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Abstraci—This article considers the distributed bandit
convex optimization problem with time-varying inequality
constraints over a network of agents, where the goal is
to minimize network regret and cumulative constraint vio-
lation. Existing distributed online algorithms solving this
problem require that each agent broadcasts its decision
to its neighbors at each iteration. However, communication
resources are often limited. To better utilize communication
resources, we propose a distributed event-triggered on-
line primal-dual algorithm with two-point bandit feedback.
Under several classes of appropriately chosen decreasing
parameter sequences and nonincreasing event-triggered
threshold sequences, we establish dynamic network re-
gret and network cumulative constraint violation bounds.
These bounds are comparable to the results achieved
by distributed event-triggered online algorithms with full-
information feedback. Finally, a numerical example is pro-
vided to verify the theoretical results.

Index Terms—Bandit convex optimization, cumula-
tive constraint violation, distributed optimization, event-
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|. INTRODUCTION

ANDIT convex optimization has drawn a growing atten-
B tion due to its broad applications, such as online routing
in data networks and online advertisement placement in web
search [1]. Different from online convex optimization [2], [3],
[4], [5], [6], [7], [8], where the decision maker receives full-
information feedback for the loss function at each iteration (i.e.,
the loss function is revealed to the decision maker at each itera-
tion), in bandit convex optimization, the decision maker receives
bandit feedback for the loss function at each iteration (i.e., only
the values of the loss function at some points are revealed to
the decision maker at each iteration). In general, regret is a
common performance metric [9], which measures the difference
of the cumulative loss between the decision sequence selected
by the decision maker and a comparator sequence. When each
element of the comparator sequence is the offline optimal static
decision, this metric is called a static regret [10], [11]. When the
comparator sequence is the offline optimal dynamic decision
sequence, this metric is called a dynamic regret.

Bandit convex optimization with time-invariant constraints
is well studied. For example, Flaxman et al. [12] proposed a
projection-based online gradient descent algorithm with one-
point bandit feedback and established an O(73/4) static regret
bound for convex loss functions, where 7" is the total number
of iterations. Agarwal et al. [13] proposed a projection-based
online gradient descent algorithm by introducing the notable
two-point bandit feedback and established an O(\/T) static
regret bound for convex loss functions. Mahdavi et al. [14]
considered the scenarios where constraints are characterized
by static inequalities and introduced the idea of long-term
constraints (i.e., inequality constraints are permitted to be vi-
olated but are fulfilled in the long run) to avoid projection
operations onto the inequality constrained set due to the high
computational complexity. In contrast, bandit convex optimiza-
tion with time-varying constraints is studied in [15] and [16],
where constraints are characterized by time-varying inequalities.
Different from the time-invariant constraint setting, where the
decision maker knows the constrained set in advance when
he/she makes a decision, in the time-varying constraint setting,
the decision maker has no a priori knowledge of the current
inequality constrained set, and the information is revealed along
with the values of the loss function after he/she makes a
decision.
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The aforementioned studies concentrate on centralized online
algorithms with bandit feedback, which suffer a plethora of lim-
itations, e.g., single point of failure and heavy communication
and computation overheads [17], [18]. To deal with the limi-
tations, distributed online algorithms with bandit feedback are
developedin[19],[20], [21],[22],[23], [24], and [25]. Along the
line of the time-invariant constraint setting, the authors in [19]
and [20] successively proposed the projection-based distributed
online algorithms with two-point and one-point bandit feedback.
In the presence of feedback delays, Cao and Basar [22] proposed
a projection-based distributed online algorithm with two-point
bandit feedback and analyzed the impact of delay size on the
algorithm performance. In addition, the authors in [21], [23], and
[25] considered static inequality constraints and used the idea
of long-term constraints to reduce the computational burden of
projection operations. For the time-varying constraint setting, Yi
et al. [24] proposed a distributed online primal-dual algorithm
with two-point bandit feedback by using two-point stochastic
subgradient approximations for both loss and inequality con-
straint functions at each iteration.

Note that in the above studies on distributed online algorithms
with bandit feedback, all the decision makers require to collab-
oratively make decisions through local information exchange
with their neighbors at each iteration. However, communication
resources are so limited that frequent communication among the
decision makers may cause network congestion. To better utilize
communication resources, Cao and Basar [26] proposed a dis-
tributed event-triggered online algorithm with two-point bandit
feedback, where each agent broadcasts the current local decision
to its neighbors only if the norm of the difference between the
decision and its last broadcasted decision is not less than the
current event-triggering threshold. Moreover, sublinear static
regret is achieved when the event-triggering threshold sequence
is nonincreasing and converges to zero. By using one-point
and two-point stochastic subgradient estimators, two distributed
event-triggered online algorithms with delayed bandit feedback
are developed in [27], and static regret bounds are established
for the two algorithms.

The existing studies on distributed event-triggered online
algorithms with bandit feedback do not consider inequality
constraints. In this context, this article studies the distributed
bandit convex optimization problem with time-varying con-
straints, where the decision makers receive bandit feedback for
both loss and inequality constraint functions at each iteration.
The contributions are summarized as follows.

1) This article proposes a distributed event-triggered online
primal-dual algorithm with two-point bandit feedback
by integrating event-triggered communication with the
distributed online algorithm in [24]. Note that the introduc-
tion of event-triggered communication causes nontrivial
challenges for performance analysis, which will be ex-
plained in detail in Remark 4. The proposed algorithm
can be viewed as a bandit version of the distributed event-
triggered online algorithm with full-information feedback
in [8]. Their proofs are significantly different, which
will also be explained in detail in Remark 4. Note that
the authors in [26] and [27] do not consider inequality

constraints and analyze static regret, and we consider time-
varying inequality constraints and analyze dynamic regret.
Moreover, the proposed algorithm uses bandit feedback
for inequality constraint functions.

