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In this paper, we study the problem of consensus-based distributed Nash equilibrium (NE) seeking
in a network of players represented as a directed graph, where each player aims to minimize their
own local cost functions non-cooperatively. To address bandwidth constraints and limited energy,
we propose a stochastic event-triggered algorithm that triggers individual players with a probability
depending on certain events, thus enhancing communication efficiency through reduced continuous
communication. We prove that our developed event-triggered algorithm achieves exponential conver-
gence to the exact NE when the underlying communication graph is strongly connected. Furthermore,
we establish that our proposed event-triggered communication scheme does not exhibit Zeno behavior.
Finally, through numerical simulations of a spectrum access game and comparisons with existing

event-triggered methods, we demonstrate the effectiveness of our proposed algorithm.

© 2024 Elsevier Ltd. All rights reserved.

1. Introduction

Game theory has diverse applications including power grids
(Wang et al,, 2021), mobile ad-hoc networks (Stankovic et al.,
2011), resource allocation (Rahman et al., 2019) and social net-
works (Ghaderi & Srikant, 2014), capturing competitive features
among different entities. In non-cooperative games, each self-
interested player aims to maximize or minimize its local objective
function, often in conflict with other players. A Nash equilibrium
(NE) in such games presents a rigorous mathematical charac-
terization of stable and desirable solutions and has attracted
considerable interest in the past few decades.

The rapid development of large-scale networks has made
traditional NE seeking algorithms with centralized frameworks
impractical due to limited scalability and high computation cost
(Frihauf et al., 2011; Govindan & Wilson, 2003; Kannan & Shanbhag,
2012). In view of this, distributed NE seeking in non-cooperative
games where players only communicate with their neighbors
has shown theoretical significance and practical relevance in re-
cent years. For discrete-time settings, Salehisadaghiani and Pavel
(2016) developed an asynchronous gossip-based method that
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achieved almost sure convergence for seeking a NE, but the con-
vergence was slowed down by diminishing step sizes. Later, Sale-
hisadaghiani et al. (2019) utilized an alternating direction method
of multipliers approach to achieve the NE with constant step
sizes. For continuous-time cases, Gadjov and Pavel (2018) pre-
sented a passivity-based algorithm that leveraged incremental
passivity properties of the pseudo-gradient to obtain the NE
over networks. Ye and Hu (2017) proposed a consensus-based
approach to exponentially converge the NE.

However, conventional distributed NE seeking algorithms
mentioned above require continuous communication and result
in a high communication burden, making them impractical in
physical applications. This can be especially problematic for some
embedding networks equipped with energy harvesting, where
each player’s energy is a scarce resource that needs careful
monitoring and control. One motivating application is the spec-
trum access game in energy-harvesting body sensor networks
(BSNs) (Niyato & Hossain, 2007), where multiple BSNs com-
pete for bandwidth in a cognitive radio network. They use the
allocated spectrum to transmit physiological data to a remote
healthcare center, aiming to minimize their own transmission
cost while receiving the best health service by selecting an appro-
priate spectrum size. To achieve the NE in a distributed manner,
BSNs need to interact with their neighbors to compensate for
the lack of global information on others’ strategies. However, this
continuous communication can excessively consume the scarce
energy harvested from the ambient environment. Thus, there is a
need for novel communication-efficient algorithms that seek the
NE while conserving the harvested energy.
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The event-triggered mechanism has gained popularity in the
control community since it reduces the communication burden
by filtering out unnecessary information transmission (Wu et al.,
2012). In the field of non-cooperative games, Shi and Yang (2019)
proposed an edge-based event-triggering law for discrete-time
aggregative games. However, the convergence speed is slow due
to the diminishing step size. Recently, Yu et al. (2022) designed
a static event-triggering law with a decaying threshold, and Xu
et al. (2022) proposed a fully distributed edge-based adaptive dy-
namic event-triggered scheme for undirected networks. Nonethe-
less, these algorithms only converge to a neighborhood of the NE
instead of the exact NE (Xu et al., 2022; Yu et al., 2022). To achieve
predefined-time convergence with an arbitrarily small error, Liu
and Yi (2023) constructed an adaptive event trigger with a time-
base generator. Zhang et al. (2021) successfully applied a dynamic
event-triggered method from Vi et al. (2018) to distributed games
and demonstrated that the algorithm converges to the exact
NE. However, all existing works focus on deterministic event-
triggered algorithms that precisely specify the triggering times for
each player.

