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The existing distributed resource allocation (DRA) algorithms for multi-agent networks can rarely
be implemented for multiple interacting groups of agents with conflicts of interest. The directed
interaction, together with the hard balance constraint that follows from maintaining supply-demand
balance during the execution process, make the DRA more challenging. To address this problem, the
paper studies DRA over multiple interacting groups from a game-theoretic perspective, introducing
the resource allocation game (RAG). A novel out-Laplacian matrix based methodology is developed for
distributed Nash equilibrium (NE) computation. Following this methodology, distributed algorithms
are designed using leader-follower tracking protocols to estimate partial derivatives of individual
objective functions for the RAG. A reduced-order distributed algorithm is further developed for the
RAG by integrating a gradient-tracking mechanism for estimating partial derivatives of group-level
objective functions. It is shown that agent states converge to the NE of the games linearly while
satisfying the balance constraint during the whole execution process under the proposed algorithms.
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The effectiveness of the proposed algorithms is illustrated through numerical examples.
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1. Introduction

The current trend in resource allocation over multi-agent
networks demands the design of decision-making using only
local information. The problem is usually referred to as dis-
tributed resource allocation (DRA), with the standard form of
optimizing a group-level objective under coupled equality con-
straints and partial information setting (Xiao & Boyd, 2006). Many
distributed optimization algorithms, such as the initialization-
free (Yi, Hong, & Liu, 2016), stochastic approximation (Vi, Lei, &
Hong, 2018), Newton-like (Anderson & Martinez, 2021), linear-
quadratic saddle-point (Simpson-Porco, Poolla, Monshizadeh, &
Dorfler, 2020), and distributed multi-proximal primal-dual (Wei,
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Shang, Fang, Zeng, Dou et al., 2022) algorithms, have been de-
veloped for the standard DRA problem. For a recent overview,
see Yang et al. (2019).

In some situations, such as economic dispatch in energy sys-
tems, it is preferable to meet hard balance constraints, to maintain
supply-demand balances during the process of finding the opti-
mal solution in an online implementation. Most existing works
consider the balance demand only at the settlement of the DRA
algorithm, i.e., soft balance constraints; DRA under hard balance
constraints is investigated in Chen and Li (2018) and Zhou, Lv,
Wen, and Wen (2022) for undirected and directed multi-agent
networks, respectively.

The aforementioned literature primarily focuses on DRA
within a single group of cooperative agents. However, in many
practical scenarios, the benefit received by each group depends
not only on its internal resource allocation but also on external
market factors, such as the total supply of similar services offered
by other groups. Although resources are allocated internally, the
overall group-level performance is coupled through such shared
environments, introducing conflicts of interest among groups and
rendering single-group DRA approaches inadequate. Such scenar-
ios can be captured by the multi-group resource allocation game
(RAG) formulation, which reflects both intra-group cooperation
and inter-group competition. Specifically, each group of agents

0005-1098/© 2025 Elsevier Ltd. All rights are reserved, including those for text and data mining, Al training, and similar technologies.
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seeks to allocate a shared group-level resource to maximize its
overall utility, while accounting for the fact that its benefit may be
directly influenced by the resource allocation strategies of other
groups. This coupling across groups transforms the DRA problem
into a game-theoretic setting and requires new algorithmic tools.
A natural solution concept in this context is the Nash equilibrium
(NE). Recent progress has been reported on distributed NE com-
putation in multi-group games (Lou, Hong, Xie, Shi, & Johansson,
2016; Meng & Li, 2023; Nian, Niu, & Yang, 2022; Pang & Hu, 2022;
Zeng, Chen, Liang, & Hong, 2019; Zhou, Lv, Wen, Lii, & Zheng,
2023), where the agents within each group are either not subject
to any coupled constraints, or subject to a special kind of coupled
constraint that requires the individual agent states to be equal.
Few attempts have been made to address multi-group games sub-
ject to resource allocation constraints, as noted in Deng and Liu
(2023) and Zhou, Wen, Lv, Yang, and Chen (2024). The algorithms
proposed in these works require that the Laplacian matrices of
the group-level subgraphs have a left eigenvector of 1 associated
with zero eigenvalue, making them inapplicable to general di-
rected graphs. Designing distributed NE computation algorithms
for RAG with unbalanced directed topologies presents significant
challenges. The hard balance constraint further complicates this
task.

Motivated by the observations above, this paper studies the
RAG subject to the hard balance constraint over directed network
topologies. To meet the hard balance constraint, a novel out-
Laplacian matrix based strategy for distributed NE computation is
proposed, where the out-Laplacian matrix acts as a singular linear
transformation to build the relation between the agent state and
a virtual variable, making it possible to design the virtual variable
iterations to achieve successful NE computation also under gen-
eral directed network topologies. Based on this strategy, two DRA
algorithms are designed with different mechanisms of estimating
the required partial derivatives of objective functions. First, a
DRA algorithm is proposed by employing the leader-follower
tracking method for the estimation of individual agents states as
well as partial derivatives of individual objective functions. To
reduce the computational complexity, a new kind of reduced-
order DRA algorithm is then designed, where a gradient-tracking
law is integrated in the estimation of the partial derivatives of
the group-level objective functions rather than the individual
objective functions.

The main contributions of the paper are summarized as fol-
lows. (i) A new out-Laplacian matrix based distributed NE com-
putation design framework is developed for the RAG, which suc-
cessfully overcomes the difficulties caused by the hard balance
constraint and directed network topologies. One distinct fea-
ture of the proposed approach as compared to primal-dual ap-
proaches is that supply-demand balance can be maintained at
every iteration, so as to facilitate feasible online implementation.
(ii) Two novel types of DRA algorithms are developed using
the out-Laplacian framework. One is designed by integrating a
leader-follower consensus tracking mechanism, which is conve-
nient for convergence analysis ; while the other is developed
by integrating a gradient-tracking mechanism, which reduces the
computational complexity. (iii) Linear convergence of the collec-
tive state to the exact NE of the RAG is established under the
proposed DRA algorithms, requiring the development of novel
analysis techniques.

The remainder of the paper is organized as follows. Section 2
provides the problem statement. In Section 3, a novel DRA algo-
rithm is developed and the convergence analysis is presented. A
reduced-order DRA algorithm is further designed and analyzed
in Section 4. Section 5 shows numerical simulation results, and
Section 6 concludes the paper.

Notations and Definitions. Symbols R, N, and N*, respectively,
denote the sets of real numbers, natural numbers, and positive
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integers. The set of n-dimensional real column vectors is denoted
by R". I, is the n-dimensional identity matrix. 1,(0,) denotes the
n-dimensional column vector with all the entries being 1(0). Sym-
bols ® and || - || denote the Kronecker product and the Euclidean
norm, respectively. (-); denotes the ith element of a vector or
the ith row of a matrix. The expression col(a, ..., a,) denotes
a column vector that is formed by vertically stacking the given
column vectors ay, ..., a, together. For matrices A1, A,, ..., A,
of arbitrary dimensions, diag{A1, Az, ..., Ay} denotes the diago-
nal block matrix with Ay, A,, ..., A, being the diagonal blocks.
For a symmetric matrix A, A,(A) denotes the second smallest
eigenvalue.

