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Abstract—1In this paper, we focus on the distributed quan-
tized average consensus problem in open multi-agent systems
consisting of communication links that change dynamically over
time. Open multi-agent systems exhibiting the aforementioned
characteristic are referred to as open dynamic multi-agent
systems in this work. We present a distributed algorithm that
enables active nodes in the open dynamic multi-agent system to
calculate the quantized average of their initial states. Our algo-
rithm consists of the following advantages: (i) ensures efficient
communication by enabling nodes to exchange quantized valued
messages, and (ii) exhibits finite time convergence to the desired
solution. We establish the correctness of our algorithm and we
present necessary and sufficient topological conditions for it to
successfully solve the quantized average consensus problem in
an open dynamic multi-agent system. Finally, we illustrate the
performance of our algorithm with numerical simulations.

I. INTRODUCTION

In recent years, multi-agent systems (MAS) have gathered
significant attention due to the growing interest of the sci-
entific community in control and coordination algorithms.
MAS consist of a set of nodes (or agents) that interact
and collaborate to achieve a common objective. Examples
include social networks, networks of devices such as sensors
or computing entities, or groups of vehicles or robots [1].

One problem of particular importance in distributed con-
trol is the distributed average consensus problem. In this
problem each node in the network starts with an initial
state. The goal is to calculate the average of these initial
states through local interactions and information exchange
among neighboring nodes (see [2] and references therein).
The distributed average consensus problem has received ex-
tensive attention with various proposed algorithms focusing
on different scenarios, such as: real-valued communication
among nodes in [3], quantized communication among nodes
in [4], and operation over unreliable networks in [5].

Recently, various works have focused on developing algo-
rithms for MAS that can handle a more complex scenario:
nodes entering and leaving the network. This emerging
category of systems is known as open multi-agent systems
(OMAS) [6]. Specifically, trust and reputation models were
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introduced in [7], while [8] developed a framework based

on pairwise average gossip algorithms. In [9] the authors

proposed a model leveraging social reasoning to improve
collaboration among nodes. The behavior of average pairwise
gossip algorithms in OMAS was investigated in [10], and

[11] provided an analysis of OMAS dynamical properties.

Further advancements include distributed mode computation,

as explored in [12], and a framework for heterogeneous

pairwise interactions among nodes presented in [13]. Shifting
focus, research has expanded into distributed optimization
for OMAS in [14], [15], while [16] explored adversarial
multi-armed bandits in the same context. As aforementioned
works assumed undirected communication between nodes,
more recent works relaxed this assumption, focusing on

OMAS that exhibit directed communication. Advancements

in this direction include the distributed averaging framework

based on running-sums in [17], and the averaging approach

utilizing acknowledgment feedback signals in [18].

It is important to note here that current approaches in the

literature focus on algorithms that require nodes to exchange
real-valued messages. This imposes high bandwidth require-
ments and compromises their resource efficiency, limiting
their applicability in real-world scenarios (where commu-
nication links may have limited capacity). Additionally,
current approaches assume constant and reliable connectivity
among active nodes (i.e., nodes currently participating in
the OMAS). Possible changes in the OMAS’s communica-
tion links (e.g., due to mobility of active components or
environmental interference) are not adequately addressed,
thus restricting even further the practical implementation of
current approaches. To the authors’ knowledge, no existing
approach addresses the challenges of limited bandwidth
and dynamic communication in open multi-agent systems.
As a result, developing communication-efficient distributed
algorithms able to operate over open multi-agent systems
consisting of dynamic communication links remains an open
problem in the literature.
Main Contributions. Motivated by the aforementioned gap
in the literature, we present a distributed average consensus
algorithm designed to operate in open multi-agent systems
with dynamic communication links. Our algorithm is the first
to address the challenges of limited bandwidth and dynamic
connectivity in open multi-agent systems with directed com-
munication. Our main contributions are the following:

e We introduce a novel distributed algorithm that enables
nodes to almost surely reach quantized average consensus
in finite time while operating in an open multi-agent sys-
tem with dynamic communication links. Unlike existing
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approaches in the literature, our algorithm enables nodes
to (i) operate in a communication efficient manner by
exchanging quantized valued messages, and (ii) operate
in the presence of dynamically-changing directed com-
munication links in the network (see Algorithm 1).

e We analyze the operation of our proposed algorithm and
establish its finite time convergence. Additionally, we pro-
vide necessary and sufficient topological conditions that
ensure our algorithm’s correctness despite the presence of
dynamic directed communication links (see Theorem 1).

