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Abstract

We propose two distributed set-based observers using strip-based and set-propagation approaches for
linear discrete-time dynamical systems with bounded modeling and measurement uncertainties. Both
algorithms utilize a set-based diffusion step, which decreases the estimation errors and the size of
estimated sets, and can be seen as a lightweight approach to achieve partial consensus between the
distributed estimated sets. Every node shares its measurement with its neighbor in the measurement
update step. In the diffusion step, the neighbors intersect their estimated sets using our novel lightweight
zonotope intersection technique. A localization example demonstrates the applicability of our algorithms.
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1. Introduction

State estimation algorithms compute a single state, a probability distribution of the state, or
a set of all possible states. In stochastic approaches, measurement and process noise are mod-
eled by probability distributions (e.g., Gaussian [1]). On the other hand, set-based approaches
assume noise to be unknown but bounded by known bounds. Safety-critical applications re-
quire guarantees on the state estimation during operation — such guarantees can be provided
by set-based approaches. Set-based approaches are traditionally used in fault detection by
generating an adaptive threshold to check the consistency of the measurements with the esti-
mated output set [2-6]. According to the terminology in [7], there are three types of set-based
observers: interval-based observers, set-propagation observers, and strip-based observers. We
focus on the following literature survey on set-propagation and strip-based observers as they
are the paper’s main focus.

Set-propagation observers. They are based on a Luenberger observer and, in general, obtain
possible sets of states by combining the model and the measurements through an observer
gain [8]. By merging optimal and robust observer gain designs, a zonotopic Kalman filter
(ZKF) is proposed in [9] based on the Frobenius norm of a zonotope. The same author
proposed a joint zonotopic and Gaussian Kalman filter (ZGKF) in [10] along with robust
fault detection in the presence of both bounded and Gaussian disturbances. This line of work
has been extended to nonlinear systems using a zonotopic extended Kalman filter (ZEKF) in
[11].

Strip-based observers. Unlike set-propagation observers, which are based on observer gain
derivation, strip-based observers generally intersect the set of states consistent with the model
and the set consistent with the measurements to obtain the corrected state set [7]. One early
example of strip-based observers is a recursive algorithm bounding the state by ellipsoids
[12]. Another example based on normalized least-mean-squares is presented in [13]. A strip-
based state estimation algorithm based on DC programming is proposed in [14]. Authors in
[15] consider linear time-varying descriptor systems for strip-based estimation. Strip-baseds
observers for nonlinear models are investigated in [16-20]. They are also used in applications
such as underwater robotics [21], a leader following consensus problem in networked multi-
agent systems [22], and localization [23]. Authors in [24] consider a class of discrete time-
varying systems with an event-based communication mechanism over sensor networks. An
interconnected multi-rate system is considered in [25]. A strip-based filtering subject to replay
attacks and quantization effects is considered in [26,27], respectively. Also, a distributed strip-
based estimation and formation control algorithm for a fleet of vehicles is proposed in [28],
where the set-based estimation enclosure is guaranteed in spite of the lack of knowledge of
the control signal applied by the rest of the vehicles.

Different set representations have been used in set-based estimation, e.g., ellipsoids [29—
31], orthotopes, and polytopes [32,33]. Zonotopes [34] are a special class of polytopes for
which one can efficiently compute linear maps and Minkowski sums — both are important
operations for set-based observers. A strip-based observer based on zonotopes is introduced in
[35]. Another strip-based approach for discrete-time piecewise affine systems using zonotopes
is studied in [36]. Yet another work considers discrete-time descriptor systems using zonotopes
[37]. Set-based estimation of uncertain discrete-time systems using zonotopes is also proposed
in [38]. In our previous work [39], we considered secure state estimation with the aid of a
diffusion step from the stochastic domain. In this work, we adapt the diffusion step to sets in
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order to guarantee state inclusion and safety. The measurement update step is common with
our previous work [39], which is originally from [40].

