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Abstract—This article considers distributed nonconvex opti-
mization for minimizing the sum of local cost functions by using
local information exchange. In order to avoid continuous com-
munication among agents and reduce communication overheads,
we develop a distributed algorithm with a dynamic exponentially
decaying event-triggered scheme. We show that the proposed al-
gorithm is free of Zeno behavior (i.e., finite number of triggers
in any finite time interval) by contradiction and asymptotically
converges to a stationary point if the local cost functions are
smooth. Moreover, we show that the proposed algorithm exponen-
tially converges to the global optimal point if, in addition, the global
cost function satisfies the Polyak–Łojasiewicz condition, which
is weaker than the standard strong convexity condition, and the
global minimizer is not necessarily unique. The theoretical results
are illustrated by a numerical simulation example.

Index Terms—Distributed nonconvex algorithm, event-triggered
communication, exponential convergence, Polyak–Łojasiewicz (P–
Ł) condition, Zeno behavior.

I. INTRODUCTION

Distributed optimization can be traced back to [1] and [2]. Recent
years have witnessed an increasing interest in distributed optimization,
due to their applications in power systems, sensor networks, and ma-
chine learning. Much attention has been devoted to developing discrete-
time distributed optimization algorithms, e.g., survey papers [3], [4]
and references therein. Since many practical systems, such as robots
and unmanned vehicles, operate in continuous time [5], [6], various
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continuous-time distributed optimization algorithms have also been
proposed. For example, Wang and Elia [7] developed a distributed algo-
rithm based on the proportional–integral (PI) control strategy and estab-
lished its asymptotic convergence for undirected graphs. The extension
to directed weight-balanced graphs was considered in [8]. Kia et al. [9]
proposed an alternative distributed PI algorithm with less communica-
tion and showed that the proposed algorithm exponentially converges to
a neighborhood of the global minimizer. Varagnolo et al. [10] proposed
a distributed zero-gradient-sum (ZGS) algorithm and established its
exponential convergence if local cost functions are strongly convex
and have locally Lipschitz Hessians. Distributed Newton–Raphson
algorithms were developed in [11] and [12]. All the aforementioned
studies focused on the case where the local cost functions are strongly
convex. The extension to the nonstrongly convex case was considered
in [13] and [14]. In many applications, however, such as traffic flow
management problems, wind farm planning problems, and resource
allocation problems, the cost functions are usually nonconvex; hence,
the nonconvex case was studied in [15], [16], and [17].

However, distributed algorithms proposed in these studies require
continuous information exchange among agents, which may be im-
practical in physical applications. In order to avoid continuous com-
munication and reduce communication overheads, by using the idea of
event-triggered communication and control [18], [19], [20], [21], [22],
various distributed event-triggered optimization algorithms have been
developed. A key challenge for developing distributed event-triggered
algorithms is to design triggering laws to ensure that the algorithms
are free of Zeno behavior, i.e., infinite number of triggers in a finite
time interval [23]. For example, Kia et al. [9] proposed a distributed PI
algorithm with an event-triggered mechanism. The distributed ZGS
algorithm proposed in [10] was equipped with static and dynamic
event-triggered mechanisms in [24] and [25], respectively. Liu et al. [26]
proposed a distributed algorithm with event-triggered quantized com-
munications.

Note that most of the existing distributed event-triggered algorithms
focused on the convex optimization. George and Gurram [27] pro-
posed a discrete-time distributed event-triggered algorithm for ad-
dressing nonconvex optimization challenges commonly encountered
in distributed deep learning. Considering that most of the practical
systems operate in continuous time, this motivates us to propose a
continuous-time distributed event-triggered algorithm for solving non-
convex optimization problems. The contributions of this article are as
follows.
1) We propose a distributed event-triggered algorithm for solving

nonconvex optimization over undirected connected graphs. For
smooth local cost functions, we show that the proposed algorithm
does not have Zeno behavior and asymptotically converges to a
stationary point.

2) If, in addition, the global cost function satisfies the Polyak–
Łojasiewicz (P–Ł) condition, which is weaker than the strong
convexity condition, and the global minimizer is not necessarily
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unique, we show that the proposed algorithm exponentially con-
verges to a global optimal point.

To the best of our knowledge, this is among the first continuous-time
distributed event-triggered algorithms to solve the distributed noncon-
vex optimization problem. It should be highlighted that compared with
convex optimization, nonconvex optimization is more challenging since
the useful properties of the convex condition, for example, the set of
optimal points of a convex function is convex, and the (sub)gradient
of a convex function is a monotonic mapping, cannot be used. The
innovation in this article’s algorithm analysis is the design of a suitable
Lyapunov function to prove the convergence of the proposed distributed
nonconvex optimization algorithm with event-triggered communica-
tion.

