Automatica 164 (2024) 111637

Contents lists available at ScienceDirect

automatica

Automatica

journal homepage: www.elsevier.com/locate/automatica

Contract composition for dynamical control systems: Definition and N

verification using linear programming” S
Miel Sharf®*, Bart Besselink ®, Karl Henrik Johansson?

2 Division of Decision and Control Systems, KTH Royal Institute of Technology, and Digital Futures, 10044 Stockholm, Sweden
b Bernoulli Institute for Mathematics, Computer Science and Artificial Intelligence, University of Groningen, 9700 AK Groningen, The Netherlands

ARTICLE INFO ABSTRACT

Article history:

Received 29 October 2022

Received in revised form 16 October 2023
Accepted 19 February 2024

Available online 29 March 2024

Designing large-scale control systems to satisfy complex specifications is hard in practice, as most
formal methods are limited to systems of modest size. Contract theory has been proposed as a
modular alternative, in which specifications are defined by assumptions on the input to a component
and guarantees on its output. However, current contract-based methods for control systems either
prescribe guarantees on the state of the system, going against the spirit of contract theory, or are not

Keywords: supported by efficient computational tools. In this paper, we present a contract-based modular frame-
Formal methods work for discrete-time dynamical control systems. We extend the definition of contracts by allowing
Contracts the assumption on the input at a time k to depend on outputs up to time k — 1, which is essential
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when considering feedback systems. We also define contract composition for arbitrary interconnection
topologies, and prove that this notion supports modular design, analysis and verification. This is done
using graph theory methods, and specifically using the notions of topological ordering and backward-
reachable nodes. Lastly, we present an algorithm for verifying vertical contracts, which are claims of
the form “the conjunction of given component-level contracts implies given contract on the integrated
system”. These algorithms are based on linear programming, and scale linearly with the number of
components in the interconnected network. A numerical example is provided to demonstrate the
scalability of the presented approach, as well as the modularity achieved by using it.

© 2024 Elsevier Ltd. All rights reserved.

1. Introduction topology. We prove that our definition supports independent
design, analysis, and verification of the components or subsys-
tems. We also prescribe linear programming (LP)-based tools for
verifying that a given contract on the integrated system is implied

by a collection of component-level contracts.

In recent years, engineering systems have become larger and
more complex than ever, as the number of different components
and subsystems is rapidly increasing due to the prominence of the
“system-of-systems” design philosophy. At the same time, these
systems are subject to specifications with constantly increasing
intricacy, including safety and performance specifications. As a
result, the validation and verification process, which must be
conducted before deployment, has become exponentially more
difficult. Recently, several attempts have been made to adapt
contract theory, which is a modular approach for software design,
to dynamical control systems. In this paper, we present a modular
approach for contract-based design of dynamical control systems
by defining a “contract algebra”, considering the composition of
contracts on different components with a general interconnection

1.1. Background

Modularity is a widely accepted philosophy of system design.
Identifying a natural partition of a large-scale system into smaller
modules enables independent and parallel work on the different
components by different teams, as well as outsourcing part of
the work to a subcontractor. Modular design also supports future
modifications in the design, as only the updated components
need to be re-verified rather than the entire system. For these
reasons, a wide range of literature advocates for designing large-
scale systems using as much modularity as possible, see Baldwin
and Clark (2006) and Huang and Kusiak (1998) for discussions on
modular design in engineering systems. The opposite approach,
in which a single designer integrates all parts of the system, is
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known as integral design (Ulrich, 1995).
Traditional control system specifications do not always en-
able modular verification. Safety is most commonly defined via
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controlled invariant sets (Blanchini & Miani, 2008), but those
can only handle rudimentary safety specifications, and cannot be
applied modularly. Existing modular techniques, such as dissipa-
tivity theory (Willems, 1972a, 1972b), can only handle limited
performance specifications, and cannot be used for safety. In
contrast, formal methods in control provide verification meth-
ods and correct-by-design synthesis procedures for specifications
given by temporal logic formulae (Belta, Yordanov, & Gol, 2017;
Tabuada, 2009). However, they typically scale exponentially with
the dimension of the system, and are thus applicable only to
systems of modest size. Also, most works on scalable distributed
and decentralised control methods, such as Rantzer (2015) and
Siljak and Zefevi¢ (2005), are not modular, as they require a
single authority with complete knowledge of the system model
to design the decentralised or distributed controllers.