Contributions. We propose two distributed set-based estimators, where a set of nodes is
required to collectively estimate the set of possible states of a linear dynamical system in a
distributed fashion. One main problem in distributed set-based estimation is the misalignment
between the estimated sets by the distributed nodes. This problem is usually solved by con-
sensus methods [41]. However, traditional consensus methods require the sensor network to
perform several iterations before arriving at a consensus, which causes a high overhead in
set-based estimation. Unlike prior work and our previous work [39], we supplement our newly
proposed estimators with a new set-based diffusion step which consists of a new lightweight
zonotope intersection technique. We use the term diffusion since our intersection formula re-
sembles the traditional diffusion step in the stochastic Kalman filter. More specifically, our
proposed diffusion step is considered an adaptation of the diffusion approach in the stochastic
Kalman filter to sets in order to guarantee safety. We show that our diffusion step decreases
the estimated sets’ volume and can be seen as a lightweight approach for achieving partial
consensus due to the agreement on the intersected sets. Furthermore, we provide closed forms
for our parameter-finding optimization problems to realize faster execution times. All used
data and code to recreate our findings are publicly available.!

The rest of the paper is organized as follows: the problem statement and preliminaries are
in Section 2. In Section 3, we present the distributed strip-based diffusion observer as our first
algorithm. Our second solution is the distributed set-propagation diffusion observer, which is
introduced in Section 4. An analytical analogy to the diffusion Kalman filter is provided in
Section 5. Both algorithms are evaluated in Section 6. Finally, we conclude the paper in
Section 7.

2. Problem statement and preliminaries

We start by stating some preliminaries before describing our problem statement.

Definition 1 (Zonotope [42]). A zonotope Z consists of a center ¢ € R” and a generator matrix
G € R"™*¢. We compose G of e generators g e R", i =1,...,e, where G =g, ..., g“].

z={c4 Y p0g0| - 120 <1). M
i=1

We use the shorthand Z = (c, G) for a zonotope.

Given two zonotopes Z; = (c1, G1) and 2, = (¢, G»), the following operations can be
computed exactly [42]:

1. Minkowski sum:

2@ 2 =(c1 + 0. (G, Gal). @)

! https://github.com/aalanwar/Distributed- Set- Based- Observers- Using- Diffusion- Strategies.
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2. Linear map:

LZ, = <Lc1,LG1). 3)

Let C € R™7”, then ||C||r = /tr(CTC) is the Frobenius norm of C. The Frobenius norm
of a vector x € R" equals the Euclidean norm of the vector defined as |x| = VxTx. The F-
radius of the zonotope Z = (c, G) is the Frobenius norm of the generator matrix. We denote
the reduction operator by |, G of a generator matrix G. It basically reduces the number
of generators of a zonotope to a fixed number ¢ so that the resulting zonotope is an over-
approximation [43]. The operator diag(x) returns a diagonal matrix with x on the diagonal.
Finally, for a scalar ¢ and matrices A, B and C, we provide the following trace properties
[44, p.11], where Vy f(X) is the derivative of f(X) with respect to X:

tr(cA) = ¢ tr(A), 4)
tr(A + B) = tr(A) + tr(B), (@)
Vxtr(AXBXTC) = ATCTXB" + CAXB, (6)
Vxtr(BTXTCXB) = CTXBB” + CXBB'. 7

We aim to estimate the set of possible states in a distributed fashion starting from the
initial set Zy by observing physical signals through sensory devices. Consider a set of N
nodes indexed by i € {0,...,N — 1} distributed geographically over some region. We de-
note the neighborhood of a given node i by the set N; containing m; nodes connected to
node i, including the node itself. Every node is interested in estimating the set of possible
states of the network state. The noise is assumed to be unknown but bounded by a known
bound and the initial set Z; is known. We consider an observable discrete-time linear system
model:

X1 = Fxp + ny,
Vi = H'xe + v, ®)

where x; € R” is the state at time step k, y}; € R” the measurement observed by node i at
time step k, F' € R™*" the state matrix, H i ¢ RP*" the measurement matrix, n; the process
noise and vj'( the measurement noise. The process and measurement noises are assumed to
be unknown but bounded by zonotopes: ny € Zpx = (0, Ok) and vi € Z/ = (0, diag(ry)). If
these zonotopes are not centered around zero, we perform a coordinate transformation. All
vectors and matrices are real-valued and have proper dimensions.

