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Abstract—A differential dynamic programming (DDP)-based
framework for inverse reinforcement learning (IRL) is introduced
to recover the parameters in the cost function, system dynamics,
and constraints from demonstrations. Different from existing work,
where DDP was usually used for the inner forward problem, our
proposed framework uses it to efficiently compute the gradient
required in the outer inverse problem with equality and inequality
constraints. The equivalence between the proposed and existing
methods based on Pontryagin’s maximum principle (PMP) is es-
tablished. More importantly, using this DDP-based IRL with an
open-loop loss function, a closed-loop IRL framework is presented.
In this framework, a loss function is proposed to capture the closed-
loop nature of demonstrations. It is shown to be better than the com-
monly used open-loop loss function. We show that the closed-loop
IRL framework reduces to a constrained inverse optimal control
problem under certain assumptions. Under these assumptions and
a rank condition, it is proven that the learning parameters can be
recovered from the demonstration data. The proposed framework
is extensively evaluated through four numerical robot examples
and one real-world quadrotor system. The experiments validate
the theoretical results and illustrate the practical relevance of the
approach.
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I. INTRODUCTION

R ECENT years have witnessed a significant surge in ad-
vancements within the field of reinforcement learning

(RL), which iteratively learns an optimal policy that maximizes a
human-designed accumulative reward by repeatedly interacting
with the environment, has demonstrated remarkable capabilities
in dealing with challenging tasks, such as game playing [1], mo-
tion planning [2], portfolio optimization [3], and energy system
operation [4]. Despite these achievements, one of the principal
challenges in RL remains the design of an appropriate cost
function that reliably induces desired behaviors, especially for
complex and high-dimensional tasks [5]. Typically, the design
process of a cost function involves an iterative process of trial
and error, requiring substantial manual effort and even strong
prior knowledge and expertise.

To address this, the inverse RL (IRL) problem has been
proposed to automate the critical task of designing cost functions
by learning from the observed behaviors of (possibly non)
experts. Over the past decades, many IRL formulations have
been proposed, with different approaches emphasizing different
learning criteria. Representative works include apprenticeship
learning [6], which matches the feature vectors of demonstration
and predicted trajectory, MaxEnt [7], which maximizes the
entropy of the trajectory distribution subject to a reward ex-
pectation constraint, and Max-margin [8], which maximizes the
margin between the objectives of demonstration and predicted
trajectory.

Despite different cost update criteria, existing approaches
share a common bilevel algorithmic design: the cost function is
updated in the outer loop and the corresponding RL is optimized
in the inner loop. For the inner level, optimizing an RL agent
is primarily driven by agent sampling via interacting with the
environment. This sampling-based optimization process may
take a large number of training epochs to converge, which ulti-
mately leads to the inefficiency of the entire IRL framework. To
alleviate this, Jin et al. [9] proposed the Pontryagin differential
programming (PDP) framework (specifically, the IRL mode
is referred to throughout this article), where the inner level
uses a parameterized optimal control (OC) problem and can
be efficiently solved by a model-based solver. Furthermore, the
proposed analytical gradient by differentiating the equilibrium
condition (i.e., PMP) of the inner problem makes the end-to-end
update of the cost function possible. A similar framework has
also been proposed in [10] and [11] to consider the IRL where
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there are stage-wise state and/or control constraints in the inner
RL agent.

While the above IRL frameworks building upon a differen-
tiable inner loop achieve computational efficiency, a limitation,
which we have empirically observed but have been largely
overlooked in [9], [10], and [11], is their imitation-based loss
function in the outer level. Specifically, the authors in [9], [10],
[11], and [12] proposed minimizing a mean square outer-level
loss, which is a discrepancy between the reproduced trajectory
and the demonstrations; thus, the IRL formulation can be viewed
as a nonlinear least square problem. The use of imitation loss
implies that the expert demonstrated trajectory is a result of
open-loop control, and that the trajectory data has been polluted
by temporally independent noise. However, this assumption may
not hold (we have later shown this analytically and numerically)
for observation data generated by the expert with closed-loop
policies. In fact, data collection from a closed-loop policy agent
is often the case, for better stability and robustness. Due to the
nature of the closed-loop policy, the noise along an observed
trajectory is not temporally independent. Thus, the choice of
imitation loss would lead to bias in the cost function.

In this article, we rethink the problem of IRL via the differen-
tiation of the inner layer. However, different from existing work,
we consider both the inner level OC agent and the outer level
learning loss from a closed-loop perspective. Specifically, the
contributions are as follows.

1) We formulate a closed-loop OC problem at the inner
level via the process of differential dynamic programming
(DDP), upon which we propose a new way of carrying out
the differentiation via the corresponding Bellman optimal-
ity equation.

2) We propose a new loss function that directly captures the
feedback nature of the expert data generation, which leads
to unbiased learning of the cost function, compared to the
open-loop definition of the loss function.

A. Related Work

Bilevel optimization was first realized in the field of game
theory in the seminal work [13] to solve a hierarchical decision-
making problem, where the inner level problem can be defined
by different programs [14], such as linear programs, nonlinear
programs, games, and multistage programs. Generally, there are
two classes of approaches for solving this problem. The first one
reduces it to a single-level problem by replacing the inner level
problem with its optimality conditions as constraints and then si-
multaneously updates the outer and inner decision variables. The
second approach maintains the bilevel structure and alternates
between the updates of the outer and inner decision variables,
where the inner level problem can be solved by existing solvers
and the gradient required by the outer level is obtained by
differentiating the inner level equilibrium conditions [9], [10],
[11]. In the spirit of the second approach, this work focuses
on developing a new way of efficient differentiation for general
constrained OC problems.

The dynamics of inner level multistage programs can be either
modeled by a Markov decision process or a state-space equation.
In this article, we only focus on the deterministic OC problem,
where the dynamics are modeled by the state-space equation.
We categorize existing deterministic OC techniques into open-
loop methods, which directly solve a trajectory as a function
of time, and closed-loop methods, which seek a mapping from

current observation to an OC action. The first category is based
on the PMP [15], which is derived from the calculus of variations.
Popular methods include shooting methods [16] and collocation
methods [17]. However, these methods optimize based on the
initial conditions and, hence, are susceptible to model errors or
disturbances during deployment.

Another category of methods is based on dynamic program-
ming and specifically the Bellman optimality equation [18],
which characterizes the mathematical condition that a control
input in each step should satisfy w.r.t. the current state, hence, it
leads to a closed-loop policy. Differential dynamical program-
ming [19] is a numerical algorithm that aims to find the solution
to this equation by iteratively quadratizing the cost function and
dynamic equation. It enjoys the linear time complexity (w.r.t.
horizon) and local quadratic convergence [20]. Subsequently,
this algorithm has also been generalized to the case with in-
equality constraints via three major methods, as follows:

1) penalty-based methods (i.e., convert the constrained prob-
lems to unconstrained ones, e.g., [21]), which are easy to
implement while potentially suffer from ill-conditioning,
slow convergence, etc.;

2) active-set methods (i.e., identify the active inequality con-
straints and then solve the equality-constrained OC prob-
lem, e.g., [22]), which can be computationally efficient
with accurately predicted or identified active sets, but may
suffer from a combinatorial complexity in the worst case;

3) interior-point methods (i.e., introduce a constrained ver-
sion of the Bellman equation and solve a relaxed equilib-
rium condition, e.g., [23], [24]), which avoids the mod-
ification of the objective function and the identification
of active sets and enjoys provable local quadratic conver-
gence.

Equality constraints have also been explicitly considered in
previous studies: the linearized point-wise dynamic constraints
are added to the active inequality constraints in the forward
pass [25], which naturally inherits the issue with active-set meth-
ods; the augmented Lagrangian formulation has been proposed
in [26], which does not come with convergence guarantees; a
globalization strategy was adopted in [27] to establish local
convergence with a controlled rate for equality constraints, but
also suffers from a combinatorial complexity when extended
to inequality constraints [28]. In the spirit of the interior-point
method for inequality constraints, this work presents a DDP-
based algorithm to solve general constrained OC problems with
an inherited property of local convergence, which paves the way
to compute the gradient in the subsequent inverse problems. In
addition, observe that in the aforementioned results, DDP-based
methods are only used to compute the optimal trajectory, which
is the inner loop of the IRL problem, and have not been exploited
for the update in the outer loop. In this article, we develop a
new way of differentiation by virtue of DDP-based methods. A
related line of research can be found in the context of uncon-
strained optimal estimation and control [29], [30], [31], where
DDP is used to enable direct optimization over time-invariant
parameters with theoretical convergence guarantees. Another
related work is [32], which uses the techniques of vector-
Jacobian products (VJPs) to compute the gradient of an outer
level objective w.r.t. the parameter and enjoys O(1) memory
complexity. However, these works cannot handle our proposed
closed-loop IRL problem since they consider the derivatives of
the cost function up to the second order (i.e., DDP itself) while
the design of the closed-loop loss uses the quantities in DDP
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and its gradient-based optimization requires the derivatives of
the cost function up to the third order (i.e., the derivatives of all
the quantities in DDP w.r.t. the parameter). In this article, we first
introduce a DDP-based gradient solver to explicitly compute all
the quantities in DDP and the gradient of the trajectory w.r.t. the
parameter, then derive the derivatives of the former and obtain
the gradient of the closed-loop loss along with the latter.

The inverse optimal control (IOC) problem, which is highly
related to IRL while assuming that the system dynamics is
known or being identified beforehand by system identification
techniques, has been considered in the control community.
A popular and efficient approach to solving IOC is residual
minimization, which finds a set of parameters such that the
violation of optimality conditions (e.g., Karush–Kuhn–Tucker
conditions [33], [34] and PMP equations [35], [36], [37]) is
minimized when evaluated along with collected demonstrations.
By exploiting the special structure of the cost function, it can
be shown that the optimality conditions are linear in the pa-
rameter, and the latter can be decoupled from the collected
demonstrations. Therefore, some rank equality conditions based
only on demonstrations can be derived as a sufficient condition
for recovering the parameter. Moreover, owing to the linearity,
these methods only need to solve a quadratic programming
problem, which avoids solving OC problems in an inner loop
as in the bilevel optimization and, hence, are generally more
efficient. However, these methods did not take into consideration
stage-wise constraints, which often appear in real applications.
Molloy et al. [38] extended their work [36] to the case with only
control constraints, where an additional index set was introduced
to remove these constraints and convert the problem back into an
unconstrained problem. However, the presented method is lim-
ited to the control constraints and is difficult to be extended to the
case with more general constraints. This article will establish the
recoverability condition for the general constrained IRL problem
and include the above-mentioned condition as a special case.

B. Contributions

In this work, we propose a DDP-based IRL framework, where
it is shown that the terms required to update the outer loop
can be computed by using DDP algorithms. In particular, by
observing that the intermediate matrices that appear in DDP
recursions are exactly the terms, which we require for obtaining
the analytical gradient, we introduce an augmented system with
the learning parameter being an additional state and show that
the gradient can be generated by performing a one-step DDP
recursion on that augmented system. Moreover, in order to
incorporate the closed-loop nature of data collection, we propose
a new type of loss function based on the above-mentioned
intermediate matrices, where the main idea is that one should
try to match the reproduced and demonstrated feedback policies
instead of matching the reproduced and demonstrated trajecto-
ries. Furthermore, thanks to the general form of this new loss
function, it naturally leads to a generalized set of recoverabil-
ity conditions for the constrained IOC problem under some
assumptions.

