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Differentially Private Set-Based Estimation
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Abstract—For large-scale cyber-physical systems, the col-
laboration of spatially distributed sensors is often needed
to perform the state estimation process. Privacy concerns
naturally arise from disclosing sensitive measurement signals
to a cloud estimator that predicts the system state. To solve this
issue, we propose a differentially private set-based estimation
protocol that preserves the privacy of the measurement signals.
Compared to existing research, our approach achieves less
privacy loss and utility loss using a numerically optimized
truncated noise distribution. The proposed estimator is per-
turbed by weaker noise than the analytical approaches in the
literature to guarantee the same level of privacy, therefore
improving the estimation utility. Numerical and comparison
experiments with truncated Laplace noise are presented to
support our approach. Zonotopes, a less conservative form
of set representation, are used to represent estimation sets,
giving set operations a computational advantage. The privacy-
preserving noise anonymizes the centers of these estimated
zonotopes, concealing the precise positions of the estimated
zonotopes.

Index Terms—set-based estimation, differential privacy,
truncated noise distribution, zonotopes

I. INTRODUCTION

The widespread use of automated and intelligent systems
and the Internet of Things (IoT) in our daily lives has
become an apparent fact. One can see it in smart homes,
smart devices, Intelligent Transportation systems (ITS), and
intelligent weather forecasting systems. These large-scale
systems often need their participating entities to share some
data, e.g., vehicle location or pedestrian destination, medical
measurements, financial information, and users’ habits [1].
Sharing these data within the system can cause privacy
vulnerabilities, e.g., individuals’ positions may be inferred
from location data shared with routing applications such
as Waze and Google Maps [2, 3, 4]. Another example of
a privacy vulnerability is identity disclosure for a driver
when he shares his real identity in vehicular ad-hoc networks
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(VANETS) of ITS. Thus, there is a pressing need for privacy-
preserving mechanisms for data publishing within such
systems. Motivated by this, this work is dedicated to privacy-
preserving state estimation.

A. Set-Based Estimation

Estimation is a ubiquitous phenomenon that plays a cru-
cial role in decision-making across various domains. From
an estimated value-based perspective, it can be categorized
into point-wise and set-based estimation. The former uses
measurements to calculate a point-valued estimate, such as
the location of an autonomous vehicle and the distance be-
tween space objects [4]. Alternatively, set-based estimation
uses the measurements and the system model, if available,
to predict a set that encloses the system’s state. Supported
by the development of sensors’ capabilities, the widespread
of autonomous systems, which massively deploy set-based
estimation, can be found in applications including robots and
autonomous vehicles [5, 6, 7].

There are three approaches to set-based estimation: the
model-based approach, the data-driven approach, and the
hybrid approach. The model-based approach depends on the
system model and the sensors’ measurements to estimate the
system’s states [6]. Some of the filters used in the model-
based approach can estimate states for systems with a linear
model and a Gaussian noise distribution, such as the Kalman
filter [8]. On the other hand, as systems become more auto-
mated, the number of sensors in the system and the amount
of generated data per sensor increase. A system model for
such complex systems may be prohibitively expensive [9].
Therefore, a data-driven approach might be more convenient
for such complex systems [10, 11]. The hybrid estimation
approach combines the advantages of both methods. It leads
to fast state calculation as in the model-based approach and
handles system complexity as in the data-driven approach
[12]. This paper considers the model-based approach.

The set-based estimation uses, in general, different set rep-
resentations, such as intervals, polytopes, ellipsoids, zono-
topes, and constrained zonotopes [13, 14, 15, 16]. This
paper considers zonotopes for set representation as they are
computationally efficient and are closed under multiple set
operations [17].
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B. State Estimation Under Privacy Constraints

Existing private estimation strategies can be categorized
into encryption-based methods and non-encryption-based
methods. For the former, the authors in [18] developed
a private Luenberger observer based on additively homo-
morphic encryption, where the state matrix only consists
of integers such that the observer operates for an infinite
time horizon. A partially homomorphic encryption scheme
was used in [4, 19, 20] to develop a state estimator. Most
recent works in the latter are based on differential privacy
(DP), a powerful non-cryptographic technique in quantifying
individual privacy preservation. Roughly, DP refers to a
property of a randomized algorithm; its output remains
stable for any changes that occur to an individual in the
database, therefore protecting against privacy-related attacks
on the individual’s information, but the accuracy of this
output is negatively affected by the randomization of the DP
algorithms. In [21], a general framework was developed for
a differentially private filter. The authors in [22] proposed
a differentially private Kalman filter. The methodology has
also been generalized to nonlinear systems in [23]. Note that
the above observers are point-wise ones, and disturbances or
uncertain parameters, which are only known to be bounded,
are present for some systems. Hence, set-based estimators
and interval estimators can handle state estimation for
such systems. Recently, the authors in [24] developed a
differentially private interval observer with bounded input
perturbation.