Lately, several modular approaches have been proposed to
tackle problems in the design of dynamical control systems. One
example is composition-compatible notions of abstraction and
simulation, attempting to “modularise” formal methods in con-
trol (Saoud, Jagtap, Zamani, & Girard, 2018; Zamani & Arcak,
2018). Another approach attempts to relate controlled-invariant
sets and reachability analysis on the subsystem-level to cont-
rolled-invariant sets and reachability analysis on the composite
system-level (Chen, Herbert, Vashishtha, Bansal, & Tomlin, 2018;
Smith, Nilsson, & Ozay, 2016). A third approach, and the focus
of this paper, is contract theory. Contract theory is the most
prominent modular design philosophy in software engineering
(Benveniste et al., 2018; Meyer, 1992). A contract is a specification
that explicitly defines assumptions on the input and desired
guarantees on the output of each software component. Contract
theory supports this with tools for verification as well as for
comparing and composing contracts, where the latter two are
crucial for enabling modularity.

Motivated by these features, there is an increased interest in
using contract theory in the realm of dynamical control systems.
The works of Nuzzo et al. apply contract theory to the “cy-
ber” aspects of cyber-physical systems, see Nuzzo, Sangiovanni-
Vincentelli, Bresolin, Geretti, and Villa (2015), Nuzzo, Xu, Ozay,
Finn, Sangiovanni-Vincentelli, Murray, Donzé, and Seshia (2014)
and references therein. More recently, other attempts have been
made to apply it to dynamical control systems. So-called para-
metric assume-guarantee contracts are introduced in Kim, Ar-
cak, and Seshia (2017), see also Chen, Anderson, Kalsi, Ames,
and Low (2021), building on linear temporal logic specifica-
tions for discrete-time systems. Such systems are also studied
in the works (Eqtami & Girard, 2019; Ghasemi, Sadraddini, &
Belta, 2020; Girard, Iovine, & Benberkane, 2022; Saoud, Girard,
& Fribourg, 2018), relying on set-invariance techniques. In these
works, however, guarantees on the system state are often in-
cluded. This is a limitation in contract theory, as the state of the
system is an internal variable that should not be a part of its inter-
face. A similar observation holds for Saoud, Girard, and Fribourg
(2021), which considers a very general framework for contracts
for continuous-time systems. Also considering continuous-time
systems, Besselink, Johansson, and Schaft (2019) and Shali, Hei-
dema, van der Schaft, and Besselink (2022) employ verification
techniques based on geometric control theory, whereas Shali,
van der Schaft, and Besselink (2023) builds on behavioural sys-
tems theory. Works targeting contract-based controller synthesis
include Ghasemi, Sadraddini, and Belta (2022), Kim, Arcak, and
Seshia (2015) and Liu, Saoud, Jagtap, Dimarogonas, and Zamani
(2022).

A key disadvantage of many of the above works is that the pro-
posed contract theory is not supported by efficient computational
tools. The work (Sharf, Besselink, Molin, Zhao, & Johansson, 2021),
however, presents preliminary results on a contract theory that
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is supported by computational tools based on linear programs
for verifying satisfaction. These are extended in Sharf, Besselink,
and Johansson (2021). Still, only very rudimentary notions for
composition of these LP-based contracts, a crucial element in
building a full contract theory supporting modular design, are
given in Sharf, Besselink, et al. (2021). The current paper aims
to fill this gap.

1.2. Contributions

This paper develops a modular and compositional framework
based on contract theory for discrete-time control systems and
has the following main contributions.

First, we present contracts in which the assumptions on the
input at time k are allowed to depend on the values of the system
output up to time k — 1. These contracts arise naturally when
considering feedback control and considerably extend existing
methods in the literature, where assumptions (on the input) are
not allowed to be “responsive” to the output.

