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Convergence Analysis of the Best Response Algorithm
for Time-Varying Games

Zifan Wang, Yi Shen, Michael M. Zavlanos, and Karl H. Johansson

Abstract— This paper studies a class of strongly monotone
games involving non-cooperative agents that optimize their own
time-varying cost functions. We assume that the agents can
observe other agents’ historical actions and choose actions that
best respond to other agents’ previous actions; we call this a best
response scheme. We start by analyzing the convergence rate
of this best response scheme for standard time-invariant games.
Specifically, we provide a sufficient condition on the strong
monotonicity parameter of the time-invariant games under
which the proposed best response algorithm achieves exponential
convergence to the static Nash equilibrium. We further illustrate
that this best response algorithm may oscillate when the proposed
sufficient condition fails to hold, which indicates that this
condition is tight. Next, we analyze this best response algorithm
for time-varying games where the cost functions of each agent
change over time. Under similar conditions as for time-invariant
games, we show that the proposed best response algorithm stays
asymptotically close to the evolving equilibrium. We do so by
analyzing both the equilibrium tracking error and the dynamic
regret. Numerical experiments on economic market problems
are presented to validate our analysis.

I. INTRODUCTION

Online convex games study the interplay between game
theory and online learning, and find many applications ranging
from traffic routing [1] to economic market optimization [2],
[3]. In these games, agents simultaneously take actions to
minimize their loss functions, which depend on the other
agents’ actions.

Generally, every agent in an online convex game adapts its
actions to the actions of other agents in a dynamic manner
with the objective to minimize its regret, defined as the
cumulative difference in performance between the agent’s
online actions and the best single action in hindsight. An
algorithm is said to achieve no-regret learning if every agent’s
regret generated by this algorithm is sub-linear in the total
number of episodes. If the agents in an online game reach
a stationary point from which no agent has an incentive to
deviate, then we say the game has reached a Nash equilibrium.
There is a growing literature [4]-[8] that analyzes the Nash
equilibrium convergence in strongly monotone games which
admit a unique Nash equilibrium as shown in [9].
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In non-cooperative games, a common strategy used by
competitive agents that selfishly minimize their own cost
functions is the best response algorithm since it produces the
most favorable outcome given the other agents plays. The
best response algorithm has been shown to converge under a
spectral condition associated with the best-response map [10],
[11]. In general, best response algorithms have been studied
for several classes of games, including supermodular games
[12], potential games [13]-[15] and zero-sum games [16].
For example, [14] shows that in almost every potential game
with finite actions, the best response dynamics converges to
the unique Nash equilibrium with linear rate. Similarly, [16]
shows the convergence of several best response dynamics in
two-player zero-sum games.

In this paper, we study the regret and equilibrium tracking
error of the best response algorithm for time-varying games.
Specifically, we consider a class of strongly monotone games
[5], [9], which guarantee the uniqueness of the well-defined
Nash equilibrium. To the best of our knowledge, the best
response algorithm has not been explored in the literature for
time-varying games. Instead, time-varying games have been
analyzed using gradient-based algorithms for, e.g., strongly
monotone games [17] and zero-sum games [18]. Specifically,
[17] analyzes the Nash equilibrium convergence and the equi-
librium tracking properties of the mirror descent algorithm
for games that converge and diverge, respectively. In [18], a
gradient-type algorithm is proposed that achieves performance
guarantees under three different measures. As gradient-based
algorithms are fundamentally different compared to the best
response method, the techniques developed in these works
cannot be applied here to analyze the best response algorithm.

To address this challenge, we first start with time-invariant
games. Specifically, we assume games that satisfy the so-
called strong monotonicity condition with parameter m > 0,
which guarantees the uniqueness of the Nash equilibrium [9].
We provide a sufficient condition m > L+/N — 1 under which
the best response algorithm achieves linear convergence to
the static Nash equilibrium, where L is the Lipschitz constant
related to the gradient of the individual loss functions and N
is the number of agents. Moreover, we show numerically that
when this condition fails to hold, the best response algorithm
may oscillate. Compared to [11], here we characterize the
convergence in terms of the strong monotonicity parameter.
For simple problems, we can show that our proposed condition
is equivalent to the spectral condition proposed in [11].
Then, we analyze the best response algorithm for time-
varying games where the Nash equilibrium evolves over time.
Specifically, under similar conditions as for time-invariant
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games, we show that the average distance from the evolving
equilibrium is bounded by the equilibrium variation. We also
show that the dynamic regret is bounded by the cumulative
variations of the loss functions.