The main contributions of this article can be summarized
as follows:

. We develop an (e, 6)-Approximate Differentially Pri-
vate ((e,6)-ADP) set-based estimator based on the
truncated additive mechanism with numerically opti-
mized noise distribution [25] and zonotopes for set
representation. The proposed estimator preserves the
privacy of sensor measurements during the estimation
process with minimal utility loss. The precise positions
of the estimated zonotopes are concealed. Also, the
computation of the estimated zonotopes’ centers and
the private measurements are decoupled by nature from
the computation of the generators.

- We evaluate the proposed (e, 6)-ADP set-based estima-
tor by comparing the deployment of a truncated optimal
noise distribution with a truncated Laplace distribution
in [24], and show that the latter leads to a more substan-
tial noise than the former to achieve the same privacy
level. Consequently, the proposed (e, 6)-ADP set-based
estimator achieves improved utility, represented as the
average estimation error, over the existing method. All
used data and code are publicly available .

The rest of the paper is organized as follows: The problem
statement and preliminaries are presented in Section II. The
algorithms are designed and evaluated in Section III and
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Section IV, respectively. Finally, we conclude the paper in
Section V.

Notation. Throughout this paper, we denote the vectors
and scalars by lower case letters, the matrices by upper case
letters, the set of real numbers by R, the set of integers
by Z, and the set of positive integers by Z*. For a given
matrix M € R™ " its Frobenius norm is given by || M || =

Tr(MT M). We denote the i-th element of a vector or list
a by a®. For a vector a € R”, we denote its L, norm by

la], = \/zlf':](a("))z. We use {y,} to denote a list of the

measurement signals vectors y, at different time steps k. We
denote the L, norm of a vector-valued signal y : Zt — R”,

by Iyll, = \/ ZZC;I(|YI¢|2)2~

II. PRELIMINARIES AND PROBLEM STATEMENT
In this section, we present the needed background and the
problem setup.
A. Set Representation and Set-based Estimation

Now, we are going to introduce the set representation and
operations, and the set-based estimation approach.

1) Set Representation and Operations: The zonotope is
defined as follows:

Definition 1 (Zonotope [26]). Given a center cz; € R"
and yz € N generator vectors in a generator matrix Gz =

1
[8(3 ) g<ZyZ>

Z:{xelR”

] € R™Yz, a zonotope is defined as

Yz

x=czt Y 0080 e < 1) ()
i=1

We use the shorthand notation Z = {(cz, G z) for zonotopes.

It is worth noting that zonotopes are closed under the
linear map and Minkowski sum [27]. The linear map L €
R™ " for zonotope Z is defined and computed as follows:

LZ ={Lz|z€e Z} =(Lcz,LG3). 2)

Given two zonotopes Z; = (cz,Gz ) and Z, =
(cz,,Gz,), the Minkowski sum is defined and computed
as

Z] ®ZZ = {Z] + 22|Z1 (S Z],Zz S Zz}
= <czl +czz,[GZl,GZZ]>. 3)

We define and compute the Cartesian product of two
zonotopes Z; and Z, by

ZIX22:{ [i;
0

(215 ] e

2) Set-Based Estimation: Consider a linear discrete-time
system with bounded noise given by