Second, we define contract composition for arbitrary network
interconnections and prove that the composition supports mod-
ular design, analysis, and verification, in the sense that the ver-
ification of component-level contracts guarantees that the com-
posite system satisfies its global contract. These results are first
achieved for networks without feedback loops (Definition 4.2 and
Algorithm 1), and are later generalised to arbitrary well-posed
network interconnections (Definition 5.3 and Algorithm 2).

Third, we ensure that the contract framework of this pa-
per is fully supported by efficient computational tools and pro-
vide LP-based algorithms for verification and composition. We
prove that the presented algorithms are always correct, non-
conservative, and scale linearly with the number of components
in the integrated system.

The paper is organised as follows. Section 2 presents the
class of discrete-time systems considered in the paper. Section 3
introduces generalised contracts, as well as a formal definition
of the problems discussed in the paper. Section 4 considers net-
works without feedback, and Section 5 considers general well-
posed networks. Section 6 applies these methods in a numerical
example.

Notation. Let N = {0, 1, ...} be the set of natural numbers. For
ny,np € N,weletZy, », = {ny,...,m} if ny <y, and Iy, n, =
@ otherwise. The collection of discrete-time signals N — RY
will be denoted by S¢. We say that d; € S"™ is a subsignal
of d € S™ if there exists a permutation matrix P € R"*

such that (Z;EB) = Pd(k) for all k € N, for some signal d, €

8" We refer to d, as the complementary subsignal to d;. For
a signal v € 8™ and kq, k; € N, we denote the vector containing
v(kq), v(ki4+1), ..., v(ky) as v(ky : ky) € Rka=kitDm A set-valued
map f : X = Y between two sets X, Y associates a subset f(x) C Y
to any element x € X. Moreover, X" is the set of n-tuples of
elements of X. For vectors u, v € R", we write u < v if and only
if u; < v; holds for any coordinate i € Z; .

2. Systems and composition

We first define the class of systems we consider, which are
seen as operators on the set of all possible signals.

Definition 2.1. A (dynamical) system I7 with input d € S" and
output y € S™ is a set-valued map I7 : S = S™. In other
words, for any input trajectory d € S™, I1(d) is the set of all
corresponding output trajectories.
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Here, we consider set-valued maps rather than functions to
also consider cases in which an input trajectory can have more
than one associated output trajectory, e.g., due to initial condi-
tions or non-determinism.

Example 2.1. Consider the class of systems governed by
x(k+ 1) € F(x(k), d(k)), Vk e N, x(0) € &,
y(k) € H(x(k), d(k)), Yk € N,

where x € S™ is the state of the system, Xy is a set of admissible
initial conditions, and 7, H : R™ xR"™ = R™ are set-valued maps
defining the state evolution and observation, respectively. This
class of systems is included within Definition 2.1 and contains
all systems with both linear and non-linear (time-invariant) dy-
namics, as well as perturbed, unperturbed or uncertain dynamics.
Thus, the formalism of Definition 2.1 includes many systems often
considered within the scope of control theory.

(1)

Systems governed by (1) are causal, i.e., the output up to time
k is independent of inputs beyond time k. As causality will be the
key property allowing us to define composition in Section 5. we
explicitly define it for general systems as in Definition 2.1:

Definition 2.2. Let [T : S™ = S™ be a system with input d € S™
and output y € S and let d; € S™ be a subsignal of d. The
system IT is causal with respect to d; if, for any time k, y(k) does
not depend on di(k + 1), di(k + 2), .... It is strictly causal with
respect to d; if, for any time k, y(k) is also independent of dq(k). If
IT is causal with respect to d, we simply say it is causal, without
mentioning a subsignal.

Remark 2.1. Causality with respect to d, a la Definition 2.2, is
equivalent to the standard definition of causality using truncation
operators (Desoer & Vidyasagar, 2009). Equivalently, there is a
one-to-one correspondence between causal systems I7 : d — y
and sets of timewise set-valued maps {IT}xeny mapping d(0 : k)
to y(k).