Recently, Tsang et al. (2019, 2020) extended deterministic
event triggers to stochastic versions by defining the triggering
time more loosely. This extension achieved a better trade-off
between the communication effort and convergence performance
in multi-agent consensus and decentralized unconstrained op-
timization over undirected networks. Nonetheless, the existing
stochastic event-triggering laws cannot be directly applied to
distributed NE seeking problems since each player’s cost func-
tion in a non-cooperative game is coupled with the actions of
other players. Due to the complex information exchange setting
in distributed NE seeking, the design of the stochastic event-
triggered mechanism and the convergence analysis encounter
more difficulties. Additionally, constrained action sets should also
be considered. To the best of the authors’ knowledge, no stochas-
tic event-triggered mechanism has been designed for distributed
constrained NE seeking problems.

All of the above motivates us to develop a stochastic event-
triggered algorithm for a multi-agent system to seek the NE in
a distributed constrained game. The main contributions of this
paper are summarized below:

(1) We propose a novel stochastic event-triggered distributed
NE seeking algorithm for constrained non-cooperative
games in directed networks.

(2) We prove that the developed algorithm converges exponen-
tially to the exact NE. Furthermore, we demonstrate that the
algorithm is free of Zeno behavior, validating its feasibility.

(3) Simulation results for the spectrum access game in BSNs
indicate that the proposed algorithm better balances the
communication consumption and convergence properties
than deterministic ones.

The remainder of this paper is organized as follows. In Sec-
tion 2, some preliminaries are provided. Then the problem formu-
lation about the distributed NE seeking under an event-triggered
mechanism is presented in Section 3. In Section 4, a stochastic
event-triggered algorithm is proposed first, and then the conver-
gence, together with a guarantee on the exclusion of Zeno behav-
ior is analyzed. Simulations are given in Section 5 to illustrate the
effectiveness of the proposed algorithm. Finally, conclusions are
offered in Section 6.

Notations. In this paper, we define R as the set of real numbers
and RN as the set of N-dimensional real vectors. We use X >
0 to indicate that the matrix X is positive definite. The nota-
tion diag{aq, a,, ..., ay} denotes a diagonal matrix with elements
ai, s, ..., ay. The matrix Iy € RN represents the identity
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matrix and 1y € RN denotes a vector with all elements being
1. The operator ||| refers to the induced 2-norm for matrices
and the Euclidean norm for vectors. For any vector v e RN, v7
represents its transpose. The meaning of P(E) is the probability
of the event E happening. For any two matrices A € R™™ and
B € RP*1, A® B € R"™*™ is the Kronecker product of A by B.

2. Preliminaries
2.1. Game theory

Definition 1. A game is defined as a tuple I = {P, X, f}, where
P ={1,2,...,N} is the set of players, ¥ = x; x X3 X --- X Ay,
X; C R is the action set of the ith player, and f = {f1,f2, ..., fy}
is the set of cost functions for all players, with each f; : RN — R
mapping the joint action of all players to the cost of player i.

Definition 2. An NE is an action profile X* = [x], x5, ..., x;‘,]T cex
such that for each player i € P, fi(x/,x*;) < fi(x;, x*;), where
X € Xand X', = [X5, %5, ... XX g, xn]T
2.2. Graph theory

A directed graph G = (V, &) consists of a set of nodes V =
{1,2,...,N} and a set of edges &, where each edge (i,j) € &
denotes a communication link from player j to player i.