3. Distributed strip-based diffusion observer

As mentioned in the introduction, we focus on two types of set-based observers: strip-
based observers and set-propagation observers. We propose two algorithms extending the
related work of both observers and adding the set-based diffusion step to both observers.
Our contribution to strip-based observers is presented first. We denote the state estimated at
node i of the strip-based approach by )?i . for time step k. The set of possible states in strip-
based approaches are generally obtained from predicted, measurement, and corrected state
sets, which are defined as follows:
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Definition 2 (Predicted State Set). Given the system in Eq. (8) with initial zonotope 2;0 =

Zy, then the predicted reachable set 2,;;k considering the zonotope Zp; which bounds the
modeling noise is defined as:

éjk = Féal:,k—l (&) ZQ!](. C))

Definition 3 (Measurement State Set). Given the system in Eq. (8), then the measurement
state set S; of node i is defined as the set of all possible solutions x; given y; and vj € Z}, =
(0, diag(r,’;)). If the dimension of y;< € R? equals one, i.e., p = 1, this measurement set is a
strip:

S) = |1t =51 < ). (10)
and 8] is the intersection of multiple strips for p > 1.

Definition 4 (Corrected State Set). Given the system in Eq. (8) with initial set Z,, then
the reachable corrected state set Z;"k of node i is defined as the over-approximation of the

intersection between Z!, and S;:

(Zi,nS)) € 2L, (11)

Our proposed strip-based approach consists of three steps: measurement update, diffusion
update, and time update. The time update step results in computing the predicted set (Defi-
nition 2). The measurement update step utilizes the previously predicted set along with the
measurement set (Definition 3) to compute the corrected set (Definition 4). Every node in a
distributed setting has access to some, not all, measurements. Therefore, we propose sharing
measurements and estimated sets in the measurement and diffusion update steps, respectively,
to obtain a lightweight consensus between the distributed nodes. We first give a high-level
description of the proposed algorithm in Algorithm 1, then we derive the required theory. Our
approach corrects the reachable set of each node by determining the set of consistent states
with the model and measurements received from all neighbors. More specifically, during the
measurement update, every node collects measurements from neighbors, as shown in step i in
Fig. 1(a), i.e., each node obtains a family of strips (measurements) to be intersected with the
predicted zonotopic set (step ii in Fig. 1(a)) of each node to obtain the estimated zonotope
Zf:’k, dashed in step iii in Fig. 1(a). Every node collects the shared sets from its neighbors
in step iv in Fig. 1(b). Next, each node intersects its reachable set with shared sets of the
neighbors in the set-based diffusion step in step v in Fig. 1(b). Finally, the estimated sets
evolve according to the time update model.

Let I'=(H", . H"V, 5i=Dl 07, and =Dl V)T € Zryo=
(0,R}) where R, = diag([r,lr, ey r,Z"’T 1) with m; equals the number of available measure-
ments from the node’s neighbors. We propose to perform the measurement update step ac-
cording to the following lemma [40], which is represented graphically in Fig. 1(a):

Lemma 1 ([40]). Given are the zonotope ﬁik_l = (¢, GAi.k_l), the family of m; mea-
surement sets S,i in Eq. (10), and the design parameters Ai « The intersection between the
zonotope and measurement sets can be over-approximated by a zonotope ZS‘ 0= (Eg o (_;i o
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Algorithm 1 Distributed strip-based diffusion observer.

Start with initial zonotope 2; x = 2o for all nodes, and compute at every node i and time
instant k the following:
Step 1: Measurement update:

A= argmin 1G; i llF
Al

_lvk = 5§,k—1 + Ai,k()_’;; - Fiéék—l)
é,k = [(1 - Ai,kri)éi,kfv Al kRk]

Step 2: Diffusion update:

ro} = argmin ||(\}§,k||p.

ol
‘l iJ —J
s k= l] Z W
Wi e,
Je./\/' !
~N 1 [Wi, 1 Gl Wi,mi G‘mi ]
s,k — i,j k s,k Wk s,k
> Wy
JeN;

é,k =14 Gy
Step 3: Time update:
G =Feg

5 =IFGL ., O

where
Cop = Clpy + AL O — TE, ), (12)
_i,k = [(1 - kF )Gvk 1 kR;;iI' (13)

The matrix of design parameters Ai « minimizing the Frobenius norm of the zonotope is
obtained as in [45].

