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Distributed Actor-Critic Multi-Task Learning with
Shared and Task-Specific Parameters

Miloš S. Stanković, Marko Beko, Srdjan S. Stanković and Karl Henrik Johansson

Abstract—For Markov Decision Processes with finite state
and action spaces a new two-time-scale multi-agent Actor-
Critic algorithm for distributed consensus-based off-policy multi-
task reinforcement learning (RL) is proposed. The algorithm
is designed starting from the formulation of local criterion
functions as the local value function approximations, and the
global criterion function as a weighted sum of the local criteria.
The Critic algorithm is in the form of the Gradient Temporal
Difference GTD(1) algorithm working at a fast time-scale, while
the new Actor algorithm, working at a slow time scale, is a
consensus-based policy gradient algorithm obtained exactly from
the global criterion function. The adopted information structure
constraints allow direct access only to the local states, actions, and
rewards. The Actor parameters include those shared between the
agents, and those that are locally task-specific. Weak convergence
of the algorithm to the limit set of an attached mean ordinary
differential equation (ODE) is proved under mild conditions.
Stability analysis of the obtained ODE based on vector Lyapunov
functions and aggregate modeling is provided. The proposed
algorithm can be considered as a tool for RL parallelization and
fusion of complementary state explorations, increasing consider-
ably the sample efficiency of single-agent schemes. Asymptotic
convergence rate and variance reduction are studied by using
stochastic differential equations. An experimental verification of
the algorithm’s properties is presented using an example from
transportation engineering.

I. INTRODUCTION

Reinforcement learning (RL) has become a widely accepted
sample-based tool for solving hard decision making problems
in unknown and stochastic environments [1]. Numerous RL
algorithms applicable to Markov Decision Processes (MDPs)
with large state and action spaces are based on function
approximation aimed at estimating the value and/or the policy
functions using a limited number of parameters [2]–[4]. The
so-called Actor-Critic (AC) methods have appeared as RL
analogs of the dynamic programming policy iterations [5]–[8].
They are characterized by a structure consisting of two main
parts: a) the Critic, aimed at the state (or state-action) value
function estimation, b) the Actor, aimed at the policy function
improvement by using current results given by the Critic [5],
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[6]. Multi-task reinforcement learning (MTRL) problems are
oriented towards learning a common policy from multiple
tasks [9]–[11]. There are many successful results related to
MTRL, based on different inductive bias sharing between
tasks, including deep neural networks [12]–[14]. In general,
decentralized and distributed multi-agent RL algorithms are
currently in the focus of researchers due to promising practical
results [10], [15]–[20]. Particular attention has been paid to
consensus-based methods which provide a useful framework
for diverse collaboration-based problems but with many theo-
retical challenges [3], [17], [21], [22].

A. Main Contributions

We propose in this paper a synergy between the method-
ologies of multi-task learning (MTL) and the multi-agent AC
off-policy RL, resulting into a provably convergent distributed
MTRL algorithm. Our starting point is the definition of the
local criteria connected to the local tasks, in the form of a
linear approximation of the local MDP state-value functions.
Then we define a global (proxy) criterion to be maximized
in a distributed way by the RL policy parameters under
specific constraints required by the so-called hard parameter
sharing, in which a subset of the policy parameters is shared
between the tasks (agents), while the remaining parameters
are task-specific [23]. We derive our AC algorithm for MTRL,
generalizing the concept of Maei [8] proposed for the design
of single-agent AC algorithms, in such a way that the Critic
algorithm is chosen to be the GTD(1) temporal-difference
algorithm working at a fast time scale, while the Actor
algorithm is obtained from the Critic algorithm as a gradient-
type recursive procedure utilizing exactly the proposed global
(proxy) criterion and working at a slow time scale. Connecting
the general MTL problem to the structure of the AC RL leads
to nice convergence properties of the entire MTRL algorithm.
The policy parameters sharing is achieved by implementing
a dynamic consensus scheme [17], [22]s. The adopted strict
information structure constraints (sISCs) imply, in accordance
with the MTL problem formulation, that the states, actions,
and rewards of the MDPs are accessible only by the locally
attached agents [10], [24]–[28]. The sISCs are essentially dif-
ferent from those adopted in typical multi-agent reinforcement
learning (MARL) algorithms, since they assume accessibility
of all the states, actions, and rewards by all the agents.

Besides the main concept, our contributions encompass
several theoretical and practical aspects of the proposed algo-
rithm. The fundamental definition and property of the Actor
algorithm is given by Theorem 1. An analysis of the trace
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variables of the Actor algorithm represents a prerequisite of
the subsequent convergence analysis (Lemma 2). The weak
convergence of the algorithm to an attached mean ordinary
differential equation (ODE) is proved separately for the fast
time scale (Theorem 2) and the slow time scale (Theorem 3)
[17], [22], [29]–[34]. The proof of Theorem 3 is based on weak
assumptions and provides a firm basis for the applications of
the algorithm. The stability analysis of the derived ODE given
in Subsection V-D is based on the methodology of vector Lya-
punov functions and aggregation models developed initially
for large-scale systems [35]. It is shown that a specific feature
vector introduced in the Critic algorithm enables asymptotic
stability of the algorithm while keeping the required dynamics
of the task-specific parameters (Theorem 4, Corollary 1). By
a convergence rate analysis based on a stochastic differential
equation (SDE), we demonstrate possible covariance reduction
achievable by the algorithm and its utilization as a paralleliza-
tion and data fusion tool (compare with [36]).

B. Related Work
To our knowledge, the general methodology of the algo-

rithm design proposed in this paper has not been described
in the literature. There are, however, numerous related works.
The paper [37] can be considered to be complementary to
the present paper in the sense of starting from the general
AC design methodology proposed in [8]. However, the Critic
and Actor algorithms in [37] are quite different, with different
convergence properties. Moreover, the structure of the overall
algorithm in [37] is simplified and does not envisage the task-
specific parameters important for the MTL context; also, the
attention has been paid neither to the stability problem, nor to
the convergence rate. The distributed AC algorithm proposed
in [26] is based on the coordination of multiple agents solving
a class of MDPs by using a consensus-like algorithm for
updating the policy parameters and assuming the same sISCs
as in the present paper; sufficient attention is not paid to
the convergence issues. In [10], a distributed multi-agent
AC system for MTRL is proposed starting from the duality
theory (Diff-DAC), assuming sISCs. Convenient approxima-
tions, together with neural networks and the consensus-like
(diffusion) algorithms are introduced, but without studying
convergence issues. We mention also the recent papers [11],
[13], [14], [38]–[41] devoted to different aspects of distributed
learning with consensus in the context of MTRL. A significant
contribution is presented in [39] based on learning of the whole
set of policies by all the agents; in the present paper, we
propose a simpler solution based on one common policy. The
transfer learning adopted in [11] and the definition of the finite-
time convergence rate in [13] are complementary to the line of
thought of this paper. The paper [14] (and references therein)
is devoted to the behavior sharing and propose a Q-switch
mixture of policies. In [40] the authors treat the problem
of learning what to share, while [41] proposes a context-
based representation. Valuable general results related to the
convergence of RL algorithms are presented in [31], [33],
[42], [43]. Fundamentals of the stability analysis by the vector
Lyapunov functions and aggregation modeling are presented
in [35] and the references therein.
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Fig. 1. Illustration of a multi-agent multi-task vehicle routing scenario in
an intelligent traffic system. Agents/vehicles A1,...,An navigate a shared in-
tersection Icons, requiring policy consensus via V2V communication (dashed
lines). Individual intersections (I1,...,In) allow independent policies π̃1,...,π̃n.

Preliminary results related to the here proposed scheme and
its weak convergence in single-task and multi-task cases (with
all parameters sharing) have been presented in [34], [44].

C. Illustrative Example

We provide a motivating example of our MTRL approach
inspired by autonomous vehicle routing [45]–[47]. We con-
sider the scenario illustrated in Fig. 1 where multiple vehicles
(agents) operate within a traffic network represented as a MDP.
The task of each agent is to estimate (on the basis of their local
environment models) the optimal policy for navigation through
intersections, defined by actions such as turning left, right, or
proceeding straight. The models encapsulate the state spaces
(e.g., current intersection, traffic signals, nearby vehicles) and
reward functions (e.g., travel time, fuel consumption). Due to
variations in the vehicle types (e.g., cars vs. trucks) or road
conditions, the agents’ local models may differ.