The underlying topology of G is represented by the adjacency
matrix A = [a;] € RVN, where a; > 0if (i,j) € & and
a; = 0,if (i,j) ¢ & The degree matrix is defined as D =
diag{d™™, d", ..., di"}, where d" = "V | a;. The Laplacian matrix
L is then defined as L = D — A. The directed graph G is said to be
strongly connected if, for any node, there exists a directed path
to every other node.

We present the following lemma regarding strongly connected
directed graphs (Zhang et al., 2021):

Lemma 3. (L ® Iy + By) is a non-singular M-matrix if and only
if G is a directed and strongly connected graph, where By =

diag{aqy, ..., an, G215 ..., 02N, ..., GNT, - - ., ANN }. Moreover, there
exist positive definite matrices P and Q such that
(L®Iy+By) P+P(L®Iy+By) =Q. (1

2.3. Projection operator

A set ¥ C RN is convex if cv; + (1 — c)v, € X, for any
V1,V € X and any ¢ € [0, 1]. For a closed and convex set &,
the projection operator Px(-) : RY — X is defined as Px(v) =
arg minst ||V - Z”

Lemma 4 (Facchinei and Pang (2003)). For a closed and convex
set X C RN, the projector Px(-) is non-expansive, ie., for any
Vi,V € &, [[Px(vi) — Px(v2)| < [lvi — 2.

3. Problem formulation

Consider a non-cooperative multi-agent system with N > 1
players represented by a strongly connected directed graph G =
(V, €). Each selfish player i intends to minimize its own cost
function,
min fi(x;, X_;), (2)
X €X]
where A; is a closed convex set, and f; is the convex cost function
of player i satisfying the following assumptions:



W. Huo, KF.E. Tsang, Y. Yan et al.

Assumption 5. f;(x) is twice continuously differentiable and af’l( X)
is globally Lipschitz for all i € V, that is, there exists a constant
I > 0 such that | 2 — Z(y)| <& Ix— yll.

X;

Assumption 6. There exists a constant x > 0 such that (x —
V'(FO) = F(y) = plix—yl? for x,y € R, where F(x) =

of of; of N ;
L?Xl](X)’ 8)(22( X),..., aXZ(x)J € R" denotes the pseudo-gradient
t

he stacked vector of all players’ partial gradients w.r.t. local cost
functions).

Remark 7. Under Assumption 5, the NE of game (2), denoted as
x*, can be found by solving the variational inequality VI(x, F),
where (x — x*)TF(x*) > 0 holds for all x € X (Facchinei &
Pang, 2003). Assumption 6 implies that VI(X, F) has at most one
solution (Facchinei & Kanzow, 2007). Thus, the existence and
uniqueness of the NE of (2) follows and x* satisfies

X* = Py (x* — @F(x")), V& > 0. (3)

In a distributed setting, each player communicates with its
neighbors to obtain partial information about the others’ actions.
We consider a leader-follower-based consensus control algo-
rithm with projected gradient play dynamics (Liang et al., 2022;
Ye & Hu, 2017):

() = P, (xi(r) ol (yl-(t») — (o), @
yU =-B |:Z Qik yU .ij(t))
T ay (30 —xj(t))], (5)

where o, 8 > 0 are step sizes, y; = [Vi1, Yia, - - -, ¥in]" € RV, yj is
player i’s estimate on player j, y; = x;, and the initial actions are
chosen as x;(0) € A;.