2) When the updating step-size sequence of local primal
variables is appropriately designed based on the event-
triggering threshold sequence (see Theorem 1 and Corol-
laries 1 and 2), this article establishes dynamic network
regret and network cumulative constraint violation bounds
for the proposed algorithm under a nonincreasing event-
triggered threshold sequence (see Theorem 1). The bounds
would be sublinear if the path length of the compara-
tor sequence (i.e., the accumulated dynamic variation
of the comparator sequence) grows sublinearly and the
event-triggering threshold sequence converges to zero. In
addition, this article also establishes dynamic network
regret and network cumulative constraint violation bounds
under the event-triggering threshold sequences produced
by 7¢ = 1/t with @ > 0 (see Corollary 1) and 7 = 1/c
with ¢ > 1 (see Corollary 2), respectively. These bounds
are the same as the results achieved by the distributed
event-triggered online algorithm with full-information
feedback in [8]. If event-triggered communication is not
considered, these bounds recover the results achieved by
the centralized online algorithm with two-point bandit
feedback in [16]. If inequality constraints are not con-
sidered, these dynamic network regret bounds recover
the results achieved by the distributed event-triggered
online algorithms with two-point bandit feedback in [26]
and [27]. If event-triggered communication and inequality
constraints are not considered, these dynamic network re-
gret bounds recover the results achieved by the centralized
online algorithm with two-point bandit feedback in [13]
and the distributed online algorithm with two-point bandit
feedback in [19].

3) When the updating step-size sequence of local primal
variables is independently designed (see Theorem 2), this
article establishes dynamic network regret and network
cumulative constraint violation bounds. These bounds are
the same as the results achieved by the distributed event-
triggered online algorithm with full-information feedback
in [8]. If event-triggered communication is not consid-
ered, these bounds recover the results achieved by the
distributed online algorithm with two-point bandit feed-
back in [24]. Note that this article is among the first to
establish dynamic network regret bounds (and network
cumulative constraint violation bounds) for distributed
event-triggered bandit convex optimization (with time-
varying constraints).

The detailed comparison of this article to related studies is

summarized in Table I.

The rest of this article is organized as follows. Section II
presents the problem formulation and motivation. Section III
proposes the distributed event-triggered online primal—dual al-
gorithm with two-point bandit feedback and analyzes its per-
formance. Section IV demonstrates a numerical simulation
to verify the theoretical results. Finally, Section V concludes
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TABLE |
COMPARISON OF THIS ARTICLE TO RELATED WORKS ON BANDIT CONVEX OPTIMIZATION
Reference | Problem type Constraint type Information feedback Event-triggering Regret type
[13] Centralized gt(z) = O Two-point bandit feedback for fi No Static regret
[15] Centralized 9:(x) < Om Two-point bandit feedback for f, and Vg No Dynamic regret
and Slater’s condition >
[16] Centralized gi(z) < 0, Two-point bandit feedback for f; and g¢ No Dynamic regret
[19] Distributed gt(z) = O Two-point bandit feedback for f; No Static regret
[24] Distributed gt(z) < O Two-point bandit feedback for f; and g No Dynamic regret
[26] Distributed gt(z) =0, Two-point bandit feedback for f; Yes Static regret
[27] Distributed gt(z) = Om Two-point bandit feedback for f; Yes Static regret
This paper Distributed gt(z) < O, Two-point bandit feedback for f; and g Yes Dynamic regret

this article. In Appendix A, we provide some useful lem-
mas, and in Appendix B, the detailed proof of Theorem 1 is
provided.

Notations: N, R, R?, and Rﬁ denote the sets of all positive
integers, real numbers, p-dimensional, and nonnegative vectors,
respectively. Given m € N, [m] denotes the set {1,...,m}.
Given vectors z and , 2T denotes the transpose of the vector
x, and (z,y) and = ® y denote the standard inner and Kro-
necker product of the vectors = and y, respectively. 0,,, denotes
the m-dimensional column vector whose components are all
0. col(q1, - .., qn) denotes the concatenated column vector of

€ R™:i fori € [n]. BP and S denote the unit ball and sphere
centered around the origin in R? under Euclidean norm, respec-
tively. E denotes the expectation. For a set K € R? and a vector
x € RP, Pk () denotes the projection of the vector « onto the
set K, i.e., Pg(z) = argmingek ||z — y||%, and [z]; denotes
Pre (). For a scalar function f:RP — R, let 0f(x) € R?
denote the subgradient of f at x. For a vector-valued function
f=1f1, -, fa)F : R? = R, its subgradient at = is denoted
by 0f(x) = [0f1(2), ... Ofalx)] € RP*,

[I. PROBLEM FORMULATION AND MOTIVATION

Consider the distributed bandit convex optimization prob-
lem with time-varying constraints. At iteration ¢, a network
of n agents is modeled by a time-varying directed graph
Gy = (V, &) with the agent set V = [n] and the edge set & C
V x V. (j,1) € & indicates that agent 4 can receive informa-
tion from agent j. The sets of in-neighbors and out-neighbors
of agent i are Ni"(G;) = {j € [n]|(j,i) € &} and NP'Y(G;) =
{j € [n]|(i,7) € &}, respectively. An adversary first erratically
selects n local convex loss functions {f;;: X — R} and n
local convex constraint functions {g; ; : X — R™i} fori € [n],
where X C RP is a known set, and both m; and p are positive
integers. Then, the agents collaborate to select their local deci-
sions {x;; € X} without prior access to {f;;} and {g; ;}. At
the same time, the values of f; ; and g; ¢ at the point x; ; as well
as at other potential points are privately revealed to agent . The
goal of the network is to choose the decision sequence {x;;}

for i € [n] and ¢ € [T] such that both network regret

Zth Tit) — th(yt)
t=1

z—l t=1
)]

Net-Reg({zi,}, )

and network cumulative constraint violation

n T
1
Net-CCV ({z;,:}) : 5ZZ|| gl @
i=1 t=1
increase sublinearly, where y;7) = (y1,...,yr) is a compara-

tor sequence, fi(z) = %Z?ﬂ fj+(z) and g¢(z) = col(g1+(x),

., gnt(x)) € R™ are the global loss and constraint functions
of the network at iteration ¢, respectively, and m = Y | m;.