The algorithm in [19] serves as the underlying framework

for designing our proposed algorithm. Note that [19] is not

designed to operate in open multi-agent systems, as it cannot
handle arrivals and departures of nodes. Our current work
enhances its functionality by introducing modes that define

the operation of each node depending on its status (i.e., if a

node is participating, departing, or arriving in the system).

II. NOTATION AND BACKGROUND

Notation. The sets of real, rational, integer and natural
numbers are denoted by R, Q, Z, and N, respectively. The
symbol Z, denotes the set of nonnegative integers, while
Zo denotes the set of natural numbers that includes zero.
For two sets A and B, AN B denotes set intersection, AU B
represents set union, and A\ B denotes set difference. For
any real number a € R, the floor |a] denotes the greatest
integer less than or equal to a while the ceiling [a] denotes
the least integer greater than or equal to a.

Let us now introduce two key network concepts (i) open
networks, and (ii) dynamic networks. By integrating these
concepts, we present the network model that we consider
in our current work. In our work we focus in open dynamic
networks (i.e., networks in which nodes enter and leave while
the communication links are time-varying).

A. Open Networks

In open networks the communication topology is directed
and open. Directed topology means the flow of information
(or interaction) between nodes follows specific directions
(i.e., if node v; can transmit information to node vy, it does
not necessarily imply that node v; can transmit information
to node v;). Open topology means that the network allows
nodes to have the freedom to enter or leave the network at
their discretion. Open networks consist of n nodes (where
n > 2) communicating only with their immediate neighbors
at any time step k. The finite set of all n nodes potentially
participating in the open network is captured by V' =
{v1,v2,...,v,}. However, since nodes enter or leave the
network, at each time step k only a subset of nodes V°[k] C
V' is considered active. Active nodes at time step k are nodes
that are present in the network at time step k£ and capable of
sending or receiving information. Conversely, inactive nodes
at time step k are nodes that are not present in the network
at time step k, and are incapable of sending or receiving
information. We assume that interactions occur only between
nodes that are active. Following this, the communication
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topology of the active nodes is modeled as an open digraph
G9lk] = (V°[k], E°(k]), with V°[k] C V' denoting the set
of active nodes at time step k, and £°[k] C V°[k] x V°[k]
denoting the set of edges between active nodes at time
step k. The cardinality of active nodes at time step k is
denoted as n°[k] = [V°[k]|. A directed edge from node v;
to node v; is denoted by my; £ (v, vj) € E°[K]. It captures
the fact that node v; can transmit information to node v
(but not necessarily the other way around). The set of all
possible edges in the network is denoted as £° = U2 (E°[k].
The subset of nodes that can directly transmit information
to node v; is called the set of in-neighbors of v; and is
denoted as N;°[k] = {v; € V°[k]|(v;,v;) € E°[k]}. The
cardinality of \;°[k] is called the in-degree of v; denoted
as D;°[k] = |N; °[k]|. The subset of nodes that can
directly receive information from node v; is called the set
of out-neighbors of v; and is denoted as ./\/;’O[k] ={y €
VO[k]|(vi,v;) € E°[k]}. The cardinality of /\/'J-J“O[k] is called
the out-degree of v; denoted as D;“O[k] = \j\f;ro[k“

At each time step k, every node v; belongs in one of the
following three subsets (i.e., it operates according to one of
the following three operating modes).