Z 621,22622}

Xpa1 = Fxp + wy, 5)
y:) = H(i)xk + Ug),
where x;, € R” is the system state at time step k € Z*, and

yg) € R is the measurement signal of single sensory entity
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i such that i € {1,..., m} with m equals the number of
available sensors. The matrices F € R™" and H) € R*"
are state and measurement matrices, respectively. The vector
w);, and the value UE:) are the process and the measurement
noise, respectively. They are assumed to be unknown but
bounded by the zonotopes Z,,, and Z,S'), respectively. The
system has a bounded initial state x; € Z;, = (cg,Gy),
and a predicted state set S’k. At each time step k, the set-
based state estimator aims to find the corrected state set S,
by finding the intersection between the predicted state set
Sk and the measurement sets corresponding to the list of
all sensory entities’ measurement signals yg), i=1,....,m
[17, 28, 29, 30]. The set-based state estimation is achieved
through the following steps:

The Prediction Step. Consider an initial state x, € Z, and
a process noise w;, € Z,. The set-based state estimator
determines the predicted state set S, which is a set of all
reachable states, formulated by

Sk = ng—l @ Zw. (6)
The Correction Step. The corrected state set S, is deter-
mined using the predicted state set S (6), the measurement

sets corresponding to { ygcl)}kezaf, and some weights /lg),
ie{l,...,m} according to the following lemma.

Lemma 1 ((17]). Let xg € Zo=(cp,Go) and v} €
Zg):(c,(,') , Gg) ). Then, the corrected state set Sy is directly
computed as a zonotope Z;, = (¢, G,) over-approximating
the intersection between the zonotope 2,y = (¢,_1,G,_;)
representing the predicted state set Sk_l and the m regions

for x;, states corresponding to y(i)

e where

m
C_k = 61{—1 + Z iz)(yz) - H(i)ék_l - C’gi)),
i=1
m
_ NI X
Gy ==Y AVHDYG, . AVGD, . A"GM], (8)

i=1

)

where ﬂg) e R™! gre weights such that i € {1,..., m} and
kez".

As in [31], the optimal weights A, = [ﬂg{l), e /lim)] are
calculated to reduce the Frobenius norm of the generator
matrix G, as follows:

Ay = argmin [|G,|13. )
k
The prediction update aims to obtain Z, = (¢, G, ), which
is computed according to the system model defined in (5)
by
S, =FS$, & 2, (10)
where S, = Z, = (¢.,G,) and we have the reduced
zonotope 2, = (&,G,) with ¢ = ¢, then the order of
generator matrix G, of Z is reduced according to [26]:
G, =l, Gy, (11
where |, denotes the reduction in the order of the generator
matrix.

B. Differential Privacy

Next, we will present a few notions in differential privacy,
which will be used later to develop the differentially private
set-based estimator. Let D denote a space of datasets of
interest, which are the global measurement signals y released
as a sequence of measurement signals vectors {y }req1, 7
where 7 = oo is also of interest and y, = [yg), ,y(m)]
[24]. We aim to provide a certain level of privacy protection
for an individual entity’s measurement signal; therefore, the
state estimates should be insensitive to its contribution to
the global measurement signals y. Two global measurement
signals y and y are called adjacent and can be denoted by
Adj(y, ), if and only if they differ by the value of exactly
one entity’s measurement signal yi{') , e {l,...,m} [22,
24, 32]. Since the privacy-preserving noise is added to the
measurement signals themselves, then the allowed variation
within Adj(y, ) is bounded by what is called sensitivity,
which is defined formally as follows.

Definition 2 (Sensitivity [24, 32]). The allowed deviation
for a single sensory entity’s measurement signal between two
adjacent global measurement signals y and ¥, i.e., Adj(y, ),
is bounded in the L, norm by s and given by

ly =7l <, (12)

where s > 0.

It deserves noting that y and y are considered different
if there is any time step k at which yz) # )’12) . Given a
pair of adjacent global measurement signals, i.e., Adj(y, y),
a differentially private mechanism aims to prevent an adver-
sary from inferring knowledge about an individual entity’s
measurement signal by generating randomized outputs with
close distributions for adjacent inputs. We use a pair of non-
negative constants (e, 6) to quantify the privacy loss [33, 22].
In particular, e€ represents the ratio of probabilities to obtain
the same state estimates with adjacent global measurement
signals y and y, and 6 allows a small degree of violation
when bounding the ratio of probabilities.

Definition 3 (Approximate Differential Privacy (ADP)
[33, 22]). A randomized mechanism M, that maps the
measurement signals’ space D equipped with a sensitivity s
(Definition 2) to an anonymized measurement signals’ space

O, is (e,8)-ADP if YV H € O and ¥ Adj(y,y) € D
Pr[M(y) € H|< € Pr[M () € H]+3, (13)

such that €,6 > 0. If 6 =0, M is said to be e-differentially
private.