The contributions of this article are summarized as follows.
1) We propose a unified DDP-based IRL framework to learn

the parameters in the cost function, system dynamics, and
general constraints.

2) We show that the required gradient term for updating
the learning parameter can be obtained efficiently via

performing one-step DDP recursion on an augmented
system and establish the equivalence between DDP-based
methods and PDP-based methods.

3) We propose a new type of loss function which by definition
outperforms the traditionally adopted imitation loss on
the closed-loop demonstrations and develop an efficient
algorithm alongside.

4) We establish the recoverability conditions for the gen-
eral constrained IRL problem, whose specialization under
some assumptions is also a generalization of the traditional
unconstrained IOC recoverability condition.

5) We apply the proposed theoretical results to simulation
examples and real-world experiments.

The rest of this article is organized as follows. Section II for-
mally formulates the problem to be studied. Section III presents
our proposed DDP-based IRL framework with a commonly used
open-loop loss. Section IV details the DDP-based IRL frame-
work with the proposed closed-loop loss. Numerical simulations
and real-world experiments are provided in Sections V and VI.
Finally, Section VII concludes this article.

Notations: In this article, ‖x‖ denotes the 2-norm of x ∈ R
n

and ‖x‖2A = x�Ax. Denote by A� and A−1 the transpose
and inverse of A ∈ R

n×n, respectively. Let In ∈ R
n×n be the

n-dimensional identity matrix and 1n be the n-dimensional col-
umn vector with all entries of 1. Denote the vectorization opera-
tion by vec(·), i.e., vec([a,b]) = [a�,b�]�. Let col({A,B}) =
[A�,B�]�. LetD(·) denote the transformation from a vector to a
diagonal matrix or the extraction of the diagonal elements from a
square matrix to a vector. Let⊗,�, and⊕ denote the Kronecker
product, the tensor contraction, and the quaternion product op-
eration, respectively. Let In = {0, . . . , n− 1}. Let (·)a := ∂(·)

∂a

and (·)ab := ∂2(·)
∂b∂a , and define dvec(A)

dx and ∂vec(A)
∂x by ∇̊xA and

∂̊xA, respectively. Let [A]i denote the ith slice of tensor A and
[·]× denote the cross product operation. Let Cn,m denotes the
commutation matrix, which satisfiesCn,m vec(A) = vec(A�),
where A ∈ R

n×m.

II. PROBLEM FORMULATION

Consider the following general nonlinear constrained OC
problem:

min
U

W (Z;θ) :=
∑
k∈IN

�(xk,uk;θ) + ℘(xN ;θ)

s.t. xk+1 = f(xk,uk;θ),x0 is given

g(xk,uk;θ) ≤ 0,h(xk,uk;θ) = 0 (1)

where xk ∈ R
mx and uk ∈ R

mu denote the state and control
input at time instant k, respectively; U := {uk}k∈IN is the
collection of control inputs and N is the control horizon; Z :=
{xk}k∈IN+1

∪ U denotes the entire system trajectory; θ ∈ R
mθ

denotes the variable parameterizing the following functions:
1) stage cost � : Rmx × R

mu × R
mθ → R;

2) terminal cost ℘ : Rmx × R
mθ → R;

3) system dynamics f : Rmx × R
mu × R

mθ → R
mx ;

4) inequality constraint g : Rmx × R
mu × R

mθ → R
min ;

and
5) equality constraint h : Rmx × R

mu × R
mθ → R

meq .
We assume that the above functions are twice-differentiable.

Note that for the sake of clarity, �, f ,g, and h presented here do
not explicitly depend on the time instant k, however, our analysis
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in the sequel can be easily extended to the case where �, f ,g,
and h are time-dependent.

Denote a sampled trajectory of the entire system trajectory
Z asZS := {xk}k∈S ∪ {uk}k∈S , where S ⊆ IN+1 denotes the
set of sampling time instants. Given a specific value of θ, one
can use a nonlinear programming solver to obtain a trajectory
Z(θ). We assume that the mapping fromθ toZ(θ) always exists
and is unique for the local set Θ, where the required regularity
conditions can be found in [10, Lemma 1].

The problem of interest is that given a set of |D| expert
demonstrations D = {ZSi(θ∗)}i=1,...,|D| generated from some
unknown parameter θ∗, find a θ, which matches these expert
demonstrations most, i.e.,

min
θ∈Θ

L(D,Z,θ)

s.t.Z with U being solved from (1). (2)

In the above, L denotes the loss function, which characterizes
the closeness between the demonstrationZSi(θ∗) and the solved
trajectoryZ . A commonly used loss function in the literature [9],
[10] is the mean-square-error loss1

Lol := 1
2‖ZS(θ∗)−Z‖22 (3)

where an additional regularization term ‖θ‖22 for θ can be added
when required. In the sequel, we denote this loss as the open-loop
loss, as it views the state and control input in the demonstration
independently, which usually is not the case in the demonstration
generation process. Nevertheless, in the subsequent section,
we develop efficient algorithms for optimizing this loss. In
Section IV, to explicitly take into consideration the feedback na-
ture of demonstrations, we propose a new so-called closed-loop
loss, which will be demonstrated to be superior to the open-loop
loss.

III. OPEN-LOOP IRL

In this section, we shall develop a new IRL algorithm to
solve the optimization problem (2) with the open-loop loss
Lol by exploiting the vanilla DDP algorithm and its variants.
It can be found that problem (2) is of the form of the bilevel
optimization, where the low-level inner optimization solves the
constrained multistage OC problem (1) and the higher level
outer optimization optimizes the loss function Lol. Hence, the
commonly used gradient descent method can be adopted to solve
this bilevel optimization problem, i.e.,

θt+1 = projΘ

[
θt − ηt

(
∂Lol

∂Z
dZ
dθ

+
∂Lol

∂θ

)])
(4)

where θt is the current estimate of the learning parameter θ
in iteration t with its initial value being θ0; ηt is the learning
rate; ∂Lol

∂Z and ∂Lol

∂θ denote the partial derivatives of the loss
function w.r.t. the solved trajectory and the learning parameter;
dZ
dθ denotes the derivative of the solved trajectory w.r.t. the
learning parameter. At iteration t, one can solve the trajec-
tory Z(θt) from (1) with a specific value θt. This can be
done by either an external solver or the method developed in
Section III-A, and we call this the trajectory solver in the sequel.

1We omit the demonstration index i in the sequel and assume a single
demonstration for the sake of simplicity, while the subsequent analysis can be
easily extended to the case with multiple demonstrations.

Then, with a known loss function, one can evaluate ∂Lol

∂Z and ∂Lol

∂θ
easily with the analytic differentiation or auto-differentiation
in existing machine learning frameworks (e.g., PyTorch [39]).
However, for dZ

dθ , Z is the optimal solution of an optimization
program, which is obtained from at least tens of iterations,
instead of an explicit functional mapping from inputs (initial
state and parameter). Auto-differentiation on this optimization
procedure unrolls computational graphs in each iteration and
hence results in prohibitive memory and time complexity. On
the other hand, notice that in order to be the optimal solution, Z
should satisfy some equilibrium conditions, which implicitly
characterize the relationship between inputs and the optimal
solution. In Section III-B, these conditions are resorted to design
an efficient gradient solver for obtaining dZ

dθ .
In what follows, we shall first introduce a DDP-based trajec-

tory solver. Although the trajectory can also be solved by any
other external solvers, we present this algorithm as a generaliza-
tion of the previous interior point DDP (IPDDP) algorithm [24]
to the case with equality constraints and also for paving the way
to develop the gradient solver in Section III-B.

A. DDP-Based Trajectory Solver

In this section, we shall present a DDP-based algorithm to
solve the OC problem with both inequality and equality con-
straints. The proposed algorithm inherits the general structure of
the traditional DDP algorithm, i.e., solving a Bellman equation
via iterative backward and forward recursions. The backward
recursions compute control inputs to minimize a quadratic
approximation of the cost-to-go in the vicinity of the current
solution, and the forward recursions update the current solution.
However, in order to deal with equality constraints, which have
not been considered in [24], both the Bellman equation and the
iterative process should be redesigned, which are detailed as
follows.

Let us first denote the cost-to-go and optimal cost-to-go at
time instant k as Qk and Vk, respectively. In the following,
for the sake of clarity, we shall omit the subscript (·)k if no
confusion is caused and let (·)+ denote (·)k+1. Applying the
Bellman principle of optimality, one has

V = min
u

�+ V +(x+) s.t.g ≤ 0,h = 0

which is a general nonlinear programming problem. One possi-
ble solution is using nested optimization, i.e., in the inner loop,
each uk is solved by calling a general nonlinear programming
solver, and in the outer loop, the trajectory Z is updated. How-
ever, it can be found that in this solution, each outer loop calls a
solverN times, which results in high computational complexity.
Observe that the above process works in a similar manner to the
barrier method [40, Ch. 19.6], where a full optimization problem
is solved in the inner loop (i.e., “centering”), which inspires us to
use the primal-dual interior-point method as an alternative way
to solve (1). To this end, we introduce dual variables λ,γ for
the inequality and equality constraints, respectively. As a result,
one has the following interior-point min–max Bellman equation

V = min
u

max
λ≥0,γ

Q := �+ V + + λ�g + γ�h. (5)

In contrast to the cost-to-go function that appears in the
traditional DDP algorithm and is only a function of x,u, Q
in the above is also a function of the dual variables λ,γ.
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After introducing (5), we shall aim to solve it iteratively by
resorting to its local approximation. Taking the second order
variation of the above Q and V , one has

δQ =
1

2

∑
α,β∈{x,u,λ,γ}

δα�Qα + δα�Qαβδβ +Q�βδβ

and

δV =
1

2

[
1δx

]� [
0 V �x Vx Vxx

] [
1δx

]
. (6)

By definition of Q, one has the following equations:

Qα = �α + f�αV
+
x + g�αλ + h�αγ, Qλ = g, Qγ = h

Qλα = gα, Qγα = hα, Qλλ = 0, Qλγ = 0, Qγγ = 0

Qαβ = �αβ + f�αV
+
xxfβ + V +

x � fαβ + λ� gαβ + γ � hαβ

where α,β ∈ {x,u}. These equations compute the partial
derivatives of the cost-to-go Q(·) from the optimal cost-to-go
at the next time instant. In order to complete the backward
recursion, an update rule from the cost-to-go Q to the optimal
cost-to-go V is required. To this end, we consider the solution
to the following problem:

min
δu

max
δλ,δγ

δQ s.t.λ + δλ ≥ 0 (7)

which is first-order variation of (5). If (u,λ,γ) is the stationary
point of (5), (δu, δλ, δγ) should satisfy the following conditions:

1) for the minimizing variable δu, it must satisfy the station-
arity condition:

δQ

δu
= Qu +Quxδx+Quuδu+Quλδλ +Quγδγ = 0

2) for the maximizing variable δλ related to the inequality
constraint, it must satisfy the dual feasibility condition
λ + δλ ≥ 0 and the complementary condition

D(λ + δλ)(Qλ +Qλxδx+Qλuδu) = 0.