Remaining. This subset is denoted by R°[k]. It comprises
nodes that are active at both time steps k and k + 1.
Specifically, R°[k] represents the nodes that maintain their
active status for time steps k£ and k + 1 (i.e., nodes that are
active in the network at time step k, and are not departing
in the next time step k + 1). It is defined as

RO[K] = V[K] N V°[k + 1] (1)

Arriving. This subset is denoted by .A°[k]. It comprises
nodes that transition from inactive to active state at time step
k. Specifically, A°[k] consists of nodes that are inactive at
time step k but become active at time step k+ 1. It is defined
as

A°k] = VO[k + 1]\ V°[K]. 2

Departing. This subset is denoted by D°[k]. It comprises
nodes that are active at time step k& but become inactive at
time step k+ 1. Specifically, D°[k] represents the nodes that
exit the network at time step k. It is defined as

DO[k] = VO[k] \ VO [k + 1]. 3)

Nodes in an open network operate according to the
previously described modes, transitioning between states as
follows. At each time step k, the inactive nodes can choose
the arriving mode to become active. The active nodes can
choose (i) the departing mode to leave the network and
become inactive, or (ii) the remaining mode to remain active.

B. Dynamic Networks

For introducing dynamic networks we borrow the follow-
ing description from [19, Section 2.1]. In dynamic networks
the communication topology is directed and dynamic (i.e.,
communication links among nodes change over time). The
dynamically changing directed network can be captured by
a sequence of directed graphs (digraphs), defined as Qg[k} =
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(V',EYk]) (for k = 0,1,...), where V' = {v,v2,...,v,} is
the set of nodes and £4[k] C V' x) is the set of edges at time
step k. Note that several key definitions remain consistent
with those presented in Section II-A. These include (i) the
cardinality of nodes denoted as n? = |V’|, (ii) a directed edge
from node v; to node v; represented as mf, (iii) the sets
of in- nelghbors and out-neighbors of a node v; denoted as
N k] and N F47L], respectively, and (iv) the cardinalities
of these nelghbor sets ./\fjf’d[k] and /\/’f’d[k], represented by
D %[k] and D+’ [k], respectively. Given a dynamic digraph
Qfg[ kKl =V, Sd[ |) for k = 1,2,...,m, where m € N, its
union digraph is defined as gd (12 m) = V', U EK)).
A dynamic digraph is jointly strongly connected over the
interval k& = 1,2,...,m if its corresponding union graph
Ge ALZm) forms a strongly connected digraph. A digraph
is strongly connected if for each pair of nodes v;,v;, (where
v; # v;) there exists a directed path from v; to v;. This
means that in the union graph, for any two distinct nodes
vj, v € V', there exists a directed path from v; to v;.

C. Open Dynamic Networks

In our current work, we explore networks characterized by
a communication topology that is simultaneously directed,
open, and dynamic. More specifically, we focus on networks
in which at every time step k (i) the flow of information
between nodes follows specific directions, (ii) nodes have
the freedom to enter or leave the network, and (iii) com-
munication links among nodes change over time. Note here
that a key similarity between open dynamic networks and
the previously discussed open networks is the separation of
nodes in active and inactive. However, the critical difference
between these two network types lies in the behavior of
communication links among active nodes. In open networks,
these links remain static over time. In contrast, in open
dynamic networks communication links change dynamically
even among nodes that are active in the network.

Open dynamic networks consist of n nodes (where n > 2),
and can be captured by a sequence of digraphs defined as
Galk] (V[k],E[k]). The subset V[k] C V' denotes the
set of active nodes at time step k. Note that the subsets of
active and inactive nodes along with the set of all n nodes
potentially participating to the open network (captured by
V' = {v1,vs,...,0,}) were defined in Section II-A. The
subset E[k] C V[k] x V[k] denotes the set of edges between
active nodes at time step k. Note here that V[k] = V°[k],
and E[k] = £°[k] N E[k), during every time step k (where
VO[k], £°[k] were defined in Section II-A, and £9[k] was
defined in Section II-B). At every time step k, the cardinality
of active nodes is denoted as n[k] = [V[k]|. A directed edge
from node v; to node v; is denoted by m;; = (v;,v;) € E[K],
and the cardinality of edges at each time step k is denoted as
m[k] = |E[k]|. The set of all possible edges in the network
is denoted as & = U2 ,E[k]. The set of in-neighbors of node
vj is denoted as N} [k] = {v; € V[k] | (vj,v;) € £[k]}, and
the set of out- nelghbors as N+[ | ={w 6 VIk] | (v, v5) €

E[k]}. Note that N~ [k] = N °[k] NN k], and/\/j*[k:] =
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/\/'J-’L’O[k] N /\/';“’d[k] (where N ?[K], J\/f’o[k] were defined
in Section II-A, and J\/jf"d[k], /\/f’d[k] were defined in
Section II-B). The in-degree and out-degree of v; are denoted
as D} [k] = [N [k]|, and D} [k] = [N [k]|, respectively.