C. Problem Setup

Consider the following cloud-based state estimation setup
[28]:

- Plant. A system that we aim to estimate its set of
possible states, described by the publicly known linear
discrete-time model in (5) with unknown but bounded
disturbances.

. Sensors. An array of m sensory entities that provides a

. T
vector of measurement signals y, = [yil), . yim)]

i
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k € Z*. Each sensory entity i produces a private

measurement signal yz), ie{l,...,m}.

. Sensor Manager. A trusted entity with computational
capabilities that enable it to aggregate the measurement
signals of all sensory entities and perturb them with the
differential privacy noise.

. Cloud Estimator. An untrusted entity that performs

set-based estimation for the system state.

Problem. We aim to design a differentially private set-
based estimator for the plant with the model in (5) such that
the state estimates are obtained while keeping each sensory
entity’s measurement signal (e,5)-ADP and protecting it
from any untrusted entity (e.g., the cloud estimator).

III. DIFFERENTIALLY PRIVATE SET-BASED ESTIMATION

In this section, we develop a differentially private version
of the set-based estimator.

In subsection III-A, we use an additive noise mechanism
(Definition 5) to perturb the measurement signals by an
optimal noise with a numerically generated truncated dis-
tribution (Definition 4), satisfying Lemma 2, and obtain
(e,6)-ADP measurement signals. Then, in subsection III-B,
Theorem 1, deploys these (e, 6)-ADP measurement signals
to the set-based estimator to obtain state estimates that are
insensitive to a single sensor’s measurement signal. The full
(e,6)-ADP estimator scenario is summarized by Algorithm
1.

A. Design of Truncated Optimal Additive Noise

Additive noise mechanisms such as the Gaussian and
Laplace mechanisms typically perturb the measurement sig-
nals with particular random noise to achieve DP. However,
most of the results require the support of the noise dis-
tribution to be unbounded, except for a few cases such as
[34, 35]. This class of mechanisms is not applicable for some
real-time applications, such as safety-critical systems [25].
One closely related work [24] developed an interval observer
with DP based on a truncated Laplace mechanism. However,
the design relies on an L; norm-based adjacency relation
and an analytical bound for the noise variance, which may
cause the design to be conservative, consuming more noise
to achieve DP (a numerical comparison is provided in
Section V). To solve this issue, we follow the numerical
approach, recently developed in [25], to optimize a noise
distribution that is subjected to a bounded support constraint
and the privacy constraint in Definition 3.

In our setup, all sets are defined over the continuous
domain of all real numbers. However, the truncated optimal
noise distribution that we employ to achieve DP is a distri-
bution that is generated numerically and consists of discrete
noise occurrence probabilities with noise values selected
from the continuous domain. Hence, the resultant domain
of adding that noise to the sets is still continuous.

Next, we define a class of truncated noise distribution
functions in (14). Then, for a fixed DP parameter ¢ and
a particular noise model given in (18), we present an
optimization problem, where the objective function balances

between the privacy loss parameter 6 and the utility loss.
Upon solving this optimization problem, an optimal noise
distribution is generated.

Definition 4 (Truncated Noise Distribution [25]). Let
® = [-d,d] define a bounded noise range such that
d €R, and & = {d1}ic(1,...,2ny De its discretization on
2N equidistant steps such that ¢, € [-d,d], N € Z%, and
l e {l,..., 2N}, then a numerically generated, truncated,
discrete, equidistant, symmetric, and monotonically decreas-
ing from its zero center noise distribution function, denoted
by P(¢;), has the following properties

2 P(¢) =1 and P(¢;) >0.  (Distribution) (14a)
¢ ed

P(p) = P(p,) Y, >¢; >0, (Monotonicity) (14b)
where Lme {N +1,..., 2N}.

P(¢;) = P(=¢)).

Note that the case with arbitrarily dimensional and spher-
ically rotation-symmetric noise distributions and sensitivity
conditions can be reduced to a 1-dimensional privacy anal-
ysis [36]. Based on this claim, we can define the additive
noise for the case in which the global measurement signal
y contains an array of m sensors.