2. Problem statement

A RAG among N € NT groups of agents under general directed
network topologies is considered. Denote the set of group indices
by Z = {1, ..., N}. Denote the set of agents in group i € Z by
V; = {il,i2...,in;}, where il represents the agent [ in group i
and n; = |V|. Define the overall set of the game participants
V = Uiz Vir and their number ngm = |V

2.1. Communication topology and associated matrices

The communication topology among the ng,, agents is de-
scribed by a directed graph G(V, £) with the node (agent) set Vv
and the edge (communication link) set £ C V x V. A pair (ij, Im) €
£ is an edge of g if agent Im can receive information from agent
ij. If (ij, Im) € &, then agent ij is called an in-neighbor of agent Im,
and agent Im is called an out-neighbor of agent ij. For each agent
ij € V, define the in-neighbor set Ny = {pql(pq, ij) € £}, the in-
degree d;j = |Njl, the out-neighbor set N; = {pq|(ij, pq) € &}, and
the out-degree dg = |Nl§’|. A directed path from agent ij; to agent
ijj; is a sequence of edges (imjm, imt1jmy1) € E,m=1,...,1— 1.
A graph is called strongly connected if there exist directed paths
from every node to every other node.

The communication graph among the agents inside group i€Z,
denoted G;(V;, &), can be derived from graph G(V, £). Obviously,
& = {(ij, i)|(ij, il)e&}. For each agent ijeV, define the intra-group
in-neighbor set /\/Z = {im|(im, ij) € &}, the intra-group in-degree
dj; = ||, the intra-group out-neighbor set Ni® = {im|(ij, im) € &}
and the intra-group out-degree di = |N}?|.

Assumption 1. The graph G and all the induced subgraphs
G1, ..., Gy are strongly connected.

In the following, several ng,-dimensional square matrices
associated with graph G are introduced. The superscript and
subscript in the entries of these matrices (-)gq, denote that the
element is on the (Y_j_" m+j)th row and the (3"0_] n+q)th
column.

o A = [} Ingumxnsum is the adjacency matrix of g with ag =0,

and a;' = 1if (pq, ij) € € and 0 otherwise.

e W = [ ]numxnum is the weighted adjacency matrix of
g with wj = 0, wi' > 0if (pg, ij) € £ and 0 otherwise.
Moreover, the entries satisfy ) .., wh'+ maxpep{wf} <
1, Vij € V. For example, the entries can be set as wf}q =

aj!/(dyj + hyj), where hjj > max,qey{af’} is a constant.

Similarly, several n;-dimensional square matrices associated
with graph G; Vi € T are defined. The superscript and subscript in
the entries of these matrices (~)§jl., denote that the element is on
the jth row and the Ith column.
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° A = [a::j’.]nixni is the adjacency matrix of G; with the entries
defined consistent with those in .A. Obviously, A4, ..., Ay
are the diagonal blocks of A.

o L0 = [l”]n «n; is the out- Laplac1an matrix of G;, defined as
13 = Z;’ @ and W= , j # L Obviously, £ =

— A, where Dy = dlag{d;‘{, .. d:ﬁl}
R = [rfjlnxn; is the weighted adjacency matrix of G; with
" =0, 1) > 0if (i, ij) € & and 0 otherwise. Moreover,
the entries satisfy >, ri+ max,,evl{rg} < 1, Vij € V. For
example, the entries can be set as r :jl (dfj + h;:j), where
h’ > MaXiey; {a .} is a constant.

[cu]nlxn, is a column stochastic adjacency martrix

associated with G;, with c > 0ifij e NP U {il} and

0 otherwise. For example the entries can be set as c!! =

ij
ij/(l +d9),Vj # 1, and cll = 1/(1 +d3).

oCi=

2.2. RAG

Each agent ij has a certain amount of local resources, denoted
R; € R. In each group i, the members collaborate to make the best
decision on the re-allocation of the group resources, represented
by R; = Zl jev, Ri» for the maximization of group-level benefit,
i.e., the sum of individual benefits of the group members.

Define x;; € R the state of agent ij, representing the decision
on the quantity of resources re-allocated to agent ij. Denote the
state of group i by &; = col(x;1, X2, . . ., Xip;) € R™, and define ¥ =
col(xq,...,Xy) € R™m and x_; = col(Xq, ..., X1, Xit1, ..., XN ).
Denote the objective function of group i by f;, and the private
individual objective function of agent ij by fj.

In a complex competitive environment, the benefit of each
group may be influenced by the states of agents not only in-
side but also outside the group. The conflicts of interest among
the groups make the resource allocation problem a multi-group
game. In this paper, the following form of RAG is studied.

mlnf, mm Zf,,(x) VieZ,
X ileV;
(1)
Z Xijj = Rj.
eV

Example 1. Consider an internet-based company operating mul-
tiple business lines (e.g., cloud storage, video streaming, search
services), each of which requires computing power to deliver
its services. The company aims to allocate its limited computing
resources among these business lines to maximize overall rev-
enue. The service capacity of each business line depends on the
amount of computing power it receives. Meanwhile, the market
price or revenue per unit of service is influenced by the total
supply of similar services across all companies. As a result, the
revenue of each business line is affected not only by the internal
resource allocation within its own company, but also by the
resource decisions made by competing business lines from other
companies. This scenario corresponds to the RAG model in (1),
where each company is modeled as a group, its business lines
as agents, and the group-level objective is coupled with those
of other groups through the shared market environment. For a
detailed numerical illustration of this example, please refer to the
simulation case in Section 5.

Define £2; = {x; € R”i|1£ix,- =R}and 2 = ]_[fV:] £2;. Then, the
definition of the NE of RAG can be given as follows.
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Definition 1. A vector x* = col(x], ...,
(1) if Vx; € £2;,Vi e T:
fi(col(xy, ... XF | X5 &0 .., &)
<fi (col(X], ..., &1, %, X\, ... XY))
Define the pseudo gradient P : R"sum — R"um 3g

k) ) 0
P() = co ( Ay, fz(),...,f”m).

3X1 8X2 axN

X)) € 2 is an NE of RAG

Assumption 2. For each agent ij € V in RAG (1), the objective
function fj is convex and continuously differentiable in x; for each

Xx_; € R™um~"_Moreover, -2 d )1s Lipschitz with the constant [;;.

Assumption 3. There exists a positive constant w such that
(a1—ay)"(P(a;)—P(ay))> a1 —az ||, Vay, a; € 2.

The above two assumptions ensure the existence and unique-
ness of the Nash equilibrium (NE) of the considered RAG problem.
They are aligned with the assumptions used in studies of multi-
group networked games (Meng & Li, 2023; Pang & Hu, 2022),
and are also consistent with the assumptions in other classes of
networked games (Huang, Lei, & Hong, 2023). It is worth noting
that Assumption 3 in this work slightly relaxes the standard con-
dition by requiring the pseudo-gradient mapping P to be strongly
monotone only over the feasible set £2 (defined by resource con-
straints), rather than over the full decision space as is commonly
assumed in the existing literature. In addition, Assumption 2
directly implies that each group-level gradient 7 i ( ) is [;-Lipschitz

continuous, where I; = Z]";l li.

Lemma 1. Suppose Assumptions 1 and 2 hold. A vector X* € 2 is
the NE of the RAG if and only if x* € $2 satisfies E?Tg—fi(x*) =0,
Viel

The proof of this lemma is given in Appendix A.
2.3. Design objective and constraint

We first introduce the following definition of hard balance
constraint.