Since we have V[k] = V°[k] at every time step k, in open
dynamic networks nodes are categorized into operational
modes similar to those in open networks. This categorization
was described in Section II-A. Specifically, at each time step
k, every node belongs to one of the three following subsets:
Remaining (denoted as R[k] = R°[k]), Arriving (denoted as
Alk] = A°[k]), or Departing (denoted as D[k] = D°[k]). The
definitions of the aforementioned three subsets are analogous
to equations (1), (2), and (3), respectively. Nodes transition
between these three subsets as in open networks. The main
difference in open dynamic networks (compared to open
networks) lies in the behavior of communication links. The
links between active nodes also change over time. This
introduces additional challenges for analyzing the network
structure and designing distributed algorithms that operate
over it.

III. PROBLEM FORMULATION

In this paper, we aim to address problem P1 below.

P1. Let us consider an open dynamic network G,[k|
(V[k], E[k]) (defined in Section II-C). Each node v; € V' has
an initial quantized state x; (for simplicity we have x; € Z).
Let us define g[k] as the real average of the initial states of
active nodes at time step k, given by

1
- Z 5,

n[k]
v; EV[E]

4)

where n[k] is the number of active nodes, and V[k] is the
set of active nodes, at time step k. Our goal is to develop
a distributed algorithm that enables active nodes to compute
in finite time a quantized state equal to either the floor or
ceiling of the real average g[k] of the initial states (as defined
in (4)). Specifically, we require that there exists kg so that
for every active node v; € V[k] we have

[q[k]] for k > ko).

(gj[k]= (gj[k]=
)

Additionally, for enhancing operational and resource effi-
ciency, nodes are required to communicate by exchanging
quantized valued messages.

Lq[k]] for k > ko) or

IV. QUANTIZED AVERAGING IN OPEN DYNAMIC
NETWORKS

In this section we present a distributed algorithm that
addresses problem P1 in Section IIl. Our algorithm is de-
tailed below as Algorithm 1. Before we present its main
functionalities, we establish the following set of assumptions,
which are necessary for our subsequent development.

Assumption 1: At every time step k& > 0, each active
node v; € V[k] knows the set of its remaining out-neighbors
J\/']-Jr [k] NR[k] (i.e., out-neighbors that will stay active in the
next time step).
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Assumption 2: There exists a time step &’ such that
Vik] = Vg, Yk > K, (6)

where Vg is the set of remaining nodes for time steps k > k'
(i.e., the subset of active nodes in the open dynamic network
stabilizes for time steps k > k).

Assumption 3 (T-jointly strong connectivity): Let  us
consider an open dynamic network G4[k] = (V[k], E[k]).
For k > k', each G4[k] takes a value among a finite set
of instances {G4,, Ga,» --» Gar }» Where Gy, (Vr,&4,)
for some 6 € {1,2,..,T}, and T € N (note that Vi was
defined in Assumption 2). Specifically, at each time step
k > k', we have Gylk] = Gg, for some 0 € {1,2,...,T} with
probability pg > 0 where ZoT:ﬂUB =1, (i.e., at each time
step k > k' one such topology G, is selected independently
in an i.i.d. manner). Furthermore, let us define the virtual
union digraph G, = (Vr,UL,E;). The virtual union
digraph G/ is strongly connected. For k£ > k', the union
digraph defined as G{"* "} = (Ve Up T ElR]),
where 5 € Z, is equal to the virtual union digraph G/
which is strongly connected. This property means that the
open dynamic network G4[k] is T-jointly strongly connected
for k > k'