The rest of the paper is organized as follows. In Section II,
we provide some preliminaries and formally define the
problem. In Section III, we present the regret and equilibrium
convergence of the best response algorithm for time-invariant
games. In Section IV, we extend our result to time-varying
games and analyze the equilibrium tracking error and the
dynamic regret. In Section V, numerical experiments on a
Cournot game are presented to verify our method. Finally, in
Section VI, we conclude the paper.

II. PRELIMINARIES AND PROBLEM DEFINITION
A. Online Convex Games

Consider an online convex game G with N agents, whose
goal is to learn their best individual actions that minimize their
local loss functions. For each agent i € N' = {1,..., N},
denote by C;(x;,z_;) : X — R its individual loss function,
where x; € & is the action of agent ¢, x_; are the actions
of all agents excluding agent i, and we define by X =
Y, X; the joint action space since each agent takes actions
independently. For ease of notation, we collect all agents’
actions in a vector = := (x1,...,zy). We assume that C;(x)
is convex in z; for all x_; € X_;, where X_; is the joint
action space excluding agent ¢. The goal of every agent i is
to determine the action x; that minimizes its individual cost
function, i.e.,

xrlnel/rél Ci(zi,x_;). (N
As shown in [9], convex games always have at least one
Nash equilibrium. In what follows, we denote by x* a Nash
equilibrium of the game (1). Then, for each agent ¢, we
have C;(z*) < C;(z;,x*;), Vo; € X;, i € N. At this Nash
equilibrium point, agents are strategically stable in the sense
that each agent lacks incentive to change its action. Since the
agents’ loss functions are convex, the Nash equilibrium can
also be characterized by the first-order optimality condition,
ie., (V,Ci(x*),x; —xf) > 0, Va; € X;,i € N, where
V., Ci(x) is the partial derivative of the loss function with
respect to each agent’s action. We write V;C;(x) instead of
V.,Ci(x) whenever it is clear from the context.

In general, it is not easy to show convergence to a Nash
equilibrium for games with multiple Nash Equilibria. For this
reason, recent studies often focus on games that are so-called
strongly monotone and are well-known to have a unique
Nash equilibrium [9]. The game (1) is said to be m-strongly
monotone if for Vo, € X we have that

N
2
> (ViCi(x) = ViCi(a'),z — ) > mllz =27 (2)
i=1
The ability of the agents to efficiently learn their optimal
actions can be quantified using the notion of (static) regret
that captures the cumulative loss of the learned online actions

compared to the best actions in hindsight, and can be formally
defined as

T T
SR;(T) = ZCi(xt) - minzci(xi,x,i_,t), 3)

t=1 R
for sequences of actions {z;:};_,,i =1,...,N. An algo-

rithm is said to be no-regret if the regret of each agent is
sub-linear in the total number of episodes T, i.e., SR;(T) =

O(T*),a €10,1), Vi e N.
B. Problem Definition

In this work, we consider the time-varying game G; where
at episode ¢ each agent aims to minimize its time-varying
cost function, i.e.,

Imel)l} Ci(zi,x_y). 4)
Then, we can define the best response algorithm for time-
varying games as
Tipq1 = argminC; ¢ (x;, T_; 1) 3
T;E€EX;
To attain the best response action x; .1, for each agent 4,
we assume the cost function C;; is known and all other
agents’ previous actions are provided. This is not a very
strong assumption. For example, in supply chain problems
[19], C; + can represent an agent’s local revenue model that
depends on all competitors’ actions and unknown market
demands. At the beginning of episode ¢ + 1, the agents may
not be able to observe the other agents’ actions and precisely
predict the market demands. However, previous actions and
demands can be obtained from public revenue reports. Thus,
it is reasonable to implement a strategy where the agents take
actions that best respond to the other agents’ actions from
the previous episode. In addition, we assume that at every
episode t, the time-varying game with the cost function C; ;
is strongly monotone and thus has a unique Nash equilibrium,
which we denote by z;. To analyze the performance of the
best response algorithm (5) for time-varying games, we define
the equilibrium tracking error