Agents operate in a decentralized and distributed manner,
communicating over a network to share the locally computed
optimal policy estimates. The goal is to reach a consensus on
the optimal actions for shared segments of the environment
(such as major intersections or the frequently used arterial
roads). Conversely, for parts of the environment used exclu-
sively by the individual agents, such as residential streets or
peripheral routes, any consensus is unnecessary, allowing the
agents to retain individualized policies tailored to their unique
conditions.

A simplified MDP model of the described traffic problem
is studied and evaluated in Section VII.

D. Paper Organization

The paper is organized as follows. Section II contains the
problem formulation and the definition of the performance
criteria for the MTRL problem. Section III is devoted to
the formulation of the Critic algorithm and the derivation of
the policy gradient utilized for the definition of the Actor
algorithm. Section IV deals with the weak convergence of the
Critic, while in Section V Actor weak convergence is provided
together with a stability analysis. Section VI is devoted to the
rate of convergence of the algorithm. In Section VII simulation
results are given. Concluding remarks together with some
suggestions for future work are provided in Section VIII.
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II. PROBLEM FORMULATION

A. General Setting
Consider a general RL setting in which N learning agents

acquire data from their local environments having MDP prop-
erties. Each MDP(i) (attached to agent i), i = 1, . . . , N , is
characterized by the finite sets of states S and actions A, the
probability P i(ŝi|si, ai) (to move to state ŝi ∈ S from state
si ∈ S by applying action ai ∈ A) and the random reward
Ri(si, ai, ŝi), with the probability distribution pi(·|ŝi, ai, si)
characterized by the expectation ri(ŝi, ai, si) [1]. We define
the local target policy as πi(si, ai) : S ×A → [0, 1], specified
by a corresponding probability distribution pi(·|si). In the on-
policy setting, agent i in state sit at discrete time t executes
action ait ∼ pi(·|sit); as a consequence, MDP(i) transitions to
a new state sit+1 and produces a random reward Ri

t+1 [1]. The
local value function of state si in MDP(i) is defined under the
target policy πi as

V πi,i(si) = Eπi


∞∑
j=0

j∏
k=1

(γit+k)
jRi

t+1+j |sit = si

 , (1)

where γit = γi(sit) ∈ (0, 1] is the local discount factor,
depending, in general, on i and sit, while Eπi{·} denotes
the expectation over data generated by the Markov chain
induced by πi in MDP(i). In this paper, we assume the off-
policy scenario, i.e., each MDP(i) generates data using a local
stationary behavior policy πi

b(s
i, ai) : S ×A → [0, 1] [48].

We assume that the agents exchange data over a network.
The inter-agent communications are formally represented by
a digraph G = {N , E}, where N is the set of nodes attached
to the agents and E the set of directed edges. Let AG = [Aij

G ]
be the adjacency matrix and Ni ⊂ N the in-neighborhood of
node i [17], [22]. In addition, we assume sISCs, under which
agent i, i = 1, . . . , N , has direct access for each t only to the
action, state, and reward from the local MDP(i) [37].

We assume function approximation, so that for each MDP(i)

the Critic generates an approximation of the value function
V πi,i(si) in the form of V i

θi(s) = θiTφi(s), where θi is a local
parameter vector and φi(s) ∈ Rpi a feature vector, pi ≪ |S|
[1], [2]. The local target policies πi are also parameterized:
πi(si, ai) = πi(si, ai;wi) = πi

wi(si, ai), where wi ∈ Rqi is
the local policy parameter vector, qi ≪ |S ×A|.

We adopt the following basic assumptions [37]:
(A1) a) matrix I − Pπi,iΓi is nonsingular, where Pπi,i is

the matrix of local state transition probabilities under πi, and
Γi is a diagonal matrix with γi(si) at the main diagonal, si =
s1, . . . , s|S|; b) Pπi,i is irreducible and ∀si, ŝi ∈ S : P

πi
b,i

si,ŝi =

0 ⇒ Pπi,i
si,ŝi = 0 [1], [31].

(A2) Let V i
θi = Φiθi, where V i

θi = [Vθi(si1) · · ·Vθi(si|S|)]
T

and Φi ∈ R|S|×pi is a feature matrix with the vector φiT (s)
as its s-th row. Then: a) the column vectors of Φi are linearly
independent, b) all the vectors φi(s) are almost surely (a.s.)
bounded and have a unit value of 1 as their pi-th element [8].

Remark 1: Assumptions (A1) and (A2a) are standard; as-
sumption (A2b) is specific, related to the way we are defining
policy gradients (see Subsection III-C and Section V below,
as well as [8] for more details).

B. Multi-Task Learning: Performance Criteria

The idea of MTRL is to learn a common policy for multiple
tasks, so that it generalizes well across all of them, e.g. [9],
[10], [49]. A common methodology is based on the design
of a parameterized hypothesis class that shares some policy
parameters between tasks, found by optimizing an additional
proxy objective [23]. In such a way, we shall distinguish
below two subsets of the policy parameters: a) those explicitly
shared between the tasks b) those that remain locally task-
specific. Such a diversification of the character of parameters
adds a flexibility to the whole MTRL system, but implies
theoretical challenges in the analysis of the convergence and
stability. Most of the existing MTRL methods are based on
the assumption that all the local data are available to all the
tasks, which is not realistic in many applications.

We propose a completely distributed AC off-policy algo-
rithm for MTRL, under the presented sISCs. We assume that

J i(wi) =
∑
si∈S

pib(s
i)V i

θi(si) = θi(wi)TEi{φi
t}, (2)

where Ei{·} denotes the expectation w.r.t. to pib(s), the station-
ary distribution induced in MDP(i) by πi

b, while φi
t = φi(sit),

i = 1, . . . , N . Notice that (2) is a linear function of θi, but, in
general, a nonlinear function of wi. According to the adopted

strategy of parameter sharing, we introduce wi = [w̄iT
...w̃iT ]T ,

where w̄i = w̄ is the shared parameter vector (equal for
all the agents) and w̃i are the local task-specific vectors
(i = 1, . . . , N ). We shall also adopt w.l.o.g. the simplifying
assumption that dim(w̄i) = q̄, dim(w̃i) = q̃, qi = q = q̄ + q̃,
in order to avoid too many indices (in general, we may have
q̄ = const, but qi = q̄ + q̃i).

At the level of the entire network, we introduce the follow-
ing global (proxy) criterion

J(W ) =

N∑
i=1

ciJ i(wi), (3)

where WT = [W̄T W̃T ]T , W̄ = [w̄1T · · · w̄NT ]T , W̃ =
[w̃1T · · · w̃NT ]T , and ci ∈ R+ are a priori chosen weights.
Consequently, our MTRL problem can be formulated as the
following optimization problem:

max
W

J(W ) subject to : w̄1 = · · · = w̄N , (4)

The optimal parameter vector W ∗ = argmaxW J(W ) is

given by W ∗ = [W̄ ∗T ...W̃ ∗T ]T , W̄ ∗ = [w̄∗T · · · w̄∗T ]T ,
W̃ ∗ = [w̃1∗T · · · w̃N∗T ]T .

III. ALGORITHM

In this section, we derive the proposed overall two-time-
scale distributed AC MTRL algorithm, whose pseudo-code is
represented below as Algorithm 1.

A. Critic

In principle, any temporal difference algorithm estimating
the value function approximation parameters θit from (2) in
real time on the basis of current MDP observations could be
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used as a local Critic algorithm, e.g. [1], [4], [17], [31], [37],
[48]. In this paper, we adopt GTD(1) (GTD(λ)|λ=1) as the
local Critic algorithm, bearing in mind its salient properties
presented in [8], [44] (see also Subsection V-B). The statistical
form of GTD(1) given by

lim
t→∞

Ei{ρitδiteit} = 0 (5)

generates the following stochastic approximation iterates

θit+1 = θit + αi
tρ

i
tδ

i
te

i
t, (6)

where ρit = πi
wi(ait|sit)/πi

b(a
i
t|sit) is the importance ratio,

δit = Ri
t+1 + γit+1θ

iT
t φi

t+1 − θiTt φi
t (7)

the temporal difference,

eit = φi
t + γitρ

i
t−1e

i
t−1, ei−1 = 0, (8)

the eligibility trace vector and αi
t > 0 the step size (see e.g.