Assumption 1 is important for guaranteeing that each node
will perform a transmission towards a node that is active and
is participating in the operation of the algorithm, and not to
a node that is inactive or departing (i.e., it will be inactive in
the next time step). Furthermore, it also guarantees that if one
node decides to depart (i.e., become inactive at the next time
step), it can transmit its stored information to an active node
so that the information is not lost after its departure. In a
network that exhibits directed communication, knowledge of
./\fjJr [E]NR[k] is challenging but there are ways in which this
might be possible. One potential approach involves the use of
a “distress signal” - a special tone transmitted in a control slot
or separate channel. This signal is sent at higher power than
normal communications, enabling it to reach transmitters in
its vicinity [20]. Nodes can gain knowledge of their out-
degree by conducting periodic checks. These checks might
involve transmitting the aforementioned distress signals at
regular intervals to identify and count active out-neighbors.
Such mechanisms allow nodes to maintain awareness of
their network connections, even in a dynamic, directed
communication environment. Another method employs ac-
knowledgment messages, which are common in protocols
like TCP, ARQ/HARQ, and ALOHA (see [18]). These
messages serve to confirm the receipt of information and help
overcome channel errors. They play a crucial role in ensuring
reliable transmissions over unreliable channels. Typically,
acknowledgment messages are narrowband signals sent via
feedback channels. This characteristic means they can coexist
with the directional data channel without necessarily causing
interference.

Assumption 2 ensures that the average of the initial states
of active nodes will not change for time steps k > k'
and the nodes will be able to calculate it by executing our
proposed algorithm. Note that this is the most common case
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for analyzing open networks, as they are typically assumed
to become eventually closed [21, Remark 2]. However, our
algorithm can also be adapted to settings where the network
remains perpetually dynamic by employing an mechanism
for departing nodes that relies on memory-based consensus
strategies.

Assumption 3 guarantees the existence of at least one
directed path between any pair of nodes infinitely often for
time steps & > k’. This assumption ensures that information
will propagate from each active node towards each other
active node in the network G4[k] = (Vr, E[k]).

Remark 1: Current algorithms in the literature operating
in OMAS with directed communication links require the
network to be strongly connected at all time steps k£ > 0
(see [17], [18]). It is important to note that our paper relaxes
this assumption. Specifically, our open dynamic network
Galk] does not need to be strongly connected at all time
steps k. We only require its union digraph gél’Q""’T} to
be T-jointly strongly connected for time steps k > K/,
in order to ensure convergence of our proposed distributed
algorithm (see Assumption 3). This relaxation broadens the
applicability of our algorithm to more realistic scenarios
where network connectivity may be intermittent or time-
varying, while still guaranteeing convergence under weaker
connectivity conditions.

A. Distributed Quantized Averaging Algorithm in Open Dy-
namic Networks

Let us consider an open dynamic network Gg[k] =
(V[k],E[k]). Each node v; € V' has an initial quantized
state x; € Z. Additionally, at time step k, each node v;
maintains the mass variables y;[k], z;[k], the state variables
y3[k], 23[k], ¢;[k], and the transmission variables cj;[k],
ci;[k] at each time step k. The mass variables are utilized
to perform computations on the stored information, the state
variables are utilized to store the received information and
calculate (4), and the transmission variables are utilized to
transmit messages to other nodes. During the operation of
our algorithm, each node executes the following operations.

Remaining Strategy. During every time step k, each
active node with remaining status v; € R[k| assigns to each
of its outgoing edges m;; (including a virtual self-edge) a
nonzero probability

1
1+ |NST Rl N R

0, otherwise.

Ju € (NS [K] NRIE]) U {v;},

bi;[k]

(N
Then, it updates its state variables to be equal to the mass
variables and also updates its transmission variables. For
updating its transmission variables cf;[k], cf;[k], it splits
y;[k] into z;[k] equal pieces, keeps one piece for itself and
transmits the other pieces to randomly chosen out-neighbors
or itself according to the assigned nonzero probabilities by [k]
above. Then, v; receives the transmission variables from
every in-neighbor v; € N [k], and updates its mass variables
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yjlk + 1], z;[k + 1] as follows:
yilk + 1 =cl; K+ > wjilk] [k]
v EN (K]

gilk+ 1 =ck+ Y wjilk] cilk]
v; E./\/jj_ [k)]

®)

where wj; = 1 if node v; receives ci;[kl], c%;[k] from v; €
N [k] at iteration k (otherwise wj;[k] = 0). Note that a
more detailed description of the operation performed by the
remaining nodes v; € R[k] is shown in [19, Algorithm 1].