As we will be interested in networks of systems as in Defini-
tion 2.1, we briefly recall some graph theory. A graph G = (V, &)
consists of a set of vertices (or nodes) V, and a set of edges &,
which are pairs of vertices. In this paper, we consider directed
graphs. If i,j € V, the edge e from i to j is denoted i — j € &,
and we say that i is e’s tail, and j its head.

Now, consider multiple components interconnected according
to a network with associated graph G = (V, &), thus forming a
composite system. The input to the ith component, d;, is given by

di(k) = 3 ey Fyyj(k) + Eid™ (k) (2)

where d®t € "¢t is an external input to the composite system,
which is distributed over the components according to the ma-
trices {E;}icy. The matrix F; € R" ™™ captures the influence that
component j € V has on the ith component and, as such, it is
nonzero if and only if j — i € &.

To define an external output, we choose a set V°" C Vv of
“output components” that contribute to the external output yX
as

YEUk) = X Hiyi(k), (3)

where the matrix H; is nonzero if and only if i € V°Ut,
This allows us to formally define system composition.

Definition 2.3. Consider systems {I7;};cy interconnected accord-
ing to the graph ¢ = (V, £) with associated matrices {Fy};jcy
and {E;, H;}icy. The composite system, denoted by ®iev IT;, is a
system with input d®** and output y**, defined by the following
set-valued function: We say that y*' € )., IT;(d*™*") if there

iey
exist signals d; € " and y; € S™i such that:

Automatica 164 (2024) 111637

(i) yi € II(d;) for all i € V;
(ii) (2) and (3) hold for all i € V and all k € N.

In the remainder, we will sometimes refer to the composite
system )., [7; as the network. We note that a cycle in g
corresponds to a feedback loop in the composite system. Namely,
if IT; is a system that is part of a cycle, its input d; depends on its
output y;, potentially after passing through other systems in the
network.

Remark 2.2. Definition 2.3 states composition in terms of the
consistency relations (2) and (3), which can be made concrete
for instance for systems of the form (1). However, the definition
also obfuscates the problem of algebraic loops, which might exist
even when only considering causal systems. More precisely, any
algebraic loop corresponds to a cycle in G traversing through the
nodes iy, ..., i, where the corresponding systems IT; , ..., IT;
are causal (but not strictly causal). A thorough investigation of
algebraic loops will be considered in Section 5, in which networks
with feedback will be considered.

We will be interested in guaranteeing a specification on the
composite system ),.,, I7; on the basis of specifications on the
components {IT;}icy. These specifications will be formalised in
terms of assume/guarantee contracts, which are the topic of the
next section.

3. Contracts and problem formulation

This section defines a class of contracts for (discrete-time) dy-
namical systems, and gives a detailed formulation of the problem
statement.

3.1. Recursively-defined contracts

We start by defining recursively-defined contracts as a class of
assume/guarantee contracts.

Definition 3.1. A recursively-defined (RD) contract is a pair
(D, £2) of sets inside 8™ of the form

D= {(§)) : dlk) € A 504 1)) - YK} (4)
2 ={(3)) : [W5] € Gl5ox 1) - vk}, (5)

for some set-valued functions Ay : (R x RY)* = R% and
Gy : (R™ x RW) = R™ x R™, The sets D and £ are called
assumptions and guarantees, respectively.

The relevance of these contracts becomes clear through the
following definition, which shows how an RD contract acts as a
specification on a dynamical system.

Definition 3.2. The system [T satisfies the RD contract C =
(D, £2), denoted as IT F C, if the following implication holds for
any d € S,y € SV:ify € II(d) and (d,y) € D hold, then
(d,y) e £2.