Compared with [7], [8], [10], and [13], which proposed distributed
convex optimization algorithms with continuous communications, this
article not only considers the more general nonconvex optimization but
also proposes an event-triggered mechanism to reduce communication
burden. More specifically, algorithms proposed in [7], [8], and [10]
require the global cost function to be strongly convex, and the algorithm
in [13] requires the global cost function to satisfy the restricted secant
inequality condition, while the global cost function in our work can be
nonconvex. Compared with [9] and [24], which proposed distributed
event-triggered convex optimization algorithms for the strongly convex
case, this article establishes exponential convergence under weaker
conditions, i.e., the global cost function satisfies the P–Ł condition,
which does not require the cost function to be convex. In contrast
to [27], where both the local cost function and its gradient were required
to be Lipschitz continuous, this article necessitates only the Lipschitz
continuity of the gradients of local cost functions. In addition, we
also consider the case where the global cost function satisfies the P–Ł
condition.

The rest of this article is organized as follows. Section II presents
the problem formulation and motivation. Section III proposes a dis-
tributed event-triggered algorithm and analyzes its convergence results.
Section IV presents a numerical simulation example. Finally, Section V
concludes this article. To improve the readability, all the proofs are given
in the Appendixes.

Notation: Let 1n (or 0n) be the n× 1 vector with all ones (or zeros),
and In be the n-dimensional identity matrix. ‖ · ‖ is the Euclidean
vector norm or spectral matrix norm, andnull(·) refers to the null space.
For any positive-semidefinite matrix C, with appropriate dimensions
vectors x and v, we define QC(x) = xT Cx, 〈x, v〉C = xT Cv, and ρ(C)
and ρ(C) are the spectral radius and the minimum positive eigenvalue of
matrix C, respectively. Let diag[a1, . . . , an] denote a diagonal matrix
with the ith diagonal element being ai. For a differentiable function
f , ∇f and ∇2f refer to the gradient and Hessian of f , respectively.
A⊗B represents the Kronecker product of matrices A and B.

II. PROBLEM FORMULATION AND MOTIVATION

Consider a group of n agents distributed on fixed undirected
graph G = (V, E ,A), where V = {1, 2, . . . , n} is the agent set and
E ⊆ V × V is the edge set. (vj , vi) ∈ E indicates that the agents vj
and vi can communicate with each other. A = [aij ] ∈ Rn×n is the
adjacency matrix, where aij > 0 if (vj , vi) ∈ E ; otherwise, aij = 0.
Let Ni = {vj ∈ V : aij > 0} and di =

∑n
j=1 aij denote the neighbor

set and weighted degree of agent i, respectively. The degree matrix
is defined as D = diag[d1, . . . , dn], and the graph Laplacian matrix
is L = D −A. A path from agents i1 to ik is a sequence of agents
i1, . . . , ik such that (ij , ij+1) ∈ E for j = 1, . . . , k − 1. An undirected
graph is said to be connected if there exists a path between any pair of
distinct agents.

Assume that each agent has a private local cost function fi : Rp →
R, the optimal set X� = argminx∈Rpf(x) is nonempty, and f� =
minx∈Rpf(x) > −∞. The objective is to find an optimizer x� to
minimize the average of all local cost functions, i.e.,

min
x∈Rp

f(x) =
1

n

n∑
i=1

fi(x). (1)

Various continuous-time distributed optimization algorithms have been
developed [7], [8], [9], [10], [11], [12], [13], [14]. Noting that commu-
nication resources are limited, distributed event-triggered algorithms
have been proposed to avoid continuous communication and reduce
the communication burden [9], [24], [25], [26], [28]. However, these
algorithms require the local cost functions to be convex. In many
applications, the cost functions are usually nonconvex. This motivates
us to develop a distributed event-triggered algorithm for the nonconvex
case.

Throughout this article, we make the following assumptions.
Assumption 1: The undirected graph G is connected.
Assumption 2: Each local cost function fi(x) is twice continuously

differentiable and smooth with constant Lf > 0, i.e.,

‖∇fi(x)−∇fi(y)‖ ≤ Lf‖x− y‖ ∀x, y ∈ Rp. (2)

Remark 1: Assumptions 1 and 2 are common in the literature (see,
e.g., [3] and [4]). Note that the convexity of the local cost functions
is not assumed. Moreover, it follows from [29, Lemma 1.2.2] that
Assumption 2 implies

‖∇2fi(x)‖ ≤ Lf and ‖∇2f(x)‖ ≤ Lf ∀x ∈ Rp. (3)

III. MAIN RESULTS

In this section, we first propose a distributed event-triggered algo-
rithm to solve the distributed nonconvex optimization problem (1). We
then analyze its convergence properties.

Our proposed algorithm is as follows:

ẋi(t) = −α
n∑

j=1

Lijxj(t
j
kj(t)

)− βvi(t)−∇fi(xi(t)) (4a)

v̇i(t) = β

n∑
j=1

Lijxj(t
j
kj(t)

) ∀xi(0) ∈ Rp

n∑
j=1

vj(0) = 0p, i ∈ V (4b)

whereα > 0 andβ > 0 are gain parameters, and the sequence {tjk}∞k=1,
∀j ∈ V is the triggering times for agent j to be determined later
and tjkj(t)

= max{tjk : tjk ≤ t}. Without loss of generality, we assume

tj1 = 0 ∀j ∈ V . The algorithm is motivated by the PI control strategy.
More specifically, in (4a), the term−∇fi(xi(t)) ensures that each agent
follows its local gradient descent, and the term

∑n
j=1 Lijxj(t

j
kj(t)

)

ensures that consensus is achieved among agents. However, if the
dynamics just contains these two terms, the agents’ states would not
converge since the local gradients are not the same in general. Thus,
to correct the error, the additional integral feedback term vi(t) whose
dynamics is governed by (4b) is introduced.

