PLL-synchronized inverter with Gad =
7.0 p.u. and Gaq = 10 p.u. (a) Experimental waveform. (b) Conventional
IFP index plot of Y. (c) Proposed rotated passivity index plots, IFP index
of RHY(solid), OFP index of ZgR

−H (dashed-dotted), and IFP index of
RHY+OFP index of ZgR

−H (dashed).

In Fig. 20, increasing the gain of the d-axis AD, Gad, leads to
low-frequency oscillations, a phenomenon previously reported
in [17]. It is clear from Fig. 20(c) that the system fails to satisfy
the passivity-based stability conditions, indicating this design
is inappropriate compared to the stable design in Fig. 19(c). In
Fig. 21, further increasing the AD gain results in even lower-
frequency oscillations. However, when comparing Figs. 19(b)–
21(b), which show the conventional IFP index of the inverter

Fig. 22. From stable operation to unstable operation for the PC-synchronized
inverter. (a) Experimental waveform. (b) Conventional IFP index plot of Y of
the stable operation. (c) IFP index of RHY+OFP index of ZgR

−H .

admittance, it is observed that the nondissipative region in the
unstable cases of Figs. 20 and 21 is actually narrower than in
the stable case. This validates the limitation of the conventional
passivity theory in predicting low-frequency stability, as shown
again in Fig. 10(b), and also falsifies the common practical rec-
ommendation that a narrower nondissipative region correlates
with better stability robustness (as discussed in detail in [17]).

It is important to note that the stability conditions proposed
in this work are only sufficient conditions for system stability.
Thus, our goal is to design the system to meet the condi-
tions shown in Fig. 10(c), ensuring system stability. When the
conditions in Fig. 10(c) are not satisfied, the system may be
either stable or unstable. Even in this case, checking the rotated
passivity index remains valuable because the rotated passivity
index plot of the grid impedance provides a clear reference for
tuning the inverter index. The index plot clearly indicates which
frequency ranges are at risk, allowing targeted adjustments for
the inverters.

Fig. 22(a) shows the experimental results of the PC-
synchronized inverter under weak grid conditions, showing the
system from stability to instability. In Fig. 22(b), the conven-
tional passivity index plot is presented. The system incorporates
the asymmetric AD proposed in [34], specifically designed for a
strong grid. When the gain of AD is set to 1.0 p.u., by selecting
ωL as 0.9 p.u., it can be observed that the conventional IFP
index of Y is larger than 0 when ω ≥ ωL in Fig. 22(b). On the
other hand, as shown in Fig. 22(c), IFP index of RHY+OFP
index of ZgR

−H is larger than 0 when ω ≤ ωL. Hence, the
extended passivity theory-based stability condition is met, and
the system is stable. However, as the gain (Kv) is gradually
increased, it is observed that the system starts exhibiting negative
regions around 1.0 p.u., indicating that excessive gain may lead
to instability in this frequency range, as shown in Fig. 23.
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Fig. 23. (a) Conventional IFP index plot of Y of the unstable operation in
Fig. 22. (b) Proposed rotated passivity index plots of the unstable operation in
Fig. 22, IFP index of RHY(solid), OFP index of ZgR

−H (dashed-dotted), and
IFP index of RHY+OFP index of ZgR

−H (dashed).

Continuing to increase Kv results in system instability around
1.0 p.u., as shown in Fig. 22(a).

IX. CONCLUSION

An extended frequency domain passivity theory is developed
in this article, to address the limitations of conventional passivity
theory in providing stability and control design specifications for
grid-connected inverter systems, particularly at low frequencies.
Based on this extended theory, a new passivity index is derived.
Numerical and experimental results validate the effectiveness
of the new passivity index. Future directions could involve
exploring design-oriented studies on the dynamic characteristics
of inverters, including dc-side dynamics, within the framework
of the rotated passivity index. This might also include investi-
gating appropriate selections for the weighting matrix R under
diverse grid conditions and various inverter control structures.
Alternatively, it could entail examining the integration of novel
control theories recently developed in [42], [43], [44], [45] with
passivity theory in grid-connected inverter systems.

APPENDIX

First, consider the case where Y is exponentially stable.
According to the definitions in (6) and (7), the extended OFP
index of Zg and extended IFP index of Y are obtained as

νR [Y(s), ω]
Δ
=

1

2
min λ

[
RH (ω)Y (jω) +YH (jω)R (ω)

]
(20)

ρR [Zg(s), ω]
Δ
=

1

2
min λ

[
RH (ω)Z−1

g (jω) + Z−H
g (jω)R (ω)

]
.

(21)

For negative feedback interconnected system [Y, Zg], the
stability condition is that det[I + Zg(s)Y(s)] has no zeros
in the right-half plane (RHP). Since Y and Zg are stable,
det[I + Zg(s)Y(s)] does not have poles in the RHP. According
to the Nyquist criterion for MIMO systems in [46], system sta-
bility is equivalent to the Nyquist plot ofdet[I + Zg(s)Y(s)] not
encircling the origin. According to [46], one sufficient condition
for the Nyquist plot of det[I + Zg(s)Y(s)] not encircling the
origin is that

det(I + τY(jω)Zg(jω)) �= 0, ∀ω ≥ 0, ∀τ ∈ [0, 1]. (22)

According to [47, Corollary 1], by taking

Θ =

[
−ρR [Zg(s), ω] I R(ω)H

R(ω) 0

]

∇H = Zg(jω)

MH = −Y(jω) (23)

then (
I M

)
Θ

(
I
MH

)
(24)

equals to

−RH (ω)Y (jω)−YH (jω)R (ω)− ρR [Zg(s), ω] I. (25)

Since−RH(ω)Y(jω)−YH(jω)R(ω) ≤ −νR[Y(s), ω]I and
νR[Y(s), ω] + ρR[Zg(s), ω] > 0, it is easy to get (24) is nega-
tive definite. Similarly

(∇ I
)
Θ

(∇H

I

)
(26)

equals to

R (ω)Zg (jω) + ZH
g (jω)RH (ω)

− ρR [Zg(s), ω]Z
H
g (jω)Zg (jω) . (27)

According to (21), (26) is positive semidefinite. Since the
conditions of [47, Eqs. (6) and (7)] hold, it is obtained that
det(I +Y(jω)Zg(jω)) �= 0. Since ρR[Zg(s), ω] ≥ 0, (24) < 0
implies that

−R(ω)H [τY(jω)]− [τY(jω)]HR(ω)

− ρR [Zg(s), ω] I < 0, ∀τ ∈ [0, 1]
(28)

which means det(I + τY(jω)Zg(jω)) �= 0, ∀ω ≥ 0, ∀τ ∈
[0, 1], then it can be ensured that the Nyquist plot of
det[I + Zg(s)Y(s)] does not encircle the origin.

Next, suppose Y is marginally stable and jω0 is a pole of Y.
Note that the properties of Zg and (9) ensure that

R(ω0)Zg(jω0) + Zg(jω0)
HR(ω0)

H > 0. (29)

Together, (10) and (29) guarantee that (I + ZgY)−1 does not
have a pole at jω0 and the Nyquist plot of det[I + Zg(s)Y(s)]
along a small semi-circular indentation around jω0 into the
RHP cannot intersect with (−∞, 0] and hence no encirclement
of the origin can happen. For details, see the proof of the main
result in [44].
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