Note that the network regret (1) measures the difference of the
network-wide cumulative loss between the decision sequence
{z; 1 } and the comparator sequence Y], whichis alsoused in [8]
and [24]. This regret is different from the used regrets in [19],
[26], and [27] that measure the difference of the cumulative loss
between the decision sequence {z; } of a single agent and the
comparator sequence y[7). Because the established bounds of the
used regret metrics in [19], [26], and [27] are uniform bounds
for all the agents, we can compare the established bounds of
network regret in this article with those in [19], [26], and [27].
In addition, the network cumulative constraint violation (2) is
stricter than the common constraint violation, as used in [15]
and [16]. For details, see the explanation in [24].

In the literature, there are two commonly used comparator
sequences. One is the offline optimal dynamic decision sequence
Ty = (#1,..., %), where #; € X is the minimizer of fi(x)
subject to g¢(x) < 0,,. To guarantee that the offline optimal
dynamic decision sequence &y, always exists, we assume that
forany T' € N, the set of all the feasible decision sequences

)ET:{(mla"'a VtG[T]} (3)

is nonempty. In this case, Net-Reg({zi,}, &(7) is called the
dynamic network regret. Another comparator sequence is the
offline optimal static decision sequence JEEFT] = (&*,...,%

xr) 1wy € X, g¢(2s) < 0y

),
where 2* € X is the minimizer of Zthl fi(z) subject to
gi(x) < 0y, forallt € [T]. To guarantee that the offline optimal
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static decision sequence always exists, we assume that for any
T € Ny, the set of all the feasible static decision sequences

Xr={(x,....,z) :z€X,g(x) <0, Vte[T]} &

is nonempty. In this case, Net-Reg({zi,t},i’fT]) is called the
static network regret.

In this article, the following assumptions are made, which are
commonly adopted in distributed online convex optimization,
see [24], [26], [27], [28], [29], and recent survey paper [18] and
the references therein.

Assumption 1:

1) The set X is convex and closed. Moreover, the convex set

X contains the ball of radius r(X) and is contained in the
ball of radius R(X), i.e.,

r(X)B? C X C R(X)BP. (5)

2) For all ¢ € [n] and ¢t € N, the local loss functions f; ¢
and the local constraint function g; ; are convex, and there
exists a constant Fj such that

|fii(x) = fi(y)] < FA
lgie(x)|] < Fi,z,y € X.

(6a)
(6b)

3) Foralli € [n] and ¢ € N, the subgradients df; ,(x) and
0g; +(x) exist, and there exists a constant F such that

[0fis(z)] < Fa (Ta)
||8gi,t(x)” < Fp,xz e X. (7b)

Assumption 2: Fort € N, the time-varying directed graph
G, satisfies that the following holds.

1) There exists a constant w € (0, 1) such that [Wy];; > wif

(4,1) € & ori = j, and [W,];; = 0 otherwise.
2) The mixing matrix W; is doubly stochastic, i.e.,
D i1 [Wt}ij = Z;L:1 [Wt]ij =1Vi,j € [n].

3) There exists an integer B > 0 such that the time-varying

directed graph (V, U2 &,1;) is strongly connected.

Assumption 1 implies that the local loss functions f;; and
the local constraint function g, ; are Lipschitz continuous on X.
Assumption 2 implies that the time-varying directed graph G,
does not need to be connected at each iteration. In addition, if
the graph G, is regular at each iteration, the mixing matrix W,
is doubly stochastic. For details on constructing such a graph,
see [30] and [31].

The considered problem is studied in the work of Yi et al. [24],
where they propose a distributed online primal—dual algorithm
with two-point bandit feedback. Note that the algorithm requires
that each agent broadcasts the current decision to its neighbors
through the communication network at each iteration. However,
communication resources are so limited that frequent commu-
nication between the agents may cause network congestion in
many practical applications, e.g., sensor networks comprised of
cheap sensors with small battery capacity [26]. To better utilize
communication resources, this article proposes a distributed
event-triggered online primal-dual algorithm with two-point
bandit feedback by integrating event-triggered communication
with the algorithm in [24] and establishes network regret and cu-
mulative constraint violation bounds for the proposed algorithm.

Based on these bounds, this article also discusses the impact of
event-triggered threshold on the algorithm performance.

[ll. DISTRIBUTED EVENT-TRIGGERED ONLINE PRIMAL—DUAL
ALGORITHM WITH TWO-POINT BANDIT FEEDBACK

This section proposes the distributed event-triggered online
primal—dual algorithm with two-point bandit feedback. The pro-
posed algorithm can be viewed as an event-triggered version of
the distributed online algorithm with two-point bandit feedback
in [24], or a bandit version of the distributed event-triggered
online algorithm with full-information feedback in [8]. This
section also establishes network regret and cumulative constraint
violation bounds for the proposed algorithm.