Omitting the second-order terms, adding a perturbation
vector μ1 on the left-hand side where μ is a perturbation
variable,2 and rearranging the above equation, one has

δλ = −[D(g)]−1(rin + D(λ)Qλxδx+ D(λ)Qλuδu)

where rin := D(λ)g + μ1.
3) for the maximizing variable δγ related to the equality

constraint, it must satisfy the primal feasibility condition

Qγ +Qγxδx+Qγuδu = 0.

Inspired by the perturbed complementarity equation for
equality constraints, e.g., [41, Eq. (6.22)], adding a per-
turbation term μ(γ + δγ) on the right-hand side and one
has

δγ = μ−1(Qγxδx+Qγuδu)− req

where req := γ − μ−1Qγ = γ − μ−1h.

2Similar to the primal-dual interior-point method, µ governs the duality gap
and is essential for maintaining the centrality of iterates during optimization.
Specifically, it is used in the complementary slackness condition and allows
the algorithm to balance feasibility and optimality, progressively reducing the
duality gap by controlling µ→ 0.

Substituting δλ and δγ defined above back into the stationarity
condition, one has the following feedback control law:

δu = k+Kδx (8)

where k = −Q̂−1uuQ̂u,K = −Q̂−1uuQ̂ux, α,β ∈ {x,u}
Q̂α = Qα −Qαλ[D(g)]

−1rin −Qαγreq

Q̂αβ = Qαβ −Qαλ[D(g)]
−1 D(λ)Qλβ + 1

μQαγQγβ. (9)

Compared with [24], it can be found from the above defini-
tions of Q̂(·) that an additional term (i.e., the third term) was
introduced to deal with the equality constraint h. Next, one also
substitutes the feedback control law (8) into δλ and δγ to obtain
their expressions in feedback form

δλ = kin +Kinδx, δγ = keq +Keqδx (10)

where

kin = −[D(g)]−1(rin + D(λ)Qλuk)

Kin = −[D(g)]−1(D(λ)Qλx + D(λ)QλuK)

keq = −req + μ−1Qγuk, Keq = μ−1(Qγx +QγuK).

After finding the solution of δu, we shall update the deriva-
tives related to optimal cost-to-go by following the traditional
DDP algorithm, i.e.:

Vx = Q̂x − Q̂�uxQ̂
−1
uuQ̂u = Q̂x −K�Q̂uuk

Vxx = Q̂xx − Q̂�uxQ̂
−1
uuQ̂ux = Q̂xx −K�Q̂uuK (11)

where Q̂x and Q̂xx can be obtained by replacing the sub-
script (·)u in (9) with (·)x. Repeating the above alternat-
ing update of the cost-to-go Q and the optimal cost-to-go V
for k = N − 1, . . . , 0, one can obtain a set of control gains
{k,K,kin,Kin,keq,Keq} and this completes the backward re-
cursions.

In the forward recursions, we aim to obtain an updated tra-
jectory Z† by using the system dynamics and the control gains
obtained above, i.e., repeating the following computation:

[u†,λ†,γ†] = [u,λ,γ] + [k,kin,keq]

+ D({K,Kin,Keq}(x† − x)

x+† = f(x†,u†) (12)

for k = 0, . . . , N − 1 with the fixed initial condition x†0 = x0.
We summarize the proposed generalized interior-point DDP-

based trajectory in Algorithm 1, where the above-mentioned
backward and forward recursions can be found in lines 3 to
7, and lines 9 to 11, respectively. Note that in the practical
implementation of the above algorithm, it is usually the case that
the inequality constraint is a control bound and the equality con-
straint is a fixed waypoint constraint. We normally initialize with
a trajectory with a constant velocity. For more complex cases,
one can extend the infeasible interior-point DDP [24] to allow
for an infeasible initial solution guess. In addition, regularization
terms should be added in the backward recursions to guarantee
the positive-definiteness of Q̂uu. The perturbation variable μ
should be updated following [24]. Line-search methods should
be added to the forward recursions to preserve the primal and
dual feasibility, i.e., g < 0 and λ > 0.
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Algorithm 1: DDP-Based Trajectory Solver.
Input: system (1), parameter θ, initial state x0, initial

solution U0, initial Lagrangian multipliers λ0,γ0 and
tolerance tol, initial perturbation μ0

Output: optimal solution U
1: while merit > tol do
2: set Vx,N = ℘x, Vxx,N = ℘xx

3: for k = N − 1, . . . , 0 do
4: evaluate Q̂(·) using (9)
5: compute control gains in (8) and (10)
6: update Vx, Vxx using (11)
7: end for
8: set x†0 = x0

9: for k = 0, . . . , N − 1 do
10: Update u†k, λ

†
k, γ†k, and x†k+1 according to (12)

11: end for
12: Update μ
13: end while

Remark III.1: Under the assumption that Q̂uu is positive-
definite for all k ∈ IN , one can establish the local quadratic
convergence by following the proof of [24, Th. 2] with the vector-
valued merit function being defined by merit = [Q�u , r

�
in, r

�
eq]
�.

Remark III.2: Another algorithm called active-set DDP al-
gorithm, which also adopts the backward–forward structure,
can also be used to solve the general nonlinear constrained OC
problem. In the backward recursions, it first identifies the active
inequality constraint while excluding the inactive parts which do
not contribute to the optimal solution. Then, it considers solving
the following problem:

min
δu

δQ� s.t. h�(x+ δx,u+ δu;θ) = 0 (13)

where h� concatenates h and the rows of g, which equals 0. To
solve this, the following KKT condition is used:[

Q�uu (h�u)
�

h�u 0

] [
δu

γ�

]
= −

[
Q�ux
h�x

]
δx−

[
Q�u
0

]
(14)

where Q� := �+ (V �)+ here is redefined with the new optimal
cost-to-goV � andγ� is the Lagrangian multiplier for the equality
constraint h� = 0. We refer to [22] for a more detailed process.

B. DDP-Based Gradient Solver

In the last section, we have presented a DDP-based trajectory
solver for obtaining the optimal solution U of the constrained
multistage OC problem (1) given the current parameter θ, from
which both ∂Lol

∂Z and ∂Lol

∂θ can be easily computed. In this section,
we aim to present an efficient algorithm, which is referred to as
DDP-based gradient solver, to obtain the remaining term dZ

dθ in
order to update θt as in (4).

1) Motivating Example: Let us first take a detour to consider
the computation of the optimal solution w.r.t. the parameter
for the following single-stage unconstrained optimization prob-
lem x∗ = argminx c(x;θ), where c : Rmx × R

mθ → R is a
scalar function parameterized by θ. Then, x∗ should satisfy the
first-order necessary equilibrium condition cx(x

∗;θ) = 0. To
obtain the gradient of x∗ w.r.t θ, one approach is to differentiate
the above equation w.r.t. θ, i.e., cxxxθ + cxθ = 0. If cxx is
invertible, one can obtain xθ = −(cxx)−1cxθ by following the
implicit function theorem [42]. Alternatively, one can write

y := [θ�,x∗�]� and take the variation of c̄x(y) := cx(x
∗;θ)

w.r.t. y to get c̄xyδy = [c̄xθ c̄xx][δθ
�, δx�]� = 0, from which

one can obtain xθ = δx
δθ = −(c̄xx)−1c̄xθ .

Indeed, observing that for the constrained multistage OC
problem, we can view

¯̂
Qu(y,u) := Q̂u(x,u;θ) = 0

as the equilibrium condition of the optimization problem (7)
at each time instant k, where the dependence on the dual vari-
ables has been removed by substitution and we have slightly
abused the notation y := [θ�,x�]�. Taking the variation, one

has [ ¯̂Quy
¯̂
Quu][δy

�, δu�]� = 0, from which one can obtain

δu

δθ
= − ¯̂

Q−1uu
¯̂
Quy

[
I
δx
δθ

]
. (15)

In the above, both δu
δθ and δx

δθ are exactly the elements in
dZ
dθ and they are connected for each time instant k. However,
currently, we are only given δx0

δθ = 0 (since x0 is fixed), which
is insufficient to compute { δxk

δθ }Nk=0 and { δuk

δθ }N−1k=0 . To address

this, one should be able to compute the matrix ¯̂
Quy, and also

{ δxk

δθ }Nk=1.
2) DDP-Based Gradient Solver Design: We shall consider

the following augmented system:

min
U

N−1∑
k=0

�̄(yk,uk) + ℘̄(yN )

s.t.yk+1 = f̄(yk,uk) = [θ�, f(xk,uk;θ)
�]�

ḡ(yk,uk) ≤ 0, h̄(yk,uk) = 0,y0isgiven (16)

where all the functions f(. . . ;θ), f ∈ {�, ℘, f ,g,h} parameter-
ized by θ in (1) have been replaced by their counterpart f̄ with
y being the new state variable for the augmented system.

Define the following quantities: α,β ∈ {y,u}:
¯̂
Qα = �̄α + f̄�α V̄

+
y − μḡ�α[D(ḡ)]

−11+ μ−1h̄�αh̄

¯̂
Qαβ = �̄αβ + f̄�α V̄

+
yy f̄β + V̄ +

y � f̄αβ

+ μḡ�α[D(ḡ)]
−2ḡβ − μ([D(ḡ)]−11)� ḡαβ

+ μ−1h̄�αh̄β + μ−1h̄� h̄αβ (17)

where no dual variables were involved. The following result
establishes the connection between one iteration of backward–
forward recursion on this augmented system and the gradient of
the optimal trajectory w.r.t. the learning parameter.

Theorem III.3: Suppose Z is the optimal solution to (1) with

μ, and ¯̂
Quu is invertible for k = 0, . . . , N − 1. The derivative

of the solved trajectory w.r.t. the learning parameter dZ
dθ can be

obtained by iteratively updating (15) and[
δθ+

δθ
δx+

δθ

]
= f̄y

[
I
δx
δθ

]
+ f̄u

δu

δθ
(18)

for k ∈ IN , with δx0

δθ = 0 and ¯̂
Q(·) being defined in (17).

Theorem III.3 implies that the gradient of the trajectory
w.r.t. the parameter can be computed by performing a single
backward–forward recursion on the augmented system with
the augmented optimal trajectory being the initial solution.
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Intuitively, during each iteration in the backward recursion, the
solver finds the affine relationship between the variation of input
δu and that of augmented state δy, which also leads to the affine
relationship between the gradients [see (15)]. Next, during each
iteration in the forward recursion, an affine relationship between
the gradients [see (18)] can also be established by utilizing an
affine relationship among the variation of augmented state at
next time δy+ that of input δu, and that of augmented state δy.
Consequently, this DDP-based gradient solver enjoys the linear
time complexity O(N).