Thus, at any time k, the assumptions D define a class of inputs
d(k) that a system may expect, whereas the guarantees £2 specify
the required output y(k). We emphasise that RD contracts put
assumptions on the input d(k) in terms of the previous inputs
and outputs, and guarantees on the output y(k) in terms of the
previous inputs, the previous outputs, and the current input. Note
that although the assumptions are written as (d, y) € D, they only
restrict d(k). The assumptions are allowed to “react” to y(0 : k—1),
but cannot restrict it in any form. This feature is particularly
relevant in systems with feedback, as illustrated next.
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Example 3.1. Consider a dynamical system with input d(-) € &?
and output y(-) € S!. The input d(-) has two subsignals di, d,.
The signal d(-) € S! is a disturbance that should be rejected, and
the signal d,(-) € S! is a control input. We assume d;(-) is small,
and that d,(-) is the output of a proportional controller with gain
K and a small actuation error. We wish to guarantee that y(-) is
close enough to zero. This specification can be expressed as the
RD contract ¢ = (D, §2) with

={(d,y) : ldi(k)| < €7, |da(k)—
={(d,y) : ly(k)| < €3, Vk}.

Alternatively, one could specify asymptotic behaviour, e.g., con-
vergence of y(-) to zero with rate o € (0, 1):

={(d,y) : ly(k)| < oly(k —1)[, Vk}.

Ky(k—1)| < €2, Vk},

Remark 3.1. The fact that the assumptions in RD contracts are
allowed to depend on “past” outputs is a significant extension
with respect to existing contracts in the literature, such as Saoud
et al. (2021), in which the assumptions cannot “react” to the
output. This extension is vital for dealing with feedback systems,
but also in other cases where the “environment” can “react” to
the system. For example, if an autonomous vehicle is driving on
a two-lane highway along a human driver, it is reasonable to
assume that the human cannot switch lanes when the two vehi-
cles share a longitudinal position along different lanes (e.g., when
the autonomous vehicle is overtaking the human driver), but can
do so at other times. This condition restricts the behaviour of
the environment (human driver) as a function of the position
of the system (autonomous vehicle), and therefore cannot be
incorporated into the existing frameworks in literature.

At the same time, the “recursively-defined” structure in (4)
and (5) restricts the class of signals in the assumptions and
guarantees when compared to the contracts in Kim et al. (2017)
and Saoud et al. (2021). However, in addition to being naturally
linked to system causality, this structure will allow us to develop
efficient computational tools for RD contracts. Such tools are
lacking for the abstract contracts in Kim et al. (2017) and Saoud
et al. (2021).

The notion of refinement allows for comparing contracts.

Definition 3.3. Let ¢ = (D, 2) and ¢’ = (D', £2') be two RD
contracts on the same system. We say that C refines ¢’ (and write
cxc)ifpop and 2ND C2'ND.

Colloquially, ¢ < €’ if ¢ assumes less than C’, but guarantees
more. In particular, we have that the implication

MecandCc<xC = HOEC (6)

holds, strengthening the interpretation that C is a stricter require-
ment than C'.

Later in the paper, we will consider a class of RD contracts
that are amendable to efficient computational tools using linear
programming.

Definition 3.4. A linear time-invariant (LTI) RD contract ¢ =
(D, £2) of assumption depth m, € N and guarantee depth m¢ €

N is given by matrices {2"}14,, {&'}"S, and vectors a°, g° of
appropriate sizes, where

{( - 200d(k) +ZQU ot
{ Z@ [ ]

<a° Vk>mA]

<90, Vkimc}- (7)
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Example 3.2. LTI RD contracts allow to express constraints of
the form (d(k), y(k)) € P for some polyhedral set P. In fact, the
set P is allowed to depend (linearly) on past signals. For further
examples of LTI RD contracts, we refer to Section 6.

Thus, LTI RD contracts replace the set-valued functions Ay and
Gy in (4) and (5) with inequalities involving a linear combination
of the signal over a moving time window of length m, and mg,
respectively. These linear contracts will enable the development
of LP-based algorithms for contract operations.

Remark 3.2. We may assume that mu, mg > 1, as contracts of
depth O are also contracts of depth 1.

For any LTI RD contract of the form (7), we consider two
associated piecewise-linear functions « : (R™)™*1 x (R™)™ —
R and y : (RU*+w)ne+1l 5 R, given by

(8)
9

o) = mpxa (57 ).
y(%ﬁﬁi) = maxe; (Z &' d(;: :)

where e; is the ith column of the identity matrix and

oi5th) =e ( 9t ZW 0] - ) .