[8], [30], [50]). For the special reasons to be exposed below,

we shall introduce a possibility to have φi = [φ̄iT
...φ̃iT ]T ,

θi = [θ̄iT
...θ̃iT ]T and ei = [ēiT

...ẽiT ]T (with w.l.o.g. dim φ̄i =
dim θ̄i = dim ēi = p̄, dim φ̃i = dim θ̃i = dim ẽi = p̃), so
that θiTφi = θ̄iT φ̄i + θ̃iT φ̃i can be explicitly incorporated
in the definition δit in (7) (if necessary, see Subsection V-D).
In general, the iterates (6) for θit can be decomposed into the
following iterates for θ̄it and θ̃it:

θ̄it+1 = θ̄it + αi
tρ

i
tδ

i
tē

i
t; θ̃it+1 = θ̃it + αi

tρ
i
tδ

i
tẽ

i
t. (9)

Notice the following two important facts related to the
GTD(1) algorithm:

a) GTD(1) generates asymptotically the optimal mean-
squared-error (MSE) solution [4], and

b) the following linear equation for the asymptotically
optimal parameter vector θi∗(wi) is obtained from (5) for any
given wi

bi + Ciθi∗(wi) = 0, (10)

where bi = limtE{Ri
t+1e

i
t} and Ci = limtE{eitψiT

t }, with
ψi
t = γit+1φ

i
t+1 − φi

t (E{·} denotes the expectation w.r.t. the
target policy) [1], [8], [31].

B. Local Policy Gradients

The local policy gradients

∇wiJ i(wi) = ∇wiθi(wi)TEi{φi
t} (11)

are elaborated in this subsection, extending the results of
[8] to the multi-agent multi-task problems, as formulated in
Section II-B.

For GTD(1) as the Critic algorithm, we start from (5) and
obtain that limt→∞ ∇wiEi{ρitδiteit} = 0, wherefrom it follows
that

∇wiθiT (wi) = [Ei{ρitδit∇wi log πi
wi(sit, a

i
t)} (12)

+ Ei{ρitδit∇wieiTt }][Ei{ρit(φi
t − γit+1φ

i
t+1)e

iT
t }]−1,

where ∇wi log πi
wi(sit, a

i
t)} = [∇w̄i log πi

wi(sit, a
i
t)}T

...

∇w̃i log πi
wi(sit, a

i
t)}T ]T and ∇wieiTt = [(∇w̄ieiTt )T

...

(∇w̃ieiTt )T ]T . Therefore, the local policy gradient derived
from (4) is given by

∇wiJ i = Ei{ρitδit[f it∇wi log πi
wi(sit, a

i
t)] +∇wieiTt ηi]},

(13)

where ηi = (HiT )−1Ei{φi
t}, Hi = Ei{ρit(φi

t − γiφi
t+1)e

iT
t }

and f it = eiTt ηi, bearing in mind that Hi is nonsingular due
to (A2a).

We also have the following important relation utilized in
Lemma 1 and Theorem 1 below:

Ei{ρit(φi
t − γit+1φ

i
t+1)f

i(sit)} = Ei{φi
t}, (14)

where f i(sit) = E{f it |sit} = E{eit|sit}T ηi [8].

C. Actor

In general, implementations of the general expression (13)
may be faced with serious problems in the case of off-policy
learning [8]. However, starting from the following lemma from
[8], we are going to demonstrate that GTD(1) used as the Critic
algorithm generates a new Actor algorithm for real-time AC
RL using exact gradients of the global criterion (4).

Lemma 1 ( [8]): For GTD(1) as the Critic algorithm,
the following holds for the corresponding policy gradient
formulated in Subsection III-B: a) The sequence {f it}, t ≥ 0,
defined by

f it = 1 + γitρ
i
t−1f

i
t−1, f i−1 = 0, (15)

i = 1, . . . , N , satisfies (14); b) ηi = [0 · · · 0 1]T .
Proof: The proof can be derived following [8]. One

should bear in mind that f i(si) is the unique solution to (14)
for a given si.
Using Lemma 1 and the definition of the global criterion (4),
we obtain our main result for the Actor algorithm design:

Theorem 1: For GTD(1) as the Critic algorithm, (13) gives
rise to the following statistical form of the corresponding
distributed policy gradient Actor algorithm solving the multi-
agent MTL problem formulated by (4):

∇w̄J(W ) =

N∑
i=1

ci∇w̄iJ i(w̄i, w̃i)|w̄i=w̄

= lim
t→∞

N∑
i=1

Ei{ciρitδitε̄it} = 0, (16)

∇w̃iJ(W ) = ∇w̃iJ i(wi) = lim
t→∞

Ei{ρitδitε̃it} = 0, (17)

i = 1, . . . N , where, for t ≥ 0,

ε̄it = f it∇w̄i log πi
wi(sit, a

i
t) + γitρ

i
t−1ε̄

i
t−1, ε̄i−1 = 0, (18)

ε̃it = f it∇w̃i log πi
wi(sit, a

i
t) + γitρ

i
t−1ε̃

i
t−1, ε̃i−1 = 0. (19)

Proof: The first term at the right hand side of
(13) can be written as

∑
si p

i
b(s

i)E{f it |sit = si}
E{ρitδit∇wi log πi

wi(sit, a
i
t) |sit = si}, since conditioning on

sit = si makes f it independent of sit+1, as it depends on sit−1

and the past [1], [4], [8]. According to Lemma 1, part a),
this term becomes equal to Ei{f itρitδit∇wi log πi

wi(sit, a
i
t)},

where f it is generated by (15). Applying Lemma 1, part
b), we conclude that the second term at the right hand
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side of (13) satisfies ∇wieiTt ηi = ∇wif it . Defining εit =
f it∇wi log πi

wi(sit, a
i
t) + ∇wif it , validity of (18) and (19)

follows after appropriate changes of variables, taking into

account that εi = [ε̄iT
...ε̃iT ]T , dim(ε̄i) = q̄, dim(ε̃i) = q̃.

The statistical forms (16) and (17) generate directly the
following distributed AC (DAC) MTRL algorithm consisting
of two interconnected iterates of stochastic approximation
type:

ŵi
t = w̄i

t + βi
tc

iρitδ
i
tε̄

i
t, w̄i

t+1 =
∑

j∈Ni
aijt ŵ

j
t , (20)

w̃i
t+1 = w̃i

t + βi
tρ

i
tδ

i
tε̃

i
t (21)

∀t ≥ 0, i = 1, . . . , N , where βi
t is a step-size sequence

satisfying βi
t ≪ αi

t, ∀t ≥ 0, in order to ensure the two-
time-scale property of the whole AC algorithm, while ε̄it
and ε̃it are defined by (18) and (19). Matrix At = [aijt ],
i, j = 1, . . . , N , aijt ≥ 0, is a row-stochastic matrix with
random elements attached to the graph G (the so-called con-
sensus matrix) representing a part of a dynamic consensus
algorithm [22]. Notice that the consensus from (20) is applied
only to w̄i, the part of wi which is shared by all the agents.
Formally, (20) is composed of two main parts: 1) update of
w̄i

t using the currently observed local trajectory tuples, and
2) convexification of the estimates obtained from the node
neighborhoods, aimed at achieving convergence to consensus,
providing w̄1∗ = . . . = w̄N∗ = w̄∗. The iterates (21)
generating the task-specific parts w̃i, i = 1, . . . , N , are
composed of N interconnected gradient-based recursions of
stochastic approximation type. Obviously, (20) and (21) are
interrelated, influencing the stability properties of the whole
algorithm in a nontrivial way (see Section V below).

The proposed DAC MTRL algorithm is represented by a
pseudo code as the Algorithm 1 below.