The algorithm composed of (4) and (5) requires continuous
communication among players. We employ an event-triggered
mechanism to reduce the communication times, i.e., a player only
broadcasts its action and estimate when certain critical events
occur. Thus, the update law of (5) becomes

J’u - B [Zaﬂc yU JA’kj(t))

+ a5 (§5(t) — %i(1)) :|

(6)

where j/l] represents the latest estimate on player j broadcast by
player i, and %; is the latest state broadcast by player j. Suppose
player i's trlggermg time instants are {tw t2, ..., I, ...}, and then
Pii(t) = yi(tg), & (6) = xi(y) for ¢ € [t], ti,4)-

Our objective is to develop an event-triggered mechanism
such that the NE can be asymptotically achieved. Specifically, we
aim to design a decision variable:

yit) = { 1 &(t) = xi(0), y(t) = yy(t),

~ ] 0, otherwise, Viev,

so that the average communication rate

1 [t
:Nt;/o yi(t)dt (7)

with I"(0) = 0 can be reduced. For the stochastic event-triggered
mechanism, we consider its expected value E[I"(t)] due to the
randomness of y;(t). Moreover, the event-triggered mechanism
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should not exhibit Zeno behavior which refers to the phenomenon
that an infinite number of events occur in a finite time.

Remark 8. The problem formulation in this paper differs from the
distributed optimization problem that Tsang et al. (2020) solved.
In their scenario, N agents cooperatively minimize a global cost
function, F(x) = %Zf’:lfi(x) where agent i's cost function is
decoupled with the other agents’ actions, x;, j # i. Although we
can regard (2) as a set of parallel optimization problems, each
player’s cost function f; depends on all other players’ decisions
X_; and each player only has access to information about its
neighbors. As a result, player i needs to keep an estimate of other
players’ strategies, y;, and communicates this information with
neighbors to seek the NE. Due to this more complex information
exchange setting, the stochastic event-triggering law design and
convergence analysis become more complex compared to Tsang
et al. (2020).

4. Main results

In this section, we propose a stochastic event-triggered al-
gorithm for distributed NE seeking and prove that it converges
exponentially without Zeno behavior.

4.1. Proposed stochastic event-triggering law

The compact form of (4) and (6) can be written as

X(t) = Pa (x(t) - ag—f(y(r») —X(t), (®)
X

y(t) = —B[(L ® Iy + Bo) (J(t) — Iy @ X(1))], (9)

where X = [x1, X2, ...,xy]", X = [&1,22, .. .,QN]T. y= [yi,yﬁ,

T A AT A AT A A A~ T
Y A 1 S 1 I = [Ji1. 902, .. 9]
2w = [Lwn L), .. L] - The equality (9) holds

from (L ® Iy)(1y ® X(t)) = 0.
We define the event errors of player i as

ey (t) = Xi(t) — xi(t), (10)
ey, (t) = i(t) — yi(t), (11)

and the consensus error between player i's estimate and j's esti-
mate as

Ay(t) = yi(t) — yj(t). (12)
We propose a stochastic event trigger:

oy ] 1 &it) > kexp (—cipi(t)/5i(t))
vi() = { 0, otherwise, (13)

where « > 1 is a parameter, &; (t) € (a, 1) an arbitrary stationary
ergodic random process with a constant a > 0, ¢; > 0 a constant,
and §;(t) > 0 a decreasing function w.r.t. t. Inspired by Tsang et al.
(2020) and Zhang et al. (2021), p;(t) and §;(t) are defined as

N 2
D @A) (14)
j=1

8i(t) = —néi(t), (15)

where o; > 0 and 1 > 0. According to (13) and (14), we can infer
the following condition when no trigger occurs, i.e., y;(t) = 0:

2

N
Z CljjA,'j(l’)
=1

pilt) = e (6 + ey (0] -

exi(t)z + Heyi(t)| =

(16)