T
Err(T) := > ||z — ||, (6)
t=1

and the dynamic regret

T
DR;(T) := Z (Ci,t(xt) - Ir;inci,t(yia x—i,t))v @)
t=1 ‘
where T is the total number of episodes. If the game G;
changes significantly over time, it is reasonable to expect that
it may become impossible to track the evolving equilibrium.
The time-varying problem becomes meaningful only when
the variation of the game G; is reasonably small. To capture
the effect of the variation of the game G; on the performance
of the best response algorithm, we first define the equilibrium
variation

T
Ve =3 llef —aial’ ®)
t=1
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which tracks the changes of Nash equilibria. It is possible that
the cost function C; ; changes over time but the equilibrium
stays constant, i.e., Vr = 0. To further capture the variations
of the cost functions, we define the function variation

T
Wir = Z sup |Ci(x) — Ci 41 ()| )
t—1 TEX

Our goal in this paper is to analyze the equilibrium tracking
error and the dynamic regret of the best response algorithm (5)
for time-varying games. To do so, we start with the analysis
of time-invariant games and then extend our results to the
time-varying case.

III. TIME-INVARIANT GAMES

In this section, we provide sufficient conditions for Nash
equilibrium convergence of the best response algorithm for
time-invariant games. The best response algorithm in this
case becomes

T 1 = argminC;(z;, x_i ). (10)

T €EX;

Proposition 1. Suppose that the game G is m-strongly
monotone, and V,C;(x;,x_;) is L-Lipschitz continuous in
x_; for every x; € X;, with parameter m > L/ N — 1. Then,
the best response algorithm (10) satisfies that

lzr — || < p" 7t 21 — 2",

(1)

LV/N-1

where p 1= =¥

Proof. Applying the first order optimality condition to the
cost function C; at the optimal point z; ;1 and using the

update rule (10), we have that
(ViCi(xi,tH, l‘_i7t),$i — in,t+1> > O7 V.J?l € X;. (12)

Since the game is strongly monotone, we have that for all
T; € X,
(ViCi(wi,x_ip) — ViCi i1, Toit), Ti — Tigy1)

>ml|le — x|, (13)

which follows from the definition (2) by setting x =
(xi,x—iy) and &' = (x;441,7_;,). Combining (13) with
(12) and replacing x; with x, we get

m |z} — i1 l” < (ViCil@], amip), 2} — zigy1). (14)

Summing the both sides of inequality (14) overz =1,..., N,
we have that

1
i1 —2*|* < - D AViCi(@], xmin) wF = i)

1
< D AVIC(a] v i) = ViCi("), 2 — i)

IN

1
m ZL @i — 22| 1] — @ e |
K3

where the second inequality follows from the Nash equilib-
rium condition (V;C;(x*),z; — xF) > 0, Va; € X; and the
third inequality is due to the Lipschitz continuous property
of the function C; in x_;. The last inequality follows from
the Cauchy-Schwarz inequality. Dividing the inequality (15)
by ||zty1 — ¥ yields

. LvN -1 .

[wee1 — || £ ——— llze — 27| (16)
m

Note, if ||z:41 — 2*|| = 0, then (16) holds trivially. Applying

inequality (16) iteratively over t = 1,...,T — 1 completes

the proof. O

In what follows, we provide some intuition and explain
the condition m > L+/N — 1. First, suppose that L is the
Lipschitz constant of the function V;C;(x) with respect to
x. From its definitions we conclude that I. < L. Therefore,
the Lipschitz constant L; provides an upper bound on the
variation of the gradients and is always greater than the
strongly monotone parameter m which provides a lower
bound, i.e., m < L;. However, it is still possible to have
m > Lv/N — 1. For example, if C; only depends on z;, we
have that L = 0 and thus the condition naturally holds as
long as m > 0.