Arriving Strategy. When node v; arrives in the network
at time step k (ie., v; € A[k]), it simply updates its state
y; [k +1], z;[k + 1], gj[k + 1], and mass variables y;[k + 1],
zj[k + 1], as follows:

y][]{/‘ + 1] = 21‘]‘, Zj[k‘ + 1] = 27“.7',
y;[k—i—l}:%vj, zj[k+1]:27"j, ©)
ﬁ%+HJ

where r; = 1. Then, the node v; starts interacting with its
active neighbors at the next time step.

Departing Strategy. When node v; departs from the
network at time step k (i.e., v; € D[k]), it assigns to each of
its outgoing edges m;; where v; € ./\/'jJr [k] "R [k], a nonzero
probability value b;;[k] as follows:

1
NG k] R
0, ui ¢ N7 [k] N R[K].

, w € N [R] N RIK],

bij[k] = (10)

Then it randomly selects a remaining out-neighbor v; €
./\/'jJr [k] N R[k] according b;;[k] and transmits towards v; its
negative two times initial state —2z; and —2r; combined
with its mass variables y;[k] and z;[k]. Specifically, the
computation of transmission variables cj;[k], cf;[k] is as
follows:

ci;[k] = y;[k] — 225, an
clj [k] = z;[k] — 2r;.

In Algorithm 1 below we provide a summary of a single
step of our proposed procedure. This overview outlines all
operational modes for each node v;.

Intuition. The operation of Algorithm 1, at any time
step k, can be interpreted as the “random walk” of n[k]
“tokens” in a dynamic (inhomogeneous) Markov chain (i.e.,
interconnections change over time) with n[k] = [V[k]|
states. Note that a detailed analysis of the operation of
the underlying averaging algorithm is presented in [19,
Theorem 1]. Each active node v; holds two “tokens™: T/
(which is stationary) and T;’“t (which performs a random
walk). They each contain a pair of values y;"*[k], 2}"*[k],

J

and y?“'[k], z9"[k], respectively, for which it holds that

yi"*[0] = 2 [0] = z; € Z and zi"[0] = 29“*[0] = r; = 1.
The sum of y"*[k], 4" k] of active nodes is equal to 2z;,

and the sum of z"*[k], 29 [k] of active nodes is equal to

2n[k] at each time step k. The operations of each mode can

Algorithm 1 Quantized Averaging in Open Dynamic Net-

works

Input. An open dynamic network G4[k] = (V[k], E[k]) with

n = |V’| nodes potentially participating, n[k] = [V[k]| active

nodes, and m[k] = |E[k]| edges at each time step k. Each

potentially participating node v; € V' has initial state x; €

Z, and T; = 1. Also, Assumptions 1, 2, 3 hold.

Initialization. Each node v; € V' sets y;[0] = 2z, 2;[0] =

27’j.

Iteration. For each time step £ =0,1,2,...

Arriving: Each node v; € A[k] updates its state y;[k + 1],

z3[k +1], ¢;[k + 1], and mass variables y;[k + 1], z;[k + 1]

as in (9).

Departing: Each node v; € D[k] does:

1) Assigns a nonzero probability b;;[k] to each of its outgo-
ing edges my; as in (10).

2) Chooses randomly one remaining out-neighbor v; €
./\/'jJr [k] N R[k] according to probability by;[k].

3) Computes transmission variables c};[k], cf;[k] as in (11).