As previously mentioned, every node shares its corrected zonotope Zé i = (C G’Y ) with
its neighbours during the set-based diffusion step. We find the intersection between the shared
zonotopes using the following theorem:

Theorem 1. The intersection between m; zonotopes Z_Yj P = ( Sk G‘ ), Yj € N;, can be over-

approximated by the zonotope Z:k = (ééyk, Gi,k> with

\;k_ 1] : :Wk Csk’ (14)
k
]EN JEN;
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Strips

Zonotope
intersect

Over-; approxmatlng Zonotope
(dashed

(a) Measurement update step.

Fig. 1.
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7 ~._ Zonotopes '~
1 .

Over-approximating Zonotope
(bold)

(b) Diffusion update step.

Strip-based approach in Algorithm 1, where (a) illustrates Lemma 1 and (b) illustrates Theorem 1.

5)

i 1 i1 l m
Gy = =7 W' Gogoo oo WG]
D W
JeN;
where w;;'j is a weight such that Zje/\/’,- wi’j # 0.

Proof. We aim to find the zonotope which over-approximates the intersection. Let x € (Z_1

Z_ik n. Zm’) then x is within the zonotope defined in Eq. (1), i.e., we have 7 e[-1,1]
for each zonotope J such that
Gl 16)
By multlplymg Eq. (16) with wi/ and summing for all m; zonotopes, we obtain
/!
1 A
X = =y owld =[G oG] |
Z ij JEN; Z Wk 7™M
jeN; JeN;
——
Sk Gy z
= 4G 2 a7

Note that z € [-1,1] as z, ...

,7" € [—1, 1]. Thus, the center and the generator of the over-

approximating zonotope are ¢!, and G, respectively. O

The optimal design of the weight vector w} = [wf{’l, cees WY

i,m;

] can be chosen such that the

size of the zonotope Z!, = (¢!, G' ;) is minimal. Using the Frobenius norm as an indicator

of zonotopic size, we compute tv; by solving

t‘ofc = argmin ||(\7_’;,k||p.
oy,

(18)

Next, we add the constraint ) e wf(’j = 1 in order to facilitate finding the optimal weights

wf(’j in the following proposition.
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Proposition 1. For the over-approximated set Zé P = (&i’k, Gi,k) in Theorem 1, the optimal
design parameters wy’ for Eq. (18), Vj € N; where D ien; wy! =1, can be obtained as:

1
~j AT 1 '
(61,6l ¥ ———
rehN; tr(G;vag,()

L
w =

19)

Proof. The Frobenius norm of the generator matrix can be computed as follows:
i w2 s
1603 = u(G,GE)

15 ir2 A A
D (Y66 )
reN;

; o
N (R AT
reN;

DY (GG )- (20)
reN;

Let a, = tr(G§ kégrk), therefore we obtain the following constrained optimization problem:

ij : i,r\2
Wy = argmin E ar(w, )7,
wkv./ rEM

subject to f(w}) = > wi” —1=0. (1)
reN;

This can be solved by introducing the Lagrange multiplier s [46]. The Lagrangian function
for Eq. (21) is

L= aw)- s< > owp - 1). (22)

reN; reN;

The necessary condition Vj € A; for an extremum point is

Vwi,fﬁ = ZWZj(Xj —s=0. (23)
k
Inserting Eq. (23) in Eq. (21) results in:
2
5= T (24)
reN;
Inserting Eq. (24) into Eq. (23) results in:
i S ey 1 25)
k 20 o Y ai
reN;

It remains to check if the extremum point is a minimum [47]. We compute the bordered
Hessian matrix H”, while suppressing the indices i and k, and denoting V,,;X (tv) by X,,; and
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ViiwnX (10) by X,,;m for simplicity:

0 -1 -1 ... -1
O ~fw oo~ 1 20y 0 ... O
—fwl [:Wl,l . K‘Vl.m
Hb — : : N : — —1 0 20(2 e 0 . (26)
—fwm ﬁwm.l “e Cwm,m _1 O O o zam

The m — 1 largest principal minors of Eq. (26) are negatives because «, is positive Vr =
1, ..., m. Thus, the extremum in Eq. (25) is a minimum point, which concludes the proof. [

After presenting our distributed strip-based approach using the diffusion strategy, we

present our set-propagation diffusion observer.