We present the following convergence result.
Theorem 1: Let Assumptions 1 and 2 hold. If each agent i ∈ V

runs the distributed event-triggered algorithm (4) and determines its
triggering time sequence by

tik+1 = maxt≥ti
k

{
t : ‖xi(t)− xi(t

i
k)‖ ≤ aie

−bit
}
,
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k = 1, 2, . . . (5)

where ai > 0 and bi > 0 are designed parameters, then: 1) there is
no Zeno behavior and 2) if α ∈ [3β + κ1, κ2β], β > max{ κ1

κ2−3
, κ3},

then the algorithm asymptotically converges to a stationary point, i.e.,

lim
t→∞

(
1

n

n∑
i=1

‖xi(t)− x̄(t)‖+ ‖∇f(x̄(t))‖
)

= 0 (6)

where x̄(t) = 1
n

∑n
i=1 xi(t) and

κ1 =

[
1

κ3

(
4L4

f + 1
)
+ 4L2

f + 1

]
1

ρ(L)

κ2 = − 1

ρ(L)
+
√

κ2
3 − κ3

κ3 > max

⎧⎪⎨
⎪⎩

1

2

⎡
⎢⎣1 +

⎛
⎝1 +

(
6 +

2

ρ(L)

)2
⎞
⎠

1
2

⎤
⎥⎦ , 4L2

f

⎫⎪⎬
⎪⎭ .

Proof: The proof is given in Appendix B. �
Next, we consider the case when the following additional assumption

is satisfied.
Assumption 3: The global cost function f(x) satisfies the P–Ł

condition with constant ν > 0, i.e.,

1

2
‖∇f(x)‖2 ≥ ν(f(x)− f�) ∀x ∈ Rp. (7)

Remark 2: Note that in [7], [8], and [10], the global cost function is
required to be strongly convex. In [13], the global cost function needs to
satisfy the restricted secant inequality condition, and the global optimal
set needs to be a singleton. In this work, we assume that the global cost
function satisfies the P–Ł condition, and the global minimizer is not
necessarily unique. Note that the P–Ł condition does not imply the
convexity of the global cost function; however, it implies invexity [30],
i.e., all stationary points are global optimal points. Therefore, the global
minimizer may be nonunique. It has been shown that the P–Ł condition
is satisfied in some useful applications. For example, Li and Li [31]
demonstrated that the loss functions in some applications in deep
learning satisfy the P–Ł condition in the region near a local minimum,
and Fazel et al. [32] demonstrated that the linear–quadratic regulator
problem in reinforcement learning is nonconvex and satisfies the P–Ł
condition.

Before presenting the convergence result when the additional
Assumption 3 is satisfied, we need the following lemma.

Lemma 1 (see [33, Th. 2]): Suppose that the function f satisfies the
P–Ł condition. Let PX�(x) be the projection x onto the set X�, i.e.,
PX�(x) = argminy∈X� ‖x− y‖2. Suppose that PX�(x) ∀x ∈ Rp is
well defined. Then

f(x)− f� ≥ 2ν‖PX�(x)− x‖2 ∀x ∈ Rp. (8)

From [29, Th. 2.2.11], we know that PX�(x) is well defined if X�

is closed and convex.
We are now ready to present the convergence result.
Theorem 2: Let Assumptions 1–3 hold. If each agent i ∈ V runs

the distributed event-triggered algorithm (4) with the same α and β as
chosen in Theorem 1 and determines its triggering time sequence by
(5), then

1

n

n∑
i=1

‖xi(t)− x̄(t)‖2 + f(x̄(t))− f� ≤ c1e
− ε1

ε2
t (9)

Fig. 1. Random connected network of 100 agents.

where ε1 > 0, ε2 > 0, and c1 > 0 are constants given in Appendix A.
Moreover, if the projection operator PX�(·) is well defined, then

n∑
i=1

‖xi(t)− PX�(x̄(t))‖2 ≤
(
1 +

1

2ν

)
c1e

− ε1
ε2

t
. (10)

Proof: The proof is given in Appendix C. �
Remark 3: Compared with [9] and [24], this article establishes

exponential convergence under weaker conditions. More specifically,
the authors of [9] and [24] proposed distributed event-triggered algo-
rithms and established exponential convergence for the strongly convex
case, while our proposed algorithm exponentially converges to a global
optimal point if the global cost function satisfies the P–Ł condition,
which does not require the cost function to be convex.