§5i(f)

i

(Ink — In&(t)).
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Remark 9. In the literature, p;(t) is usually referred to as a
triggering function that depends on event error, consensus error,
and network parameters. Different triggering functions can result
in different event-triggering laws with varying performances.
Deterministic event-triggered mechanisms always trigger player i
whenever p;(t) > 0 (Xu et al., 2022; Yu et al., 2022; Zhang et al.,
2021). However, stochastic event triggers are characterized by the
fact that player i triggers with a certain probability that increases
with p;(t). For example, when a = % and &;(t) is a uniformly
distributed random process, if p;(t) < 0, then it is impossible
for player i to trigger due to x exp (—c;jpi(t)/8i(t)) = 1 > &(t),
which is consistent with the deterministic event-triggering law
since y;(t) = 0 when pi(t) < 0. Conversely, if pi(t) > O,
we can infer that P[y(t)=1] = %[1 — Kk exp (—c;pi(t)/8i(t)]
based on the distribution of &(t), i.e., P [y;(t) = 1] monotonically
increases with the value of p;(t). When &;(t) is a strictly positive
constant, the stochastic event trigger reduces to a deterministic
one. Therefore, (13) can be viewed as a generalized version of
the deterministic trigger, which can further reduce the commu-
nication burden and is more practical for networks with tighter
communication requirements.

4.2. Convergence analysis

To simplify notation, the time index t is omitted in the follow-
ing analysis.

Define the seeking errors of x and y as & = X — x* and
ey = y — Iy ® x. Then based on (8)-(11), the dynamics of &x
and ey can be written as

. a
éx=X=DPy (x—a—f(ey—FlN@x))—x,
X
ey:y_1N®x
=B(L®Iy+Bo) (In®@ex — ey —ey)

— lN X {PX (X—ag(ey'f"lN@x)) —X},
0x

T T T T 1T
where ey = [ex,, €x,, ..., x] and ey = [eyl, e, .

Loy

Theorem 10. For a multi-agent system, if Assumptions 5 and 6
hold, the distributed algorithm (4) and (6) under the stochastic
event-triggering law (13) exponentially converges to the NE X* with

2/,L/3)\ — 8C2C3 — 2,LLC4
O<a< 3 5> (17)
8C1GC3 +4uGCG + ,BClk — C1 Cy
4C2C3 +/,LC4
B> ——
UA
N-1

0= ——,
2N |L)?

; (18)
(19)

where o = max;{o;}, A is the minimum eigenvalue of Q, C; = IWN,
G =1G = VN|P|, G4 = 2J2(N=T)|P(L® Iy + Bo)|, and
= max,—{l,—}.

Proof. Inspired by Liang et al. (2022), we consider the Lyapunov
candidate

N
V=gpVi+¢iVa+0) 8, (20)
i=1
where V] = E)T(é‘x, V2 = S;-Pé‘y, ¢1 = 20{C2, ¢2 = 2C3(2 + (xCl),
¢ = nfﬂﬁﬁii}(lnx —Ina), and Cs = N,/ 3% IIP (L ® Iy + Bo) ..

For the time derivative of V;, we have

Vi(t) = 2ex(t) éx(t)
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= _ZQ)T({X— Px (X— a%(lN ®X)>}
X

a
_ Zs,T‘{x— Py (x—aa—i(sy + 1y ®x)>

— |:x—]P>X (x—aaf(hv®x)>i|}. (21)
0X

For the first term of (21),

Zei{x — Py (x - a%(lN ® X)) }
0x

=2€,T({x — Py (x - a%(IN ® x))
0X

- [x* — Py (x* - ag(lN ®x*))i|}
15). 4

=2 |lex||® — 2&] |:]PX <X - Olg(lN ® X))

X
— Py <X* — (Xg(lN ®X*)>]
X
>2 |lexll (lexll — llex — adX)Il), (22)

where d(x) = L(1y ® x) — 2(1y ® x*), and the first equation
holds from (3). Then

2 2
I I

exll” — llex — ad(x
lexll = llex — xd(ll = ”nsxn T ”s = adgx;n
_ 2aepd(x) — o [|d(x)|?