Definition 2. Hard balance constraint refers to the requirement
of maintaining balance for all iterations k in the computation
process, i.e., Zijev,- xij(k) = Ri, Vk € N.

The model with the equality constraint is of practical sig-
nificance, particularly for scenarios requiring complete resource
utilization or precise supply-demand balance in distributed eco-
nomic dispatch problems. For online implementation in dis-
tributed economic dispatch problems, it is often desired to meet
the supply-demand balance at every iteration, thus necessitating
the hard balance constraint.

In this paper, we investigate the RAG problem within a partial
information setting. Here, each agent ij has access to only two
types of information: its own private information — including its
individual objective function f; and state x; — and the information
received from its direct neighbors via communication links. Note
that each agent ij does not have full knowledge of the group-
level objective f; or the group state x;. This setting reflects a
distributed decision-making framework, where each agent deter-
mines its own resource usage based solely on local information
and neighbor interactions, without a global view.

The objective of this paper is to develop DRA algorithms to
drive the agent states to converge to the NE of the RAG under
the partial information setting, while meeting the hard balance
constraint.
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3. DRA algorithm for RAG

In this section, a novel distributed algorithm is designed for
NE computation in the RAG. Linear convergence is established.

3.1. Algorithm design
To compute the NE of the RAG under the partial information

setting and the hard balance constraint, a new out-Laplacian ma-
trix based DRA algorithm is developed. In Algorithm 1, each agent

ij updates state x;;, auxiliary scalar variables z, s,}‘, ces S "W and

auxiliary n;-dimensional column vector variables 17,] s n:]"’ De-
I S

fine vectors s; = col(s}f si) € R and sy = col(s}!, ..., s;™)

)
€ R™um for notatlonal brev1ty The iteration of the local varlahles
of agent ij is based on one-hop information from its neighbors
and the local information:

Xii(k+1) = xU-(O)—d§19zij(l<+1)+ Z Zim(k+1), (2a)
imeN-i.

zij(l<+1):zl] + o Z Z("U

zmeN"’ ileV;
(nu)m(k ) (2b)

im ll
E T Mim(k

1meN‘

+r:j ﬁ " (s(k).

n(k-+1) = ik

Vil e v, (2¢)

sy (k+1) = wysi(k

Im pq
i u E Wy Sim(K)

ImeN;;

+ whixpg(k),  Vpg e, (2d)

where (”u) denotes the jth entry of the column vector 17 aisa
small constant step size to be determined later, dij‘), ri (Vll € Vi),

] 9 (Vpq € V) are constant parameters associated w1th graphs as
defined in Section 2.1, and

=il _ im
Iy = 1— E i —

ime/\f.i»
(3)
=1 Xy
ImeNj;
Define column vectors z; = col(zy, ..., zj; )eR™, njj
. in: 2 3
col (77:-}, . ni—}”) eR", m; = col(my, ..., M) R, 5 =
col(siy, . .., Sip, )ERM™m, s = col(sy, .. ., sN)eR"gum, and the func-
tion Q; : RM"sum — R”iz:
afin ofin afn
Qi(si):C()l( L (8i1)y o (Si1)s -+~ (Si0),
0Xi1 0Xip 0Xin;
ofia ofi2 Ofin;
—(si2), ..., —(Si2), . .., —(Sin;
3X,’1( 12) axini( 12) axml( m,)

Then, the updating formulas in Algorithm 1 can be rewritten
collectively for each group i € 7 as follows:

xi(k+1) =x,(0)—L7zi(k+1), (4a)
zi(k+1) =2i(k) + a £ (I, ®(1;, ®1n )i(k), (4b)
0i(k+1) =((Ri®ly; + Ri)®In )n;(k)

+ (Ri®ln, (1, ®Qu(si(k))), (4c)
s(k+1) =(W®lnyyy, + WIS(KAHW (1ng, @K(K)), (4d)
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Algorithm 1 DRA algorithm for the RAG

For agent ij € V

1: Input intra-group out-degree d“’ weights r ,Viley; and
7 VpgeVv defined in Section 21 weights r ,Vilev; and

Wy P9 V¥pqeV defined in (3), and parameter «. ‘
2: Initialize: x;(0) = Ry, z;(0) = O, arbitrary »j(0)eR", VileV,
and arbitrary sg.q(O)eR, Vpgev.
3: fork=0,1,2,... do
Compute 3 oy (su(k))

5: Send x,](k), s,]( ) to its out-neighbor uv for all uv € N;,
, ai” (sij(k)) to its intra-group out-neighbor ih
for all ihe/\/&". Receive x,q(k), s4(k) from its in-neighbor pq for

l] b

and z;(k), n;(k)

all pgeNy, and zi(k), (k). ‘9f”” (s,m(k)) from its intra-group
in-neighbor im for all lmeN;}.

6 Compute z;(k 4 1) according to (2b).

7: for il € v; do

8: Compute njj(k 4 1) according to (2c).
9: end for

10: for pg € V do

11: Compute s; q(k + 1) according to (2d).

12: end for
13: Compute x;i(k + 1) according to (2a).
14: end for

where the matrices £7, R; and W are defined in Section 2.1,
£° = diag{(c"), .. (cOT)n,} e R"*™ with (£°"); denoting the

jth row of the matrix £0', R; = diag(Fl, ..., 71, r}zl, e l':’} €
RWW R = diag{ f},...,riif‘,r{;,...,rli:"} e R, W =
diag{w]l, ..., zz;’f]"”@};w’fgh' 'M} and W
diag{w]], ... wii™ wil . wi L wy)

Remark 1. In Algorithm 1, (2a) is designed to meet the hard bal-
ance constraint under general directed topologies. It is straight-
forward to obtain from (2a) that Zuev xii(k) = Zijev,- x;(0) =
R;, Vk € N under arbitrary topologies. This can also be derived
from the collective form of (2a), i.e., (4a), by noticing that 12},5? =
0, which is the key property for making the hard balance con-
straint satisfied under (2a). Other matrices having this property
can replace £? in (4a) to achieve Z, v x;i(k) = v, Xi(0), Vk €
N under general directed topologles They might however make
the algorithm unable to comply with the demand of distributed
computation. Therefore, the out-Laplacian matrix is introduced to
ensure the distributed design of (2a), and meanwhile deal with
the hard balance constraint and general directed topologies.

Remark 2. Observing the collective form (4a), the out-Laplacian
matrix £7 is in fact a singular linear transformation that builds
the relation between x;;(0) — x;(k) and the virtual variable z;(k).
Under (2a), the original problem can be transformed into an
equivalent problem regarding the decision variable z; and the
composite objective function fi(x1(0)—£3z1, ..., Xy(0)—Lyzn) of
each group i. To use the pseudo-gradient descent method to
design the iteration of z;, the information of £°T i (x) is required.

Following this strategy, the value of ZlmENm Ef’ (x) - af’ (x)) is
desired for agent ij. However, since it is related to the group-
level objective function, this information is unavailable to agent
ij. To overcome this issue, (2c) and (2d) propose leader- follower
consensus tracking protocols, where the auxiliary variables s

and 17 are calculated by agent ij, and are estimates of xp, and
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m(;\:) respectively; and therefore, the last term in (2b) can be
v1ewed as an estimate of "‘sze/\fw( Bf'( Xx) — ai{; (x)). In the

proposed algorithm, (2a) and (2b) réqmre each agent to know
who are its intra-group out-neighbors and how many intra-group
out-neighbors it has. This appears to be a limitation, albeit a
modest one.