y
lj

4) Transmits c
neighbor v;.
Remaining: Each node v; € R[k| does:
1) Assigns to each of its outgoing edges my; (including a
virtual self-edge) a nonzero probability b;;[k] as in (7).
2) Sets y5[k] = [kl 25[k] = z[k], 45 k] = | 2551 )-
3) Sets ¢f;[k] = 0, ¢f;[k] = 0, for every v; € (N7[k] N
RIK]) U{v;}.
4) Sets 0, = z;[k].
5) If 6, <1 set cf;[k] = y;[k], c5;[k] = z;[k].
6) While 6, > 1 do
6.1) 0y = [y[k]/z[k]].
6.2) Chooses v; € (/\/JJr [k] N R[E]) U {v;} according to
by [k].
6.3) Sets c;[k] = c};[k] + 6y, and cf;[k] = cf;[k] + 1 for
chosen v; in previous step.
6.4) Sets Yj [k‘] =yj [k}—éy, Zj [k] =z [k‘]—l, 6, =0,—1.
7) Transmits c};[k] and cf;[k], to v; for every v; € (NTIRIN
RIK]) U{v;}.
8) Receives cj;[k], cf;[k] from in-neighbor v; € N [k] and
updates y; [k + 1], z;[k + 1] as in (8).
Output: (5) holds for every active node v; € VI[k].

[k, ci;[k] to the selected remaining out-

then be interpreted as follows.

Remaining. At each time step k, each node v; keeps the
token T}"S (i.e., it never transmits it) and transmits the token
T¢"*. When v; receives one or more tokens 77" from its
in-neighbors, the values y¢“/[k] and y}"*[k] become equal
(or differ by at most 1). Then, v; transmits each received
token 7“* to a randomly selected out-neighbor or itself.
Arriving. Each arriving node v; € A[k] at time step k
also holds two “tokens” T]”“’ (which is stationary) and
T;“t (which performs a random walk). These tokens contain

pairs of values y!"*[k + 1], 2"*[k + 1], and y9*'[k + 1],
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29" [k +1], respectively, for which it holds that y"*[k+1] =
YUk +1] = and 25"k + 1] = 29" [k + 1] = r;.

Departing. When each departing node v; € D[k] leaves the
network, the initial tokens of the departing nodes should
be removed, and the initial tokens of the remaining nodes
should be preserved. Therefore, each departing node trans-
mits its negative values of tokens of time step £ = 0 (i.e.,
— (" [0] + y*[0)) = —2a, and —(=5(0] + 2§"*[0])
—2r;) for eliminating the value of its initial tokens. It also
transmits the values of tokens T]»O“t, T”‘S it holds at the
time step k, (i.e., transmits y9**[k] + y"*[k] = y;[k], and
294 [k] + 20" [k] = 2;[k]), for avoiding losing the values of
other remaining nodes’ initial tokens.

J

B. Correctness Analysis of Algorithm 1

We now establish the correctness of our Algorithm 1
via the following theorem. Additionally, in our theorem we
also provide a necessary and sufficient condition for nodes
executing Algorithm 1 in an open dynamic network to solve
problem P1. Note that the proof of the theorem below is
available in [22, Theorem 1]. It will also be available in an
extended version of our paper.

Theorem 1: Let us consider an open dynamic network
Galk] (V[k],E[k]) with n = |V’| nodes potentially
participating, n[k] = |V[k]| active nodes, and m[k] = |E[K]|
edges at each time step k. Assumptions 1, 2, 3 hold. Let us
also assume that all potentially participating nodes execute
Algorithm 1. There exists a time step ko such that for every
active node v; € V[k| we have

(g7 [k] = [q[K]] for k > ko) or (¢j[K] = [q[K]] for k > ko),

where ¢[k] is defined in (4), if and only if for every departing
node v; € D[k] it holds that

| NP RN RIE] [ =1, (12)

for every time step k.

Remark 2 (Intuition of Theorem 1): In Theorem 1 we
show that departing nodes must have at least one remaining
out-neighbor to ensure that Algorithm 1 enables active nodes
to solve problem P1. If a departing node can transmit to
at least one remaining node before departure it successfully
eliminates its initial state from the network and also preserves
essential information. This condition allows Algorithm 1
to converge correctly as it preserves useful information
and eliminates outdated data from the network. However,
when a departing node has no remaining out-neighbors then
its stored information is lost. This may lead to lead to
inconsistency in the network’s state and prevent the active
nodes from correctly solving problem P1.