(2 + om/m> llexll
, 2o —a’PN

2+ ai«/ﬁ

For the last two terms of (21),

llexll - (23)

a
_ Zsi{x— Py (x— aa—{((ey + 1y ®x)>

— [x— P (x— ag(lN ®x)>:“
0x

] )
<2« ||&ll aij;(sy +1y ®X) — 87{((1’\’ ® X)
<2al||ex|l |y - (24)

Combining (22), (23), (24) into (21), we get

Vi < —o1 llexl® + ¢1 llexll [y . (25)
)
where w; = %«lel)
Moreover, the time derivative of V5 is
Va(t)
=26, Péy
, of
= —2e,P{1In ® | Px X—a—(ey+Iy®X) | —x
X
+ 2Be,P (L® Iy + Bo) (1y ® ex — &y — ey)
ad
= —23§P{1N ® [IP’X (x — a—f(ey + 1y ® x)) — x“
Jx
+ 2ﬁe§P (L® Iy +Bo) (Iy ® ex — ey)
— BeyQey. (26)
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Similar to (22), the first term of (26) satisfies
T of
—2e,Pi 1y ® | Px X—a—(ey+Iy®X) | —x
0X

<2v/N |y IIP|| ‘IP’X (x - ag—f(ey + 1y ®x)> —-x

- [pe(x -aggmen) -x |
ox
<2VN|P| (2 + aiﬁ) lexl [ey| + 22IVN IPIl ey *,  (27)

and the second term of (26),

2e,P (L® Iy + Bo) (1Iy ® &)

1 2
< Jley[* + N IP L@ Iy + Bo)ll el (28)
and

—2e)P(L® Iy + Bo) ey

1
<~ [ey|* +vIP @@ Iy +Bo)l ey

) (29)

for any v > 0 according to Young's inequality.
According to (16),

lexl® + [ey]?

N N )
=Ze§,.+ZHeyiU
<Z ¢ (nic—Ing) + Za, Za,JAU (®)
i=1

di
-y - e —1ng) + 20 1L (e + ey]7)
i=1

Then, we have

lexl® + (1= 20 IILI?) ey’
N
6,
< Z o (ni —In&) + 20 LI ey

Ifo

< 2N\LH2' the combination of the second terms of (28) and

) satisfies
1 2
WN IP (L@ I + Bo) I” (lex! + - fley|)

<ON P (L& Iy + Bo)IP el + (1= 20 IILI?) [ *]
N 5
<WN [P (L ® Iy + Bo) [Z — (nk —Ing)
Ci

i=1

+ 20 |ILJ? Hsyuz] (30)

V2 and combining (27)~(30) into (26),

Letting v = Z=p e TBol’

one obtains

Vo < — s ||ey|” + 62 llexll ey

N
+ G I:Z 8,-21‘)

i=1

Iné, (t»] 31)

where wy = ,8)\. — 20{C2C3 — C4.
Combining (25) and (31), we have

Vi + iV
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< — oo llexl? + 2010 llexl || ey | — dreon | ey’
N

di
i [Z D i g (t))]

i—1
= — (2 llexl® + 1 || &y *) = (01 — ©%) ¢ llex?

— (w2 — ©%) 1 ||&y|” + 2010 llexl | &y |
N

S
+ $1Gs [Z ét)
i=1 !
<- <¢2V1 Aj(lp)vz)

N

di
+ ¢1Gs [Z ét)

i=1

In§; (t))i|

Ing; (t))], (32)

where @* = <w1 —+ wy — \/(an — a)z)z + 4¢1¢2? /2, and Ay (P) is
the maximum eigenvalue of P. It follows from (17) and (18) that

®* > 0, and (w1 — @*)(a)z — (“9*) = ¢)1¢2. Thus,
V(t)<—© <¢2 )—nzza
N 5
+ $iCs [Z é” Iné, (t))]
i=1 !
N
=-0" <¢2V1 + Vz) —ng Y 8i(t)
i=1

$1Gs (Ink —lna)Z&

mml{ ci}
v2 - = ZS(t

< —k,V(t), (33)

=—0%(:Vi +

where k, = min {©®*, AO(*P) } By LaSalle’s invariance princi-

ple (Khalil, 2002), we conclude that ey and &y converge to zero
exponentially.