3.2. Convergence analysis

In this subsection, convergence analysis of Algorithm 1 is
presented.
From (4a) and (4b), we have

Xi(k+1) — Ri(k) == L0 £ (I, @(1, ® 1y, ))my(K),
x(k+1) — x(k)

ap Zon (5)
=—al’L°Iy(k),
where £° = diag{£$, ..., L3}, fo = diag{£9, ..., £3}, and 1=
diag{(l,,®(1;, ®Ix,))}.

Define the estimate error es(k) = s(k)—1p,,,, ®%(k). Then, one
can derive from (5) and (4d) that

es(k+1)
= WIngy + W)s(K) — 1, ®X(k))
FWlngym + W + W) (g ®X(K)) — 1y, @X(k+1)

= oK)+ Tngur @ £2LT(K), (6)

where Hyy = W®I,,, + W, and the last equality is obtained by
noticing that W®I,,, + W + W)(1pyn ®X) = 1, ®%. Under
Assumption 1, it is not difficult to obtain from Gershgorin’s Circle
Theorem that #,y is a Schur matrix. Thus, there exist a sym-
metric positive definite matrix &y, such that H%XWHW—XW =
—I, 2 (Chen, 1999).
Deﬁne the estimate error e,,(k) = n;(k)—1,,®Q;(1,,®x(k)). It

follows from (4c) that

e, (k+1)

:(HRi®In~)e (k) + (7%i®1n~) (7)
x (1y@(Qsi(k) — Q1 @x(K) ) (8)
~1,®(Q(1,@(k+1)) — Q1 @x(K)). (9)

where Hg, = R;i®I,+R;, and the equality is obtained from
(Ri®In+Ri+Ri)®y, ) (10, ®Qi(1,®%)) = 1, ®Q;(1,,®). Similar
to Hyy, Mg, is also a Schur matrix under Assumption 1, and
there exist a symmetric positive definite matrix X, such that
HR ARiHR—XRi = 12

From the above error systems, one can establish the conver-
gence of the algorithm with sufficiently small «. The result is
stated as follows, with the proof reported in Appendix C.

Theorem 1. Suppose that Assumptions 1-3 hold. The collective
state x converges linearly to the NE of RAG (1) under Algorithm 1, if
« satisfies

afmin{ Y —,
8 maxiel{ni”l:j L; ”2}
A } (10)
250 BRI + vy 0L (0 X5 ) + vanamb
where

b = 210, X [P+ X |1, b = 2 (2 | #, i + i),

¥y = 4max {n| 22|}, ys = 4y, max {binvé,-nz max{l?,-}}.
i€ i€eZ jev;

Moreover, the equality constraint in (1) is satisfied at every iteration.
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Remark 3. Theorem 1 shows that Algorithm 1 can achieve the
linear convergence of the collective state to the exact NE of RAG
(1), while also ensuring satisfaction of the hard balance constraint
under general directed typologies. In RAG (1), the individual
benefit of each agent may be influenced by the states of all the
agents, including those within the same group. It is worth noting
that there are scenarios where the individual benefit of each
agent is independent of the states of other intra-group members.
Recalling Example 1 in Section 2.2, the business lines within the
company may be of different types, and the revenue of each
business line is influenced solely by its own computing power
and that of similar business lines from other companies. In such
cases, problem (1) degenerates to the following form.

mmﬁ mm Zf” Xii, X_j), Vi€ T,
ileV;
ileV; (11
Z Xjj = Ri.
jeV;
Model (11) can be referred to as intra-independent resource

allocation game (IIRAG), while model (1) can be referred to as
intra-dependent resource allocation game (IDRAG). Obviously,
IIRAG is a special case of IDRAG. In IIRAG (11), the following
property holds:

My =3 Uiy = Do x, (12)
9% iy, O%i Xi

allowing for a slight modification of the updating law (2) to save
computational complexity:

xiji(k+1) = x3(0) — di°zy(k+1) + Y zim(k+1), (13a)
imeNt
ij
Zikt D) =zi(k) +a Y (vhtk—u(o0)., (13b)
imeNé.o
Yiltk41) = Tyt + Y rmyin k)
lmEJ\/é-
3
+1f 3f Lslih), sp'(k)), Vil e v, (13¢)
sE(k+1) = wfshi(k)+ Y witsha(k)
ImeN;;
+ wilxpg(k),  Vpgev, (13d)
where ;' = col(s}, ..., s ", sl L s)), W’ is a scalar auxiliary

varlable and other parameters are the same as in (2). Specifically,
I'is calculated by agent ij to estimate gf’l (xﬁ, x_;) (or equiva-

lently i ( x) in light of (12)), indicating that the last term in (13b)

is an estlmate ofard’, Nxo ;}{’ (x)— ”’f’ ( )). The adjustment from

(2) to (13) results in a reductlon in the dimensionality of the
aux111ary variables from (1 + n + Ngym) to (1 4+ 1 + Ngym ).

Corollary 1. Suppose that Assumptions 1-3 hold. Under the
updating law (13), the collective state x converges linearly to the
NE of IIRAG (11), if « satisfies

Yy
8umaxicz { | 222

afmin{

(14)

: !
221 1 1”£0||2+)/1// Zl 1bl +y52nsumb '

where b, b; are defined in Theorem 1, y, = 4maxiez {I£7]%},
Vs, = 4yy maxicz {bil?| R;]|?}. Moreover, the equality constraint in
(11) is satisfied at every iteration.



J. Zhou, G. Wen, Y. Lv et al.

The proof is similar to that of Theorem 1, and therefore omit-
ted.

Remark 4. The proposed DRA algorithms are developed from a
game-theoretic perspective, successfully addressing conflicts of
interest among groups. Most existing works on DRA are con-
cerned with only a single group of cooperative agents. In fact, the
basic form of these models can be viewed as a special case of the
[IRAG with N = 1. In this sense, the proposed method generalizes
the existing works on DRA from one single group to multiple in-
teracting groups. Another distinct feature of the proposed method
is that it can make the balance constraint inside each group
satisfied during the whole process of NE seeking. This benefits
from the proposed out-Laplacian framework, which is different
from the primal-dual method (Bazaraa, Sherali, & Shetty, 2006).
It is worth noting that, although the primal-dual method is an
effective tool to deal with constraints, it is inadequate to address
the demand of maintaining the balance at every iteration.

Remark 5. The RAG problem with hard balance constraint has
been explored in Zhou et al. (2024), where distributed NE com-
putation algorithms are proposed to achieve linear convergence
of the collective state to the NE. However, these algorithms are
limited to undirected graphs because they rely on the symmetry
of Laplacian matrices of the group-level subgraphs. Consequently,
they cannot be applicable to directed graphs, even those that are
balanced. In contrast, distributed NE computation algorithms for
RAG under balanced graphs are devised in Deng and Liu (2023).
Nevertheless, these algorithms require the Laplacian matrices of
the group-level subgraphs to have a left eigenvector of 1 asso-
ciated with a zero eigenvalue, rendering them inapplicable to
unbalanced graphs. Moreover, the hard balance constraint is not
addressed in Deng and Liu (2023). The combination of unbalanced
directed topologies and the hard balance constraint significantly
complicates the design of distributed NE computation algorithms
for RAG. Fortunately, the potential of the out-Laplacian matrix £7
has been discovered. This leads to the formulation of the updating
law (2), which effectively addresses the hard balance constraint
and accommodates general directed topologies.