4. Distributed set-propagation diffusion observer

Unlike the strip-based observer developed in the previous section, which was based on
geometric intersection, we propose the following set-propagation observer based on the fol-
lowing structure while bounding the unknown noise by the corresponding bounding zonotope:
xp=Fxi_ +m+ A, G — T — ) 27)

where Af,’k is a time-varying observer gain computed at each time step. The design of the
observer makes use of the bounds of the noises. Let x/, be the state estimated by the set-
propagation observer. For the distributed system in Eq. (8), the proposed design consists of
two steps: Luenberger update and diffusion update. During the Luenberger update, every node
shares its measurement with its neighbor, while in the diffusion step, every node shares the
estimated information with its neighbors. We first discuss the Luenberger update step.

Theorem 2. Given are the system in Eq. (8), the measurements y,i, several zonotopes bounding
)?";’0 € Zo, mk € 2o = (0, Qk), Vi € Zlie,k = (0, R}), and the state )?é’k71 € <5i,k71, GAi’k71>. The

zonotope bounding the uncertain states can be iteratively obtained as )?; ¢ € (E’v o (_?i’ k>, where
G =F ey + AL (=T, ), (28)
Gy =[(F - Ai,kri)éi,k—b — AR Qk]- (29)
Proof. Given &, € (¢, Gl ), m € Zou = (0, Q). and 7 € Zf, = (0, ), and by
using Eq. (27), one obtains:

fé,k € <Ei,k’ Gi,k)

@n i i) Zi i oci i

= <F — Al )Zv,kq @ Zox® <Av.kykv 0> & — A, 2Rk

= (F - A‘;’kl"')<€i,k_], éf/,k—l> ® (0,00 @ (Ai,k.);;(’ 0>@<0, —AQ,{R};>
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(%9<thyhﬂxﬂ—ﬂﬂho}KF—Ahﬁyxhvﬂ%ML@D

- =
Cok Gx

|
We propose to compute the design vectors Ai’ ; according to [9] such that:
A, = argmin G, llF (30)
Al

which is a lightweight indication of the volume to decrease the computation cost and maintain
a good performance. The following proposition is provided to compute the optimal parameters
Ay

Proposition 2. For the estimated zonotopic set 2@ L =1{é . G, _|) corresponding to node
i, the optimal design parameters Ai’ ¢ Jor Eq. (30) can be obtained as:

T

N oA
FG;,kflG;,kflrl
Gl Gl T + RIRY

[
vk —

€29

Proof. The proof is along the lines of [45].
The Frobenious norm of Eq. (29) can be computed as

y o
IGill7 =tr (GG 0)
(29) i i i i\T i inil T
Dy <<F — ALT )g(F — AlLT ) +ALRIAY, + Qka>
=tr(FgFT — FGT" AT, — AL, T'GFT + AL, T'GT" AT, + AL, RIAT, + QkQ,{),
(32)

where R’ = RiR! and G = é’s kfléikfl' The optimal value of A/, can be obtained by solving

Var 1G4 117 =0, 33)

where the Jacobian in Eq. (34) can be computed by applying matrix properties in Eqs. (6) and
(7) to (32):

VAik”Gi,k”%“ = —2FGr" + 2Ai,krigri1 + 240, R
=0 Gd

By inserting the optimal Af)’k from (31) in (34), one can see that Eq. (34) is fulfilled. We
do not have to check the type of extremum since we have an unconstrained norm, which is
always convex. [

Following the Luenberger update step, in the diffusion step, each node shares the infor-
mation of the estimated zonotope (c'i, © Gi, ) With its neighbors. The intersection between the
shared zonotopes is then computed as discussed earlier in Theorem 1. The iterative design
of the above two-step Luenberger observer is provided in Algorithm 2. We note that one of
the differences between the introduced set-propagation observer and strip-based observer is

6985



A. Alanwar, J.J. Rath, H. Said et al. Journal of the Franklin Institute 360 (2023) 6976-6993

Algorithm 2 Distributed set-propagation diffusion observer.