On the other hand, consider the condition m > Ly/N — 1
and rearrange the terms to get L < \/% Recall that L
is the Lipschitz constant of the function V,;C;(z;, z_;) with
respect to x_;, which can be interpreted as the maximum
influence of the other agents’ actions on agent 7. The condition
L< \/% requires that this influence is small enough for
the game to converge. The presence of multiple agents (/V
is large) reduces the upper bound on the influence of other
agents’ actions which , effectively, increases the difficulty of
the game.

Note that [11] also provides a sufficient condition for
convergence of the best response algorithm, that involves the
spectral norm of a matrix composed of parameters related
to the second-order partial derivative of the cost function.
In this work, we analyze the best response algorithm from
a different perspective that relies on strong monotonicity
to characterize convergence. In simple cases such as two-
player potential games, it is easy to show that our condition
is equivalent to the condition in [11]. However, in general,
strong monotonicity provides a more intuitive condition for
convergence. Finally, we experimentally show that when the
condition m > L+/N — 1 does not hold, the best-response
algorithm may lead to cycles. This result further validates
the utility of the proposed condition.

Proposition 1 shows that the best response algorithm
converges to the Nash equilibrium at an exponential rate.
Indeed, it is a no-regret learning algorithm for each agent as
well, as shown in the following proposition.

Proposition 2. Suppose that the game G is m-strongly mono-
tone with parameter m > L\/N — 1, the cost Ci(x;,x_;)

< LvN —1 20 — || 2" — zoan | (15) is Lo-Lipschitz continuous in x_; for every x; € X;, and
- m ¢ b the diameter of the convex set X; is bounded by D, for all
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i = 1,...,N Then, the static regret of the best response
algorithm satisfies
T T
SRi(T) < Cilwr) — er;inci(xi,x_i7t) = O(1).
t=1 t=1

Proof. The first inequality holds due to the fact that
T . . T

Y iy ming, Ci(wi,v—4) < ming, 37 Ci(xi, x-5). Ob-

serve that C;(w;;y1,2—;¢) = ming, C;(z;,x_;4) since

Tjgq1 = argming ¢y, Ci(ws, ;). Then, it follows that

T T
SRi(T) < D Cilwe) = Yy _minCi(wi, x—i)
t=1

t=1 =

= Z (Cz‘(l‘t) —Ci(xi11) + Ci(xeg1) — Ci@i 41, x—i,t))

t=1

<Ci(z1) + XT: <Ci(l‘t+1) — Ci(wi 441, x—i,t))

t=1
T

< Ci(x1) + Lo Z lo—it41 — x—izl
=1

T
<Ci(w1) + Lo Y lzesr — ], (17

t=1
where the second to the last inequality follows from the
Lipschitz continuous property of the function C; in z. By
virtue of (11) in Proposition 1, we have

|ze1 — 2))* = [lwegr — 2" + 27 — 2
< 2lwrgr — 2|7+ 2% — @l® < 2(p% + 1) |l — 2¥||°
(13)
Substituting the inequality (18) into (17), we have
T
SR, (T) <Ci(z1) + Lo Y _ /2(p* + 1) [lze — ||
t=1
T
<Ci(x1) + Lov/2(P2 + 1) _ p'D
t=1
DLo\/2(p? +1
<Ci(z1) + 01_(pp)7 (19)
which completes the proof. O

Proposition 2 indeed provides a stronger bound than the
static regret defined in (3). Instead of comparing to a single
best action in hindsight, it compares with a sequence of
episode-wise best actions, which is equivalent to the dynamic
regret with time-invariant cost functions. This strong result
own itself to the best response algorithm.

IV. TIME-VARYING GAMES

In this section, we analyze time-varying games G; where
the cost functions of the agents change over time. Since
the equilibrium of these games also varies, in what follows
we analyze the ability of the best response algorithm (5) to
generate actions that track the evolving equilibrium.

If the game G; changes significantly, it is reasonable to
expect that it will be hard to track the evolving equilibrium.
Therefore, as in related literature [17], [18], we assume that
both the equilibrium variation Vr in (8) and the function
variation W; 7 in (9) are sub-linear in 7', for ¢ = 1,..., N.

In what follows, we analyze the equilibrium tracking error
of the best response algorithm (5) in terms of the equilibrium
variation.