4. Reduced-order DRA algorithm for RAG

In the previous section, we introduced a new DRA algorithm,
Algorithm 1, tailored for RAG (1) with the hard balance constraint
and directed topologies. Notably, the dimensionality of auxiliary
variables in Algorithm 1 is (1 + ni2 + Ngum), leading to consider-
able computational complexity. To address this challenge, in this
section, we develop a reduced-order DRA algorithm for RAG (1),
with linear convergence also established.

4.1. Algorithm design

Instead of using the leader-follower protocol to estimate the
partial derivatives of individual objective functions, a gradient-
tracking law (15c¢) is developed, where S’l plays the role of track-
ing - Li . (;JTf'l( ) with v; being a positive constant to be introduced
later 'The design of (15b) still follows the out-Laplacian matrix

based methodology illustrated before:
xj(k+1) = x4(0) — dzi(k+1) + Y Zim(k+1),
ime/\/,;.

zike D) =700+ B Y (8100 - £"(K)). (15b)

; io
lmeN’I-j

(15a)
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Algorithm 2 Reduced-order DRA algorithm for the RAG

For agent ij € V

1: Input' intra-group out-degree diO weights cl,,Vilev, and

7 VpqeV defined in Section 21 weights w 1 Vpqev

deflned in (3), parameter f.

2: Initialize: x;(0) = Ry, z;(0) = 0, £/(0) =
and arbitrary s;(0)eR"sm,

3: fork=0,1,2,... do

4: Send xu(k) s,]( ) to its out-neighbor uv for all uv €
NP, and send zj(k), cip&l(k), ..., mg’"'( ) to its intra-
group out-neighbor ih for all ihe./\/’lj". Receive xpq(k), Spq(k)
from its in-neighbor pq for all pgeN;, and receive zjy(k),
ciEm(k), ..., cf"g (k) from its intra-group in-neighbor im
for all imeA;.

5 Compute z;(k 4 1) according to (15b).

6: for pg € V do

7: Compute si’(k + 1) according to (15d).

3:

9

ofij
X

L (s;(0)), VileV,,

end for
: for il € Vv; do
10: Compute S”(k + 1) according to (15c).
11: end for
12: Compute x;;(k + 1) according to (15a).

13: end for
Elk+1) = Z cimell (k) 4 i(s, i(k+1))
ij ij Sim 3 y
ime!\fé-
a )
—ﬁ(su(k)), vil € v, (15¢)
3)(1
SEI(k+1) = wfshi(k)+ Y witsha(k)
ImeN;;
+ wi'xpg(k),  Vpgev. (15d)
The collective form of (15) is as follows Vi € Z:
Xi(k+1) = %:(0)— L7 zi(k+1), (16a)
zi(k+1) = zi(k)+BLIE(K), (16b)
§i(k+1) = (Ci®ly, )§i(k) + Qi(si(k+1))
—Qi(si(k)), (16¢)
s(k+1) = Wy +W)S(k)HW (15, ®X(K)), (16d)
where & = col(&], Sﬂ L ENED Eiin’?) € RY, Bis a

small constant step size to be determined later, and C; is the
column-stochastic matrix defined in Section 2.1. Other vectors
and matrices are also defined as before.

Remark 6. The difference between Algorithms 1 and 2 lies in
the mechanism of estimating partial derivatives of objective func-
tions. Algorithm 1 employs the leader-follower tracking mecha-
nism, where n:J’ in (2c) acts as followers tracking partial deriva-

tives of intra-group individual objective functions fo (sir); while
Algorithm 2 adopts the gradient-tracking mechamsm where S;’
in (15c¢) is designed to track welghted partial derivatives of the
group-level objective function n—” . "f”(s,]) The design of (15c¢)
is similar to the gradient trackmg rﬁethod in distributed op-
timization (Nedi¢, Olshevsky, & Shi, 2017; Xin & Khan, 2020),
where the estimation of the average gradient is constructed.
Compared with the gradient-tracking mechanism, the leader-
follower tracking mechanism is more straightforward and has the

advantage of less complicated convergence analysis. Moreover,
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the initial values of the estimators under the leader-follower
tracking mechanism, known as 1#(0) in Algorithm 1, can be
arbitrarily chosen; while those under the gradient-tracking mech-
anism, known as &[/(0), should be particularly set as g—g(sij(o)).
However, the disadvantage of the leader-follower tracking mech-
anism is the heavier computational complexity in the RAG (1)
compared with the gradient-tracking mechanism. The total di-
mensionality of the updating variables decreases from (2 + ”1'2 +
Nsym) in Algorithm 1 to (2 4+ n; 4+ ngy,) in Algorithm 2. Besides,
under the leader-follower tracking mechanism in Algorithm 1,
the agents need to share the gradient information through the
network, potentially compromising the privacy of individual cost
functions. In contrast, the gradient-tracking mechanism in Algo-
rithm 2 eliminates the need to transmit the gradient information
of individual cost functions, thus safeguarding their privacy. This
appears to be another advantage of the gradient-tracking mech-
anism over the leader-follower tracking mechanism. Modifying
Algorithm 1 to incorporate privacy-preserving properties is an
intriguing challenge that we plan to explore in our future work.

Remark 7. Note that in Algorithm 2, all iterative variables (xy,
s, zj, Cp&i) need to be transmitted over the network. Such
extensive communication among agents imposes a significant
communication burden. However, in the current algorithmic de-
sign, the transmission of these variables is necessary. Specifically,
the transmission of variables s; and x,, is essential for realiz-
ing distributed estimation of ¥ to compute gradient information
locally; the transmission of variables c & is necessary for esti-

1

L(

1

mating the group-level gradient ';l . Wfl x) for performing the
gradient descent algorithm in (13’b); and the transmission of
variables z;; is crucial for ensuring hard balance constraint during
the iteration process. While reducing the communication burden
is a significant concern, introducing event-triggering mechanisms
appears to be a potential solution. In the future, we plan to design
event-triggered DRA algorithms for the RAG problem.

4.2. Convergence analysis
For notational convenience, define

1
= Laren)s e ne.
1

1
Q) = —(1781,)Q() € B™. (17)

From the initialization in Algorithm 2, one has &;(0) = Qi(s;(0)).
Then, one can derive from (16¢) and 1].¢; = 15, that

E(k) = Qsi(k)),

Define the estimate errors ez (k) = &;(k)—vi®&;(k), where v; =
col(vi, . .., vy;) With 1gl_vn,. = n;and v; > 0,VYj € V is the
right positive eigenvector of ¢; corresponding to the eigenvalue 1,
i.e,, C;v; = v;. The existence of v; is guaranteed by Assumption 1
that G; is strongly connected (Mei, Ren, & Chen, 2016). From (17),

Vk € N. (18)

e;,(k) = (i®ly, )& (k), (19)
v,"lﬁi

T
Ui1ni

where [; = I — =L Define ¢; = Ci—
and I;C; = C;, one can derive
e (k+1) = (C_i®1n,-) e (k)

+ (®ln,) (Qlsilk+1)—Qu(si(k))). (20)
Since limy_, oo(C)¥ = v,-lzi/n,- under Assumption 1 (Ren & Beard,
2005), one has limy_,(C;)* = 0, implying that C; is a Schur ma-

trix. Therefore, there exists a symmetric positive definite matrix
Xe; such that €] X¢;Ci—Xc; = —I, (Chen, 1999).