Algorithm 1 DAC MTRL Algorithm
for All the nodes i ∈ N do

Initialize θi0 = θ0i, wi
0 = [w̄iT

0

...w̃iT
0 ]T = w0i

loop
In each time step t:
Observe state sit
Execute ait ∼ πi

b(a
i
t|sit)

Observe reward Ri
t+1

Critic:
Compute ρit, δ

i
t and eit using (7) and (8)

Compute θit+1 by (6) (with fast time-scale step size αi
t)

Actor:
Compute ε̄it and ε̃it using (18) and (19)
Compute w̃i

t by (21) (with slow time-scale step βi
t)

Compute ŵi
t by (20) (with slow time-scale step βi

t)
Broadcast ŵi

t to out-neighbors
Receive ŵj

t from in-neighbors j ∈ Ni

Compute w̄i
t using (20)

Until convergence
end loop

end for

D. Global Algorithm Model

For the Critic algorithm, we introduce functions
gi(θi, wi, ξig) = ρi(si, ai)δ̄i(θi, si, ai, ŝi)ei, where
ξig = (si, ai, ŝi, ei), δ̄i(θi, si, ai, ŝi) = ri(si, ai, ŝi) +
γi(ŝi)φiT (ŝi)θi − φiT (si)θi and ri(si, ai, ŝi) is the one-step
expected reward (while following πi

b, i = 1, . . . , N ). Notice
that δit = δ̄i(θit, s

i
t, a

i
t, s

i
t+1) + ωi

t+1, where ωi
t+1 is a zero

mean random sequence, modeling randomness in Ri
t+1. Also,

we have git = gi(θit, w
i
t, ξ

i
g,t).

For the Actor algorithm, we define hi[1](θ
i, wi, ξ̄ih) =

ciρi(si, ai)δ̄i(θi, si, ai, ŝi)ε̄i and ξ̄ih = (si, ai, ŝi, ε̄i, f̂ i), while
hi[2](θ

i, wi, ξ̃ih) = ρi(si, ai)δ̄i(θi, si, ai, ŝi)ε̃i, where ξ̃ih =

(si, ai, ŝi, ε̃i, f̂ i); also, hi[1],t = hi[1](θ
i
t, w

i
t, ξ̄

i
t) and hi[2],t =

hi[2](θ
i
t, w

i
t, ξ̃

i
t).

Therefore, the proposed algorithm can be represented, at the
network level, by the following vector-matrix equations:

Θt+1 =Θt + αt[G(Θt,Wt,Ξg,t) + Ωg,t] (22)
Wt+1 =blockdiag{(At ⊗ Iq̄), INq̃} (23)

× {Wt + βt[H(Θt,Wt, Ξ̂h,t) + Ωh,t]}

where we assumed that αi
t = αt and βi

t = βt, for all
i = 1, ..., N , and where Θt = [θ1Tt · · · θNT

t ]T , Wt =

[W̄T
t

...W̃T
t ]T , W̄t = [w̄1T

t · · · w̄NT
t ]T , W̃t = [w̃1T

t · · · w̃NT
t ]T ,

G(Θt,Wt,Ξg,t) = [g1(·, ·, ·)T · · · gN (·, ·, ·)T ]T ,

H(Θt,Wt,Ξh,t) = [H[1](Θt,Wt, Ξ̄h,t)
T

...
H[2](Θt,Wt, Ξ̃h,t)

T ]T , H[1](Θt,Wt, Ξ̄h,t) = [h1[1](·, ·, ·)
T

· · ·hN[1](·, ·, ·)
T ]T , H[2](Θt,Wt, Ξ̃h,t) = [h1[2](·, ·, ·)

T

· · ·hN[2](·, ·, ·)
T ]T , Ξg,t = [ξ1Tg,t · · · ξNT

g,t ]T , Ξh,t = [Ξ̄T
h,t

...Ξ̃T
h,t]

T ,
Ξ̄h,t = [ξ̄1Th,t · · · ξ̄NT

h,t ]
T , Ξ̃ht = [ξ̃1Th,t · · · ξ̃NT

h,t ]
T ,

Ωg,t = [ρ1tω
1
t+1e

1T
t · · · ρNt ωN

t+1e
NT
t ]T , Ωh,t = [Ω̄T

h,t

...Ω̃T
h,t]

T ,
Ω̄h,t = [ρ1tω

1
t+1ε̄

1T
t · · · ρNt ωN

t+1ε̄
NT
t ]T , Ω̃h,t = [ρ1tω

1
t+1ε̃

1T
t

· · · ρNt ωN
t+1ε̃

NT
t ]T .

IV. CONVERGENCE ANALYSIS: CRITIC, FAST TIME-SCALE

Convergence of the GTD(λ) algorithms (λ ∈ [0, 1]) has been
thoroughly analyzed in the literature, e.g. [4], [31]. We shall
recapitulate here a theorem dealing with the weak convergence
of the GTD(1) algorithm, assuming that Wt =W .

(A3) Matrix Ci is nonsingular, i = 1, . . . , N .
(A4a) Θt is tight [30].
Theorem 2 ( [31], [33]): Let (A1), (A2), (A3) and (A4a)

hold. Let {Θt} be generated by (22) with αt = α > 0 and
Wt = W , where W is an arbitrary constant vector. Let {tα}
be a sequence of nonnegative integers such that αtα → ∞ as
α → 0. Then, there exists a sequence Tα with Tα → ∞ as
α→ 0, such that for any δi > 0

lim
α→0

supP{θit /∈ Nδi(θ
i∗), some t ∈ [tα, tα + Tα/α]} = 0,

(24)
where Nδi(·) denotes the δi-neighborhood of an indicated set
and θi∗ = (Ci)−1bi by (10), so that Θ∗ = [θ1∗T · · · θN∗T ]T .
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V. CONVERGENCE ANALYSIS: ACTOR, SLOW TIME-SCALE

Within this subsection we shall focus on: 1) general as-
sumptions related to the consensus scheme incorporated in
the algorithm, 2) an analysis of the Feller-Markov properties
of the trace variables characterizing the Actor algorithm, as
prerequisites for the convergence proof, i = 1, . . . , N , 3) weak
convergence proof of the Actor algorithm to a limit ODE at
the slow time-scale, with Θt replaced by Θ∗(Wt), according
to Theorem 2, 4) a stability analysis of the derived limit ODE
based on the vector Lyapunov functions and the aggregation
models.

Similarly with (A4a), we assume:
(A4b) Wt is tight.
Remark 2: Assumptions (A4a) and (A4b) are unnecessary

when some kind of projection or truncation is incorporated in
the AC algorithms [29], [30].

A. Consensus Part

The general network setting and the related assumptions are
presented very shortly; details can be found in [17], [22], [29].

Let Y (t|k) = At · · ·Ak for t ≥ k, Y (t|t + 1) = IN , and
let F̃t be an increasing sequence of σ-algebras such that F̃t

measures {Wk, k ≤ t, Ak, k < t}.
(A5) Graph G is strongly connected.
(A6) There is a scalar ς0 > 0 such that aiit ≥ ς0, and, for

i ̸= j, either aijt = 0 or aijt ≥ ς0.
(A7) There are a scalar p0 > 0 and an integer t0 such that

PF̃t
{agent j communicates to agent i on the interval [t, t+t0]}

≥ p0, for all t and i, j for which Aij
G ̸= 0.

(A8) Let Yk = limt→∞ Y (t|k) exists w.p.1. Then, there is
an N × N matrix Ȳ such that E{|EF̃k

{Yk} − Ȳ |} → 0 as
|t − k| → ∞, which has the form Ȳ = [Ŷ · · · Ŷ ]T , where

Ŷ = [ȳ1 · · · ȳN ]T ; also, Yt =

 y1t . . . yNt. . .

y1t . . . y
N
t

 [17], [22], [29].

(A9) Sequence {At} is independent of the processes in
MDP(i), i = 1, . . . , N .

Remark 3: Assumptions (A5)–(A9), formulated according
to [29], are, essentially, very mild. They allow, for example,
considering different types of asynchronous broadcast gossip
algorithms, random communication dropouts, etc. [22].

B. Actor Trace Variables

In this subsection, we shall be concerned with several
important properties of the Actor trace variables, defined as
{Ẑi

t} = {sit, ait, εit, f̂ it}, i = 1, . . . , N . We shall include the
following assumptions:

(A10) For every (si, ai) ∈ S×A the mappings wi 7−→ πi
wi

are twice differentiable, i = 1, . . . , N .
(A11) supwi,si,ai ∥∇wi log πi

wi(si, ai)∥ < ∞
and ∇wi log πi

wi(si, ai) has a bounded derivative
∀(si, ai) ∈ S ×A.

The following lemma deals with the properties of {Ẑi
t}

related closely to the properties presented under (i) and (ii)
in [32, Subsection 3.1, Appendix A] and [33]. The derivation
of the proof of the lemma is, however, new and different from
the related proofs in [32].

Lemma 2: Let χi
t = [ε̄iTt f̂ it ]

T . Then, under (A1)–(A11) the
following holds for any bounded χi

−1: a) supt≥0Ei{∥χi
t∥} <

∞, and b) the zero-input response of χi
t tends to zero a.s.