A. Algorithm Description

This proposed algorithm is presented in pseudocode as
Algorithm 1, and its architecture is shown in Fig. 1. For t € [T]
with ¢ > 2 and i € [n], same as the distributed online algorithm
with two-point bandit feedback in [24], Algorithm 1 uses the
distributed consensus protocol (8) to compute z; ; € X for agent
1 via the time-varying directed graph G;, which estimates the
average value of the local decisions of all agents + 37" | z; ;.
Then, Algorithm 1 uses the primal—dual protocol (9a)-(9¢) to
update the local primal variable x; ; € X and dual variable
Qi € RT, where @;; is the updating direction of the local
primal variable x; +, a; and (; are the updating step-sizes of
the local primal variable x; ; and the local dual variable g; ,,
respectively, and v, is the regularization parameter used to
influence the structure of the local decisions. Different from
the distributed online algorithm with two-point bandit feedback
in [24], Algorithm 1 uses the event-triggering check such that
agent ¢ broadcasts its current local decision x; 4 to its neighbors
only if the norm of the difference between the decision and
its last broadcasted decision x; ;1 is not less than the current
event-triggering threshold 7.

Note that different from the distributed event-triggered online
algorithm with full-information feedback in [8], Algorithm 1
uses the values of the local loss function f;; at z;; and
x;4 + 04w, to estimate the subgradient 0 f; ,(z; ), and uses the
values of the local constraint function g; ; atx; ; and x; ¢ + d;u; ¢
to estimate the subgradient d[g; (2, )]+ as the subgradients
are unavailable in the bandit setting. The subgradient approx-
imations follow the two-point stochastic subgradient estimator
proposed in [13], which are given by

Ofii(wiy) = 5% (fit(zip +0puit) — fir(ie)) uie € RP

A T
Blgie(ie))s = %([gi,m,t + )], — (g0 (@)
® ui,t c Rpxnu

where 0; € (0,7(X)&] is an exploration parameter, (X) is
a constant given in Assumption 1, & € (0,1) is a shrinkage
coefficient, and u;; € SP is a uniformly distributed random
vector.
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1
i Observe f,, (x,,): £, (x, +6u,) [ 2. (x.)] [ 2. (v, +8m,)].
‘ Subgradient estimators ‘
rl i 4,
9
)E-/,l x:,wl [j s
.......... - -
Receive N
Broadcast
Information integration Local update
Distributed consensus protocol Primal-dual protocol Event-triggering check
Fig. 1. Architecture of the distributed event-triggered online primal—dual algorithm with two-point bandit feedback.

Algorithm 1: Distributed Event-Triggered Online Primal—
Dual Algorithm With Two-Point Bandit Feedback.

Input: constant 7(X), decreasing sequences
{ar} € (0,400), {8} € (0,+00), {1} C (0, +00),
{&} € (0,1), {6:} C (0,7(X)&], and a non-increasing
sequence {1} C (0, 4+00).
Initialize: Ti1 € (1 — fl)X, -ii,l =1 and qi,1 = Om,p
Broadcast &; 1 to N"'(G1) and receive &, 1 from
j € NI"Gy) fori € [n].
fort=1,....,T—1
fori=1,...,nin parallel
Select vector u; ; € SP independently and
uniformly at random.
Observe f; ¢(xiy), fie(@is + Seuiy), [gi,t(xi,t)]+,
and [g; +(i¢ + 6rui)] -
Distributed consensus protocol:

n

Zigr1 = D (Wil;&0 (8)
j=1
Primal-dual protocol:
Gipr1 = Ofit(@ie) + Olgin(wie)l+qie,  (92)

Titr1 = Pl-¢)X (Zit41 — @e11@it41), (Ob)

di,t+1 = [(1 = Bir1Ye+1) it + Vet1 ([gi,t(xi,t)h

+(é[giyt(xi’t)}+>T(l’i,t+1 - xi,t)):|
(9c;r

Event-triggering check:
if ||z i1 — Tigl] > 7o
Set &; 4+1 = ¥ 1+1, and broadcast &; ;1 to
NP (Grr1)-
else
Set &; 4+1 = Z4,¢, and do not broadcast.
end if
end for
end for
Output:{z; ; }.

B. Performance Analysis

We first appropriately design the parameter sequences for
Algorithm 1 and establish dynamic network regret and net-
work cumulative constraint violation bounds in the following
theorem.

Theorem 1: Suppose Assumptions 1 and 2 hold. Let {z; , }
be the sequences generated by Algorithm 1 with

v, 1 1
Oy = 77575 = tj,% = Ar

¢, 1 r(X)

Tirr T i

vVt € Ny (10)
where U, = 22:1 71 and k € (0,1) are constants. Then, for
any 7' € N, and any comparator sequence y[7] € Xr

E[Net-Reg({zi:}, yir))] = O(T" +/WrT+1/ Uy 'TPr)
(an

E[Net-CCV ({z;,})] = O(T" /2 + W/*T3%)  (12)
where Pr = 37" lys1 — || is the path-length of the com-
parator sequence 7).

The proof is given in Appendix B.

Remark 1: The updating step-size 3, of the dual variable
and the regularization parameter -y, are specifically designed to
bound the term Y/, (% — ’Y’ri—l + Bi41) in (27) and (28) in
Lemma 5, as shown in (32) in the proof of Theorem 1. In addi-
tion, unlike the distributed event-triggered online algorithm with
full-information feedback in [8], Algorithm 1 utilizes two-point
stochastic subgradient estimators to estimate the subgradients
of local loss and constraint functions. Consequently, we must
design the shrinkage coefficient &; and the exploration parameter
0¢. Terms involving &, and &, appear in (27) and (28), which are
absent in [8]. These terms influence the dynamic network regret
bound (11) and the network cumulative constraint violation
bound (12), thereby affecting the performance of Algorithm 1.

Remark 2: The bounds (11) and (12) characterize the impact
of event-triggered threshold 7, on dynamic network regret and
network cumulative constraint violation through W. The larger
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the event-triggering threshold 74, the larger the static part of
the bound (11) (i.e., 7" + /W7 T) and the bound (12), and the
smaller the dynamic part (i.e., v/ U~ YT Pr) of the bound (11).