V. SIMULATION RESULTS

We now illustrate the performance of Algorithm 1 with nu-
merical simulations. We consider an open dynamic network
Galk] = (V[k],E[k]) with n = 150 potentially participating
nodes. Assumptions 1, 2, 3 hold. At time step k¥ = 0 we have
n[0] = 100 active nodes. Each initially active node v, has an
initial state z; that is an integer randomly chosen from the
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interval [1,10] with uniform probability. The nodes that are
inactive at time step k£ = 0 (i.e., the nodes that belong in the
set V' \ V[0]) and nodes that may enter the network at time
step k£ > 1 (i.e., nodes that were inactive at £k = 0 or nodes
that departed at £ > 1 and entered again at a subsequent time
step) have initial states that are integers randomly chosen
from the interval [10, 20] with uniform probability. Between
the time intervals 1 < k& < 80 and 150 < k < 230, the
network size may increase or decrease by 1 due to agent
arrival or departure, with 10% in the former interval, and
20% in the latter, which is followed [23, Section V]. Between
the time intervals 80 < £ < 150 and 230 < k& < 300, the
network is assumed to be stable (no arriving or departure).
Additionally, we have (i) k' = 230 (see Assumption 2), (ii)
our network G4[k] is T-jointly strongly connected for ' = 20
and (see Assumption 3), and (iii) for every departing node
v; € DIK] it holds that | N7 [k] N R[k] | > 1 during every
time step k£ (see Theorem 1). In what follows we illustrate
over time k (i) the evolution of the states of active nodes
qj[k], and (ii) the time-varying average consensus error (k]
defined as

elk]

> (Ty; K]/ 2 (K11 = [qlk]1)+
fus VIR s (41723 411> Falk]T)
> (Lalk]] = Ly;[k]/25[k]]),

{vseVIK]ILy;[k]/ 25 (k] <lalF]J}

13)

where ¢[k] is defined in (4).

In Fig. 1 we present the evolution of the state variable
qj[k] of active agents v; € V[k| during the execution of
Algorithm 1. Also, the real average of the initial states of
the active agents g[k] at time step k is shown in the black
dashed line. We can see that for time steps 1 < k& < 80 the
states of the active nodes are tracking the quantized average
(Lq[¥]], or [q[k]]) but do not stabilize to a specific value
due to nodes arriving and departing (which causes the value
q[k] to change). However, in the time interval 80 < k& < 150
the active nodes’ states are becoming equal to the quantized
average of their initial states | g[k]], or [¢[k]]. Following that,
for time steps 151 < k < 230 the active nodes again track
the quantized average without stabilizing due to continued
node arrivals and departures. Finally, for 230 < k& < 300
no departures or arrivals occur and the active nodes’ states
are becoming equal to the quantized average of their initial
states, thus solving problem P1.

In Fig. 2 we present the evolution of ¢[k] (shown in (13))
over time k during the execution of Algorithm 1. This plot
provides us similar insights as Fig. 1. Specifically, for time
intervals 1 < k < 80 and 151 < k& < 230 where nodes arrive
or depart the network, the error £[k] increases and fluctuates
due to ¢[k] changing with time. However, for time intervals
80 < k < 150 and 230 < k£ < 300 where no arrivals
or departures occur ¢[k] becomes equal to zero in finite
time. As a result, this plot confirms that that Algorithm 1
enables active nodes to successfully solve problem P1 when
the network stabilizes.
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Fig. 1. Evolution of active agents’ state variables qJS. [k] over time k during
the execution of Algorithm 1.
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Fig. 2. Evolution of the average consensus error [k| (shown in (13)) over
time k during the execution of Algorithm 1.

VI. CONCLUSIONS AND FUTURE DIRECTIONS

In this paper, we presented a novel distributed average
consensus algorithm designed to operate in open dynamic
multi-agent systems with directed communication links. Our
proposed algorithm is the first to enable nodes to (i) ex-
hibit efficient (quantized) communication, (ii) operate in
the present of time-varying links among active nodes. We
analyzed the operation of our algorithm and established its
correctness. Additionally, we presented a set of topological
conditions that enable nodes to calculate the desired result
in finite time. We concluded our paper with a numerical
simulation for illustrating the correctness of our algorithm.

In the future we plan to design robust algorithms capable
of operating in open multi-agent systems subject to various
network unreliabilities, such as packet losses. Additionally,
we intend to expand our focus to address the challenges of
distributed optimization in OMAS.
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