Proof: Recursions (18), (19) and (15) give rise to the
following discrete-time dynamic model:

χi
t = γitρ

i
t−1Ŝ

i
tχ

i
t−1 + T̂ i

t , (25)

where Ŝi
t =

[
I ∇w̄i log πi

wi(sit, a
i
t)

0 1

]
, T̂ i

t =[
∇w̄i log πi

wi(sit, a
i
t)

1

]
, wherefrom

χi
t =

t∏
k=1

γikρ
i
k−1Ŝ

i
kχ

i
−1 +

t∑
k=1

t−1∏
j=k

γij+1ρ
i
jŜ

i
j+1T̂

i
k. (26)

a) It is straightforward to derive (like in [37]) that
Ei{

∏t−1
j=k ∥Ŝi

j∥} ≤ Li
1(t− k), 0 < Li

1 <∞. Also, using [32,
Lemmas A.1 and A.2, Proposition A.1], we find out that for
|t− k| large enough Ei{E{

∏t−1
j=k γ

i
j+1ρ

i
j |Fk}} ≤ Li

2(σ
i)t−k,

where Fk is a σ-algebra generated by χi
t in (25) up to time

k and T̂ i
t up to time k − 1, 0 < Li

2 < ∞, with |σi| < 1.
Therefore,

Ei{∥χi
t∥} ≤ L3t(σ

i)t + L4

t∑
k=1

(t− k)(σi)t−k <∞ (27)

(0 < L3, L4 <∞).
b) The form of (25) implies that ∥

∑
j Ŝ

i
j∥ ≤ L5t, 0 < L5 <

∞. Therefore, we define for t ≥ 0 a nonnegative sequence
{∆i

t} by

∆i
t = t

t∏
j=1

γijρ
i
j−1 =

t

t− µ

t∏
j=t−µ+1

(γijρ
i
j−1)∆

i
t−µ, (28)

(with a.s. bounded initial condition), where µ ∈ I+. It is evi-
dent that ∃µ such that E{

∏t
j=t−µ(γ

i
jρ

i
j−1)|Ft−µ} < 1 (a.s.).

Then, ∃t0 > 0 such that t
t−µE{

∏t
j=t−µ(γ

i
jρ

i
j−1)|Ft−µ} ≤ 1

(a.s.), ∀t > t0. Therefore, the convergence theorem for
nonnegative supermartingales can be applied, i.e. ∆i

t → ∆i
∞

(a.s.). As Ei{∆i
t} →t→∞ 0, ∆i

∞ = 0 a.s. Hence, the result
follows.

The Actor trace properties analogous to the properties (iii)
and (iv) from [32, Subsection 3.1] can be demonstrated using
Lemma 2 and [32, Theorem 3.2].

Based on [32] and the above derived results, it follows that:
a) {Ẑi

t} is a Feller-Markov chain bounded in probability and
having a unique probability measure ζ̂i, and b) for each Ẑi

0

the sequence 1
t

∑t−1
k=0 f(Ẑ

i
k) converges in mean and a.s. to

Eζ̂i{f(Ẑi
0)} for any Lipschitz continuous function f .

Let h̄i[1](θ
i∗(wi), wi) = Eζi

h
{hi[1] (θi∗(wi), wi, ξih,0)}

and h̄i[2](θ
i∗(wi), wi) = Eζi

h
{hi[2] (θi∗(wi), wi, ξih,0)},

where ζih is the probability measure corresponding to
ξih. We can also write h̄i[1] = b̄i + Di

11θ̄
i∗(wi) +

D12θ̃
i∗(wi) and h̄i[2] = b̃i + Di

21θ̄
i∗(wi) + D22θ̃

i∗(wi),
where b̄i = E{Ri

t+1ε̄
i
t}, b̃i = E{Ri

t+1ε̃
i
t}, Di

11 =

E{ε̄itψ̄iT
t }, Di

12 = E{ε̄itψ̃iT
t }, Di

21 = E{ε̃itψ̄iT
t } and

D22 = E{ε̃itψ̃iT
t } (the expectations are obtained using
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ζih). Also, let H̄[1](Θ
∗(W ),W ) = [h̄1[1](θ

1∗(w1), w1)T · · ·
h̄N[1] (θN∗(wN ), wN )T ]T and H̄[2](Θ

∗(W ),W ) = [h̄1[2]
(θ1∗(w1), w1)T · · · h̄N[2](θ

N∗(wN ), wN )T ]T .

C. Weak Convergence Proof

Assume that βt = β > 0. Let tβ be a sequence
tending to ∞ when β → 0, satisfying β

1
2 tβ → 0 as

β → 0 and supk P{|Y (k + tβ |k) − Yk| ≥ β2} ≤ β2 (see
[29]). Define W̄ β

0 = (Y (tβ |0) ⊗ Iq̄)W̄0 + β
∑tβ−1

k=0 (Yk ⊗
Iq̄)H̄(Θ∗(Wk),Wk, Ξ̄k). For τ ∈ R+, let W β(τ) = Wt for
τ ∈ [(t−tβ)β, (t−tβ+1)β) (W β(·) starts slightly away from
the origin due to the existence of the consensus scheme, see
[29], [30] for details).

Theorem 3: Let Wt be generated by (23) in which Θt is
replaced by Θ∗(Wt) and let (A1)–(A11) be satisfied. Then,
W β(τ) is tight and converges weakly when β → 0 to
W ∗(τ) = [w̄(τ)T · · · w̄(τ)T , w̃1T (τ) · · · w̃NT (τ)]T , τ ∈ R+,
where w̄(τ) and w̃i(τ) satisfy

˙̄w =

N∑
i=1

ciȳih̄i[1](θ
i∗(wi), wi), w̄(0) = w̄0, (29)

˙̃wi = h̄[2](θ
i∗(wi), wi), w̃i(0) = w̃i

0, (30)

i = 1, . . . , N , with θi∗(wi) given by (10).
Also, there exists a sequence Tβ with Tβ → ∞ as β → 0

such that ∀i ∈ {1, . . . , N} and any δ > 0

lim
β→0

supP{Wt /∈ Nδ(W∗), some t ∈ [tβ , tβ + Tβ/β]} = 0,

(31)
where W∗ is a bounded invariant set of (29), (30).

Proof: At the first step it is essential to verify the basic
assumptions from [29], [30, Theorem 3.1]. Using the results
from [33, Paragraph 4.1.1] and the Subsection V-B devoted
to the Actor trace variables, we readily conclude that the as-
sumptions C(3.2) and C(3.3’) from [29, Section 3] are satisfied
for the proposed algorithm. More specifically, the results of
Subsection V-B imply C(3.2), while Lemma 2, together with
[33, Paragraph 4.1.1], can be used in a straightforward way to
verify C(3.3’).

Iterating both W̄t and W̃t backwards, we obtain

W̄t+1 =W̄ β
0 + β

t∑
k=tβ

(Yk ⊗ Iq̄)H[1](Θ
∗(Wk),Wk, Ξ̄h,k)

+ βϱ̄βt + [(Y (t|0)− Y (tβ |0))⊗ Iq̄]W̄0, (32)

W̃t+1 =W̃tβ + β

t∑
k=tβ

H[2](Θ
∗(Wk),Wk, Ξ̃h,k), (33)

where ϱ̄βt =
∑t

k=0{[Y (t|k) − Yk] ⊗ Iq̄}
H[1](Θ

∗(Wk), W̄k, Ξ̄h,k). Notice that the iterations for
W̄t and W̃t are interrelated, However, it is possible
to find out that the results from [29, Theorem 3.1,
Part 1] can be extended to (32) with minor technical
modifications implied by the adopted specific parametrization
of the target policy. Namely, using (32) and (A8) we
obtain that supβ,t≥tβ

1
β2Ei{∥Wt+1 − Wt∥2} < ∞ and

{ 1
β ∥Wt+1 −Wt∥, t ≥ tβ} is uniformly integrable, implying

that {W β(·)} is tight and that the limit paths are Lipschitz
continuous in τ .

The asymptotic mean ODEs from (29) and (30) are derived
extending the methodology from [17], [29], [30]. Namely,
following [29], we introduce

Mf (τ) = f(W (τ))− f(W (0)) (34)

−
∫ τ

0

∇W f(W (s))T

[
(Ȳ ⊗ Iq̄)H̄[1](Θ

∗(W ),W )

H̄[2](Θ
∗(W ),W )

]
ds.