Using this notation, the contract (7) can be written as

[ rdon . d(k—ma:k)
D= {(y(,)) ~“(y(k—mA:/?<—1)> <0, Vk > mA} ,

_ Jdo)y . d(k k)
“Q_{(y(-g)’y((k mgk) 0, Vk>mc}

Lastly, let us define the notion of extendibility converting
assumptions on d(-) by assumptions on d(0 : n) for times n € N.
It manifests the self-consistency of the set of assumptions, in the
sense that a signal satisfying the assumptions up to time k can be

extended beyond time k while still satisfying the assumptions, see
also a similar notion in Sharf, Besselink, et al. (2021).

Definition 3.5. Let D C S™ x S™ be a set of the form (4). The
set D is extendable if the following condition holds for any k € N
and any signals d(-), y(-) defined at times {0, ..., k}:

d(e+1) € A(199) Ve € Tosy = AP0 ) 2 0.

Remark 3.3. For LTI contracts, we abuse the notation and say
that « is extendable if D is, where (8) holds.

3.2. Contract composition and vertical contracts

Our aim is to guarantee specifications on the composite sys-
tem (X);.,, [T; on the basis of specifications on the components.
In particular, if the RD contract Cy is the desired specifica-
tion on the composite system, we aim to answer the following
question: given that the components IT; satisfy component-level
contracts C;, does ®i€v IT; satisfy Ci:? To answer this question,
we consider the composition of contracts.

Contract composition is considered by the meta-theory of Ben-
veniste et al. (2018) for abstract contracts, relying on two modu-
larity principles. Namely, given a collection of abstract contracts
{Ci}icy, the contract composition )., C; is defined to satisfy the
two following postulates:

iey

(A) Its guarantees are the conjunction of the guarantees of all
the C;-s
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(B) Its assumptions are defined as the largest set with the fol-
lowing property: for any i, the conjunction of these assump-
tions with the guarantees of ¢; for all j # i imply the
assumptions of C;.

This definition supports modular design. Namely, Benveniste
et al. (2018) show that if components {X};cy, satisfy C; for i €
V, then the composite system ),.,, X; satisfies the composite
contract ;. Ci.

Unfortunately, this meta-theoretical definition cannot be di-
rectly applied to RD contracts for dynamical control systems for
two main reasons. First, the definition in Benveniste et al. (2018)
makes no distinction between external and internal variables,
leading to situations in which the set of assumptions for the
composed contract refers to the value of internal variables. Sim-
ilarly, composition is only defined when the network output y*
is composed of all “local” outputs y;. Second, Benveniste et al.
(2018) do not propose any computational tools for composition,
e.g., a way to verify that a given contract on a composite system
is refined by the composition of component-level contracts. The
goal of this paper is to address both of these problems, specifically
for contracts on (causal) dynamical control systems. This goal is
explicitly formulated in the following problem statements:

Problem 3.1. Given a graph G = (V, &), RD contracts {C;}icy, and
a set V°U C Vv of output nodes, define the composite contract
®ic, Ci» with input d™** and output y** in a way compatible with
postulates (A) and (B), while only using the external input d®** and
output y*xt,

We also show our definition satisfies the universal property of
composition, namely, for causal systems IT;,

mikcforiev = Qi i F Qicy, Ci- (9)

Once composition is defined, we can address the connection
between contracts on different levels of abstraction, which will
be referred to as vertical contracts:

Definition 3.6. Consider a network with a graph G = (V, £) and a
set V°U' C V of output nodes. A vertical contract is a statement of
the form ®iev Ci < Ctot, With Cior an RD contract on the composite
system and {C;}icyy component-level RD contracts.

Problem 3.2. Find a computationally viable algorithm checking
if a vertical contract );.,, Ci < Cror holds.

If Problems 3.1 and 3.2 can be solved, we have the following
key result.