IV. SIMULATION

In this section, we demonstrate the effectiveness of the proposed
distributed event-triggered nonconvex optimization algorithm. Con-
sider an undirected network consisting of 100 agents, and the graph
is randomly generated, as shown in Fig. 1. The local cost functions
associated with agents are given as

fj(x) = 0.2
√

x4 + 3 + 0.7 cos2 x

f10+j(x) = 2 sinx− 0.1(x2 + 2)
1
3

f20+j(x) =
0.3x2

√
x2 + 1

f30+j(x) = −0.1
√

x4 + 3− sinx

f40+j(x) =
−0.2x2

√
x2 + 1

+ 2 sin2 x

f50+j(x) = −0.1
√

x4 + 3− 0.1x2

√
x2 + 1

f60+j(x) = − sinx− 1

f70+j(x) = x2 + 0.3 cos2 x

f80+j(x) = 2 sin2 x+ 0.2(x2 + 2)
1
3

f90+j(x) = −0.1(x2 + 2)
1
3

where j = 1, . . . , 10. It is easy to check that Assumptions 1 and 2
are satisfied. Moreover, it can be found that the global cost func-
tion is 1

10
(x2 + 3 sin2(x)), which is nonconvex but satisfies the P–Ł

condition, as shown in [33]. Consider the proposed event-triggered
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Fig. 2. State evolutions of agents 1, 22, 44, 66, and 88.

Fig. 3. Triggering times of agents 1, 22, 44, 66, and 88.

Fig. 4. Evolution of the function
∑n

i=1
fi(xi(t)).

algorithm (4). We randomly choose the initial values xi(0) and vi(0)
for all i ∈ V , such that (4b) is satisfied. Also, we randomly choose
the design parameters ai and bi in the triggering law (5). The state
evolutions of xi(t) for i ∈ {1, 22, 44, 66, 88} are plotted in Fig. 2.
It is clear to see that all the states converge to the global minimizer
x� = 0. In order to better demonstrate that the proposed algorithm (4)
can effectively avoid continuous communication, we select the time
period [0,10], and the triggering times of these agents are given in Fig. 3,
which shows that the proposed event-triggered algorithm is free of Zeno
behavior. Fig. 4 shows that the function

∑n
i=1 fi(xi(t)) converges to

the global optimum f� = 0.

V. CONCLUSION

In this article, we studied distributed nonconvex optimization over
an undirected connected network. In order to avoid continuous commu-
nication, we developed a distributed event-triggered algorithm. For the
case where local cost functions are smooth, we showed that the proposed
algorithm is free of Zeno behavior and asymptotically converges to
a stationary point. Moreover, if the global cost function satisfies the
P–Ł condition, we showed that the proposed algorithm exponentially
converges to a global optimal point. One future direction is to consider
the directed graph and the self-triggered mechanism.

APPENDIX

A. Proof Preparation

1) In this part, we introduce some useful constants, which are used to
simplify the proof.
Denote

ε1 = min{ε5, 2ε6ν, ε7, 1}, ε2= max

{
1

2
(c3 + 1),

1

b

}

ε3 = min

{
1

4
,
1

b

}
, ε4 = min{ε5, ε6, ε7}

ε5 =
1

2
(α− 3β)ρ(L)− 1

β

(
2L4

f +
1

2

)
− 3

2
L2

f − 1

2

ε6 =
1

2
− 2L2

f

β
, ε7 =

β

2
− 1

2
− c2c3

2β

ε8 =
1

2
(ρ(L)(α+ β) + β), c1 =

W (0)

nε3
, c2 =

1

ρ(L)
+

α

β

c3 =
1

ρ(L)
+

α

β
, a = max{a1, . . . , an}, b = min{b1, . . . , bn}

where W (0) is given in (23).
From α ≥ 3β + κ1, β > κ3, κ1 = [ 1

κ3
(4L4

f + 1) + 4L2
f +

1] 1
ρ(L)

and κ3 > 1
2

[
1 +

(
1 +
(
6 + 2

ρ(L)

)2) 1
2

]
, we have

ε5 >
κ1

2
ρ(L)− 1

κ3

(
2L4

f +
1

2

)
− 3

2
L2

f − 1

2
> 0. (11)

From β > κ3 and κ3 > 4L2
f , we have

ε6 > 0. (12)

From α ≤ κ2β, β > κ3, we have

ε7 >
κ3

2
− 1

2
− 1

2κ3

(
1

ρ(L)
+ κ2

)2

= 0. (13)

From (11)–(13), we know that ε1 > 0 and ε4 > 0.
2) In this part, we introduce some useful properties of the Laplacian

matrix L.
Note that L and Kn = In − 1

n
1n1

T
n are positive semidefinite,

null(L) = null(Kn) = {1n}, L ≤ ρ(L)In. Moreover, KnL =
LKn = L, and

0 < ρ(L)Kn ≤ L ≤ ρ(L)Kn. (14)

For the Laplacian matrix L, there exists an orthogonal matrix
[r R] ∈ Rn×n with r = 1√

n
1n and R ∈ Rn×(n−1) such that
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RΛ−1
1 RTL = LRΛ−1

1 RT = Kn, and

1

ρ(L)
Kn ≤ RΛ−1

1 RT ≤ 1

ρ(L)
Kn (15)

where Λ1 = diag(λ2, . . . , λn) with 0 < λ2 ≤ · · · ≤ λn are the
eigenvalues of the Laplacian matrix L.