On the other hand, if the active-set method was used as the
trajectory solver (either the off-the-shelf commercial solver or
the active-set DDP-based approach mentioned in Remark III.2),
it is equivalent to solving the equality-constrained (h� = 0) OC
problem. In order to compute the gradient, we consider the
following augmented system:

min
U

N−1∑
k=0

�̄(yk,uk) + ℘̄(yN )

s.t. yk+1 = f̄(yk,uk), h̄
� = 0,y0 is given (19)

where f̄ , f ∈ {�, ℘, f} shares the same definitions of those
in (16) while the active equality constraint is defined as
h̄�(yk,uk) := h�(x,u;θ).

Define Q̄� := �̄+ (V̄ �)+, by which one can obtain its partial
derivatives Q̄�(·) by definition: α,β ∈ {y,u}

Q̄�α = �̄α + f̄�α(V̄
�
y )

+

Q̄�αβ = �̄αβ + f̄�α(V̄
�
yy)

+fβ + (V̄ �y )
+ � f̄αβ. (20)

In addition, define A := [h̄�u(Q̄
�
uu)

−1(h̄�u)
�]−1h̄�u(Q̄

�
uu)

−1.
The following result establishes the relationship between the
one-time backward–forward recursion on the augmented system
and the gradient of the optimal trajectory w.r.t. the learning
parameter. Its proof can be found in Appendix B.

Theorem III.4: Suppose Z is the optimal solution to the OC
problem (1), Q̄�uu is invertible and h̄�u is full row-rank for
k ∈ IN . The derivative of solved trajectory w.r.t. the learning
parameter dZ

dθ can be obtained by iteratively updating (18) and

δu

δθ
=
[
(Q̄�uu)

−1[I− (h̄�u)
�A] A�

] [Q̄�uy
h̄�y

] [
I
δx
δθ

]
(21)

for k ∈ IN , with δx0

δθ = 0 and Q�(·) being defined in (20).
Note that Theorems III.3 and III.4 consider the most general

multistage constrained OC problem and they can be reduced
to the unconstrained case by ignoring all the terms related to
the constraints (i.e., g,h,λ,γ for Theorem III.3, and h�,γ� for
Theorem III.4), which is detailed as follows.

Corollary III.5: Suppose Z is the optimal solution to the
unconstrained OC problem (1) with g,h := 0, and Q̄uu is in-
vertible for k ∈ IN . The derivative of solved trajectory w.r.t. the
learning parameter dZ

dθ can be obtained by iteratively updating
(15) and (18) for k ∈ IN , with δx0

δθ = 0, where Q̂(·) is defined
in (17) with ḡ, h̄ := 0.

We summarize our proposed DDP-based gradient solver in
Algorithm 2, where the backward and forward recursions are
detailed in lines 5 to 9, lines 11 to 14, respectively.

3) Relationship to Previous Studies: As mentioned in
Section I, another framework called PDP (and its variant

Algorithm 2: DDP-Based Gradient Solver.
Input: system (1), optimal trajectory Z , parameter θ,

perturbation μ
Output: dZ

dθ
1: construct the augmented system (16)
2: set V̄y,N = ℘̄y, V̄yy,N = ℘̄yy

3: for k = N − 1, . . . , 0 do
4: evaluate ¯̂

Q(·) using (17)
5: compute control gains in (15)
6: update V̄y, V̄yy similarly as in (11)
7: end for
8: set δx0

δθ = 0
9: for k = 0, . . . , N − 1 do

10: update δu
δθ according to (15)

11: update δx+

δθ according to (18)
12: end for
13: collect dZ

dθ

SafePDP) has been proposed in [9] and [10] as a gradient
solver, where the PMP conditions are differentiated to obtain the
implicit relationships between the learning parameter and the op-
timal trajectory. Due to the close relationship between dynamic
programming and PMP on OC problems, it is natural to ask
if DDP-based and PDP-based gradient solvers, which are their
respective differentiated versions, will inherit this relationship.
We provide an affirmative answer to this. The computation of the
gradient term from the DDP-based method as in Theorem III.3
is equivalent to [10, Th. 2(c)]. This can be shown by viewing the
Hamiltonian functionL and the dual variable λ for the dynamics
constraint defined in [10] as the cost-to-go Q defined in (5) and
Vx defined in (11), respectively. Similarly, one can also show that
the computation of the gradient term for the OC problem from
the active-set DDP-based method is equivalent to [10, Th. 1];
Corollary III.5 implies that the gradient is computed by perform-
ing a single backward–forward traditional DDP recursion on
an augmented unconstrained system, i.e., (16) with constraints
being removed. One can show that this recursion is equivalent
to [9, Lemma 5.2] by viewing the Hamiltonian function H and
the dual variable λ for the dynamics constraint as the cost-to-go
Q := �+ V + and Vx, respectively. In addition, this equivalence
will also be validated by numerical simulations in Section V-B.
Compared to the PDP-based method, our derivation of the
one-step DDP on the augmented system is more compact and
easier to be interpreted, i.e., the affine relationship among the
gradients follows from that among the variations.

In terms of computation, it has been shown in [10] that the
PDP-based gradient solver is of time complexity O(N). It has
been widely perceived that the DDP method is computationally
expensive due to the introduction of a three-dimensional ten-
sor fab, a,b ∈ {x,u}. However, the tensor evaluation can be
avoided if we view c� fab as a matrix-valued function with
(c,a,b) as its arguments, which only has the same cost of
evaluating other matrix-valued functions (e.g., �ab) and does
not introduce much overhead. Consequently, as will be shown by
numerical simulations in Section V-B, the DDP-based gradient
solver consumes less computational time for systems with high
dimensions, which benefits from the compact form of our deriva-
tion. Most importantly, as in the OC problem where DDP can
provide a closed-loop feedback policy for subsequent control
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Algorithm 3: Open-Loop IRL Algorithm.
Input: demonstrative trajectories D, system (1), loss

function Lol, initial parameter θ0, maximum iteration tmax

Output: θ
1: for t = 0, . . . , tmax do
2: call external solver, Algorithm 1, or active-set

DDP-based trajectory solver to solve (1) with
θ = θt (perhaps save some intermediate matrices
related to the cost-to-go)

3: collect Z
4: evaluate ∂Lol

∂Z and ∂Lol

∂θ

5: call Algorithm 2 to obtain dZ
dθ

6: update θt according to (4)
7: t← t+ 1
8: end for

and hence provide a more robust performance than PMP, the
proposed DDP-based gradient solver also provides some inter-
mediate matrices as byproducts, which can be further used to
construct a new closed-loop loss function. As will be seen from
Section IV, this new loss function leads to a better performance
compared to the case using the open-loop loss function.

Note that the DDP-based gradient solver for constrained
problems can be reduced to the one for unconstrained prob-
lems; conversely, the solver for constrained problems involves
more terms [i.e., ḡ, h̄-related terms in (17)] to deal with these
constraints. To compute these terms, more symbolic evalu-
ations are performed, which result in longer computational
time than that for unconstrained problems. However, it can
be easily shown that (17) is indeed the intermediate matrices
for the unconstrained system with modified stage cost (i.e.,
�̄(yk,uk)− μ1� log(−ḡ) + 1/(2μ)‖h̄‖2). Therefore, one can
also solve the gradient for constrained problems by resorting to
the solver for unconstrained problems with a modified objective
function. This is consistent with the idea of barrier method in op-
timization literature and we call this BarrierDDP-based gradient
solver. In practice, as will be shown in numerical simulations in
Section V-B, the modification in the stage cost does not introduce
much overhead for the symbolic evaluation of stage cost while
saving significant overhead for that of constraints-related terms.

In addition, differentiable optimal control (DOC) was pro-
posed in [32] as an alternative to the PDP-based method for the
unconstrained case. In light of the above statement of equiva-
lence between DDP-based and PDP-based methods, our method
obtains the same final outer level gradient as DOC. However,
they use different intermediate steps: DOC uses the techniques
of VJP, while we explicitly compute the intermediate Jacobian
first and then compute the outer level gradient. In terms of
computational complexity, our method can also achieve O(1)
memory complexity by combining Line 4 of Algorithm 3 and
Line 8–12 of Algorithm 2 together to avoid storage of inter-
mediate quantities. More importantly, our approach enables the
gradient computation for the closed-loop loss in the sequel.

C. Open-Loop IRL Algorithm

Equipped with the introduced trajectory solvers and gradient
solvers, it is now ready to summarize the entire IRL algorithm
with the open-loop loss, as seen in Algorithm 3. Note that

Fig. 1. Illustration of a collection of open-loop and closed-loop trajectories.
The gray part denotes the nominal optimal trajectory under ideal environments.
For the collection of the open-loop trajectory (a), it is implicitly assumed that
the noise process (denoted by the dashed arrow) only affects the measurement
afterward. On the contrary, for the collection of the closed-loop trajectory (b), the
next control input will take into consideration this noise and make a correction
(denoted by the red arrow).

Algorithm 3 only shows the case where the interior-point DDP-
based gradient solver is adopted, for the case of the active-set
DDP-based gradient solver, one can replace the involved (opti-
mal) cost-to-go accordingly. Furthermore, if the trajectory was
solved by any (interior-point, active-set, or traditional) DDP-
based trajectory solver, the (optimal) cost-to-go computed in
the last iteration of the trajectory solver can be saved and then
can be reused in the backward recursion of the gradient solver.

Remark III.6: As shown in Algorithm 3, the open-loop IRL
algorithm is essentially a first-order gradient-descent algorithm
to solve a generic bilevel optimization problem. By follow-
ing [43, Th. 2.1], one can establish the global convergence result
and iteration complexity of the full problem with assumptions
on strong convexity and smoothness conditions for the functions
in the lower level optimization problem. However, these condi-
tions are too restrictive for commonly considered unconstrained
infinite-horizon linear-quadratic regulator problems, let alone
the multistage OC problem. Nevertheless, in practice, if one
assumes that for each θ ∈ Θ, the solution to the lower level
optimization problem always exists and is unique, along with
smoothness conditions, the result of local convergence to a
stationary point can be easily obtained.

IV. CLOSED-LOOP IRL

In the previous section, we tackled the IRL problem with the
open-loop loss Lol, and we can expect that θt → θ∗ as t→∞ if
θ0 is in the vicinity of θ∗ for noise-free demonstrations. It is also
expected that this type of least-square formulation can tolerate
some noise in the collected demonstration signal. However, this
formulation implicitly assumes that the noise only appears after
the optimal trajectory is solved and executed precisely, or math-
ematically speaking, it adds some perturbations on the optimal
demonstrationsZSi(θ∗) afterward [see Fig. 1(a)]. However, this
is often not the case in the real data collection process, where
the action is performed in a feedback manner to counter the
uncertainty.