. By noting (16c¢), (19),
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Fig. 1. The communication topology among agents.

Theorem 2. Suppose that Assumptions 1-3 hold. The collective
state x converges linearly to the NE of the RAG (1) under Algorithm
2, if B satisfies

Ve
8 maxier (1|29 £72)
m
A 2 ~ ’
2 Z:\le [l il HL? ” l,‘z/ni + 2¥Ysnsumb
Vs }’ 1)
n; }

A T
8y maicr {109,821, B /m?

B=< min{

where ¥ = diag{vir, ..., v} ¥e = 4maxiez{nil|d; 'I1£2)%},
~ ~ 2 ; ~ ~

7o = a(maxicz (il | 2¢]* St B/mi)+yebillg,, 2o, b =
maxiez { (211C] Xeilill>+ 1] Xeid;) maxijevi{lizj}}, and b is defined in

Theorem 1. Moreover, the equality constraint in (1) is satisfied at
every iteration.

The proof of Theorem 2 is reported in Appendix D.
5. Numerical examples

In this section, we examine the performance of the proposed
DRA algorithms in a networked Cournot competition game. The
game is a variant of the one discussed in Pavel (2020). It in-
volves three internet companies (groups), each with a different
number of business lines (agents). We denote these companies
as T = {1, 2, 3} and their corresponding business lines as V; =
{11,12, 13}, v, = {21,22,23,24,25},v3 = {31, 32,33, 34},
which aligns with the definitions provided in Section 2. The
business lines strategically disseminate certain information to
selected entities while withholding it from others to safeguard
strategic interests and maintain privacy. Additionally, they em-
ploy connectionless communication protocols that allow for uni-
directional data transmission, which are more efficient than two-
way protocols with extensive handshakes in bandwidth-limited
environments. These factors result in the communication topol-
ogy among the agents being a directed graph, as illustrated in
Fig. 1.

The companies compete in multiple sub-markets by adjusting
the allocation of computing power among their business lines.
The computing power possessed by the three companies are Ry =
100, R, = 200, and R3 = 180, respectively. Let M; represent
the set of business lines serving in the Ith sub-market, and h;
represent the index of the sub-market that business line ij served
in, ie, ij € Mp;. We use x; to denote the amount of computing
power allocated to business line ij, and k;; to denote the amount
of computing power consumed per unit of service in business line
ij. The price per unit of service in the Ith sub-market depends
on the total volume of services provided by all business lines in
that sub-market, calculated by p' = 600 — > pge My Xpa/Kpg- The
revenue of business line ij € M; can be calculated by r; = p’x,-j/k,-j.
Additionally, the cost of computing power consumed by business
line ij is given by ¢; = 5x,.2j — 10x;;+20. The payoff of business line
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ij is determined by the difference between its revenue and cost,
which can be expressed as rj — ¢;. Each company aims to maxi-
mize the sum of payoffs across all its business lines. Therefore, in
the minimization setting, the local objective function of buxsing(gs
line ij can be written as Sx,-zj — 10x; +20 — (600 — quEMhij ﬁ)ﬁ
Then, the game is expressed as:

min }" (5x$,—10xﬂ+20—(600— Yy Bk )

Xij ilew; pac M, kpq k”
Vij e V,

s.t. inj =R;, Viel.

ijeV;

Consider there are two sub-markets, denoted as M; =
{11, 12, 21, 22, 31, 32}, M, = {13, 23, 24, 25, 33, 34}. Set k11 =
1, k]z =2, k]3 =3, kz] =1, 1(22 =2, k23 =1, k24 =2, 1(25 =3,
k31 = 1, ksp = 2, k33 = 1, k34 = 2. It can be directly calculated
in a centralized manner that the NE in this RAG is x* = [45.71,
28.56, 25.73, 50.36, 33.57, 52.63, 34.71, 28.73, 52.16, 35.5, 55.28,
37.06]".

We initialize the collective state as x(0) = [20, 70, 10, 30, 40,
50, 20, 60, 30, 20, 50, 80]", and set the parameters wi’, r}, ci

. . . . . gy i
associated with the weighted adjacency matrices W, R;, C; as in
Section 2.1 with hj = 1.1 and hj; = 1.1. Then, we execute

Algorithms 1 and 2 to evaluate their effectiveness.

The simulation results under Algorithm 1 with a step size of
o = 0.0005 and Algorithm 2 with a step size of 8 = 0.01 are
depicted in Figs. 2 and 3, respectively. These figures demonstrate
that under both algorithms, the collective state successfully con-
verges to the NE. Additionally, the sum of agent states in each
group consistently matches the available computing resources at
every iteration, satisfying the hard balance constraint throughout
the distributed NE computation process. Furthermore, the results
under Algorithm 2 indicate a faster convergence rate compared
to Algorithm 1.

Given the pivotal role of step sizes in influencing convergence
rates, we will further discuss the convergence behavior of Al-
gorithms 1 and 2 regarding the choice of step sizes « and B.
From Theorem 1, it can be inferred that there exists a critical
value o™ for the step size «, ensuring convergence if o € (0, o*).
A step size that is too small may result in slow convergence,
while excessively large values can lead to divergence. Initially,
increasing the step size within the range (0, «*) may enhance
convergence. However, beyond a specific threshold within this
range, further increments may cause overshooting or oscillations,
thereby diminishing the convergence rate. Beyond this range,
oscillations and divergence ensue. Notably, the expression on the
right-hand side of inequality (10) does not denote the critical
value; rather, it offers a sufficient but not necessary condition for
convergence. Through trial, one can find that o* for Algorithm
1 is approximately 0.00104, and setting « = 0.0005 yields
a good convergence rate, as depicted in Fig. 2. Similarly, for
Algorithm 2, one can find that 8* is approximately 0.0501, and
setting § = 0.01 achieves satisfactory convergence. Comparing
these two cases, it seems that Algorithm 2’s broader step size
range gives it an advantage over Algorithm 1 in achieving faster
convergence rates when both use appropriate step sizes.

6. Conclusion

In this paper, a new out-Laplacian matrix based design ap-
proach was developed for DRA over multiple groups of agents
with hard balance constraints under general directed topolo-
gies. Considering the cases that the individual benefit of each
agent is explicitly influenced by the states of itself and agents
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Fig. 2. Simulation results under Algorithm 1.
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Fig. 3. Simulation results under Algorithm 2.

in other groups, and by the states of all agents, two multi-group
RAG models were studied, with three DRA algorithms developed.
The proposed algorithms can be classified into two categories
based on the mechanisms in estimating partial derivatives. One
is the leader-follower consensus tracking mechanism, which en-
joys convenience in convergence analysis, and the other is the
gradient-tracking mechanism, which can reduce the computa-
tional complexity in IDRAG. Under the proposed algorithms, the
hard balance constraint was satisfied, and linear convergence of
the agent states to the exact NE was rigorously demonstrated. Fu-
ture research will extend the proposed methods to accommodate
additional general local convex constraints, with particular em-
phasis on preserving satisfaction of those constraints throughout
the iteration process and broadening their applicability to diverse
online resource allocation scenarios.