3) In this part, we introduce some useful notations and results.
Denote L = L⊗ Ip, K = Kn ⊗ Ip, H = 1

n
(1n1

T
n ⊗ Ip),

Qn = RΛ−1
1 RT , Q = Qn ⊗ Ip, x(t) = [xT

1 (t), . . . , x
T
n (t)]

T ,
v(t) = [vT1 (t), . . . , v

T
n (t)]

T , x̄(t) = 1n ⊗ x̄(t), x̂j(t) =
xj(t

j
kj(t)

), x̂(t) = [x̂T
1 (t), . . . , x̂

T
n (t)]

T , exj (t) = x̂j(t)− xj(t),

ex(t) = [(ex1(t))
T , . . . , (exn(t))

T ]T , f̃(x) =
∑n

i=1 fi(xi),
g(t) = ∇f̃(x(t)), ḡ(t) = Hg(t), g0(t) = ∇f̃(x̄(t)), and
ḡ0(t) = Hg0(t) = 1n ⊗∇f(x̄(t)). Then, the algorithm (4) can
be rewritten in a compact form

ẋ(t) = −αLx̂(t)− βv(t)−∇f̃(x(t)) (16a)

v̇(t) = βLx̂(t), ∀x(0) ∈ Rnp, (1np)
Tv(0) = 0np. (16b)

Noting that ρ(H) = 1 and ∇f̃ is Lipschitz continuous with con-
stant Lf > 0 as assumed in Assumption 2, we have

‖ḡ0(t)− ḡ(t)‖2 = ‖H(g0(t)− g(t))‖2

≤ ‖ρ(H)(g0(t)− g(t))‖2 = ‖g0(t)− g(t)‖2

≤ L2
f‖x̄(t)− x(t)‖2 = L2

fQK(x(t)). (17)

Denote v̄(t) = 1
n
(1T

n ⊗ Ip)v(t). From (16b) and
∑n

i=1 Lij =∑n
j=1 Lij = 0, it is known that ˙̄v(t) = 0p. Then, from∑n
j=1 vj(0) = 0p, we know that v̄(t) ≡ 0p. Then, from (16a) and∑n
i=1 Lij =

∑n
j=1 Lij = 0, we have

˙̄x(t) = − 1

n

n∑
i=1

∇fi(xi(t)). (18)

4) In this part, we show that the algorithm parametersα and β are well

defined. From κ3 > 1
2

[
1 +

(
1 +
(
6 + 2

ρ(L)

)2) 1
2

]
, we have

κ2 = − 1

ρ(L)
+
√

κ2
3 − κ3 > 3.

Thus,β is well defined. Then, fromβ > κ1
κ2−3

, we have 3β + κ1 <
βκ2. Thus, α is well defined.

B. Proof of Theorem 1

1) In this part, we show that there is no Zeno behavior by contradiction.
Suppose that Zeno behavior exists. Then, there exists an agent
i ∈ V , such that limk→∞ tik = T0, whereT0 > 0 is a constant. Note
that xi(t) and vi(t) are continuous. Therefore, there exist constants
p1 > 0 and p2 > 0, such that ‖xi(t)‖ ≤ p1, ‖vi(t)‖ ≤ p2 for all
i ∈ V and for all t ∈ [0, T0].
From Assumption 2, we know that f(x) is continuously differen-
tiable. Also noting that ‖xi(t)‖ ≤ p1, ∀i ∈ V , ∀t ∈ [0, T0], there
exists a constant p3 > 0 such that ‖∇f̃(x)‖ ≤ p3, ∀t ∈ [0, T0].
Let C0 = 2αmaxi∈V{Lii}p1 + βp2 + p3. It then follows from
algorithm (4) that

‖ẋi(t)‖ ≤ ‖α
n∑

j=1

Lijxj(t
j
kj(t)

)‖+ ‖βvi(t)‖+ ‖∇fi(xi(t))‖

≤ C0 ∀i ∈ V ∀t ∈ [0, T0]. (19)

Given the triggering law (5), we know that

‖exi (t)‖ = ‖xi(t)− xi(t
i
k)‖ ≤ aie

−bit. (20)

It then follows from (19) that one sufficient condition to ensure
(20) is

C0(t− tik) ≤ a0e
−b0t, t ∈ [tik, t

i
k+1) (21)

where a0 = min{a1, . . . , an} and b0 = max{b1, . . . , bn}.