Start with initial zonotope 21’; x = 2o for all nodes, and at every time instant k, compute at
every node i:
Step 1: Luenberger update:

A yk = argmin ||G illF
AL

Ei.,k = FCAi,k—I + Ai,k(ﬁc r Cvk 1)
Gi, = [(F AT )lek L —AlRL Qk]

Step 2: Diffusion update:
1o, = argmin [|G), ;||F-

m’k
A iJ I
G = 77 > w
Wi jeN;
jEN !
~. 1 P
i i1 ~1 i,m; ~m;
G = [Wk Gy oo Wi Gv,k]
> w
JEN:
AL ~
vk — iq Gvk

the position of the time update step. This appears by comparing Theorem 2 with Theorem 1.
Also, it can be easily shown that

Al =FAL, (35)

5. Comparison to diffusion Kalman filter

In this section, we build the analogy with the diffusion Kalman filter (DKF) [48]. We start
by defining the Gaussian random vectors n; ~ N'(0, Ox) and vi ~ N (0, R}) where N (u, %)
denotes a Gaussian distribution with mean p and covariance X. We start by showing the
analogy with the incremental update, then we show it for the diffusion update.

5.1. Incremental update

Corresponding to incremental update in DKF we have for every node i with a neighbor
node j [48]

Si =R +HP_H",

B =8 +PLHTS, Ol - HS),
Pi=PF_~ P1£71HiTSIl:1HiP1i71-

Let us introduce

Lc=P_H"S . (36)
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Then after the incremental update, the center estimate corresponding to each node can be
expressed using the gain L; as

T =, L] — HE,). (7
We have from Eqgs. (31) to (35)
Gy i1 Gy Iy

= N AiT i i pil
Fst,k—l Gs,k—l Ui + RiR;

i
As,k

(38)

Comparing Eq. (37) with Eqgs. (12) and (36) with Eq. (38) for a node i with a single
neighbor j results in the following analogy

P=G .G R=RE. f=¢, (39)

5.2. Diffusion update

The diffusion update in DKF can be expressed as

AN iJj=j
X, = E WX,

JeN;

which resembles our zonotopes intersection formula in Eq. (14) in case of ) jeN: w;;’j =1.
Moreover, the optimal weight based on covariance intersection [49, Section III] is a function

—— L which again resembles our optimal weights in Eq. (19).
1r(P) Y ren; i

5.3. Discussion

Based on the above results, it can be said that if the initial center ¢y is chosen equally
for the DKF and our strip-based observer along with the same initial covariance matrices
Py = Giy(G}))" and same diffusion weights, then in the absence of any over-approximation
error due to the zonotopic reduction operation, both observers would result in the same
optimal gain L; and return the same center estimate JE,’(

6. Evaluation

Our proposed algorithms are implemented in Matlab 2019 on an example similar to the one
presented in [39,50], where a network of eight nodes attempts to track the position of a rotating
object. We made use of CORA [51] for zonotope operations along with implementations from
[52]. The state of each node consists of the unknown two dimensional position of the rotating
object. The state matrix in Eq. (8) is

Fo [0.992 —0.1247}

0.1247 0.992 (40)

and the measurement matrix H' alternates between [0 1] and [1 0] in the sequence of the
taken measurements. We run our proposed algorithms in comparison with the one proposed by
Garcia et al. [53] and DKF [48] on the same generated data set. The related work in set-based
methods does not consider sharing the measurements between the neighbors like our approach,
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and this affects the estimation results but comes at the cost of extra communication. Thus, we
will analyze our algorithms with and without sharing the measurements for a fair comparison.
Figure 2 shows the true values, upper bound, and lower bound for each dimension of the
estimated state using the strip-based approach in Algorithm 1 while each node is connected
to four neighbors. We start with a set (160 x 160 m?) covering the whole localization area
at the initial point (time step 0), then it becomes smaller due to receiving measurements and
performing geometric intersection to correct the estimated state. In addition, we repeat the
same experiments using Algorithm 2 and present the results in Fig. 3.