(Symmetry) (14¢)

Definition 5 (Additive Noise Mechanism ). Given a vector
of measurement signals y, and a noise vector ¢, € & of in-
dependent and identically distributed (IID) coordinates with
the probability distribution in Definition 4 and satisfying
Lemma 2, and the successive samples of ¢, are also IID,
then the additive noise mechanism M, is defined as

M, 507 = i+ b (15)
where ﬁI?P is a vector of (e,6)-ADP measurement signals.

Lemma 2 ([25, Theorem 15]). Let My be an additive
noise mechanism with a sensitivity s (Definition 2), a vector
of measurement signals y, , and ® = {d1licqr,...any De
the discretization of ® with the truncated optimal noise
distribution P(¢,) (Definition 4). IfV ® C &
D P <ef Y Py +5)+6,
ped ¢ ed
then the additive noise mechanism M, is (€, 6)-ADP for any
v €D.

(16)

It deserves noting that, given that the sensitivity s (Defi-
nition 2) is satisfied V k € Z*, the mechanism M, is (¢,0)-
ADP at any time step k [21, Lemma 2].

Next, we present the loss function, denoted by L?’. This
function balances between the privacy parameter 6 and a
utility loss U at a fixed € and is given by

L =6+QU, (17a)
where the utility loss U is given by
1/y
v=(161" Y, Pen) (17b)

¢ ed
with y € {1,2} such that y selects between L; or L, norm-
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based utility loss, and

start
9t /T’ Qmin>
is the utility weight at training epoch ¢ where t € Z* with
an exponentially decaying rate I" from a starting value Q.
and with a lower bound ;. The optimal noise distribution
P(¢;) is then optimized by minimizing the weighted sum of
the utility loss U and the privacy parameter 6. This noise
distribution is generated through the following steps, and
we are going to omit (¢;) to ease the notation. We start
by generating the first monotonically increasing half (i.e.,
{#1}ic(1,..., ny) of the noise distribution P(¢;), which is
given by

P, =1/2 SoftMax(r)); r; € {rg, ..., rn}, (18a)

where SoftMax(r;) = e/ Eﬁo e’i and N is the number of
discretization steps in the half-width of the noise distribution
P(¢;). The SoftMax function normalizes the r; values into
a distribution, and the r; values are generated using a model
of v-stacked Sigmoid functions (i.e., 6(¢h;) = (1 +e~%)1),
which is given by

€, = max ( (17¢)

1%
=1In [A2+ZBJ2-G(C-(¢, - F))|, (18b)
j=0

where ¢; = l% — d. The parameters A, B;, C, and F;
are randomly initialized, then learned to optimize the loss
function in (17) using numerical optimization methods (e.g.,
stochastic gradient descent (SGD)).

Next, the first half (e, {¢;},c(;,. n)) Of the noise
distribution generated by (18a) and denoted by P, is mirrored
according to the following:

})j = PZN—j+1 fOrj (S {N + 1,"',
Then, P; (i.e., {¢;};e(n+1.....2n)) 1S concatenated to P; (i.e.,
{#:1}ieq1,..., Ny) to obtain the symmetric noise distribution

P(¢)) (e, {1}

2N} (18¢)

1,.,2N})-

B. Differentially Private Zonotope-based Set-Membership
Estimation

Now, we have a vector of (e, §)-ADP measurement signals
$PF determined by the sensor manager using a vector of
the sensory entities’ measurement signals y,, the additive
noise mechanism My (Definition 5), and the truncated
optimal noise distribution P(¢,) satisfying (14), (17), (18),
and Lemma 2. Next, we will deploy these (e, )-ADP
measurement signals to the set-based estimator (Lemma 1),
i.e., the cloud estimator, to preserve the privacy of sensor
measurements during the estimation process and get an
(e,6)-ADP differentially private version of that set-based
estimator in the following theorem.