Using [29] we can show that Mf (τ) is a continuous-time
martingale and that Mf (τ) = 0, where f(·) is any real valued
function with compact support and continuous second deriva-
tives. Consequently, one obtains on the basis of Theorem 3.1,
Part 3 of [29] that

˙̄W = (Ȳ ⊗ Iq̄)H̄[1](Θ
∗(W ),W ), ˙̃W = H̄[2](Θ

∗(W ),W ).
(35)

By (A5)–(A9) all the rows of Ȳ are equal, so that it follows
from (35) that W̄ (·) = [w̄(·)T · · · w̄(·)T ]T , with w̄(·) satisfy-
ing (29). The set of ODEs in (30) is equivalent to the second
relation in (35).

The last part of the theorem asserts that the process spends
nearly all of its time in a small neighborhood of an invariant
set of the derived system of ODEs (29), (30). It is important to
notice that ∇w̄,w̃1,...,w̃NJ(W ) = 0 for ȳi = 1/N , according
to (3). Consequently, the chain recurrent points of an invariant
set consist of the stationary points of the derived ODEs. The
theorem does not rule out the convergence to unstable or
saddle points with some probability. In general, the choice
of a convenient Lyapunov function for the stability analysis
depends on the form of the target policy; then, the analysis of
the fixed points can follow the general results from, e.g. [51].
Notice only that the stochastic nature of the problem implies
that the probability is zero that the algorithm converges to
possibly unstable stationary points in W∗ [51].

Remark 4: The weights ci and the coefficients ȳi appear
only within the products ciȳi. Practically, there are two main
possibilities: a) to adopt ci = 1 and to choose the appropriate
values of ȳi by adequate network design (details concerning
the network design can be found in [22]) or b) to adopt
ȳi = 1/N and to retain the freedom of selecting ci a priori.
Notice here only that there is always (under unrestrictive
conditions) such a matrix At = A that provides any desired
set of coefficients ȳi, i = 1, . . . , N .

Remark 5: The above analysis is based on the assumption
that the step sizes of the algorithm are constant. It is techni-
cally straightforward to formulate a similar convergence proof
for tapering step sizes (tending to zero more slowly than 1/t),
by applying the general methodology from [30], [31].

D. Limit ODE: Stability

Stability analysis of the stationary points of the obtained
limit ODEs (29), (30) will be done in this subsection starting
from the methodology of the vector Lyapunov functions,
which offers significant flexibilities in the case of distributed
and large-scale systems exposed to structural perturbations,
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e.g. [35], [52]–[54]. The main focus will be placed on the in-
terconnections between the estimation of the shared parameter
vector, on one side, and of the local parameter vectors, on the
other. We shall analyze two characteristic cases, depending
on the a priori choice of the feature vector φ̃i

t in the Critic
algorithm.

1) Case (1): Using (35) and assuming φ̃i
t = 0, we obtain

the following nonlinear vector-matrix ODE

Ẇ =

[
˙̄W
˙̃W

]
=

[
b̄

b̃

]
+

[
Ǎ
0

]
Θ̄(W ) +

[
0

B̌

]
Θ̄(W )

= Fw
(1)(W ) +Kw

(1)(W ), (36)

where Fw
(1)(W ) =

[
b̄

b̃

]
+

[
Ǎ
0

]
Θ̄, Ǎ =


D1

11 · · · DN
11

...
...

D1
11 · · · DN

11


∈ RNq̄×Np̄, Kw

(1)(W ) =

[
0

B̌

]
Θ̄ and B̌ =

diag{D1
21, . . . , D

N
21} ∈ RNq̃×Np̄; the vector function

Θ̄(W ) = [θ̄1T · · · θ̄NT ]T results from the Critic algorithm.
In order to analyze stability of the stationary points of

(36), we define W ∗,(1) = ArgW {Fw
(1)(W ) = 0}. After

introducing X = W −W ∗,(1), (36) gives Ẋ = F x
(1)(X) =

Fw
(1)(X +W ∗,(1)), satisfying F x

(1)(0) = 0; similarly, we have
Kx

(1)(X) = Kw
(1)(X + W ∗,(1)), so that (36) is equivalent

to Ẋ = F x
(1)(X) + Kx

(1)(X), XT = [x1T · · ·xNT ]T , xi =

wi − wi∗,(1), xi = [x̄T
...x̃iT ]T .

Theorem 4: Let a function v(1) : RNq̄
ρ → R+ be contin-

uously differentiable w.r.t. X , where RNq̄
ρ = {X ∈ RNq̄ :

∥X∥ < ρ}, and let v(1)(0) = 0,

η
(1)
1 ∥X∥ ≤ v(1)(X) ≤ η

(1)
2 ∥X∥

v̇(1)(X)[F ] ≤ −η(1)3 ∥X∥,
∥gradX [v(1)(X)]∥ ≤ η

(1)
4 , (37)

where η
(1)
1 , η

(1)
2 , η

(1)
3 and η

(1)
4 are positive numbers and the

derivative ˙v(1)(X)[F ] is obtained along the trajectories of Ẋ =
F x
(1)(X). Suppose that the interconnection function Kx

(1)(X)
satisfies the following inequality

gradX [v(1)(X)]TKx
(1)(X) ≤ ν(1)∥X∥, (38)

where ν(1) ≥ 0 is bounded (see [35, Definitions 2.17, 2.18],
[55]). Let the aggregation matrix MH,(1) satisfy the following
Hicks stability condition for the Metzler matrices [55]–[57]

MH,(1) = −(η
(1)
2 )−1η

(1)
3 + ν(1)η

(1)
4 (η

(1)
1 )−1 > 0. (39)

Then the equilibrium X∗ = 0 is exponentially stable.
Remark 6: The theoretical background of the vector Lya-

punov functions and the aggregate models applied to large-
scale systems can be found in [35]. If s is the dimension of a
selected vector Lyapunov function, s× s aggregation matrices
appear as parts of aggregate system models [35, Theorems 2.7,
2.11]. Under appropriate conditions, the quasi-dominant block-
diagonal property of an aggregation matrix implies stability
of the entire system (in our case, s = 1, so that the Hicks

conditions reduces to the scalar inequality (39)) [35], [55]–
[57].

Proof: We shall follow the general methodology of [35,
Theorem 2.16]. The total time derivative v̇(1)(X)[F+K] along
the solutions of the equation Ẋ = F x

(1)(X) + Kx
(1)(X) is

obtained as

v̇(1)(X)[F+K] = v̇(1)(X)[F ] + [gradXv
(1)(X)]TKx

(1)(X)

≤ −η(1)3 ∥X∥+ ν(1)η
(1)
4 ∥X∥ ≤ −(η

(1)
2 )−1η

(1)
3 v(1)(X)

+ν(1)η
(1)
4 (η

(1)
1 )−1v(1)(X) ≤ −α(1)v(1)(X), (40)

where α(1) > 0. From the last inequality we get

v(1)(X(τ)) = v(1)(X0) exp[−α(1)(τ − τ0)], (41)

for some X0 and τ0. The assertion follows after using [35,
Theorems 2.15, 2.16].

The model Ẋ = F x
(1)(X) is stable at X∗ = 0 under

(37) according to the classical Lyapunov methodology, while
Theorem 4 deals with the stability of the entire model (36)
under different interconnection functions Kx

(1)(X). Analyzing
(36) term by term, we immediately find out that matrix Ǎ
in F x

(1)(X) is composed of identical block-rows composed of
Di

11, i = 1, . . . , N , and that matrix B̌ in Kx
(1)(X) is block-

diagonal, having Di
21 at the block-diagonal, i = 1, . . . , N .

Therefore, F x
(1)(X) gives rise to N identical q̄-th order ODEs

defined by ˙̄x =
∑N

i=1 c
iȳiDi

11θ
i(xi), while Kx

(1)(X) is com-
posed of N q̃-th order ODEs ˙̃xi = Di

21θ
i(xi), i = 1, . . . , N .

Analysis of these lower order ODEs can be done using the
methodology of Theorem 4.