Remark 3: Note that the dynamic network regret bound
(11) is expressed in terms of the path-length Pr of the com-
parator sequence yjr). From the bound (11), we can infer that
a restricted path-length Pr is required to achieve sublinear
dynamic network regret bound. Specifically, the condition that
the path-length Pr grows sublinearly over time is essential.
In addition to the condition, sublinear dynamic network regret
bound (11) and network cumulative constraint violation bound
(12) would be established if the event-triggering threshold 7
converges to zero, i.e., 22:1 T), grows sublinearly. The bounds
(12) are the same as the results achieved by the distributed
event-triggered online algorithm with full-information feedback
in [8]. If event-triggered communication is not considered, i.e.,
71 = land 7 = Ofort € [2,T], these bounds recover the results
achieved by the centralized online algorithm with two-point
bandit feedback in [16]. If inequality constraints are not con-
sidered, i.e., given any = € X and g;¢(x) = 0,,, for i € [n]
and ¢ € [T], the dynamic network regret bound (11) recovers
the results achieved by the distributed event-triggered online
algorithms with two-point bandit feedback in [26] and [27] if the
path-length Pr of the comparator sequence is zero for any 7',
i.e., Pr =0 for any 7. If event-triggered communication and
inequality constraints are not considered, the dynamic network
regret bound (11) recovers the results achieved by the centralized
online algorithm with two-point bandit feedback in [13] and
the distributed online algorithm with two-point bandit feedback
in [19] if the path-length Pr of the comparator sequence is zero
forany 7. Note that we analyze dynamic regret, while the authors
in [13], [19], [26], and [27] analyze static regret. However, if
event-triggered communication is not considered, the network
cumulative constraint violation bound (12) is larger than that
achieved by the centralized online algorithm with two-point
bandit feedback in [15]. This is reasonable since Chen and
Giannakis [15] considered Slater’s condition for constraint func-
tions (i.e., there is a point that strictly satisfies inequality con-
straints), which is a sufficient condition for strong duality to
hold [32]; moreover, the algorithm in [15] uses full-information
feedback for constraint functions. In addition, the dynamic net-
work regret bound (11) and the network cumulative constraint
violation bound (12) do not recover the results achieved by
the distributed online algorithm with two-point bandit feedback
in [24] since the step-size «; of the local primal variable is
only a special case of that in [24]. If choosing oy = 1/ \/t for
the algorithm in [24], these bounds would recover the results
achieved by the algorithm in [24].

Remark 4: The proof of Theorem 1 has substantial dif-
ferences compared to that of [24, Thm. 3]. More specifically,
different from the distributed bandit online algorithm with-
out event-triggered communication in [24] where the agents
broadcast the current local decisions at each iteration, in our
Algorithm 1, the agents do not broadcast the current local
decisions if the event-triggering condition is not satisfied. Thus,
the local decision sequences produced by our Algorithm 1
are different from those produced by the algorithm in [24]

although the updating rules are similar. This critical difference
leads to challenges in theoretical proof because the result on
the disagreement among agents cannot be directly used. To
tackle these challenges, we analyze the difference between the
produced local decision x; ; and the stored local decision ; ;
for running distributed consensus protocol at each iteration for
agent 4, i € [n], in the proof of Lemma 4. The analysis shows
that the norm of the difference can be bounded by the current
event-triggering threshold 7, i.e., | Z; ; — ;]| < 7, regardless
of whether the event-triggering condition is satisfied or not. The
dynamic network regret bound (11) and the network cumulative
constraint violation bound (12) are established in this way,
and are thus subject to event-triggering threshold. In addition,
the proof of Theorem 1 has significant differences compared
to that of [8, Thm. 1]. Different from the distributed online
algorithm in [8] where the accurate subgradients of local loss
and constraint functions are directly used, in our Algorithm 1,
two-point stochastic subgradient estimators are used to esti-
mate the subgradients since they are unavailable in the bandit
setting. However, there exist gaps between the estimators and
the accurate subgradients although the estimators are unbiased
subgradients of the uniformly smoothed versions of local loss
and constraint functions. This causes that the property of sub-
gradient, including convexity and Lipschitz continuity, cannot
be directly used. To deal with this challenge, we use Lemma 1
where the relationship between the smooth functions and their
original functions is established by utilizing the property of local
loss and constraint functions, e.g., boundedness, convexity, and
Lipschitz continuity, and reanalyze dynamic network regret and
network cumulative constraint violation bounds.

Then, we consider two classes of explicit expressions for
the event-triggering threshold 7;. First, we select the event-
triggering threshold sequence produced by 7; = 1/t?, which
is also adopted by the distributed online algorithms in [26],
[271, [28], and [29]. We establish dynamic network regret and
network cumulative constraint violation bounds in the following
corollary.

Corollary 1: Under the same conditions as in Theorem 1
with 7, = 1/t% and 6 > 0, for any 7' € N, and any comparator
sequence yjr] € X, it holds that

E[Net-Reg({i¢}, yz)]

O(Tmax{m1-0/2} | T6/2pp), if 0<f<1
_Jo (TH + /TTog(T) + %PT) cif =1
O(Tmax{n,1/2} + \/TPT), if 0>1
(13)
E[Net-CCV ({z; :})]
O(Tmax{1-r/2,1-0/4}y if0<f<1
= O(T'="/2 4 T34 1og (T)V/4), if 6 =1 19
O(Tmax{lfﬁ/2’3/4}), if 6> 1.