Denote ε = a0e
−b0T0

2C0
. It then follows from the property of limits

that there exists a positive integer N(ε) such that

tik ∈ [T0 − ε, T0] ∀k ≥ N(ε). (22)

Suppose that we have determined the N(ε)th triggering time of
agent i, which is denoted by tiN(ε). Let tiN(ε)+1 and t̃iN(ε)+1 denote
the next triggering time determined by the triggering law (5) and
the inequality (21), respectively. Then

tiN(ε)+1 ≥ t̃iN(ε)+1 = tiN(ε) +
a0e

−b0 t̃
i
N(ε)+1

C0

≥ tiN(ε) +
a0e

−b0T0

C0

= tiN(ε) + 2ε

where the first two inequalities hold due to t̃iN(ε)+1 ≤ tiN(ε)+1 ≤
T0. Thus

tiN(ε)+1 − tiN(ε) ≥ 2ε

which contradicts (22). Hence, the event-triggered algorithm (4) is
free of Zeno behavior.

2) In this part, we use the Lyapunov stability analysis to show that
every xi(t) asymptotically converges to a stationary point.

1) In this part, we show the following function is nonincreasing and,
thus, can be used as the Lyapunov candidate

W (t) = F (t) +
a2ε8
b

‖z(t)‖2 (23)

where F (t) =
∑4

i=1 Fi(t), F1(t) =
1
2
QK(x(t)), F2(t) =

1
2
QQ+α

β
K

(
v(t) + 1

β
g0(t)

)
, F3(t) = 〈x(t),v(t) + 1

β
g0(t)〉K ,

F4(t) = n(f(x̄(t))− f�), and z(t) = [e−bt, . . . , e−bt]T ∈ Rn.
For F1(t), we have that

Ḟ1(t) = xT (t)K(−αLx̂(t)− βv(t)−∇f̃(x(t)))

= −αQL(x(t))− β

〈
x(t),v(t) +

1

β
g(t)

− 1

β
g0(t) +

1

β
g0(t)

〉
K

− α〈x(t),ex(t)〉L

=− αQL(x(t))− β

〈
x(t),v(t) +

1

β
g0(t)

〉
K

+ 〈x(t), g0(t)− g(t)〉K − α〈x(t),ex(t)〉L

≤ −αQL(x(t))− β

〈
x(t),v(t) +

1

β
g0(t)

〉
K

+
1

2
QK(x(t)) +

L2
f

2
QK(x(t)) +

α

2
QL(x(t))

+
α

2
QL(e

x(t)) (24)

where the first equality holds due to (16a); the last inequality holds
due to the Cauchy–Schwarz inequality and (2).
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For F2(t), we have

Ḟ2(t) =

(
v(t) +

1

β
g0(t)

)T (
Q+

α

β
K

)

×
(
βLx̂(t)− 1

β
∇2f̃(x̄(t))(ḡ(t)− ḡ0(t) + ḡ0(t))

)

=

〈
v(t) +

1

β
g0(t), βLx(t)

〉
Q+α

β
K

−
〈
1

β

(
v(t) +

1

β
g0(t)

)
,∇2f̃(x̄(t))

× (ḡ(t)− ḡ0(t))

〉
Q+α

β
K

−
〈
1

β

(
v(t) +

1

β
g0(t)

)
,

∇2f̃(x̄(t))ḡ0(t)

〉
Q+α

β
K

+ 〈v(t) + 1

β
g0(t), βLex(t)〉Q+α

β
K

≤
〈
v(t) +

1

β
g0(t), βLx(t)

〉
Q+α

β
K

+
c2
2β

QQ+α
β
K

(
v(t) +

1

β
g0(t)

)

+
1

βc2
QQ+α

β
K(∇2f̃(x̄(t))(ḡ(t)− ḡ0(t)))

+
1

βc2
QQ+α

β
K(∇2f̃(x̄(t))(ḡ0(t)))

+

〈
v(t) +

1

β
g0(t), αLex(t)

〉
K

+
β

2
QK(ex(t))

+
β

2
QK

(
v(t) +

1

β
g0(t)

)

≤
〈
v(t) +

1

β
g0(t), βLx(t)

〉
Q+α

β
K

+
c2
2β

QQ+α
β
K

(
v(t) +

1

β
g0(t)

)
+
L2

f

β
‖ḡ(t)−ḡ0(t)‖2

+
L2

f

β
‖ḡ0(t)‖2 +

〈
v(t) +

1

β
g0(t), αLex(t)

〉
K

+
β

2
QK(ex(t)) +

β

2
QK

(
v(t) +

1

β
g0(t)

)

≤
〈
v(t) +

1

β
g0(t), βLx(t)

〉
Q+α

β
K

+
c2
2β

QQ+α
β
K

(
v(t) +

1

β
g0(t)

)
+

L4
f

β
QK(x(t))

+
L2

f

β
‖ḡ0(t)‖2 +

〈
v(t) +

1

β
g0(t), αLex(t)

〉
K

+
β

2
QK(ex(t)) +

β

2
QK

(
v(t) +

1

β
g0(t)

)
(25)

where the first equality holds due to (16b) and (18); the first inequal-
ity holds due to the Cauchy–Schwarz inequality; the second in-

equality holds due to (3) and ρ
(
Q+ α

β
K
)
≤ ρ(Q) + ρ

(
α
β
K
)

,

ρ(K) = 1; the last inequality holds due to the Cauchy–Schwarz
inequality and (17).
For F3(t), we have

Ḟ3(t) =

(
v(t) +

1

β
g0(t)