Elaborating practical implications of Theorem 4, we recall
that Di

21 = E{ε̃itψ̄iT
t } by definition and conclude that a con-

venient choice of the trace vectors ε̃it and the feature vectors in
ψ̄iT
t influences directly the term ν(1) from (38) and can make

it as small as necessary, in accordance with (39). This means
to select, during the design phase of the algorithm, appro-
priate feature vectors φ̄i

t and vectors ∇wi log πi
wi(sit, a

i
t) =

[∇w̄i log πi
wi(sit, a

i
t)

T
...∇w̃i log πi

wi(sit, a
i
t)

T ]T (due to the
properties of the linear dynamic models generating the trace
variables for both Critic and Actor, presented in [31], [32]).
Definition of these vectors and their fine tuning are to be done
in parallel with the final choice of the Lyapunov function itself.

Corollary 1: Let the assumptions of Theorem 4 hold. Then,
the equilibrium X∗ = 0 can be made exponentially asymp-
totically stable by an adequate choice of the feature vectors
φ̃i
t for the Critic, as well as of the vectors ∇i

w̄i log πi
wi(sit, a

i
t)

and ∇w̃i log πi
wi(sit, a

i
t) for the Actor.

Remark 7: A possible drawback of adopting the algorithm
structure given in (36) lies in a possibility to have a low
convergence rate of the local task-specific parameters at the
expense of achieving stability by choosing too low values of
the spectral norm of the cross-correlation matrix Di

21.
2) Case (2): Assuming φ̃i

t ̸= 0, we obtain the following
model

Ẇ =

[
˙̄W
˙̃W

]
=

[
b̄

b̃

]
+

[
Ǎ 0

0 Ď

]
Θ(W ) +

[
0 Č

B̌ 0

]
Θ(W )

= Fw
(2)(W ) +Kw

(2)(W ), (42)
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where Fw
(2)(W ) =

[
b̄

b̃

]
+

[
Ǎ 0

0 Ď

]
Θ, Ď =

diag {D1
22, · · · , DN

22} ∈ RNq̃×Np̃, Kw
(2)(W ) =

[
0 Č

B̌ 0

]
Θ,

Č =


D1

12 · · · DN
12

...
...

D1
12 · · · DN

12

 ∈ RNq̄×Np̃, Θ = Θ(W ) = [Θ̄T
...Θ̃T ]T ,

Θ̃ = [θ̃1T · · · θ̃NT ]T . Also, we have F x
(2)(X) =

Fw
(2)(X + W ∗,(2)) and Kx

(2)(X) = Kw
(2)(X + W ∗,(2)),

where W ∗,(2) = ArgW {Fw
(2)(W ) = 0}, in accordance

with Theorem 4. Notice that the model (42) is obtained

by incorporating ψi = [ψ̄iT
...ψ̃iT ]T in the definition of the

temporal difference in (7).
Stability analysis of (42) can be carried out similarly as

in Theorem 4. Moreover, all the analogous assumptions and
assertions can be obtained directly from those given in Theo-
rem 4 after replacing all the subscripts and superscripts ”(1)”
(indicating Case (1)) by the subscripts and superscripts ”(2)”
(indicating Case (2)).

The starting point is now the introduction of a new Lya-
punov function candidate v(2) : RNp̄

ρ → R+. Therefore, the
new stability condition replacing (39) is now in the form

MH,(2) = −(η
(2)
2 )−1η

(2)
3 + ν(2)η

(2)
4 (η

(2)
1 )−1 > 0, (43)

where ν(2) follows formally from (38) after inserting the
appropriate subscripts and superscripts.

The essential difference between the Cases (1) and (2)
does not lie in the theoretical formalities, but in the in-
terpretation of the adopted model structure and the related
practical consequences. According to (42), we immediately
find out that the matrix B̌ is composed of Di

12 and the
matrix Č of Di

21 as their block-sub-matrices, respectively,
i = 1, . . . , N . According to the above given definitions,
Di

12 = E{ε̄itψ̃iT
t } and Di

21 = E{ε̃itψ̄iT
t }, indicating that the

choice of the feature and trace vectors φ̄iT
t , φ̃iT

t , ε̄it and ε̃it,
can directly make ν(2) from (43) arbitrarily smaller, leading
to the asymptotic stability. In other words, by decreasing
cross-correlation between ε̄it and ψ̃iT

t , as well as between
ε̃it and ψ̄iT

t , we can ensure stability of the whole system,
preserving, at the same time, their satisfactory dynamics.
Naturally, this conclusion holds under the general assumption
that the cross-correlation between ε̄it and ψ̄iT

t , as well between
ε̃it and ψ̃iT

t , is kept above a certain predefined level. Procedu-
rally, this means to select appropriately the feature vectors

φi
t = [φ̄iT

t

...φ̃iT
t ]T and the vectors ∇wi log πi

wi(sit, a
i
t) =

[∇w̄i log πi
wi(sit, a

i
t)

T
...∇w̃i log πi

wi(sit, a
i
t)

T ]T .
In conclusion, in the Case (2) the introduction of a specific

feature vector φ̃i
t with the required correlation properties

enables obtaining stability of the algorithm without sacrificing
quality of the w̃i estimation, overcoming in such a way the
main drawback of the Case (1).

Remark 8: The state-action value-function parametrization
in the Actor based on the Gibbs distribution can be taken
as an illustration of the above line of thought [1], [2], [5].

Consider a policy function that is a Gibbs distribution in a
linear combination of features represented by

πi
wi(si, ai) =

exp{wiTϕi(si, ai)/τg}∑
bi exp{wiTϕi(si, bi)/τg}

(44)

where ϕi(si, ai) is a qi-dimensional feature vector charac-
terizing the state-action pairs (si, ai) in MDPi and τg the
temperature parameter. Thus, we have

∇wi log πi
wi(si, ai) = ϕi(si, ai)−

∑
bi

πi(si, bi)ϕi(si, bi).

(45)

After adopting ϕi(si, ai) = [ϕ̄i(si, ai)T
...ϕ̃i(si, ai)T ]T , it is

possible to implement directly either Case (1) or Case (2).
Remark 9: The extension of Theorems 2 and 3 to the entire

two-time-scale algorithm originally defined in (22) and (23)
can be done by applying the methodology from [37] (proposed
in [31] for GTD(λ) algorithms). Let Wα,β

t be generated by
the two-time-scale algorithm (22), (23) with αt = α and βt =
β, satisfying β ≪ α, and let assumptions (A1)–A(11) hold.
Then, Wα,β(τ), which is obtained from Wα,β

t in the same
way as W β(τ) is obtained from W β

t in Theorem 3, converges

weakly to W (τ) = [w̄(τ)T · · · w̄(τ)T
...w̃1(τ)T · · · w̃N (τ)T ]T ,

τ ∈ R+, where w̄(τ) and w̃i(τ) satisfy (29) and (30). The
proof of this statement can be derived following the results
from [37].

VI. CONVERGENCE RATE; COVARIANCE REDUCTION

Besides providing a solution to the MTRL problem, the
proposed distributed AC algorithm can be also considered as
an efficient, low variance parallelization tool. The structure of
the whole algorithm is in this case similar to the structure
of the popular A3C and A2C algorithms [36], but in our
case based of completely decentralized computations. We
shall provide an insight into this situation by analyzing the
asymptotic convergence rate of the Actor algorithm, according
to the methodology from [29, Section 6].

Let (A1)–(A11) hold and let w̃i = 0, so that wi = w̄i = w̄,
i = 1, . . . , N . According to Theorem 3, Wt (or W̄t) weakly
converges to some W ∗ = W̄ ∗ = [w̄∗T · · · w̄∗T ]T . Let

Uβ
t = (Wt −W ∗)/

√
β, (46)

Σβ
t =

√
β
∑t

T+tβ+1(Yt+1 ⊗ Iq̄)H̄[1](Θ
∗(W̄ ), W̄ , Ξ̄h,t),

t > tβ + T , T > 0. It can be proved using [29] that the
processes Uβ(τ) and Σβ(τ), τ ∈ R+, where Uβ(τ) = Uβ

t

and Σβ(τ) = Σβ
t for τ ∈ [β(t − T − tβ), β(t − T − tβ +

1)), weakly converge (under mild assumptions) to U(·) =
[u(·)T · · ·u(·)T ]T and Σ(·) = [σ(·)T · · ·σ(·)T ]T , respectively,
where u(·) satisfies the following Itô stochastic differential
equation (SDE)

du =Mudτ + dσ, (47)

where M = [
∑N

i=1 c
iȳih̄i[1](θ

i∗(w̄), w̄)]
′

w̄ is the Jacobian
matrix, while σ(·) is a q̄-dimensional Wiener process, such
that cov{σ}(1) = R̄, where

R̄ =
∑∞

t=−∞E{[
∑N

i=1 c
iyit+1h̄

i
[1](θ

i∗(w̄), w̄, ξ̄ih,t)]

×[
∑N

i=1 c
iyit+1h̄

i
[1](θ

i∗(w̄), w̄, ξ̄ih,t)]
T }. (48)
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Fig. 2. Diagram of the simulated MDP.