Remark 5: The dynamic network regret bound (13) and the
network cumulative constraint violation bound (14) would be
sublinear if the path-length Pr grows sublinearly. Moreover, the
larger the 6, the smaller the static part of the bounds (13) and (14),
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and the larger the dynamic part of the bound (13). If 6 > 1, these
bounds recover the results achieved by the centralized online
algorithm with two-point bandit feedback in [16]. In addition, if
inequality constraints are not considered, the dynamic network
regret bound (13) recovers the results achieved by the centralized
online algorithm with two-point bandit feedback in [13], the
distributed online algorithm with two-point bandit feedback
in [19], and the distributed event-triggered online algorithm with
two-point bandit feedback in [26] and [27] if the path-length Pr
of the comparator sequence is zero for any 7. In addition, we
consider time-varying inequality constraints, while the authors
in [13], [26] and [27] do not consider inequality constraints.

Second, we choose the event-triggering threshold sequence
produced by 7, = 1/ct, which is also adopted in distributed op-
timization with event-triggered communication; see, e.g., [33],
[34], [35], [36], and [37]. We establish dynamic network re-
gret and network cumulative constraint violation bounds in the
following corollary.

Corollary 2: Under the same conditions as in Theorem 1
with s = 1/ct and ¢ > 1, for any T' € N and any comparator
sequence y|r] € Ar, it holds that

O(T™=x{w1/2} 4 /TP (15)
(max{i-r/23/4}y.

E[Net-Reg({zi .}, yr))] =

E[Net-CCV({z;,})] = O (16)

Remark 6: The dynamic network regret bound (15) and the
network cumulative constraint violation bound (16) recover the
results in Corollary 1 with § > 1 and achieved by the centralized
online algorithm with two-point bandit feedback in [16]. More-
over, if inequality constraints are not considered, the dynamic
network regret bound (15) recovers the results achieved by the
centralized online algorithm with two-point bandit feedback
in [13], the distributed online algorithm with two-point bandit
feedback in [19], and the distributed event-triggered online
algorithm with two-point bandit feedback in [26] and [27] if the
path-length Pr of the comparator sequence is zero for any 7.

Note that the event-triggering threshold 7 in (10) affects the
updating step-size o of the local primal variable. To avoid that,
we next show how to independently design ¢ in the following
theorem.

Theorem 2: Suppose Assumptions 1 and 2 hold. Let {z; ;}
be the sequences generated by Algorithm 1 with

1 1
5t To,0 Tt = 10z
. 1 - ’I’(X) )
gt_m76t_m’7t_ﬂ73 Vt€N+ (17)

where a, 61 € (0,1), 05 € (0,1), and 03 are positive constants,
and 7y is a nonnegative constant. Then, for any 7" € N and any
comparator sequence y[r] € X1

E[Net-Reg({z4, }, ypr)]

(@) (OéoTlﬂgl -+ T92 + ET1+91 —05
@0
T91 1+PT)) if (91 <93<1+31
_Jo (aoTl %1 4+ T% 4 2 log(T) (18)
FIUOEPD ) i gy =146,
O (a0 + 7%+ 2
T91(1+PT)) it 0> 146,
E[Net-CCV ({z;,,})]
O( /@I 0172 4 71022
+/TT 0:/2), if 6, <65<1
O (VagT' /2 4 T1-02/2
_ n TOTlog(T))7 it 0y =1 (19)
O(JapT'=01/2 4 71-02/2
+VroT), if 05> 1.

The proof is given in the online version [38] due to space
limitations.

Remark 7: The bounds (18) and (19) indicate that the larger
the initial value of the event-triggering threshold 7y, the larger
the dynamic network regret and network cumulative constraint
violation bounds. Moreover, a larger 7y not only increases the
event-triggering threshold 7;, but also potentially reduces the
total number of triggers.

Remark 8: The dynamic network regret bound (18) and
the network cumulative constraint violation bound (19) are the
same as the results achieved by the distributed event-triggered
online algorithm with full-information feedback in [8], that is,
in an average sense, our Algorithm 1 is as efficient as its full-
information feedback version. If event-triggered communication
is not considered, i.e., 7o = 0, these bounds recover the results
achieved by the distributed online algorithm with two-point
bandit feedback in [24] when 01 = 6s.

Remark 9: By replacing the comparator sequence y(7) with
the offline optimal static decision sequence :E*T] , we have Pp =
0 for any T, and then the static network regret and cumulative
constraint violation bounds for Algorithm 1 with correspond-
ing parameter and event-triggered threshold sequences can be
easily established based on the results in Theorems 1 and 2
and Corollaries 1 and 2, respectively. These bounds are the
same as (11)—(16), (18), and (19) with Py = 0, respectively.
If inequality constraints are not considered, these static network
regret bounds recover the results achieved by the distributed
event-triggered online algorithms with two-point bandit feed-
back in [26] and [27]. If event-triggered communication and
inequality constraints are not considered, these static network
regret bounds recover the results achieved by the centralized
online algorithm with two-point bandit feedback in [13] and
the distributed online algorithm with two-point bandit feedback
in [19].

[V. NUMERICAL EXAMPLE

To evaluate the performance of Algorithm 1, we consider a
distributed online linear regression problem with time-varying
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Fig. 3. Evolutions of L 3" 5™ l[ge(wi,0)], II/T-