Let us first take a detour to consider the following simple
example of an OC problem

min
U

∑
k=0,1

1
2 (θx

�
kxk + u�kuk) +

1
2x
�
2 x2

s.t. xk+1 = xk + uk,x0 is given (22)

where θ is the parameter to be learned. Solving the above
problem, one can find that the optimal feedback policy is given
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TABLE I
ENTIRE TRAJECTORIES FOR THE SIMPLE EXAMPLE (22)

by u0 = − 2θ+1
2θ+3x0,u1 = − 1

2x1. Therefore, given an estimated
parameter θ (resp. the true parameter θ∗), the reproduced tra-
jectory Z (resp. noise-free demonstration Z∗) can be explicitly
expressed as the second (resp. third) row in Table I. However,
if there is some process and/or measurement noise nk, which
comes from a noise distribution Nk (see the fourth and sixth
column of the last row in Table I), the control input at k = 1 will
change correspondingly (see the fifth column of the last row in
Table I) and the noisy demonstration Z∗∗ can be obtained. In
this case, the open-loop loss Lol defined in (3) can be written as

Lol =
1

2
Enk∼Nk

0+ ‖θ̃x0 + n1‖2 + ‖ 12 (θ̃x0 + n1)‖2︸ ︷︷ ︸
∑

k=0,1,2 ‖xk−x∗∗k ‖22

+ ‖θ̃x0‖2 + ‖ 12 (θ̃x0 + n1) + n2‖2︸ ︷︷ ︸
∑

k=0,1 ‖uk−u∗∗k ‖22

where θ̃ := 2θ+1
2θ+3 − 2θ∗+1

2θ∗+3 . By some mathematical operations,
one can find that the optimal solution for Lol is given by
−Enk∼Nk

3n1+n2

5x0
, which means that θ̃ → 0 only if the noise

is of zero-mean and state-independent and one has collected a
sufficiently large amount of data. In other words, nonzero-mean
or state-dependent noise, or limited size of data will lead to a
biased estimation of θ∗. Furthermore, for either a longer horizon
N > 2 or more general linear system dynamics, Lol involves
higher order terms of θ and one cannot solve the stationary point
analytically from dLol

dθ = 0. However, one has that dLol

dθ |θ=θ∗ is
again a linear combination of noise {nk}Nk=1, which implies that
zero-mean and state-independent noise and a sufficiently large
amount of data are necessary conditions for unbiased estimation
of θ∗.

For a general nonlinear OC problem, in addition to the numer-
ically computed nominal optimal open-loop input, an additional
feedback term should be implemented to correct the deviation
(x∗∗1 − x∗1), where x∗∗k is the observed current state and is not
necessarily equal to the ideal current state x∗k due to process
noise in f , see Fig. 1(b) for illustration. In the following, we
assume that the demonstrations are collected from a closed-loop
controller solved by a DDP-based trajectory solver, i.e., instead
of having U as the output, it additionally records the feedback
gain K∗k. During the physical roll-out, the control input is
recomputed as3

u∗∗k = u∗k +K∗k(x
∗∗
k − x∗k). (23)

Denote the collected demonstration asZ∗∗S . In this case, if we
use the open-loop loss Lol for this type of noisy demonstration,
θt does not converge to θ∗ as t→∞ since dLol

dθ |θ=θ∗ is a
nonlinear function of noise {nk}Nk=1 and is not equal to 0 almost

3Specifically, for the infinite-horizon LQR problem, this means the optimal
gain is used for generating the demonstrations in a feedback manner.

surely (this will also be validated by numerical simulations in
Section V-C). To tackle this, we propose a new IRL problem

min
θ∈Θ

Lcl := 1
2

∑
k∈S
‖ Q̂u + Q̂ux(x

∗∗ − x) + Q̂uu(u
∗∗ − u)︸ ︷︷ ︸

=:ε

‖2

(24)

where Q̂u, Q̂ux, and Q̂uu are computed in (9), and Z is solved
from (1). We refer to Lcl as the closed-loop loss since it is
motivated by the closed-loop controller (23) and captures the
feedback nature. In particular, first, notice that Q̂u ≡ 0, since
Z is the optimal trajectory of system (1).4 Second, ε recovers
(23) if Q̂−1uu is multiplied in each term and all the quantities
related to Z are replaced by the optimal trajectory Z(θ∗)5. By
the second point, it can be seen that θ∗ is a global minimum
for (24). Note that currently ε only relates the residuals of the
current input to the current state, while it is still possible to
consider the opposite direction, i.e., including the dynamics
residual ‖x∗∗+ − f(x∗∗,u∗∗;θ)‖22, which relates the next state to
current input. However, due to its least-square form, this residual
only works well for additive process noise but not for other
types of noise. Nevertheless, the addition only brings a marginal
overhead in terms of computation (as its required gradient term
has already been computed by Algorithm 1). Alternatively, one
can use this residual to initialize the parameter to be estimated.
On the other hand, if the collected demonstrations are generated
in a closed-loop manner other than (23), e.g., model predictive
control, the proposed loss can be interpreted as finding an affine
time-varying feedback controller which matches the closed-loop
demonstrations.

To solve the new IRL problem (24), one can resort to the
gradient descent method similar to (4)

dLcl

dθ
=
∑
k∈S

(
dε

dθ

)�
ε

=
∑
k∈S

∑
z∈{x,u}

(
¯̂
Quz

zk
δθ

+ [(z∗∗ − zk)
� ⊗ Im]∇̊θ

¯̂
Quz)

�ε

=
∑
k∈S

(
¯̂
Quθ +

∑
z∈{x,u}

[(z∗∗ − zk)
� ⊗ Im]∇̊θ

¯̂
Quz)

�ε.

In the above, the first equality is from the fact that both the

trajectory Z itself and the intermediate matrices ¯̂
Q(·) (which

are evaluated at the current trajectory Z) are functions of the
learning parameter θ. The second equality results from (15) and
implies that it is not necessary to compute δuk

δθ and δxk

δθ explicitly

4It is still kept in (24) for the subsequent content of specialization.
5An alternate form of the residual ε′ := (u∗∗k − uk) +Kk(x

∗∗
k − xk) may

be more obvious to understand the design, while it breaks the tie with the
subsequent content of specialization and we do not present here. Nevertheless, it
is still applicable for closed-loop IRL of general nonlinear problems and shares
nearly the same subsequent algorithmic computation of gradients.
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since the required term ¯̂
Quθ has been computed as part of ¯̂

Quy

in (17). Nonetheless, one can find that this term is tightly related
to the first-order derivative of the trajectory w.r.t. the parameter.

However, notice that the above gradient also involves ∇̊θ
¯̂
Q(·),

which is the gradient of the intermediate matrices w.r.t. the
learning parameter and has not been obtained in Section III-B.
Intuitively speaking, this relates to the second-order derivatives
of the trajectory w.r.t. the parameter. This is as expected since
in the open-loop loss formulation, one tries to find a parameter
to match the solved trajectory with the demonstrations, while in
the closed-loop one, one aims to find a parameter to match their
variations in the differential sense.

In order to compute ∇̊θ
¯̂
Q(·), we differentiate Q̂uu in (17)6

w.r.t. θ, i.e.,

∇̊θ
¯̂
Quu = ∇̊θ{�̄uu + f̄�u V̄

+
yy f̄u + V̄ +

y � f̄uu}
+ ∇̊θ{μḡ�u [D(ḡ)]−2ḡu − μ([D(ḡ)]−11)� ḡuu}
+ ∇̊θ{μ−1h̄�uh̄u + μ−1h̄� h̄uu} (25)

where the second and third rows denote the terms related to
inequality and equality constraints. For the sake of clarity, we
only show the derivation of the first row. The first term reads

∇̊θ �̄uu = ∂̊θ �̄uu + ∂̊x�̄uu
δx

δθ
+ ∂̊u�̄uu

δu

δθ

which comes from the fact that �̄uu is the function of (θ,x,u).
The second term is obtained by using the matrix calculus [44]

∇̊θ{f̄�u V̄ +
yy f̄u} = (Cm,m + Im2)(Im ⊗ f̄�u V̄

+
yy)∇̊θ f̄u

+ (f̄�u ⊗ f̄�u )∇̊θV̄
+
yy

where the term ∇̊θ(·) involved can be obtained similarly as in
the above equation. For the third term, by the definition of tensor
contraction, one has

∇̊θ{V̄ +
y � f̄uu} =

∑
i=1,...,n

∇̊θ[V̄
+
y ]i[f̄uu]i + [V̄ +

y ]i∇̊θ[f̄uu]i.

The second and third rows of (25) and ∇̊θ
¯̂
Qux can be obtained

similarly by following the above derivations.
Note that in order to accelerate the learning process, we use the

Levenberg–Marquardt algorithm, i.e., updating the parameter
using the following rule:

[J�J+ η′I]δθ = J�εS (26)

where η′ is a damping factor adjusted at each iteration, J :=
vec({ dεdθ}k∈S) and εS := vec({ε}k∈S) are the concatenated gra-
dient and residual terms for the closed-loop loss.

We summarize the closed-loop IRL algorithm in Algorithm 4.
In line 6, Algorithm 2 is called to obtain the intermediate
matrices as well as the first-order gradient for both computing

the loss and preparing for calculating ∇̊θ
¯̂
Q(·). Lines 9–12 detail

the backward iteration for computing ∇̊θ
¯̂
Q(·).

The above content only details the computational aspects of
our proposed algorithm. Next, we aim to provide some theo-
retical characterization of the condition for recoverability, i.e.,

6Note that the subsequent derivation is based on the interior-point DDP-based
gradient solver, while a similar derivation can be easily performed on the active-
set DDP-based gradient solver.

Algorithm 4: Closed-Loop IRL Algorithm.
Input: demonstrative trajectories D, system (1), loss

function Lcl, initial parameter θ0, maximum iteration tmax

Output: θ
1: for t = 0, . . . , tmax

2: call external solver, Algorithm 1, or active-set
DDP-based trajectory solver to solve (1) with
θ = θt (perhaps save some intermediate matrices
related to the cost-to-go)

3: collect Z
4: call Algorithm 2 to obtain dZ

dθ and save ¯̂
Q(·)

5: evaluate ε
6: set ∇̊θV̄y,N = ∇̊θ℘̄y, ∇̊θV̄yy,N = ∇̊θ℘̄yy

7: for k = N − 1, . . . , 0

8: evaluate ∇̊θ
¯̂
Q(·) using (25)

9: update ∇̊θV̄y, ∇̊θV̄yy similarly as in (11)
10: end for
11: collect ∇̊θ

¯̂
Q(·) to compute J

12: update θt according to (26)
13: t← t+ 1
14: end for

under which conditions the algorithm can find θ∗. Its proof can
be found in Appendix C.

Theorem IV.1: Suppose that the level set {θ | Lcl(θ) ≤
Lcl(θ∗)} is bounded and that the residual function ε is Lipschitz
continuously differentiable in a neighborhood of Lcl. Assume
that for each t, the approximate solution δθ of (26) satisfies the
inequality

Lcl(θt)−Lcl(θt+δθ) ≥ c1‖J�εS‖min(Δt, ‖J�εS‖/‖J�J‖)
for some positive constant c1, and in addition ‖δθ‖ ≤ c2Δt for
some constant c2 ≥ 1, where Δt is the trust-region radius in
its counterpart trust-region method such that η′(δθ −Δt) =
0, then Algorithm 4 converges to the stationary point, i.e.,
limt→∞ dLcl

dθ = limt→∞ J�εS = 0. Furthermore,θ∗ can be fully
recovered only if Rank(J) = mθ .