Appendix A. Proof of Lemma 1
Under Assumption 2, one can get from Karush-Kuhn-Tucker

optimality condition (Bazaraa et al., 2006) that, a vector X* € 2
is the NE of RAG (1) if and only if there exist A¢,...,Ay € R
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such that - af’ (;\:*)—i—)\,l,,X = 0., Vi € Z, which is equivalent to
l:OT i (X*)

e 0,,, Vi € T under Assumption 1.

Appendix B. Two useful lemmas

Lemma 2 (Horn, Rhee, & Wasin, 1998). Denote the eigenval-
ues of a symmetric matrix AER™" by Aq, ..., Ay, Which satisfies
A =<...<An Let vj denote the eigenvector of A associated with the
eigenvalue A;. Then, the following inequality holds fori=1,...,n
y'Ay=ry'y, VyelylyLlv,j=1,...,i—1}.

Lemma 3 (Young’s Inequality). Let p, q be positive real numbers
satisfying % + % = 1. Then, forany a > 0,b > 0, ab < ‘; "q

Appendix C. Proof of Theorem 1

Define Vy(k) = e}(k)XWeS(k), where &), has been given below
(6). From (6), one can derive that

Vi(k+1)—Vi(k)

<—lles(k)II°+2y/Asum 113, Xow || [ es(R)l e 22 LT k) |

JUR-SON 2
Fnsum [ Xw |l HO‘LOLOIU(’()H

1 Ao %ot 2
<5 e +naumb [Ttk (€1

where b is defined in Theorem 1.
Define V,(k) = eZ(k)XRe,,(k), where Xr = diag{Xz,®ly,,
., Xy ®lIn,} With Xz, defined below (9). From (9), one can
get

V, (k+1) =V, (k)

IA

N
-1 lew|* +(2 7k, ri])* + X))
2
i=1

(Ri®In; ) (1, @(Qu(51(k)))—Qi( 1, ®%(k)))

X

_1,,1.®(Q, 1, @x(k+1))— (1nl®x(k))) H2 )

where Young’s inequality is used similarly as in (C.1).
Under Assumption 2, one has

IIQ(Sz(/<)) Qi(1,,®x(k))|?

< Z lu”Su (k)—

and

Q1 @x(k+1))—Qi(1, @x(k)) |
=3 ) fxtkr D-xci0] .
j=1

Then, by Young’s inequality again, one has

| (i) (1, S(Q(5:(00) - 1 @2(K)

KII?) = maX{ $lles ()11, (C3)

2
~1,@( Q1 @x(k+1)-Qi(1,@x(k) )|
<2 (R Qsi(k) — (1, &x(0)|

+ i QT @x(k+1) — Q1 @x(k)* )
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§2nif|7ii|| max{12}||es,(k)||

nj v 2
+2n; y B BLLoInk)]| (C5)

where (C.3), (5) and (C.4) are used in the last step. Substituting
(C.5) into (C.2) yields
Vy(k4+1) =V, (k)

<—f|len (k)|* + max by %] max(i; 21} lles (k)11

- Z(b,- 5 B) a2 2Tl
i=1 j=1

where b; is defined in Theorem 1.

Define Vy(k) = YN, Vi(k) with Vi (k) = [ o™ %ix (k))H

Recalling Lemma 1, it is obvious that Vy(k) = 0O 1f and only if
x(k) = x*. By definition, one can easily derive that

Vig(k + 1) — Vi (k)

(C.6)

= e 2 e - 25" Lt
T
+2 (M af (x(k+1)) — 27" aaf’ (x(k )))
x L?Ta—f'(x(k)). (C.7)
ax,-

Noting from the definition of £9 in (4) that
. of;
L1, (1] @l ()~ L0 af: (x(k))

~0 T o af
= £ @@ k)£ (1 ® 7 (x(10)
= LIy ®(1}, @1y, ))ey, (K), (C8)
one can derive that

T
2 (L?Ta—ﬁ(x(k—i—l)) — L?Ta—ﬁ(x(k))>
0X; 0X;

x 07 af (x(k))
_ oT f _ oT f
—2< i oy '(x(k+1)) L; o '( (k))>

X (5?(lni®(15i®lni))ni(l<)

— LIy, ®(15, @l ))ey, (k) )
2 [ of: ofi T
2 (—f<x<k+1))——f(x(k>))
o 8x,~ 3?{,‘
x (Ri(k+1) — xi(K)) + | £2(1n @(1], ®1n1 Ve, (k)]
+ LOT f x(k+1)) — 0" f( (k)) (C.9)

where (C.S) is used in the first step, (5) is used to derived the first
term in the last step, and Young’s inequality is used to obtain the
second and third terms in the last step.

Combining (C.7) and (C.9) yields

Vi(k-+1) — Vi(k)

< —g(P(X(kH)) — PO (k4 1) — 2(0))
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N

+ 3 22001, ®l ey, ()]
T af; f
oT 9Ji oT 1
+2§ o a—xi(X(kJrl))— ((k))
<——||x(k+1 k2 +anllﬁ 1*[lenk)])®

N
+2)° (1,? 22 | Ixtiet-1) - x(k)||2)

i=1

N
M 21 02 H Ao Ao} Hz
2 - g L£°L%In(k
(a gl il ,|I> o n(k)

%, (C.10)

< —

+ max{ni] 2] es(

where Assumptions 2 and 3 are used in the second step, and (5)
is used in the last step.

Consider the Lyapunov function V(k) Vi(k) + vy
ysVs(k), where y, and y; have been given in Theorem 1
bining (C.1), (C.6), (C.10) and the condition (10) yields

v, (k) +

. Com-

V(k~|—1)—V(k)
JUND-SPN 2
=-3 ”en o —||e$(k)||2—,w )z:"z:"ln(k)” .
Note that
Ay Ron 2 N . )
—[eootni| == 3 | erzptn @t @]
i=1
2

ot ol ey 45" Lt

7L} (I

(1

< | 222200, @ (1T ®h ey (0]
i=1

)

§ 1
< max{n; | £222|*}le, (k) 1> —= mingaa(£0" £ Vi(k),
ieT 2 ieT

1 1 0f;
—3 ‘ ax( (k)

£oc?

where (C.8) is used in the second step, the second last inequality
is obtained by noticing

£oT afl

_2 (L?E?(Ini®(1£i®lni))e,,i(lc)) o

(x(k))

of;
°£?Ta—£(x(k)

’

<2 22250 @ (1] 81 e, (W] +5 ‘ ‘

and the last inequality is derived based on Lemma 2, and
XZ(C?TE?) denotes the smallest non-zero eigenvalue of the matrix
L?TL?. Combing the above formulas and condition (14) yields

V(k—H) V(k)
<=2 e, -2 leol?
- M—mln{xz(ﬁ?Tﬁ?)}Vx(k)
2 ieT
< —eV(k),

. o T
where € min § Zrminez{A2(L]° £7)}, 8HXR” 4”XW i (- The
above inequality shows that V (k) decreases to zero at a linear rate
of O((1 — €)X). This implies that e,(k), es(k), and col(LOT il (x(k)),

X1
Lng,f‘”( x(k))) also linearly converges to zero. Recalling
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Lemma 1 and the fact that

that x(k) converges to x*.
To prove the linear convergence of x(k) to x*, one can take

note of Eq. (5) and the definition of e,. This yields x(k + 1) —

x(k) € £2,Vk € N, one can verify

x(k) = —al°fole,(k) — afocol(£ST LK), - 23T (x(K))).
Since e, (k) and col(£9" j‘{g( x(k)), . cg,Tg,{N( (k))) converge lin-

early to zero, there exist constants m>0and0 < p < 1such that
lx(k+ 1) — x(k)|| < mp* for all k € N. Moreover, since X(0co0) = x*,
one has ||x(k) —x*| = ||x(k) —x(k+1)+x(k+1)—x(k+2)+
x(co)| < mp* Y ;2 pt = %pp". Then, one can conclude that the
collective state x linearly converges to the NE x*.