Theorem 1. Suppose that the time-varying game G is
my-strongly monotone and V,;C; 1(x;,x_;) is Ly-Lipschitz
continuous in x_; for every x; € X; with parameter m; >

LivV/ N — 1, for ¥t. Then, the best response algorithm (5)
satisfies that

[ Vi
1 — Pm (1 _pm)2

where p,, := max; {LtT]\tH}

Err(T) < =0(1+Vr), (20)

Proof. Applying the same arguments as in Proposition 1 to
the cost function C; ;, we can obtain an inequality similar to
(16) as

o1 — 2]l < pellwe — 2] (21)

where p; 1= LeyN-1 an\t]_l Observe that
lovss = i |* = s —ai +2f —aia |
1
<O+ e —2f I+ (14 ) lof =i
for VA > 0. Setting A = i — 1> 0 yields
1 1
th+1 - $f+1H2 < E |@e41 — xt*HQ + ?pt fo - mt*+1H2
1
< pi |l — 27|17 + = (B $f+1HQ
1
< pm e — 23|I + [Enmny (22)
m

1 —
where the second inequality follows from (21) and the last

inequality is due to the fact that p; < p,, < 1. Rearranging
and summing (22) over t = 1,...,7T, we have that

T
%12
(1= pm) Y Nl — 27|
t=1

- 2 R
SZ <||:L't - ZL’:” - th+1 - 'T:fk_l,_l” + tt+>
t=1

1—pm
1 d 2
%112 * *
<lln =23l + == > _lla7 — 27|
— Pm =1
* (12
< - Vr.
<l — i+ gV
Dividing both sides of the above inequality by (1 — p.,)
completes the proof. O

Theorem 1 shows that V; dominates the equilibrium
tracking error. If V7 is sub-linear in 7', so is the equilibrium
tracking error. In what follows, we analyze the dynamic regret

1147

Authorized licensed use limited to: KTH Royal Institute of Technology. Downloaded on October 24,2025 at 14:38:12 UTC from |IEEE Xplore. Restrictions apply.



of each agent in terms of the equilibrium variation and the
function variation.

Theorem 2. Suppose that the time-varying game G is my-
strongly monotone, V,C; (x;, x_;) is Ly-Lipschitz continuous
in x_; for every x; € X; with parameter my > Li/ N — 1,
and the cost C; (x) is Lo-Lipschitz continuous in x_; for
every x; € X; for Vt. Then, the dynamic regret of the best
response algorithm (5) satisfies

:O(Wi,t+\/T7T)7 i=1,...,N.

Proof. Using the update rule of the best response algorithm
(5), we have
( it l't

(Ci,t(xt) —Cit+1(Teg1) + Cipr1(z1)

DR;(T) (23)

M’ﬂ

DR,;(T Cit(®itt1, f—i,t))

t=1

M=

t

o -

it (@) + Cit(@eg1) — Ci (@i 41, qu,t))

T
<Cii(x1)+W;r + Z (Cz',t(iﬂt-s-l) —Ci(®iy, x—i,t))
=1
T
<Cii(z1)+W;r + Lo Z lz—itr1 — x—stl]
=1
T
<Cii(z1)+W;r + Lo Z leepr — x| -
=1

(24)

Using the inequality (21) and the fact that p; < p,, < 1, we
have

T T
Z |21 — 2] = Z |we1 — 2§ + 2} — 24|
= t=1

T

* 2
<> 1+7 Vlzers =2 1% + (L4 pu) ll2f —]”)
t=1

* (12
< (Pm+1)2Z||$t—fEt|| ;

t=1

which further yields
DR;(T)

<Cia1(x1) + Wi + LoVT

T
Z |e41 — $t||2
t=1

<Cii(z1)+Wir+ LoVT

—(9( zt+\/m)

T
w12
(pm + 12D ||z — ]|
t=1

(25)

where in the last inequality we use the results from Theorem 1.

The proof is complete. O

Theorem 2 shows that the dynamic regret is sublinear in
T if the variation of the game satisfies W, 7 = O(T*) and
Vr = O(T?) with a,b € [0,1).

101 -
107!
< 1073
"
|
= 107°
1077
107°
0 3 6 9 12 15 18 21
episode t
Fig. 1. Convergence of the best response algorithm for time-invariant
games.