If the LQR problem is considered, following the definition of
the residual term in (24):

εlqr = Q̂u + Q̂ux(x
∗∗ − x) + Q̂uu(u

∗∗ − u)

= Q̂uxx
∗∗ + Q̂uuu

∗∗ (27)

where the second equality follows from the optimality condition
of LQR. Defining Jlqr :=

∑
z∈{x,u}[(z

∗∗)� ⊗ Im]∇̊θQ̂uz, one
can have the following result.

Corollary IV.2: The learning parameter θ∗ for LQR can be
fully recovered only if Rank(Jlqr) = mθ .

Remark IV.3: Note that a two-step strategy has been pro-
posed in [45], where a gain matrix K∗∗ is first solved from
a least square problem [45, Eq. (15)] and a bilevel problem
with a cost function Tr{(K−K∗∗)�(K−K∗∗)} is then iter-
atively solved. It should be noted that Algorithm 4 can also
be applied to this scheme if we use ∇̊θK = −∇̊θQ̂

−1
uuQ̂ux =

−(In ⊗ Q̂−1uu)[(K
� ⊗ Im)∇̊θQ̂uu + ∇̊θQ̂ux], which requires

the same gradient terms derived in (25). Moreover, our presented
algorithm is applicable to IRL of general nonlinear systems
subject to constraints.
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TABLE II
SYSTEM SETTINGS FOR NUMERICAL EXPERIMENTS

Note that due to the nature of nonlinearity of the intermediate
matrices w.r.t. the learning parameter, the above rank condition
depends on the collected demonstrations, the solved trajectory,
and the current parameter. In the following, we shall show that
under specific assumptions,J is linear inθ and each element only
depends on collected demonstrations. Before that, we present an
assumption and some definitions which will be used.

Assumption IV.4:
1) the termination condition for solving (1) is set asZ = Z∗∗S ;
2) the demonstrations satisfy the interior-point min–max

Bellman equation (5) with perturbation μ;
3) the stage cost is linearly parameterized by θ, i.e., � =

θ�φ(x,u); and
4) the terminal cost ℘, dynamics f , and constraints g,h are

independent of θ and known.
Let (·) ∈ {x,u}, c(·) := μg�(·)[D(g)]

−11+ μ−1h�(·)h,Vx,1:m

:= col({Vx}mk=1), φ�(·),1:m := col({φ�(·)}mk=1), c(·),1:m := col

({c(·)}mk=1), B0:m := D({f�u }mk=0), Em+1 := [0, . . . , I]� ∈
R

(m+1)nx×nx , A1:m := I+

[
0 −D({f�x }mk=1)

0 0

]
. Further-

more, define Jlin,1:2 := [Jlin,1,Jlin,2] := [φ�u,1:m −B0:mA−11:m

φ�x,1:m,B0:mA−11:mEm+1], Jlin,3 := −B0:mA−11:mcx,1:m +
cu,1:m.

Corollary IV.5: Under Assumption IV.4 and Jlin,3 �= 0, if
limμ→0 Rank(Jlin,1:2) = mθ +mx, then the learning param-
eter θ∗ can be recovered from the demonstration as

θ∗ = [lim
μ→0

arg min
[θ�,V �x,m+2]

�
‖εS‖2]1:mθ

= [lim
μ→0
−(J�lin,1:2Jlin,1:2)

−1J�lin,1:2Jlin,3]1:mθ
.

The proof can be found in Appendix D. It has been shown
that the above rank condition only depends on the collected
demonstrations and this property resembles that in [36] and
[37]. However, due to the introduction of constraints, the rank
condition is quite different. Moreover, unlike the work presented
in [38] where only control constraints can be considered, our
method can deal with general nonlinear constraints.

V. NUMERICAL EXPERIMENTS

In this section, we first present several examples to validate
the equivalence between our proposed DDP-based methods and
PDP-based methods. Then, we apply our proposed closed-loop
IRL algorithm on these examples to show its advantage over
open-loop IRL. Also, we provide an example to demonstrate

Fig. 2. Difference between the gradients computed by PDP-based and pro-
posed DDP-based algorithms on unconstrained problems.

the proposed recoverability conditions on both the general IRL
problem and the specialized constrained IOC problem.

A. System Settings

For simulations, we consider four systems of different di-
mensions (complexities), which have been commonly used in
the literature [9], [11], [21], [22], [46], [47] and are described in
Table II. The control task is to drive the system to a prescribed
desired state xd. We consider the following stage and ter-
minal costs � := (x− xd)

� D(θx)(x− xd) + θu‖u‖2, ℘ :=
(x− xd)

� D(θx)(x− xd), where θx,θu denote the weights
for state and control, and we set θu = 0.1 to avoid ambiguity.
In addition, we set norm-bounded constraints for both state and
control vectors and add a waypoint as an equality constraint.
We set both the system parameters and the cost parameters as
the parameters to be learned, as shown in the sixth column of
Table II.

B. PDP-Based Versus DDP-Based Methods for Gradient
Computation

We first consider the unconstrained IRL problem with the
open-loop loss. For the above-mentioned four examples, we
temporarily exclude the equality and norm-bounded constraints
and their involved waypoints and upper bounds from the OC
problem and the learning parameter, respectively. We use both
the PDP-based [9] and our proposed DDP-based algorithms to
compute the required gradient. Next, we present the comparison
of SafePDP [10] and our proposed IPDDP-based algorithms,
which are used for the IRL problem with constraints. In addi-
tion, we implement the BarrierDDP-based method mentioned in
Section III-B3, which incorporates the constraints into the stage
cost via barrier functions. We run the gradient descent algorithm
for 1000 steps and repeat for 5 times. For the sake of clarity, we
show the difference between gradients computed by PDP-based
and DDP-based algorithms for the initial 20 steps in Fig. 2.
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TABLE III
COMPUTATIONAL TIME FOR EACH CALL OF DIFFERENT GRADIENT SOLVERS. (UNIT: SECOND)

TABLE IV
WALLCLOCK TIME FOR OPEN-LOOP IRL WITH DIFFERENT GRADIENT SOLVERS

Fig. 3. Difference between the gradients computed by PDP-based and pro-
posed DDP-based algorithms on constrained problems.

Similarly, the gradient difference between gradients computed
by PDP-based and DDP-based algorithms on constrained prob-
lems is recorded in Fig. 3. Table III shows the computational
time for the gradient computation in each gradient descent step
adopting the above-mentioned algorithms. Table IV shows the
wall-clock time for running the open-loop IRL with different
gradient solvers.

All the parameters are initialized with an additive Gaus-
sian noise of N (0, 0.2) as a perturbation to the ground-truth
parameters. Based on the above results, we have the following
comments.

1) In terms of the gradient difference, it can be seen from
Figs. 2 and 3 that the residual is negligible for the tested ex-
amples, which verifies our theoretical result of the equiv-
alence of the gradient computation from the algorithms.

2) It can be found from Tables III and IV that for the sys-
tems with a lower dimension (cartpole and robot arm),
the computational time is marginally the same, while for
those with a higher dimension (quadrotor and rocket),
DDP-based algorithm is faster since our derivation is more
compact in the sense that it uses a vectorized form of many
small terms, which are also used in PDP-based algorithms.

3) As seen from Tables III and IV, compared to SafePDP, the
IPDDP-based algorithm is worse for the cartpole and robot
arm examples while marginally better in the quadrotor and
rocket examples. The reason is that although the compact
derivation saves computational time (as explained in the
unconstrained case), the IPDDP-based algorithm intro-
duces the dual variables as the control variable, which
increases the problem size and leads to a bit longer com-
putational overhead for the symbolic evaluation of (17).
However, this is not the case for BarrierDDP since its

implementation does not increase the problem size as in
the IPDDP-based algorithm while inheriting the advantage
of DDP over PDP on problems with higher dimensions,
which can be seen from Table III.

C. Advantages of Closed-Loop IRL Over Open-Loop IRL

We define the following metrics to evaluate the performance
of our proposed algorithms.

1) Parameter residual: This measures the error between
the learned parameter θ and the ground truth θ∗, i.e.,
rpara(θ) := ‖θ − θ∗‖2,rpara = 0 means an exact recovery
of the true parameter.

2) Trajectory residual: This measures the distance be-
tween the demonstration trajectories Z(θ∗) and the
rollout trajectories Zrollout(θ), i.e., rtraj(θ) := ‖Z(θ∗)−
Zrollout(θ)‖22, this metric resembles the open-loop loss Lol

while differs in that the rollout trajectories Zrollout(θ) are
not obtained by directly solving (1) but by performing
the feedback policy {k,K} on the system with the true
dynamics, i.e., f(·;θ∗), which is possibly contaminated
by a process noise.

3) Suboptimality gap: This measures the performance gap
between the testing demonstrations Z(θ∗) and the
rollout trajectories Zrollout(θ) evaluated at the perfor-
mance index under the parameter θe, i.e., rsub(θ;θ

e) :=
W (Zrollout(θ);θ

e)−W (Z(θ∗);θe), Specifically, θe can
be chosen among the true θ∗ and the final value of the
learned parameter. Note that this suboptimality gap can be
negative even if θ = θ∗ due to different noise realizations.

We first present a qualitative comparison between the open-
loop and the closed-loop IRL algorithms. For the open-loop
IRL, we use the gradients calculated when generating Figs. 2
and 3 to update the parameter according to Algorithm 3 and
record the trace of the open-loop loss Lol and the parameter
residual rpara in Figs. 4 and 5. For the closed-loop IRL, we
implement Algorithm 4 for 5 trials in each simulation example
and record the trace of the closed-loop lossLcl and the parameter
residual rpara in Fig. 6, where each type of line denotes a
different trial. For the first trial denoted by solid lines, it uses
the same initial condition as that in Fig. 4. While for the other
trials, we have applied a multiplicative uniform noise [0.5, 1.5]
to the initial parameter to demonstrate the robustness of our
proposed algorithm. In the meantime, we record its open-loop
loss Lol during the learning process, denoted by the green lines.
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Fig. 4. Traces of loss and parameter estimation error by adopting
the open-loop IRL on unconstrained problems. The stepsizes are set as
10−3, 10−4, 10−2, 10−4, and the horizons are set as N = 12, 10, 10, 40.

Fig. 5. Traces of loss and parameter estimation error by adopting the open-loop
IRL on constrained problems.

Fig. 6. Traces of loss and parameter estimation error by adopting the closed-
loop IRL, i.e., Algorithm 4. Each type of line denotes a different trial.

TABLE V
COMPUTATIONAL TIME FOR THE GRADIENT SOLVER AND WALL CLOCK TIME

IN CLOSED-LOOP IRL

The computational time for the gradient computation and the
wall-clock time for running closed-loop IRL are recorded in
Table V. In order to quantitatively demonstrate the advantages
of our proposed closed-loop IRL, we test the learned parameter
θol and θcl from the algorithms in the following new setting
which is different from training. Specifically, we set the horizon
as 20, randomly choose a new initial condition, and use θol

and θcl to compute its corresponding feedback policy. During
rollout, we randomly add multiplicative process noise to the
system dynamics and record the entire trajectory. We repeat
the simulation 100 times for each algorithm under the noise
of different standard deviations. In addition, we go through the
same process with the true parameter θ∗ to generate the test
dataset. Then, we evaluate these trajectories with the above-
defined suboptimality gaps rsub(θ;θ

e) with θe ∈ {θ∗,θol,θcl}
and the trajectory residual rtraj, as shown in each row in Fig. 7.
Based on the above results, we have the following comments.