Remark 11. Based on (33), k, > 0 represents the actual lower
bound on the convergence rate, which relies on ®*, A,,(P), and
n. The variable §;(t) plays an important role in the convergence
analysis. If &(t) is a strictly positive constant, the above analysis
remains valid since the stochastic event trigger is an extension of
its deterministic counterpart.

Remark 12. The proposed algorithm achieves the exact NE with
exponential convergence, which outperforms the convergence
guarantees of event-triggered algorithms in Yu et al. (2022)
and Xu et al. (2022), which only converge to a neighborhood of
the NE. Moreover, Tsang et al. (2020) showed that their stochastic
event-triggered optimization algorithm converges to the prox-
imity of the optimal point with arbitrary accuracy. Hence, our
algorithm and analysis provide a stronger convergence guarantee.

4.3. Analysis on Zeno behavior

Theorem 13. For a multi-agent system, the distributed NE seeking
algorithm composed of (4) and (6) under the stochastic event-
triggering law (13) does not exhibit Zeno behavior.

The proof of Theorem 13 is provided in Huo et al. (2023).
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O, ®
@)
@ ®

Fig. 1. Communication topology for BSNs.

Remark 14. Excluding Zeno behavior validates the well-
posedness of the proposed stochastic event-triggered algorithm.

5. Numerical simulations

We consider the spectrum access game in energy harvesting
BSNs introduced in Section 1. Following the formulation in Niyato
and Hossain (2007), we model the spectrum access problem as
an oligopoly market where N = 5 BSNs compete to lease the
spectrum size x; € [0, 16] from the primary base station. The
objective is to minimize the cost associated with leasing the
spectrum, which is determined by a pricing function p;(x) =
m{ + g (ZJ[-V:1X]'> , where m{,q; > 0, fori € {1,2,...,5}, and
t > 1. The BSNs can improve transmission performance using
adaptive modulation, earning revenue r; per unit of the achiev-
able transmission rate. If each BSN utilizes uncoded quadrature
amplitude modulation with a square constellation, its spectral
efficiency is calculated as:

1.5s;
u=log, | 1+ ——— 1. (34)

0.2
In (BERF“)
1

where s; is the received signal-to-noise ratio, indicating the qual-
ity of the signal received by the health center, and BER?" is
the target bit error rate level in the single-input single-output
Gaussian noise channel. The revenue earned by BSN i is given
by riu;x;, and the cost incurred by BSN i is expressed as fi(x) =
Xipi(X) — riuix;.

We simulate communication between BSNs using the directed
graph presented in Fig. 1. We set a; = 1ifa; > 0,7 = 1,
BER?" = 1074 and r; = 20 for i = {1,2,...,5}. The constants
m{ = 57, m; = 107, m§ = 103, m{ = 9.7, mi = 15,
g = 1.1, q = 12,q3 = 13,q4 = 14, g5 = 1.5, and
s; = 12dB, s; = 14dB, s3 = 15dB, s, = 16dB, ss = 18 dB. By
centralized calculation, we determine that the NE for this system
is x* = [2.000, 3.987,6.011, 8.018, 9.990]”. The initial actions
are x(0) = [14, 12, 10, 4, 2], and the initial estimates are y;(0) =
[0,1.5,2.5,3.5,4.5]", y»(0) = [2.5,3.5,4.5,5.5,6.5], y3(0) =
[4.5,5.5,6.5,7.5,8.5]", y4(0) = [6.5,7.5,8.5,9.5,10.5]", and
ys(0) = [8.5,9.5,10.5,11.5, 12.5]". We set step sizes as o =
0.14, and B = 1.5. For the stochastic event-triggering law (13),
we choose 1 = 10, k = 1.075, o; = 0.8/d", ¢; = 1, and a = 0.05.

Fig. 2 shows the evolution of BSN’s action and estimates,
with gray lines representing the estimates and black dashed lines
representing x*, which indicates that all players’ actions and
estimates converge to the NE as expected. Fig. 3 displays the
triggering times for each BSN, demonstrating that continuous
communication is successfully avoided under (13).