Theorem 1. Given an (e, 6)-ADP additive noise mechanism
M, (Definition 5) with sensitivity s (Definition 2) and the
truncated optimal noise distribution P(¢;) satisfying (14),
(17), (18), and Lemma 2, then using a vector of (e, 6)-ADP
measurement signals )7]? P an approximate differentially pri-
vate (€,6)-ADP version of the set-based estimator (Lemma

5

1) which obtains state estimates that are insensitive to a
single sensor’s measurement signal can be defined as

m+1
ADP + Z/l(') A(’)DP H(’)ADP cgi)—cp), (19)

i=1

m+1
GDP—[(I 2 A(I)H(l))GDP

i=1

M) (1 (m) (m+1)
AGD, . 6w, G, (20)

where SDP = ZDP = (5DP (_FDP) is the corrected state

_DP
Ck

set, S]?I;L) ZDP = <A£}1,GDP) is the predicted state set,
M, : P = yk + ¢y, ¢, is the noise value at the center

of the truncated optimal noise distribution, and G, is the
generator matrix, which is created using the range of the
optimal noise d.

sDP

Proof. We have y°" is (e,é)-approximate differentially
private according to Lemma 2, then based on the post-
processing property [37, Proposition 2.1], the privacy guar-
antees of approximate differential privacy still hold after
any arbitrary processing. Hence, the set of states estimated
using P and represented by ZPF is insensitive to a
single sensor’s measurement signal. Additionally, we use
bounded noise to preserve the privacy of each sensory
entity’s measurement signal, so estimation errors are also
bounded. O

It is worth mentioning that the generators of all zonotopes
are not corrupted by the (e, 6)-ADP optimal noise, which
in turn preserves the same state containment guarantees
[28]. Likewise in (8), /IEC') € R™! are weights such that
i € {1,..., m+1}. Again, as in [31], the optimal weights
AZ) are calculated by

A} = argmin||G2P |17,
Ak
where A} = [/121), s Aim“)]. The optimal weights A} are
calculated to reduce the Frobenius norm of the generator
matrix GDP therefore, they reduce uncertainty around esti-
mated values The prediction update according to the system
model defined in (5), is given by

SPP=rSP @ 2, (22a)
where SPP s represented by the zonotope ZPF
(6PP.GPPy.

Next, the order of generator matrix is reduced
according to [26], then we get SPP = ZPP = (¢PP GPF).

Finally, we summarize the (¢, 0)-ADP set based estimator
in Algorithm 1.

ey

GDP

IV. EVALUATION

In this section, we present the experimental results for
the Matlab 2018 implementation of our proposed (e, 5)-ADP
set-based estimator. For zonotope operations, we used the
CORA toolbox.

Consider a network of 8 sensory nodes tracking the
location of an object in a circular motion within two-
dimensional space with dimensions of 180m x 180m [31].
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Algorithm 1 (¢, 6)-ADP Set-Estimation Using Zonotope

Input: DP parameter e, noise range d, sensitivity s.
Output: SDP ZDP (éDP GDP)
Inltlallzatlon The sensor manager uses €, d, and s to
generate the truncated optimal noise distribution P(¢;)
according to (14) while optimizing the loss function in
(17) by learning the parameters of the noise model in
(18). Set k=1 and S, = Z,,.

1: while True do

2: An array of m sensors where each sensor provides
a private measurement signal y(’) ie{l,..., m}.

3: A sensor manager aggregates the m measurement
signals into a vector of measurement signals; y, =
b, "]

4: The sensor manager uses the additive noise mech-

anism My in Definition 5 to obtain y ADP M ADP =

Vi + &

5. The cloud estimator uses 7% to perform the esti-
mation process according to the following steps:

6: Compute the optimal weights as in [31]: Az =
argminAkHGfPH%.

7. Compute the corrected state set: SP¥ = ZPP =
<C—DP G‘DP>
) _DP _ ADP m+1 ,(@i) ( «()DP sDP _ (D)
8: ¢ = +Z A ( —HW®¢ et —cy —cp),
. DP _ m+1 (i) DP
9 G -y A HOGPE,
1~ (m) ~(m) 5 (m+1)
A Gy A G A G]
10: Perform prediction update: SDP SDP ®Z,.
11: Reduce the order of GkDP as in [26]: GfP —lq G,?P.
1. ¢PP=¢bP
: k ko R .
13 Compute the predicted state set: SP¥ = ZPP =

(PP, GPP).
14: Update the time: k = k + 1.
15: end while

We aim to keep the sensory nodes’ measurements private
from the cloud estimator while estimating the location of
the rotating object. The state of each node consists of two
variables that represent the position of the rotating object.
The state and measurement matrices are
0.9920 -0.1247 ;
F = H?=[1 0 0 1
[0.1247 0.9920 ] ’ [t o or [0 1],
where the measurement matrix H® is selected based on the
measurement sequence. The measurement and process noise
zonotopes Zl(f) and Z,, are set to

20 = <[0] [0.01 0.02]>, Z,= <[8] ; [0'30 o.(')so] >

The (e,6)-ADP truncated optimal noise distribution (Def-
inition 4) is generated according to the noise model (18)
with C = 500 in order to allow sudden jumps for the noise
function P(¢;). We set d € [-7, 7], e =0.3, and s = 1 and
the parameters A, B;, F;, and 6 are learned to optimize the

loss function (17) using the SGD tool [25].