1) As seen from Fig. 4, the loss decreases slowly as ex-
pected for a gradient descent algorithm. Furthermore, as
explained in Section IV, due to the different nature of the
demonstration (closed loop) and the loss function (open
loop), the optimizing direction forLol does not necessarily
coincide with the optimizing direction for the parameter
residual rpara. This can be seen from the rocket example
(the last column of Fig. 4), where the parameter residual is
indeed increasing. A similar phenomenon can be observed
from Fig. 5, i.e., the parameter residuals for cartpole,
quadrotor, and rocket systems increase even when the
open-loop losses decrease.

2) It can be found from Fig. 6 that, different from the open-
loop IRL, the parameter residual of the closed-loop IRL
decreases as the closed-loop loss decreases. In the mean-
time, the open-loop loss is recorded (not used for iteration),
from which one can find that it remains a large value even if
the parameter residual is negligible. This is expected since
our closed-loop design has incorporated the closed-loop
nature of demonstrations while not seeking to minimize
the discrepancy between demonstrated and reproduced
trajectories. As seen from Table V, the computational
time for the gradient in the closed-loop IRL is around
5–25 times more than that in the open-loop IRL, with a
smaller overhead for low-dimensional systems (cartpole
and robot arm) and a larger overhead for high-dimensional
systems (quadrotor and rocket), since we need to evaluate
the third-order derivatives of the cost function. Thanks
to the usage of the LM algorithm, it only takes tens of
iterations and a wallclock time of seconds to converge to
a very small residual, which is significantly faster than the
gradient-descent-based closed-loop IRL.

3) For the first three rows of Fig. 7, the range and variance
of suboptimality gaps for both algorithms increase as the
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Fig. 7. Performance evaluation on different metrics with parameters learned from open-loop and closed-loop IRL algorithms. The lower and upper bars denote
the range and the middle bar denotes the mean. The shaded area shows the probability density of the data at different values.

standard deviation of noise increases, while the mean of
those for closed-loop IRL is approximately zero, indicat-
ing that it achieves a similar level of performance (in the
sense of cost function) as the policy induced from the true
parameter. As seen from the first row of Fig. 7, closed-loop
IRL significantly outperforms open-loop IRL in terms
of the suboptimality gap evaluated at the true parameter,
i.e., rsub(θ;θ

∗). The third row which corresponds to the
suboptimality gap evaluated at closed-loop IRL learned
parameter θcl resembles the first row since the parameter
residual rpara(θ

cl) is negligible. We cannot guarantee the
advantage of closed-loop IRL over open-loop IRL in terms
of suboptimality gap evaluated at open-loop IRL learned
parameter θol (the second row of Fig. 7), since in this case,
the latter is exactly optimized under θol and is expected
to outperform the former. Nevertheless, we observe that
the former still outperforms the latter in the cartpole
and quadrotor example and they are close in the rocket
example, since in these cases open-loop IRL wrongly
estimates the parameter in system dynamics, while the
rollout is performed on the dynamic system with the true
parameter θ∗.

4) As seen from the last row of Fig. 7, closed-loop IRL out-
performs open-loop IRL by at least one order of magnitude
in terms of trajectory residual rtraj, which means that the
rollout trajectory generated from the learned parameter is
much closer to the one generated from the true parameter.
Different from the previous three rows where the mean for
closed-loop IRL is always approximately zero, the mean
in this row increases as the standard deviation of noise
increases, this is because different noise realizations lead
to distinct rollout trajectories, and hence, a strictly positive
trajectory residual rtraj, and the difference between two
trajectories increases. This can also be understood with
a simplified case where the rollout trajectory is assumed
to be a linear function of parameter with additive noise,
then under a negligible parameter residual, i.e., θ = θ∗,
the mean of trajectory residual rtraj is exactly two times of
the variance of the noise.

5) As can be observed from all of the subplots in Fig. 7,
the ranges of data for two algorithms overlap (or are
going to be overlapping) with each other as the noise
gets larger, this is because the rollout trajectory devi-
ates too much from the nominal trajectory, which is
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Fig. 8. Traces of loss and parameter estimation error by adopting Algorithm 4
with a short length of demonstrations (|S| = 2).

Fig. 9. Final loss and parameter estimation error by adopting Algorithm 4
with different lengths of demonstrations.

used for computing the feedback policy, and hence, the
policy cannot be guaranteed to perform well in this
case.

D. Properties of Closed-Loop IRL

In the previous section, we have demonstrated the advantages
of our proposed closed-loop IRL over the open-loop one by im-
plicitly assuming that both algorithms are trained with sufficient
data. In this section, we aim to provide an in-depth analysis of
how much data is required. As before, we first present a set
of qualitative examples, where we set |S| = 2, i.e., 2 sampling
instants within horizon N , and apply Algorithm 4 subsequently.
We use the same initial conditions (5 trials) as in Fig. 6 and
record the trace of loss Lcl and parameter residual rpara in Fig. 8.
Next, we vary the length of the demonstration |S| from 1 to
10, and only record the final closed-loop loss Lcl and parameter
residual rpara, as shown in Fig. 9.

It can be found from Fig. 8 that although the closed-loop
loss Lcl decreases rapidly, the parameter residual stops updating
and remains a non-negligible value. The reason is that for

Fig. 10. Rank of Jlin,1:2 and parameter residual w.r.t. different observation
length and perturbation.

Rank(J) < mθ , there exists another set of parameters except
for θ∗ such that the closed-loop loss Lcl is zero. This result can
be more easily seen in Fig. 9. One can find an obvious parameter
residual rpara drop when |S| is near to �mθ/mu� since in this
caseRank(J) = mθ in general, e.g., for the quadrotor example,
�mθ/mu� = �9/4� = 3. For a longer length of demonstration,
i.e., |S| > �mθ/mu�, both the closed-loop loss Lcl and the
parameter residual rpara remain negligible values sinceRank(J)
is nondecreasing w.r.t. the increase of |S|.

E. Constrained IOC

In this section, we present an example of an LQR prob-
lem to validate Corollary IV.5. We consider the linear system
x+ = [−1 1

0 1 ]x+ [ 13 ]u with the stage cost � := x� D(θx)x+

θuu
�u and the terminal cost ℘ := 0, where the true parame-

ter θ∗ = [θ∗�x ,θ∗�u ]� = [0.1, 0.3, 0.6]�. Alternatively, one can
rewrite � = φ�θ with φ = [x� ⊗ x�,u� ⊗ u�]�, which sat-
isfies Assumption IV.5-3). We use the inequality constraint
‖[x]1u‖ ≤ 0.1, which is a more general nonlinear constraint
than the control-only constraint considered in [38]. We generate
the initial state x0 randomly and produce a trajectory with
horizon N = 50. For this trajectory, we use different lengths
(from 1 to 100) of observation and perturbation to construct the
matrix Jlin,i, i = 1, 2, 3 as defined in Corollary IV.5. The rank
of Jlin,1:2 and the parameter residual are recorded in Fig. 10.

It can be found that when the observation length is not
long enough, i.e., |S| < �(mθ +mx)/mu� = 5,Jlin,1:2 is rank-
deficient, and it will be rank 5 when it is sufficiently long,
i.e., |S| ≥ 5. On the other hand, if Jlin,1:2 is rank-deficient, the
solution is not unique and may be of no physical meaning. If
Jlin,1:2 is full column rank, the parameter residual denotes the
error between the true and the estimated parameters under an
assumed perturbation μ, and it decreases as μ decreases.

VI. REAL-WORLD EXPERIMENTS

In this section, we aim to demonstrate the advantages of our
proposed closed-loop IRL over open-loop IRL via a real-world
task, quadrotor navigation in partially unknown environments.
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Fig. 11. Quadrotor robot experiment system setup (top view). A self-made
quadrotor is powered via a cable connected to a ground power supply. It relies
on the motion capture system (not shown) for localization and uses an onboard
computer for high-level trajectory planning and a flight controller for low-level
tracking. The task is to navigate the quadrotor from the starting position (upper
left) to the goal position (bottom-right red plus sign) while flying through two
gates (formed by the vertical pole and two tripods) sequentially.

A. Experiment Setup

We verify the advantage of our proposed approach using a
self-made tethered quadrotor in a 5 m× 5 m× 2 m indoor area,
which is equipped with a motion capture system. Specifically,
as seen in Fig. 11, the quadrotor is connected to a ground power
supply using a cable to support long-duration operation. It uses
a motion capture system for localization in the environment and
is equipped with an i7 computer for onboard computation. The
quadrotor performs trajectory planning onboard by solving an
OC, with a linear dynamics model as commonly used in drone
control [48]. Denote the position, velocity, and acceleration byp,
v, and u, respectively. Due to the physical limitations and safety
considerations, we set ‖v‖∞ ≤ 1 and ‖u‖∞ ≤ 0.5 to limit both
the velocity and acceleration. With the partially unknown infor-
mation, the task of trajectory planning is to minimize the follow-
ing costs ℘ := ‖p− pd‖2, � :=

∑
i=1,2 θi exp{−10i−3(k −

kg,i)
2}‖p− cg,i‖2 + θu‖u‖2. This type of formulation has

been used in [12] and [49]. Here, the cost function only encodes
the approximate locations of each gate, cg,1 and cg,2, which
can be represented by the position of any point on the gates.
By a partially unknown environment, we mean the accurate size
(geometry) of the gate is unknown, which is typically required
for navigation. Therefore, we aim to learn the cost function
weights, which encode how the quadrotor safely flies through the
gate. In the testing and generalization scenarios, we will vary the
location of the two gates. Note that in this case, the stage cost is
time-dependent, as mentioned in Section II, all of our presented
methods still apply. We assume that θu = 0.01 to avoid ambi-
guity and set θ := [θ1,θ2]

� as the learning parameter, where
θi ≥ 0, i = 1, 2. We add an additional constraint 1�θ = 1 on
the learning parameter. The planned high-level trajectory is
tracked by a low-level cascaded PID controller. Note that both
the physical setup (disturbance brought by power cable during
motion) and software stack (hierarchical control architecture)
necessitate the use of closed-loop control.

A. Training, test, and generalization settings: As seen in
Fig. 11, we collect the demonstration trajectory by recording the

real-time position obtained by the motion capture system and the
high-level control command sent to the low-level controller. We
set the initial position as [1.5, 1, 1]� and the initial velocity as 0.
The desired position is set as [−0.5,−1, 1]�. We set cg,i as the
center of two gates with cg,1 = [1, 0, 1]� and cg,2 = [0.5, 1, 1]�,
the height of both gates as 2 m, and the width of two gates as
1 m and 1.5 m. The planning horizon is set as N = 30. In the
sequel, we shall refer to this setting as both the training and test
setting.