)T

K

× (−αLx̂(t)− βv(t)−∇f̃(x(t)) + g0(t)− g0(t))

+ xT (t)K

(
βLx̂(t)− 1

β
∇2f̃(x̄(t))ḡ(t)

)

=−α

〈
v(t)+

1

β
g0(t),x(t)

〉
L

−βQK

(
v(t)+

1

β
g0(t)

)

+

〈
v(t) +

1

β
g0(t),g0(t)− g(t)

〉
K

+ βQL(x(t))

− 1

β
〈x(t),∇2f̃(x̄(t))(ḡ(t)− ḡ0(t) + ḡ0(t))〉K

−
〈
v(t) +

1

β
g0(t), αLex(t)

〉
K

+ 〈x(t), βLex(t)〉K

≤−α

〈
v(t)+

1

β
g0(t),x(t)

〉
L−βQK

(
v(t)+

1

β
g0(t)

)

+
1

2
QK

(
v(t)+

1

β
g0(t)

)
+
L2

f

2
QK(x(t))+βQL(x(t))

+
1

2β
QK(x(t)) +

L4
f

β
QK(x(t)) +

L2
f

β
QK(ḡ0(t))

−
〈
v(t) +

1

β
g0(t), αLex(t)

〉
K

+
β

2
QL(x(t))

+
β

2
QL(e

x(t)) (26)

where the first equality holds due to algorithm (16); the inequality

holds due to (2), the Cauchy–Schwarz inequality, ρ
(
Q+ α

β
K
)
≤

ρ(Q) + ρ
(

α
β
K
)

, ρ(K) = 1, and (17).

For F4(t), we have

Ḟ4(t) = n(∇f(x̄(t)))T

(
− 1

n

n∑
i=1

∇fi(xi(t))

)

= − (∇f(x̄(t)))T
n∑

i=1

(∇fi(xi(t))−∇fi(x̄(t))

+∇fi(x̄(t)))

= − 1

2n

(
n∑

i=1

∇fi(x̄(t))

)T ( n∑
i=1

∇fi(x̄(t))

)

+ (∇f(x̄(t)))T
n∑

i=1

(∇fi(x̄(t))−∇fi(xi(t)))

− n

2
‖∇f(x̄(t))‖2

≤ − 1

2
‖ḡ0(t)‖2 + ‖∇f(x̄(t))‖

n∑
i=1

‖∇fi(x̄(t))

−∇fi(xi(t))‖ − n

2
‖∇f(x̄(t))‖2
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≤ − 1

2
‖ḡ0(t)‖2 + Lf‖∇f(x̄(t))‖

n∑
i=1

‖x̄(t)− xi(t)‖

− n

2
‖∇f(x̄(t))‖2

≤ − 1

2
‖ḡ0(t)‖2

+
n

2
‖∇f(x̄(t))‖2 + L2

f

2n

(
n∑

i=1

‖x̄(t)− xi(t)‖
)2

− n

2
‖∇f(x̄(t))‖2

= − 1

2
‖ḡ0(t)‖2 + L2

f

2n

(
n∑

i=1

‖x̄(t)− xi(t)‖
)2

≤ − 1

2
‖ḡ0(t)‖2 + L2

f

2

n∑
i=1

‖x̄(t)− xi(t)‖2

= − 1

2
‖ḡ0(t)‖2 + L2

f

2
QK(x(t)) (27)

where the first equality holds due to (18); the first, second, and
last inequalities hold due to the Cauchy–Schwarz inequality; the
second inequality holds due to (3); and the last equality holds due
to
∑n

i=1 ‖x̄(t)− xi(t)‖2 = ‖x̄(t)− x(t)‖2 = QK(x(t)).
Then, based on (24)–(27), we have

Ḟ (t) ≤ −Q 1
2 (α−3β)L−

[
1
β

(
2L4

f
+ 1

2

)
+ 3

2L2
f
+ 1

2

]
K
(x(t))

−Q( β
2 − 1

2−αc2
2β2

)
K− c2

2β
Q

(
v(t) +

1

β
g0(t)

)

−
(
1

2
− 2L2

f

β

)
‖ḡ0(t)‖2 +Q(ex(t)) 1

2 [(α+β)L+βK]

≤ −ε5QK(x(t))− ε6‖ḡ0(t)‖2

− ε7QK

(
v(t) +

1

β
g0(t)

)
+ ε8‖ex(t)‖2 (28)

≤ −ε4(QK(x(t)) +QK

(
v(t) +

1

β
g0(t)

)
+ ‖ḡ0(t)‖2)

+ ε8‖ex(t)‖2 (29)

where the second inequality holds due to (14) and (15).
Then, from (20), it can be obtained that

‖ex(t)‖2 ≤ na2e−2bt. (30)

It then follows from (29) and (30) that

Ẇ (t) = Ḟ (t)− 2a2ε8‖z(t)‖2

≤ −ε4

(
QK(x(t)) +QK

(
v(t) +

1

β
g0(t)

)
+ ‖ḡ0(t)‖2

)

− a2ε8‖z(t)‖2. (31)

Thus, from (31) and ε4 > 0, we know that W (t) is nonincreasing.
2) In this part, we use the Barbălat’s lemma [34, Th. 5] to prove (6).