The stationary covariance of u(·) is defined by

R̄u =

∫ ∞

0

eMτ R̄eM
T τdτ (49)

and can be taken as a measure of the asymptotic rate of
convergence of the algorithm.

Assume that P i(ŝi|si, ai) = P (ŝi|si, ai), pi(·|ŝi, si, ai) =
p(·|ŝi, si, ai) and ri(ŝi, si, ai) = r(ŝi, si, ai) and that {ξ̄ih,t}
are mutually independent and cov{h̄i[1](θ

i∗(w̄), w̄, ξih)} = Ri.
When, moreover, h̄i[1](·, ·, ·) = h̄[1](·, ·, ·) and Ri = R, we
obtain the SDE from (47) with σ = σd where

cov{σd}(1) = R

N∑
i=1

E{yi2t }. (50)

In order to compare the proposed RL algorithm with a stan-
dard single-agent alternative, consider a single-agent algorithm
defined by the iterates

zit+1 = zit + βh[1](θ
i∗(zit), z

i
t, ξ

i
h,t), (51)

where zi(·) ∈ Rq̄ , i = 1, . . . , N . Introducing uc,it = (zit −
w̄∗)/

√
β, we obtain

duc,i =Muc,idτ + dσc, (52)

where σc is a Wiener process with cov{σc}(1) = R. As∑N
i=1E{yi2t } < 1 in (50), our distributed multi-agent al-

gorithm yields a potentially significant improvement in the
sense of covariance reduction w.r.t. the standard single-agent
algorithms due to the averaging over the network. The infimum
of

∑N
i=1E{yi2t } occurs when all E{yi2t } are equal for all i,

giving the improvement factor of 1/N . In general, the design
of a network providing a desired covariance reduction w.r.t.
the single agent case can be done following the methodology
from [22].

VII. SIMULATION RESULTS

The simulated MDP environment is a variant of the Boyan’s
chain, designed to represent a simplified travel decision-
making problem as presented in the introduction, e.g. [4], [17],
[18], [44]. The diagram of this specific MDP is depicted in
Fig. 2.

It is assumed that there are 15 states that represent routing
points where a decision should be made by each agent on
whether to take the action ai,h (remain on the current main
route/road) or ai,exit (exit the current main route/road). State
15 is the goal/absorbing state. The discount factor γ is set
to 0.9. Ten agents are aimed at optimizing the (stationary)
policy that determines the probability of selecting ai,exit, at a
given state si, denoted as πi

wi , (si, ai,exit). If ai,exit is chosen,
the probability of encountering a traffic jam pi,exitstuck and the

corresponding reward Ri(si, ai,exit, ŝi) (for all si and ŝi) may
be different for each agent i, i = 1, ..., 10, depending on the
experimental setup as described below. On the other hand, if
action ai,h is chosen, the reward is R(si, aih, ŝi) = −1 for
any si and ŝi, and the probability of getting stuck in a traffic
jam increases as 1 − 1

si , where si represents the local state.
A sparse time-invariant communication graph is used where
each agent communicates with 2-3 randomly selected agents.
The Critic employs the linear function approximation based
on a Gaussian radial basis model with 7 features φj(s

i) =

exp{− (si−zj)2

2σ2 }, j = 1, ..., 7, where zj ∈ {1, 3, 5, 7, 9, 11, 13}
and σ2 is set to 2. In the case of the Actor, the policy
parametrization defined by πi

wi(si, ai) is implemented using
the Gibbs distribution given by (44). Since the chain has an
absorbing state, the algorithms are executed over multiple
episodes.

In the initial experiment, we demonstrate the algorithm’s
effectiveness in the multi-task case, where the agents
share only a subset of the Actor parameters trying to
reach consensus w.r.t. them. The probabilities pi,exitstuck and
rewards Ri(si, ai,exit, ŝi) are different for each agent
(different fuel consumption, road conditions, driving abilities)
and set to the following values for different agents:
pi,exitstuck ∈ {0.9, 0.8, 0.7, 0.6, 0.65, 0.85, 0.75, 0.65, 0.8, 0.9},
Ri(si, ai,exit, ŝi) ∈ {−2.5,−3.5,−1.5,−5.5,−4,
−6,−8,−1,−2.5,−3}. The agents’ behavior policies are also
different (off-policy configuration), so that πi

b(s
i, ai,exit) ∈

{0.15, 0.24, 0.13, 0.38, 0.55, 0.89, 0.64, 0.97, 0.75, 0.69}. In
this experiment, tabular policy features are utilized with
qi = 15 × 2, ensuring that no “information” is lost and
allowing the local algorithms to converge to the optimal
policy; also, τg = 1/20. Figs. 3 and 4 show the true
optimal value function and the value function of the average
MDP corresponding to the final policies estimated by each
agent, for the case when the agents share the parameters
corresponding to middle states and final states, respectively.
The effectiveness of the algorithm in reaching the optimal
consensus w.r.t. the shared parameters is obvious.

In the second experiment we assume a single-task setup,
adequate for a comparison and demonstration of the behav-
ior (time-evolution) and the benefits of the proposed algo-
rithm. The agents share all the Actor parameters and we
set pi,exitstuck to 0.2 and rewards Ri(si, ai,exit, ŝi) to 2.5 for
each agent, i = 1, ..., 10 (single task setup). We compare
our algorithm with a) centralized cases (all-to-all commu-
nication) and with b) the algorithm proposed in [37]. In
order to convincingly demonstrate the multi-agent benefit, we
also assume that the individual agents are unable to find
the optimal policy individually due to the imposed restric-
tions on their behavior. Each agent is allowed to visit only
specific subsets of states, as defined by their starting and
stopping state pairs: [(7, 13), (8, 14), (10, 15), (1, 8), (1, 10),
(3, 14), (8, 13), (7, 15), (6, 11), (10, 15)]. The behavior poli-
cies of the agents and the policy parametrization are the
same as in the previous experiment. Figure 5 displays the
evolution of the exact value function, calculated precisely at
each time step corresponding to the agents’ policy estimates
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Fig. 3. Experiment 1. The value functions corresponding to the final optimal
policy estimates obtained by the agents, together with the true optimal value
function, when the agents share the parameters corresponding to the middle
states.
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Fig. 4. Experiment 1. The value functions corresponding to the final optimal
policy estimates obtained by the agents, together with the true optimal value
function, when the agents share the parameters corresponding to the final
states.

and averaged over all the agents and all the states. Step sizes
α = 0.02 and β = 0.0002 are used. The red horizontal line
represents the optimal value function. It can be observed that
despite the individual restrictions on the state visiting and
the approximations used by the Critic, the agents provide
collective convergence close to the optimal policy. The rate
of convergence of our scheme is close to the centralized case,
and better than in [37].

VIII. CONCLUSION

In this paper we have proposed a distributed multi-agent
off-policy MTRL algorithm based on the AC learning method-
ology. Concisely, the paper contains the following main con-
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Fig. 5. Experiment 2. Comparison of the evolutions of the averaged (over
all the agents and states) value functions for three specified algorithms. The
horizontal line is the optimal value.

tributions:
- proposal of a novel distributed multi-agent AC algorithm
for MTRL derived as a gradient scheme from the adopted
local and global criterion functions, with a specific policy
parametrization including the shared parameters, in parallel
with the task-specific local ones,
- weak convergence proof of the proposed two-time-scale al-
gorithm to the set of the limit points of the derived asymptotic
mean ODE,
- proof of the stability of the limit ODE using the vector
Lyapunov functions and the aggregation modeling,
- derivation of the Feller-Markov properties for the state-trace
variables characterizing the novel Actor algorithm,
- analysis of the asymptotic convergence rate using SDEs,
including the covariance reduction,
- simulation-based illustration of the applicability of the pro-
posed algorithm.

Immediate continuation of the work can be oriented to-
wards diverse forms of criteria and approximating functions,
including deep learning based on consensus in the Actor. The
application of the developed methodology to partially observed
MDPs represents a special theoretical and practical challenge.
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