We evaluate the effectiveness of our proposed stochastic
event-triggering law by comparing it with the static law used
in a previous study (Yu et al.,, 2022) and the dynamic law pro-
posed by Zhang et al. (2021). Due to the randomness of (13),
we conducted the simulation 100 times to obtain the empirical
mean. Fig. 4 shows that (13) achieves the lowest average com-
munication rate and significantly reduces the peak value of I'(t)
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Fig. 2. The evolution of BSNs’ actions and estimates.
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Fig. 3. The triggering times for each BSN.

Table 1
Triggering counts and statistics of communication intervals for players.
Player 1 2 3 4 5
Static 430 420 392 215 407
Trigger count Dynamic 220 185 172 92 234
Stochastic 50 81 82 70 49
Static 0.100 0.150 0.175 0.225 0.150

Max interval Dynamic 0.325 0.200 0.275 0.550 0.225

Stochastic 1.050 0.875 0.775 1.125 1.250

Static 0.078 0.080 0.086 0.157 0.083
Dynamic 0.154 0.182 0.197 0.367 0.144
Stochastic 0.675 0.416 0.413 0.478 0.688

Static 0.050 0.050 0.050 0.075 0.050
Dynamic 0.125 0.125 0.125 0.200 0.075
Stochastic 0.250 0.200 0.200 0.200 0.225

Mean interval

Min interval

compared to the other two laws, which implies that (13) requires
much less bandwidth. We also summarized some involved met-
rics for triggering times and communication intervals in Table 1.
Our proposed algorithm has fewer triggering counts and longer
communication intervals compared to the other two laws.

The stochastic event-triggered algorithm can reduce commu-
nication costs by relaxing the triggering conditions. However, it
is difficult to mathematically characterize communication rates
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Fig. 4. Average communication rates for the static, dynamic, and stochastic
event-triggering laws.
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Fig. 5. Convergence performance for the static, dynamic, and stochastic
event-triggering laws in semi-log scale.

under different event-triggering laws as this involves calculating
the frequency of p; > 0 for deterministic event triggers or &(t) >
Kk exp(—c;p;i(t)/6i(t)) for stochastic ones. Therefore, most works on
distributed algorithms with event-triggered mechanisms provide
only convergence analysis, without theoretical estimates on the
communication rate (Cao & Basar, 2020; Nowzari et al., 2019;
Qian & Wan, 2021; Tsang et al, 2019, 2020; Xia et al., 2022;
Yi et al, 2018; Zhang et al,, 2021; Zhao et al,, 2021). Usually,
numerical simulations are provided to illustrate the reduction of
communication cost through the proposed event trigger, as we
do in our work. Although some works offer lower bounds for
the minimum inter-event time by proving the exclusion of Zeno
behavior, these bounds are too loose to be compared (Nowzari
et al,, 2019; Qian & Wan, 2021; Tsang et al., 2020; Zhao et al,,
2021). Precisely quantifying the communication rate is therefore
a challenging direction for future research.

Fig. 5 shows that the proposed algorithm preserves compa-
rable convergence performance with such low communication
costs, even a slightly faster convergence rate. In other words,
the proposed algorithm can better balance the communication
efficiency and convergence performance.

Automatica 162 (2024) 111486
6. Conclusion and future work

In this paper, we proposed a novel stochastic event-triggered
algorithm for distributed constrained NE seeking problems to
improve communication efficiency. Specifically, a player trans-
mits its message with a probability that increases as the value
of the triggering function increases. We prove the exponential
convergence to the exact NE and demonstrate the non-existence
of Zeno behavior. Numerical simulations illustrate the practical
significance of our proposed algorithm, which offers much lower
communication rates and comparable convergence performance.

Potential future work includes a rigorous analysis of a tradeoff
between communication rates and convergence rates, as well as
a systematic design of the parameters in the algorithm.
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