Appendix D. Proof of Theorem 2

Similar to (5), one can obtain from (16a) and (16b) that
Xi(k+1) — xi(k) = —BL) L& (),
x(k+-1) — x(k) = — BLL°E(k), (D.1)

where £° and EO are defined below (5).

Consider the function V,(k) defined before (C.1). Similar to
(C.1), one can derive from (15) that
Vs(k+1)—Vi(k)

1 no % 2
<= el +namb | B2 22800 (D2)

Define V¢ (k) = e:(k)" xces(k), where x; = diag{X¢,®ly,, ...,
Xy ®lyy ). Similar to (C.2), one can obtain from (20) that

Ve (kb 1)=Vs (k)
N

< Dl + 3 @IET eI + 1T xedil)

—_ 2 l 1 1

X ||Qi(si(k+1))_Qi(si(k))nz) .
Under Assumption 2, one has
1Qi(si(k+1))—Qu(si(k)) I

%(s,—j(k~l—1))—%(sﬁ(k))

2

<max{lZ} [Isi(k+1)—si(k)II> . (D.4)
jev;

From (16d), one has

s(k+1) — s(k)

= Wl +W — Lz )S(K)+HW(1ng,,, ®(K))
= (w1, Jes(l)

where Hyy = W®I,,,, + W, and the last equality is obtained by
noticing W®Ig, + W + W)y ®%) = 1p,,, ®X. Substituting
(D.4) and (D.5) back into (D.3) yields

Ve (k+1)—V (k)

1 .
<=5 lec (kI + Bllz,, ~Howl les(i)IP,

(D.5)

(D.6)

where b is given in Theorem 2.
Define V,(k) = Zf’ 130 Vxx(k) where

Vi (k) = (z?Ta—ﬁ(x(k))) b; (ﬁ?Ta—ﬁ(xum) :
0X; 0X;

One can derive that
Vg (k + 1)= Vi (k)
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T
— (" phtier )" o i)
X; 0X;

x( Vol f’( (k+1))— °T§—ﬁ(x(k»>
l XI

of; of;
+2<8x (k)=

i

(D.7)

5 oT ofi
() it L)

Note from the definition of £ that
e = L& — L(0i®E) = L7§; — biL]' &,
Combing (18) and (D.8), one has

Ti(x(k)) = i L0%(k) — n; L0 (k)

of;
of af (x(k)) — nidi £l Qu(si(k)).
X;

It follows from (D.1) and (D.9) that

f fl QA ol f
2tk )= LK) 28

om0 : of
= _?<87&(x(k+1))_87)q

T
+2( f’( (k—i—l))—a—f(x(k))) £o%

X (£9T( of

1 8 1

Substituting the above equation into (D.7) and using Young's
inequality yield

Vi (k 4 1)V, (k)

viLY

+ DL (D.9)

( (k)
(X(k))) (xi(k+1)—xi(k))

(x(0)-nQ(si(K)) =iy ' e ().

2n; ¢ of; of; T
<= (G )= (10 (eIt 1D=2(K)
of;
2R | e 1) - 2t ol
f _ 2
+ 20 %l £011° l( x(k)) — niQi(si(k))
+ 2157 n,-[:?egi(k)”z . (D.10)
Under Assumption 2,
nQi(si(k)) — a‘f’( x(k)
af; of; 2
- Z( (1)~ a—f’(xm))
j=1 Xi

2

5( Z L5 (k)—X(K) )
j=1

=(328) (32 isito-xcwr?).
j=1 j=1

Combining (D.10), (D.11), (D.1) and Assumptions 2 and 3 yields

(D.11)

Vi(k+1) — Vx(k)
il || 2f
(3 VLT |y g
’3 i=1
o 2
+ max {”"'””‘:"”}ues(k)nz
ieT n;

A— 3 2
+ max{m | 12217} [es (k) (D.12)
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Consider the Lyapunov function \7(k) = \7X(l<) + yeVe(k) +
¥sVs(k), where y; and y; are defined in Theorem 2. By (D.2), (D.6),
(D.12) and condition (21), one has

”(k+1)—”(k)

< -

) .
Log(k)| % lecIP—Z el (D.13)

Note that

e =

N
=2 |s
I
0X;

Z | o 2o )|

(ﬁ e (k)+9:25" (Qsi(K)

or Of; 2

PGl

(x(k )) ) +— L0

 Jes )]

1
n

N <
||£?f:,-£?T||2

2
1

Y
S0 L —
1 1 axi

A 2
A ey

2
+ 3?(,‘

iQi(si(k)) —

2 )
where the second equality is obtained by (18) and (D.8), and the
last inequality is derived based on Young’s inequality.

Under Assumptlon 1, zero is a simple eigenvalue of
v; L°TL1° 12, and all other eigenvalues are positive. Denote r; the
rlght eigenvector of £? correspondmg to the zero eigenvalue,

1
2n?

(x(k)) (D.14)

ie, r; = 0. 0bv10usly, 2r; is a right eigenvector of the

matrlx (v? £°T£° 2) correspondlng to its zero eigenvalue. Since
1

82 207 2 (x(k)) Lo, ?

o r;, one can derive from Lemma 2 that

_ (»5 cg’Taa—i(x(k)))T

LOT afl 2

0X;

L7 (x(k))

2

1 af;
2ot 2L i . (D.15)

0X;

>3 (a% L?Tc?a%) (x(0)

Substituting (D.11) and (D.15) into (D.14) yields

v 2
£oLog(K)|

< 2max{llﬁ’i‘?llz}IICg(k)IIZ

lepoey Iy
[n—“f}nes(k)n2

1 1
A2 <f;,.2 £ £0%? )
_— 7/ }vx(k).

n;

+ 2 max

i€

— min
i€

Substituting the above inequality into (D.13) and then using (21)
yields

V(k+1)—V(k)
M'B )» < %EOTEO 2)
e

; v
(B =B max(1£221P) ) eI
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Y copLoT P B
—(%—uﬂmax{—” iy ) escior?

i€

P 3,

i

—>}\7x(k)

1
A2 (ﬁ,? £07Lo%

< ﬁmin{
2 ez n;
Ve 2 Vs 2
— = |les(k)||“—=|les(k
3 lles (k)| 3 lles(k)Il
< —¢&vV(k),
1 1
2 (af £97 £0%, )
~ . wB i 1 1
where € = min{ 5-minjez{ o 1, AR

This implies that V(k) converges to the origin at a linear rate of
O((1—&)%). Then, similar to the analysis at the end of the proof of
Theorem 1, one can conclude that the collective state ¥ converges
to the NE x* linearly.
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