Remark 1. (Connection between dynamic regret and equi-
librium tracking error). In the single agent case, equilibrium
tracking error is equivalent to the dynamic regret. However,
this is not true for games involving multiple agents. This is
due to the fact that the function C; (-, x_; ) is time-varying
due to changes in the function C; ; itself and changes in other
agents’ actions x_; ;. To see this, consider the class of time-
varying games with time-varying cost functions but constant
equilibrium, i.e., Vi =0, W; r = O(T*) for some a > 0. In
this case, we have Err(T) = O(1) but DR;(T) = O(T?).

V. NUMERICAL EXPERIMENTS

In this section, we validate our analysis on a Cournot game
for both time-invariant and time-varying losses.

A. Time-invariant game

We first focus on the time-invariant case. We consider a
Cournot game with two agents whose goal is to minimize
their local losses by appropriately setting the production
quantity z;, ¢ = 1, 2. The loss function of each agent is given
by CZ(LC) = LL‘Z(% + bx_; — 67;) + 1, where a; > 0, b;,
e; are constant parameters, and x_; denotes the production
quantity of the opponent of agent :. It is easy to show that
ViCi(z) = a;z;+b;x_; —e;. Recalling that L is the Lipschitz
constant of the function V;C;(x) with respect to z_;, we have
L = max{|b1], |b2|}. Define g(z) = (ViCi(z), VaCa(z))
and let G(x) denote the Jacobian of g(x), i.e., G(z) =
[a1,b1; b2, az]. According to [9], the strong monotonicity
parameter m coincides with the smallest eigenvalue of the

matrix W
We validate our methods for three different selections
of parameters 6% := (a¥,ak bk b5 ek ek) for k = 1,2,3.

Specifically, We select 0 = (1,1,0.6, —0.5,1.2,0.8), 92
(1,1,1,—1,1.2,0.8) and #* = (1,1,2, 1,1.2,0.8). It is
easy to verify that 61, 62 and 63 correspond to the cases
m > L\V/N—-1, m = Lv/N—1, and m < LvVN —1,
respectively. The convergence results are shown in Figure 1.
We observe that when m > Ly/N — 1, the best response
converges with exponential rate. When m < Ly/N — 1, the
best response algorithm fails to converge, which indicates the
tightness of our theoretical results.
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Dynamic regret of the best response algorithm for time-varying

B. Time-varying games

For the time-varying case, the loss function of agent ¢ is
defined as C;;(z) = x;(“5* + bigx_; — ;) + 1, where
a; =2,1=1,2, and b;, e;; are time-varying parameters.
The time-varying parameters are selected as

{ 0.34+0.1x (=1)t te1,7%9

bit = 0.3 te (T°6,7)°

)

o 0.4 t e [1,7%]
Ct T 04401 x (—1)H"V4 e (T, T

We select 7' = 1000 and thus 706 ~ 63. It can be verified
that the selection of parameters yields m; > L;y/N — 1 for
vt, and Vp = O(T3/%), W, r = O(T3/*), i = 1,2. Figures
2-3 illustrate the equilibrium tracking error and the dynamic
regret of the best response algorithm, respectively. We observe
that, when t € [1,7%6], both the equilibrium tracking error
and the dynamic regret grow rapidly due to the oscillations
of b;s; when t € (T%¢ T, they grow slowly since b; ; is
a constant and the variation of e;; is decreasing over time.
Moreover, both the equilibrium tracking error and the dynamic
regret are sub-linear in the total number of episodes, which
supports our theoretical results.

VI. CONCLUSION

In this work, we analyzed the best response algorithm for
the class of strongly monotone games. We first considered

standard time-invariant games and obtained a sufficient
condition under which the best response algorithm converges
at an exponential rate. We provided numerical experiments
that showed the best response algorithm can diverge if this
condition fails to hold, which indicates that the condition is
tight. Subsequently, we analyzed the best response algorithm
for time-varying games with evolving equilibria. We showed
that the equilibrium tracking error and the dynamic regret
can be bounded in terms of the variations of evolving equi-
libria and loss functions. Moreover, we provided additional
numerical simulations to verify our results.
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