Figure 1 represents a random snapshot for tracking the
rotating object. We notice that the rotating object is enclosed
by the estimated zonotope, which indicates that the state
containment is still guaranteed, and the center of the esti-
mated zonotope is very close to the rotating object, which
is a good utility indicator. Supporting the above, Figure 2
illustrates that the utility loss represented by the standard
deviations of errors in the estimated locations of the rotating
object increases as the privacy budget e decreases. It also
shows that utility losses and average errors in estimated
locations of the rotating object increase with a wider (e, 6)-
ADP optimal noise range. Hence, an industrial application
should select the appropriate noise range based on the
accepted error ranges.

For comparison, we consider the work in [24], where a
differentially private interval estimator deploying truncated
Laplace noise is presented. In particular, we compare the
utility loss of (e, 6)-ADP truncated optimal noise (Definition
4) and truncated Laplace noise [24] at ¢ = 0.3. The results
are shown in Figure 3. The truncated Laplace noise range,
for a given ¢, 8, and sensitivity s, is determined by

e

At a certain 6 value, we find that the truncated Laplace noise
causes a higher utility loss than the (e, 6)-ADP truncated
optimal noise. Similarly, Figure 4 indicates that the truncated
Laplace noise needed to achieve a certain 6 is wider than
the (e,6)-ADP truncated optimal noise needed to achieve
the same 6. Indeed, for a certain privacy budget ¢, learning
the truncated optimal noise distribution P(¢;) (Definition
4) using the SGD tool in [25] allows our proposed (e, 6)-
ADP set-based estimator (Algorithm 1) to minimize loss
of privacy and utility simultaneously. Finally, our proposed
(e, 6)-ADP set-based estimator (Algorithm 1) uses zonotopes
for set representation, and the zonotopes are less conserva-
tive and allow efficient computation of the linear maps and
Minkowski sum, which are essential operations at the set-
based estimator.

a=§ln<1+e€
€

Network Localization (t = 50.00s)

Y Position (m)

100
10 8 80 40 20 0 20 40 60 80 -100

X Position (m)

Fig. 1: Tracking an object in circular motion, IM: rotating
object, A: sensory nodes, + : center of the estimated
zonotope.
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Fig. 2: Effect of (e,6)-ADP optimal noise range on the
average error in the estimated location of the rotating object.
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Fig. 3: Comparing the effect of (e, 6)-ADP truncated optimal
noise and truncated Laplace noise on the error at the
estimated location of the rotating object at € = 0.3.

V. CONCLUSION

We have proposed an (e,6)-ADP set-based estimator
that performs set-based estimation in a privacy-preserving
manner so that an adversary cannot learn the actual values
of measurement signals from state estimates. It deploys
an additive mechanism with truncated optimal noise that
holds the measurement signals private while minimizing the
utility loss. The evaluation results for our proposed estimator
illustrate that a wider range of the truncated Laplace noise
than of the (e, 6)-ADP truncated optimal noise is needed to
achieve a specific value of 6. Hence, the truncated optimal
noise has a lower utility loss than the truncated Laplace
noise with the same ¢ and 6 values. Also, using zonotopes
for set representation in our proposed (e, 6)-ADP set-based
estimator gives it a computational advantage.

16 T T T T T T

Truncated Optimal Noise Distribution
Truncated Laplace Noise Distribution | _|

Differential Privacy Noise Range d (m)

0 .
0 0.05 0.1

015 02 025 03 035 04 045 05
¢ of (e, 0)-differentially privacy at e = 0.3

Fig. 4: Comparing 6 values with needed range of both (e, 6)-
ADP truncated optimal noise and truncated Laplace noise.
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