The effect of the diffusion step is analyzed graphically over a network with low connectiv-
ity, where every node is connected to two nodes only. Snapshots of the estimated zonotopes
by the distributed nodes in Algorithm 2 are shown in Fig. 4. The triangles are the true po-
sitions of the monitoring nodes. The estimates are the centers of the zonotopes, which are
represented by red pluses. Figure 4(a) and (b) show the results without and with the diffu-
sion step, respectively. As shown in the aforementioned figures, the diffusion step allows the
estimated zonotopes by the distributed nodes to partially consense on a set, which is one of
the advantages of adding the diffusion step.

The Hausdorff distance measures how far two subsets of a metric space are from each
other. Thus, as another measure of the estimated zonotope consistency for all the distributed
nodes, we calculate the Hausdorff distance between each zonotope at different time steps. We
analyze the Hausdorff distance over different network connectivities. The results are reported
in Table 1 for DKF, Garcia et al. [53], Algorithms 1 and 2 with and without the diffusion step
and measurements sharing between the neighbors. The diffusion step enhances the alignment
between the estimated zonotopes, significantly affecting a network with low connectivity. For
the aforementioned network, every node has access to a lower number of measurements, and
thus the diffusion step provides more information to the distributed nodes and enhances the
alignment of the estimated zonotopes, estimation results, and radii of the estimated zonotopes.

true value true value

|~ ~ L -~ |~ -~
1 upper bound ~ X upper bound
72\ fower bound | /7 \ \ / N lower bound / N

50 1 P\ LERY, 50 KRN T 1N\
= ] = \
= o / \ g o \ / S y
= \ < \ \ /
N N\ £ / W
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(a) (b)

Fig. 2. True values, upper bounds, and lower bounds of the two-dimensional estimated states using our strip-based
approach in Algorithm 1. Every node has four neighbors.
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Fig. 3. True values, upper bounds, and lower bounds of the two-dimensional estimated states using our set-propagation
approach in Algorithm 2. Every node has four neighbors.
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Fig. 4. Snapshots of the estimated zonotopes with the red pluses as centers. The triangles are the true positions for
the observing nodes. The blue rectangle is the true position of the rotating target. Figure 4(a) shows the distributed
estimated zonotopes using Algorithm 2 without the diffusion step. Figure 4(b) shows Algorithm 2 with the diffusion
step.

Table 1

The mean and standard deviation of the Hausdorff distance (m) between the estimated zonotopes in comparison to
Garcia et al. [53] and Cattivelli and Sayed [48], where every node has two, four, or six neighbors . The results are
presented with and without the diffusion step and sharing the measurements over different network connectivities.

Algorithm Meas. sharing Diffusion Six neighbors Four neighbors Two neighbors
mean std mean std mean std
Algorithm 1 v Vv 0.242 0.160 0.824 0.409 2.813 2.163
Algorithm 1 X v 3.019 2.244 3.899 4.062 5914 3.683
Algorithm 1 Vv X 1.517 1.393 2.703 2.118 3.829 2.360
Algorithm 2 Vv v 0.333 0.242 1.897 1.332 3.871 2.362
Algorithm 2 X Vv 1.601 1.846 3.202 2.889 5.760 3.607
Algorithm 2 Vv X 1.813 1.553 3.405 2.460 4.855 2.464
Garcia [53] - - 32.482 19.578 29.523 17.387 25.443 14.517
DKEF [48] - - 0.195 0.129 0.680 0.420 2.811 2.099

The Hausdorff distance decreases with increasing the number of neighbors in Table | as the
amount of shared information increases with increasing the connectivity. The set in the case
of DKF is computed using the 30 confidence interval of each node. The Hausdorff distance
is smaller in the case of DKF; however, it comes without state containment guarantees.

One important aspect of the performance of the set-based estimation algorithm is reducing
the resulting radius of the over-approximating estimated set. Therefore, we analyze the radii
of the estimated zonotopes of the proposed algorithms in comparison to the previous work in
[53] and [48]. Table 2 shows the mean and standard deviation of the radii with and without
the diffusion step and measurement sharing. The diffusion step and the measurement sharing
decrease the radii due to the proposed intersection criteria. Moreover, our proposed algorithms
with and without the diffusion step are much better than the previous work in [53]. We note
that the network with higher connectivity has a smaller radius as the intersection with more
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Table 2

The mean and standard of the radius (m) of the estimated zonotopes by the proposed algorithms in comparison
to [53] and [48]. The results are presented with and without the diffusion step and sharing the measurements over
different network connectivities.