Different from the environment for training and testing, we
will set new ones by varying the following settings (The other
setting is kept the same as the training setting.):

1) longer planning horizon with N = 40;
2) new initial condition [1.5, 1.5, 1]�;
3) new desired position [0,−1.5, 0]�;
4) new gate position cg,2 = [0, 1, 1]�, which is further away

from gate 1; and
5) new hardware system dynamics including both the mass

and the moment of inertia, where we have removed the
redundant components (e.g., battery and sensors) of 387
grams from the quadrotor (total weight 1213 grams).

With these new settings, we use the learned parameters to
compute the feedback policy for the high-level trajectory of the
quadrotor. We check if the trajectories executed in the real-world
experiments can successfully complete the task goal: flying
through two gates sequentially and arriving at the vicinity of
the desired position. We use the following metrics:

1) minimum distance to each gate center: mink∈N ‖pk −
cg,i‖, i = 1, 2;

2) final distance to the goal: ‖pN − pd‖
to quantitatively evaluate the generalization performance.
1) Results and Analysis: We run both open-loop and closed-

loop algorithms with the above-collected demonstration. The
final learned parameters given by these algorithms are θol =
[0.74, 0.26]� andθcl = [0.45, 0.55]�, respectively. In the sequel,
we shall refer to the trajectories generated by parameters learned
from open-loop and closed-loop IRL as OL and CL trajectories,
respectively. By checking the value of these parameters, one can
expect that the OL trajectory will put more weight on gate 1 and
less weight on gate 2 than the CL trajectory.

We first test the performance in the test setting. A set of
trajectories (one OL trajectory and one CL trajectory) is recorded
in Fig. 12(f) and (a). We further test the generalization of
the learned parameter, or equivalently, the cost function in the
generalization settings. The generalizations of the learned cost
function to a longer planning horizon of N = 40 and a new
initial position are shown in Fig. 12(b) and (c). Fig. 12(d) and
(e) presents the generalization of the learned cost function to
a new desired position and new gate positions, as seen from
the top view. Fig. 12(f) shows the generalization of the learned
cost function to new hardware system dynamics. Note that all
the experiments are performed in the area shown in Fig. 11
and trajectories are recorded by the motion capture system
and visualized in Fig. 12. Furthermore, for each case, we have
repeated 5 times and computed quantitative measures for the
recorded trajectories, as shown in Table VI. Based on these
results, we have the following comments.

From the test of learned weights, as seen from Fig. 12(f)
and (a) and Table VI, CL trajectory takes a larger detour on flying
through gate 2 than OL trajectory. The average final distance
to the goal is slightly smaller. Under a longer horizon, new
initial position, new desired position, new gate position, and new
hardware system dynamics, Fig. 12(b)–(f) shows that the
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Fig. 12. Trajectory planning of the cost function learned from open-loop and closed-loop IRL (a) test under the training setting and its generalization to new
settings, i.e., (b) longer horizon, (c) new initial positions, (d) new desired position, (e) new gate position, and (f) new hardware system dynamics. Blue and orange
solid lines denote the planned trajectories using the parameters learned from open-loop and closed-loop IRL, respectively. The initial state of the quadrotor is
denoted by a red-blue icon. The red plus sign is the desired position. We use gray bars and red triangles to denote the gate and its center, respectively. All the
experiments are performed in the area shown in Fig. 11 and trajectories are recorded by the motion capture system. All the quantitative measures are presented in
Table VI.

TABLE VI
MEASURE OF THE TRAJECTORY PLANNING TEST AND ITS GENERALIZATION RESULTS. (UNIT: METER)

generalized CL trajectories still fly through two gates sequen-
tially, and arrive at the vicinity of the desired position. However,
generalized OL trajectories fail to fly through gate 2. Specifi-
cally, as seen in Fig. 12(b) and Table VI, with a longer planning
horizon, both OL and CL trajectories will be closer to gate 1
center. Then, both of them take a larger detour toward the center
of gate 2. In this case, the apex of the CL trajectory gets closer
to the center of gate 2 and results in a large drop in terms of
minimum distance to gate 2 center. However, this is not the case
for OL trajectory, since the increase of the horizon only reshapes
its segment near gate 1. Nevertheless, this detour changes the
velocity profile of the OL trajectory and results in a smaller
terminal velocity and overshoot.

Note that for the generalization of gate position in Fig. 12(e),
the movement of gate 2 enlarges the width of the curve (see the
top view) due to the attraction force from its center. However,
this (discrete) change of environment is too significant to be
followed by a continuous adaptation of the trajectory, which
results in an increase of minimum distance to gate 2 center,
especially for OL trajectory as it does not reshape in Y -direction
but the gate moves further away in X-direction. We also report
a failure case where we further move gate 2 away from the
initial position, i.e.,cg,2 = [−0.2, 1, 1]�, as visualized in Fig. 13.
It can be seen that the CL trajectory fails to reshape itself

Fig. 13. Failure case of generalization of the cost function learned from closed-
loop IRL on trajectory planning with a new gate position. Gate 2 is further away
from gate 1 compared with Fig. 12(e). The legend is the same as that in Fig. 12.

to fly through gate 2. Moreover, the change of gate position
completely alters the landscape of the cost function, enlarging
the minimum distance to gate 1 and failing to arrive at the vicinity
of the desired position. This result clearly shows the bounds of
the generalizability, i.e., the learned cost function can only be
applied to some unseen scenarios that are close to the training
setting.

Authorized licensed use limited to: KTH Royal Institute of Technology. Downloaded on January 09,2026 at 12:32:58 UTC from IEEE Xplore.  Restrictions apply. 



6284 IEEE TRANSACTIONS ON ROBOTICS, VOL. 41, 2025

VII. CONCLUSION

In this work, we have proposed a DDP-based framework for
IRL with general constraints, where the DDP was exploited
to compute the gradient required in the outer loop. We have
established the equivalence between DDP-based and PDP-based
methods in terms of computation. In addition, inspired by the
DDP condition, we have proposed the closed-loop IRL with
the closed-loop loss function to capture the nature of collected
demonstrations. Moreover, we have shown that this new for-
mulation can be reduced to a general constrained IOC problem
under certain conditions, which leads to a generalized recov-
erability condition. Simulations and experiments demonstrated
the superiority of the closed-loop algorithm. Future work can be
on the extension of this framework to multiagent systems and
stochastic systems.

APPENDIX

A. Proof of Theorem III.3

Proof: Suppose we are using the DDP-based trajectory solver
to find the optimal solution of the augmented system (16).
Following the process in Section III-B, redefine the cost-to-go
function as Q̄ := �̄+ λ̄

�
ḡ + γ̄�h̄+ V̄ +, where V̄ +(y) is a re-

defined optimal cost-to-go. Then, the backward recursion reads

δu = − ˆ̄Q−1uu(
ˆ̄Qu + ˆ̄Quyδy),where the terms ˆ̄Q(·) related to the

redefined cost-to-go are expressed as follows:α ∈ {y,u}
ˆ̄Qu = Q̄u − Q̄uλ̄[D(ḡ)]

−1r̄in − Q̄uγ̄ r̄eq

ˆ̄Quα = Q̄uα − Q̄uλ̄[D(ḡ)]
−1 D(λ̄)Q̄λ̄α + 1

μ Q̄uγ̄Q̄γ̄α. (28)

Notice that all the terms (̄·) involved in the right-hand side
are redefined with the new state variable y. Letting λ̄ ≡ λ and

γ̄ ≡ γ, one can find that ˆ̄f =
¯̂
f for f ∈ {Qu, Quy, Quu}.

By assumption thatZ is the optimal solution, or equivalently,
the optimization problem (1) has been solved in the sense of
[Q�u , r

�
in, r

�
eq]
� = 0, which implies that λ = −μ[D(g)]−11 and

γ = μ−1h. Substituting these to the Lagrange multipliers λ̄, γ̄
in (28), one can obtain (17).

After obtaining the matrices ¯̂
Quy and ¯̂

Quu, we are now at
the stage of figuring out how to compute { δxk

δθ }Nk=1 in order to
compute the rest unknown { δuk

δθ }N−1k=1 by virtue of (15). Note that
Z is the optimal solution, which satisfies the dynamic equation in
(1) and, hence, the augmented trajectory Z̄ satisfies the dynamic
equation in (16). Taking the variation of the latter, one has

δy+ : =

[
δθ+

δx+

]
=f̄yδy+f̄uδu=

[
I 0

fθ fx

][
δθ

δx

]
+

[
0

fu

]
δu

by which we can establish the relationship among δx+

δθ , δθ+

δθ , δx
δθ ,

and δu
δθ . Therefore, repeatedly evaluating δx

δθ and δu
δθ according

to (15) and (18) for k ∈ IN , one can obtain dZ
dθ .

B. Proof of Theorem III.4

Proof: The result can be established by following a similar
process to that of Theorem III.3. Suppose we use the active-set
method to find the optimal solution of the augmented system
(19), note that due to the absence of inequality constraints, the

set identification step can be omitted. From the KKT condition[
Q̄�uu (h̄�u)

�

h̄�u 0

][
δu

γ�

]
= −

[
Q̄�uy
h̄�y

]
δy −

[
Q̄�u
0

]
(29)

one can obtain the backward recursion

δu =
[
(Q̄�uu)

−1[I− (h̄�u)
�A] A�

]([Q̄�uy
h̄�y

]
δy +

[
Q̄�u
0

])

=: k̄� + K̄�δy

where k̄� and K̄� are used to update (V̄ �yy)
+ and (V̄ �y )

+ similar
to what was done in (11). The forward recursion can be obtained
exactly in the same way as that of Theorem III.3.

C. Proof of Theorem IV.1

Proof: The first statement follows from [40, Th. 10.3]. The
second statement follows from the fact that θt + c with c ∈
Null(J) still satisfies (26) if Rank(J) < mθ .

D. Proof of Corollary IV.5

Proof: By Assumption IV.4-1), it follows from (5) that

Vx(x
∗∗) = Q̂x(x

∗∗,u∗∗) = φ�xθ + f�x V
+
x + cx (30)

where the last equality resulted from Assumption IV.4-3). Fur-
thermore, it can be found that Vx is always linear in θ.

Stacking (30) for k = 0, . . . ,m, one can obtain

Vx,1:m = φ�x,1:mθ + D({f�x }mk=1)Vx,2:m+1 + cx,1:m.

By some mathematical manipulations, one has

A1:mVx,1:m+1 + φ�x,1:mθ −Em+1Vx,m+2 + cx,1:m = 0.

It follows from Assumption IV.4-1) that

εS = col({Q̂u(x
∗∗,u∗∗)}mk=0)

= col({φ�uθ + f�u V
+
x + cu)}mk=0)

= φ�u,1:mθ +B0:mVx,1:m+1 + cu,1:m

= Jlin,1θ + Jlin,2Vx,m+2 + Jlin,3. (31)

If εS = 0 and Rank(Jlin,1:2) = mθ +mx, one has [θ�,
V �x,m+2]

� = −(J�lin,1:2Jlin,1:2)
−1J�lin,1:2Jlin,3. As μ→ 0, (30)

and (31) reduce to the nonperturbed version of Bellman principle
of optimality differentiated w.r.t. the state and control, respec-
tively, which are the equilibrium conditions for the constrained
IOC problem.
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