linear inequality constraints over a network of n agents. At
iteration ¢, the local loss and constraint functions are f; ¢(x) =
(A — 9;¢)? and g; (x) = B, 4x — by 4, respectively, where
each component of A; ; € R%*? is randomly generated from
the uniform distribution in the interval [—1,1], 9, , = A4, 1, +
Ciy with ¥;, € R% and (;; being a standard normal ran-
dom vector, and each component of B;; € R™*? and b, ; €
R™: is randomly generated from the uniform distribution in
the intervals [0,2] and [0, 1], respectively. We set n = 100,
gi =4, p=10, m; =2, and X = [-5,5]P. We use a time-
varying undirected graph to model the communication topol-
ogy. Specifically, at each iteration ¢, the graph is first ran-
domly generated where the probability of any two agents
being connected is 0.1. Then, to make sure that Assump-
tion 2 is satisfied, we add edges (i,i+ 1) for i =1,...,24
when ¢ € {4c+ 1}, edges (i,i+ 1) for i = 25,...,49 when
t € {4c+ 2}, edges (i,i+ 1) for i =50,...,74 when t €
{4c+ 3}, and edges (i,i+ 1) for i =75,...,99 when ¢ €
{4c + 4}, with ¢ being a nonnegative integer. Moreover, let
[Wt]ij = % if (_],Z) € & and [Wt]ii =1- Z?:l [WtLJ Note
that there are no other distributed event-triggered online algo-
rithms with bandit feedback to solve the considered problem due
to the time-varying constraints. We compare our Algorithm 1
with the distributed event-triggered online algorithm with full-
information feedback in [8].

—— 18] (r=0)
.......... 8] (7,=400)

Total number of triggers

10° Algorithm 1 (1;=0)
.......... Algorithm 1 (7,=400)
_____ Algorithm 1 (-ro=800)
10%2% ‘ ‘ ‘ ‘
0 1000 2000 3000 4000 5000
T

Fig. 4. Evolutions of total number of triggers.

Set ay = 1/\/t, B¢ = 1/\/t, v = 1/y/t, and 7, = 7/t for
our Algorithm 1 and the distributed event-triggered online
algorithm in [8]. To explore the impact of different event-
triggering threshold sequences on network regret and cumu-
lative constraint violation, we select 79 = 0, 79 = 400, and
70 = 800, respectively. With different values of 7y, Figs. 2—
4 illustrate the evolutions of the average cumulative loss
Ly S, fi(xiy)/T, the average cumulative constraint

violation £ 37 S e (2i0)] +|I/T, and total number of
triggers, respectively. The results demonstrate that as 7y in-
creases, the average cumulative loss and the average cumulative
constraint violation increase, while the total number of triggers
decreases, which is consistent with Theorem 2. In addition,
Figs. 2 and 3 also demonstrate that our Algorithm 1 has larger av-
erage cumulative loss and constraint violation than the algorithm
in [8] under the same 7. That is reasonable, as the algorithm
in [8] uses full-information feedback, while our Algorithm 1
uses two-point bandit feedback. However, the performance gap
diminishes as 7y increases. Even when 7y = 800, our Algo-
rithm 1 outperforms the algorithm in [8] with a smaller average
cumulative loss due to the significantly larger total number of
triggers in our Algorithm 1 compared to that in the algorithm
in [8], as demonstrated in Fig. 4.

V. CONCLUSION

This article considered the distributed bandit convex op-
timization problem with time-varying inequality constraints.
To better utilize communication resources, we proposed the
distributed event-triggered online primal-dual algorithm with
two-point bandit feedback. We analyzed the network regret
and cumulative constraint violation for the proposed algorithm
under several classes of appropriately chosen decreasing pa-
rameter sequences and nonincreasing event-triggered threshold
sequences. Our theoretical results were comparable to the results
achieved by distributed event-triggered online algorithms with
full-information feedback. In brief, this article broadened the
applicability of distributed event-triggered online convex opti-
mization to the regime with time-varying constraints. The future
direction is to investigate compressed communication to reduce
communication overhead at each iteration.
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APPENDIX A
USEFUL LEMMAS

Some preliminary results are given in this section.

Lemma 1 (See [24, Lemma 8]): If Assumption 1 holds, then
fit(z) and [Gi,+(x)]+ are convex on (1 — &)X, and for any ¢ €
n],t € Ny, 2z € (1-¢)X,and g € R}

0fip(x) = By, [0f4(x)] (202)
fir(@) < fir(x) < fir(x) + Fad, (20b)
10 fi4(2)]| < pFa (20¢)
0lgin(@))+ = B, [Olgis (2], ] (20d)
0" gii (@) < ¢" Gie(@)]+
< q"[gis(@)] 4 + F26: gl (20e)
101gi.¢(2)], || < pF2 (20f)
1926 ()] L[| < Fy (20g)
where  fii(x) = Byepo [fie(x +0v)]  and  [g;(2)]4 =

Eyepr[[gi¢(7 + 64v)], ] with v being chosen uniformly at
random, and i; is the o-algebra induced by the independent
and identically distributed variables w1 ¢, ..., up .

Lemma 2 (See [24, Lemma 4]): If Assumption 2 holds, then
foralli € [n]andt € N, &; ; generated by Algorithm 1 satisfy

A N I~ . A
|20 — 2ol < TA2Y (lEg ]l + - S NEE el + IEE ol
j=1 Jj=1

21

t—2 n
U
s=1 j=1

where Ty = % Z?:l {lA’ijt and éiw,t—l = 501-’,5 — Zit-

Lemma 3 (See [24, Lemma 9]): Suppose Assumptions 1
and 2 hold, and y:8; < 1,t € N;.Forall i € [n] and t € N,
the sequences ¢; ; generated by Algorithm 2 satisfy

(22)

Aia(p) < 2839 + ay abie — 1] [gia-1 (14-1)]+

o Bullal® + pBsllillese — zioall @3
T = F1 +2pF>R(X), and b;; = [gi1—1(zi1)]4+ +
(a[gi,tfl(xi,tfl)]+)T($i7t - xz‘,tq).

Next, we present the network regret bound at one iteration.