From the Cauchy–Schwarz inequality, we have

W (t) ≥ ε3(QK(x(t)) +QK

(
v(t) +

1

β
g0(t)

)

+ n(f(x̄(t))− f�) + a2ε8‖z(t)‖2) ≥ 0. (32)

Then, from the fact that W (t) is nonincreasing and (32), we have

0 ≤ W (t) ≤ W (0). (33)

Similar to the way to get (24), we have(
d‖x(t)− x̄(t)‖

dt

)2

=

(
(x(t)− x̄(t))T (ẋ(t)− ˙̄x(t))

‖x(t)− x̄(t)‖
)2

≤ ‖ẋ(t)‖2K = ‖ − αLx̂(t)− βv(t)−∇f̃(x(t))‖2K
= α2QL2(x(t)) + 2α2〈x(t),ex(t)〉L2 + α2QL2(ex(t))

+ 2β

〈
v(t) +

1

β
g0(t) +

1

β
g(t)− 1

β
g0(t), αLx(t)

〉
K

+ 2β

〈
v(t) +

1

β
g0(t) +

1

β
g(t)− 1

β
g0(t), αLex(t)

〉
K

+ β2QK

(
v(t) +

1

β
g0(t) +

1

β
g(t)− 1

β
g0(t)

)

≤ c4

(
QK(x(t)) +QK

(
v(t) +

1

β
g0(t)

)
+ ‖ex(t)‖2

)
(34)

where c4 = max{4(α2ρ2(L) + L2
f ), 4β

2}; the last inequality
holds due to the Cauchy–Schwarz inequality, (14), (17), and
ρ(K) = 1.
Similarly, we have(

d‖ḡ0(t)‖
dt

)2

=

(
(ḡ0(t))T ˙̄g0(t)

‖ḡ0(t)‖
)2

≤ ‖ ˙̄g0(t)‖2 = n‖∇2f(x̄(t)) ˙̄x(t)‖2

≤ nL2
f‖ ˙̄x(t)‖2 = L2

f‖ḡ(t)‖2 = L2
f‖ḡ(t)− ḡ0(t) + ḡ0(t)‖2

≤ 2L2
f‖ḡ(t)− ḡ0(t)‖2 + 2L2

f‖ḡ0(t)‖2

≤ 2L4
fQK(x(t)) + 2L2

f‖ḡ0(t)‖2 (35)

where the second, third, and the last inequalities hold due to (3),
(17), and (18), respectively.
From (31) and (33), we know that QK(x(t)) +

QK

(
v(t) + 1

β
g0(t)

)
+ ‖ḡ0(t)‖2 is integrable. Then, from

(34) and (35), we know that d‖x(t)− x̄(t)‖/dt and d‖ḡ0(t)‖/dt
are square integrable. Finally, from the Barbălat’s lemma, we have

lim
t→∞

(‖x(t)− x̄(t)‖+ ‖ḡ0(t)‖) = 0

i.e., (6) holds.

C. Proof of Theorem 2

1) From (7) and (28), we have

Ḟ (t) ≤ −ε5QK(x(t))− 2ε6νn(f(x̄(t))− f�))

− ε7QK

(
v(t) +

1

β
g0(t)

)
+ ε8‖ex(t)‖2. (36)

From (36), it can be obtained that

Ẇ (t) = Ḟ (t)− 2a2ε8‖z(t)‖2

≤ −ε1(QK(x(t)) +QK

(
v(t) +

1

β
g0(t)

)

+ n(f(x̄(t))− f�) + a2ε8‖z(t)‖2). (37)
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From the Cauchy–Schwarz inequality, we have

W (t) ≤ ε2(QK(x(t)) +QK

(
v(t) +

1

β
g0(t)

)

+ n(f(x̄(t))− f�) + a2ε8‖z(t)‖2). (38)

Then, from (37) and (38), we have

Ẇ (t) ≤ − ε1
ε2

W (t). (39)

Finally, from (32) and (39), we have

1

n

n∑
i=1

‖xi(t)− x̄(t)‖2 + f(x̄(t))− f� ≤ W (t)

nε3
≤ c1e

− ε1
ε2

t
.

Thus, (9) is obtained.
2) If the projection operator PX�(·) is well defined, then from the

Cauchy–Schwarz inequality and (8), we know

‖x(t)− 1n ⊗ PX�(x̄(t))‖2

≤
(
1 +

1

2ν

)
‖x(t)− x̄(t)‖2 + (1 + 2ν)n‖x̄(t)− PX�(x̄(t))‖2

≤
(
1 +

1

2ν

)
‖x(t)− x̄(t)‖2 + (1 + 2ν)

n

2ν
(f(x̄(t))− f�)

=

(
1 +

1

2ν

)
(Q

K
(x(t)) + n(f(x̄(t))− f�)). (40)

Finally, (9) and (40) yield (10).
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