Algorithm Meas. sharing Diffusion Six neighbors Four neighbors Two neighbors

mean std mean std mean std
Algorithm 1 Vv Vv 11.877 0.057 12.626 0.221 15.104 0.442
Algorithm 1 X v 22.267 3.507 24.405 2.969 26.973 4.012
Algorithm 1 Vv X 13.312 0.419 13.084 0.272 12.920 0.210
Algorithm 2 Vv Vv 13.266 1.235 13.515 0.432 15.257 0.393
Algorithm 2 X Vv 20.943 3.598 21.699 3.142 21.241 3.808
Algorithm 2 Vv X 16.690 1.443 17.174 0918 18.531 1.330
Garcia [53] - - 53.681 21.992 49.932 19.373 44.671 16.040
DKEF [48] - - 3.671 0.201 3.949 0.283 4.463 0.482
Table 3

The mean and standard deviation of the localization error (m) of the center of the estimated zonotopes using the
proposed algorithms in comparison to [53] and [48] over different network connectivities, where every node has two,
four, or six neighbors. The results are presented with and without the diffusion step and sharing the measurements
over different network connectivities.

Algorithm Meas. sharing Diffusion Six neighbors Four neighbors Two neighbors
mean std mean std mean std
Algorithm 1 Vv v 2.227 0.490 2.419 0.485 3.485 0.486
Algorithm 1 X VA 3.145 4.226 3.020 4.095 3.980 4471
Algorithm 1 Vv X 2.463 0.409 3.528 0.315 5.605 0.477
Algorithm 2 N4 VA 1.495 0.513 0.892 0.415 4.882 0.871
Algorithm 2 X v 3.630 4.191 6.475 3.512 13.311 4.060
Algorithm 2 N4 X 2.489 0.489 3.550 0.459 5.853 0.761
Garcia [53] - - 11.729 1.573 11.877 1.571 12.059 1.717
DKEF [48] - - 2.207 0.468 2.403 0.464 3.773 0.528

Table 4
Execution time in p seconds of the proposed measurement, diffusion, Luenberger, and time updates in Algorithms 1
and 2 with a different number of neighbors.

Step Number of neighbors

Six Four Two
Measurement update 76 70 63
Diffusion update 64 48 31
Time update 24 24 24
Luenberger update 77 73 64

strips decreases the estimated set. The center of the estimated zonotope is considered a single-
point estimate of the proposed algorithms. Therefore, we report the localization error of the
estimated centers by the proposed algorithms in Table 3. The diffusion significantly enhances
the center estimate of the proposed algorithms. Again, the diffusion step is more effective in
a network with a low connectivity.

Table 4 shows the execution time of each step in the proposed algorithms while again
changing the number of neighbors. To measure the execution time, we run each step 500
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times with randomly generated zonotopes with 20 generators and take the average execution
time. The measurements were taken on an 11th Generation Intel(R) Core(TM) i7-1185G7
processor with 16.0 GB RAM. The time update step does not depend on the number of
neighbours.

The main challenges in proposing new set-based observers are mainly choosing the set rep-
resentation. We chose zonotopes as one can efficiently compute linear maps and Minkowski
sums — both are essential operations for set-based observers. In addition, selecting the appro-
priate optimization function for computing the observer gain, which can maintain low compu-
tation costs and high accuracy in comparison to the standard volume minimization technique,
was a challenge. We ended up choosing the Frobenius norm as a lightweight indication of
the volume of the zonotope.

7. Conclusion

We propose two distributed strip-based and set-propagation observers using a diffusion
strategy. Our algorithms remove the need for a fusion center. They only require every node
to communicate with its neighbors: first, to share the measurements and second, to share the
estimates. The diffusion step ensures that information is propagated throughout the network
in order to converge to the best estimate and provide consistency between the estimated sets.
We propose a new over-approximation for zonotopes intersection to compose the diffusion
step and evaluate our algorithms in a localization example of a rotating object.
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