Note that since there exists the event-triggering check in our
Algorithm 1, the local decisions and corresponding losses of
the agents may be different with those of the distributed online
algorithm with two-point bandit feedback in [24] although the
updating rules are similar. We give a new bound for the average
of network-wide loss at one iteration based on the behavior of
Algorithm 1 under event-triggering check in the proof of the
following lemma, which is critical to rederive the network regret
bound at one iteration.

where w0

Lemma 4: Suppose Assumptions 1 and 2 hold. Foralli € [n],
let {z; ; } be the sequences generated by Algorithm 2 and {y; }
be an arbitrary sequence in X, then

- th (@i) = fe(ye)

1 - T 1 = Eut HE'L t”
< - , i — Ey, [b; ) ——
== 1; Ui ([9,,t(yt)} o, (Bt P BT

1< R _
+o > Fy (2)die — Zell + pBu, [|zis — wi0ga )
i=1

[e41 — zi g2l

Bu |
2nat+1; s, |19e — zzt+1||
s = &l = G = vl

n

+ % > B (R(X)& +60) (lgiell + 1) + 2Fom

i=1

(24)

where 4l; is the o-algebra induced by the independent and
identically distributed variables w1 ¢, .. ., Unp, ¢.

Proof: We first analyze the behavior of Algorithm 1 under
event-triggering check.

In Algorithm 1, for any ¢e Ny, if || 41 — il >
Tir1s then |2 141 — T || < 7eer I |2 01 — Tiell < Tagrs
then &; ;41 = &;, and we still have ||Z; 441 — 4 141 < T
Therefore, we always have ||&;; — x; || < 7 for any t > 2,
i € [n].Recall that &; 1 = @; 1. Thus, ||#; 4 — x;4|| < 7 for any
t>1,i€ [n)

Next, we give the bound for the average of network-wide loss
at one iteration.

From Assumption 1, for i € [n], t € N4, and z,y € X, we
have

|fie(x) = fie(W)| < Fallz — |
19i,4(x) — git (Y| < Follz —yl|.
From (20b), (25a), and ||&; ,

(25a)
(25b)

— x| < 7, we have

1 n
- Z;ft(l"i,t)
1 n F2 n n
<= ;f(m +— ;; i — e

IN

I~ 2F,
o Zfi,t(l“zt =2 Z &5, — @el| 4+ 2Fo1. (26)
i=1 i=1

It then follows from the proof of Lemma 10 of [24] that (24)
holds.

Lemma 5: Suppose Assumptions 1 and 2 hold, and v;5; < 1,
t € Ny.Foralli € [n], let {x; ;} be the sequences generated by
Algorithm 2. Then, for any comparator sequence y7) € Xr

E[Net-Reg({#4,}, yrr)]
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T T From Cauchy—-Schwarz inequality, we have
2(p+1)F2’(ﬂ2 +2@%Z’Y¢+10?Aﬂgzat T T T
— — Tt
T Y=< VA <) VR <VTUr. (D
t41
) - t= t=1 t=1
+ Fy(@n+2)Y 7 +2R(X) Y i
t=1 =1 M+l From (10), we have
t t+1 1 t t
2R(X)? — - =—————>0. (32
+ Oé:E 1) P JrZFz X)& + 6t) </6t+1> tr (t+1)”+(t+1)"”" v (t+1)° (32)
+

Z &t — &t

Q41

+@H)mmmﬁ 27)

Y41

2

T
< 4(}? + 1)TLF1F2’W2T + QTLFlFQ(’ZADQ —+ 2)TZTt

t=1

T
( Z ﬂt + 40@30@ ) (nFlT + 2(p + 1)77,F2W2
t=1

T

T
+ 2nw1 Z’yt + 20ntus Z o + nFy(dog + 2) Z
t=1 1

T T
2nR(X —
+2nR(X)Z Ter | 2 (X)? +2nR(X 22& §t+1
=1 q1 Qi1 =1 [e7EE}
+§ nky (R §t+5t)(6 +1)
t

_,ZZ - +/5t+1)||6ht M”H

t=1 i=1

) (28)

where @y = 2wy + 2pwa + p, ©3 = 2Fhws + pPws, and
D S (N1 CI RN

G A (Bt A0waay)”

The proof is given in the online version [38] due to space
limitations.

APPENDIX B
PROOF OF THEOREM 1

Based on Lemma 5, we are now ready to prove Theorem 1.
1) For any constant @ € [0,1) and T € N_, it holds that

T

1 1 “_q T

7< —dt = < 2

= 1

Form (29), we have

o T
t
— < VY — < 2/TVp. (30)

For any T € N, there exists a constant H > 0 such that

i( . ) <H (33)
—\t+1 t+2) | o \/

t

Combining (10), (27), and (29)—(33) yields
E[Net-Reg({zi}, y1)]

< 2(p+ 1) Fywy + 2—T” + 2085/ T U
+ Fy(&y + 2)U7 4 2R(X)\/T U7 + 2V2R(X)? \I,TT
+ By (R(X) + (X)) (ilT” 4 10g(T)>
+ 2HR(X)2\/T + 2R(X)\/TPT (34)
U, U

which gives (11).
2) Combining (10) and (28)—(33) yields

XNEZm@t+H
=1 =
< 4(p + 1)nF FywyT + 2nF) Fy(ds + 2)TUr

1-k

1 T
+ 2 < + 1_ s + 807%3\/ T\I/T) (nFlT

Y1
QTLZAU% R
T" 4+ 40ncos/ TV
K

+ nFy (G + 2)Up + 2nR(X)\/TUr

+2v2nR(X)?,/ L 2nHR(X)? €
Uy U,

+nF (RX) + (X)) (?T + log(T)) > .65

+2(p + 1)nFrwe +

From Cauchy—Schwarz inequality, we have

(f:iwauo ;ygﬁﬁ,ﬂ

=1 t=1
(36)
‘We have
T T
Z 1ge(zi,)] 1] < \/FRHZ [9¢(xie)] |- (37
t=1 t=1

Combining (35)—(37) yields (12).
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