Theorem 3.1. Consider a graph G = (v, £), an output set V°" C V),
and component-level RD contracts {C;}icy. Assume that Problem 3.1
is solved, i.e., @), C; is defined and satisfies (9). Let Cio; be an RD
contract on the composite system for which the vertical contract
®i€v Ci =< Ciot holds. Then, if the systems {IT;}ic\ satisfy IT; = C;
for alli € v, we have Q);.,, IT; F Cro.

Proof. This follows directly from (6) and (9) as we have ),.,,
I = ®i€v Ci < Ciot, See also Proposition 1 of Sharf, Besselink,
et al. (2021). O

The relevance of Theorem 3.1 is that it enables modularity.
Namely, in order to guarantee that the composite system satisfies
Crot, it is sufficient to verify IT; = C; for each component (under
the assumption that the vertical contract ®iev Ci < Ciot holds).
This can be verified completely independently, i.e., verification of
IT; & C; for a given i € V does require knowledge of neither the
other systems in the composite system nor the interconnection
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structure (see Definition 3.2). This also means that ®iev IT; & Ceot
is guaranteed for any components that satisfy their respective
contracts. In particular, if a component [7; is replaced by a com-
ponent 7/, it is sufficient to verify IT/ = C; to guarantee that the
composite system still satisfies Cet.

This paper focuses on defining and verifying the vertical con-
tract ®iev Ci < Ciot- LP-based tools for verifying contract satisfac-
tion on component-level IT; F C; can be found in Sharf, Besselink,
and Johansson (2021).

Before presenting solutions to Problems 3.1 and 3.2, we make
an important remark about the output set V. RD contracts
allow the assumption to depend on previous outputs, and these
assumptions should still be manifested in the composition. Thus,
relevant “local” outputs y; must be available as a part of the
“global” output yX:

Assumption 3.1. For any i € V, if the assumption on the external
input d®** explicitly depends on the output y; in the RD contract
C;, then i € VOU,

In other words, if the component-level assumption on the
external input depends on the output y;, then y; should be a
part of the output of the composite system. This assures that the
assumptions of the composition will not depend on any internal
variables.

4. Networks without feedback

In this section, we propose solutions to Problems 3.1 and 3.2
for composite systems whose interconnection is characterised
by a directed acyclic graph, i.e., networks without feedback. We
first introduce directed acyclic graphs, define composition for
networks without feedback, and then show that the correctness
of vertical contracts can be verified using LP-enabled tools.

4.1. Directed acyclic graphs

Before defining directed acyclic graphs, consider a directed
graph ¢ = (V, &) and recall that, for anedgee =i — j € &, i and
j are e’s tail and head, respectively. A path is a sequence of edges
ey, ey, ...,e € &such thate,’s head is e, ¢'s tail for all r € 77 1.
The path is called a cycle if e;’s head is e;’s tail. For a node i € V,
the node j € V is backward-reachable from i if there exists a path
from j to i. The collection of all backward-reachable nodes from
i € v is denoted BR(i). We also denote BR (i) = BR(i) U {i}.

A directed acyclic graph (DAG) is a directed graph G containing
no cycles. DAGs play a vital role in algorithm design and analy-
sis of many problems, e.g., the shortest-path problem (Cormen,
Leiserson, Rivest, & Stein, 2009). This is largely due to the tool of
topological ordering:

Definition 4.1. let G = (V, &) be a graph with N nodes. A
topological ordering is a map o : Z; y — V such that:

(i) If p, q € Ty satisfy p # q, then o(p) # o(q).
(ii) If p, q € Z; y satisfy o(p) - o(q) € &, then p < q.

Namely, a graph has a topological ordering if and only if it is
a DAG. There are linear-time algorithms for finding a topological
ordering of a DAG, and for checking whether a graph is a DAG,
e.g., relying on depth-first search [Cormen et al. (2009), p. 613-
614]. We will repeatedly apply the following lemma connecting
backward-reachability and topological ordering.

Lemma 4.1. Let G = (V, &) be a DAG with topological ordering
o : Ih'n — V. For any q € Iy, we have that BR(o(q)) <

{o(1),...,0(q— 1)}
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(a) The graph G, which is a DAG.

(b) The node C (red) and BR(C) (blue)

(¢) The node F' (red) and BR(F) (blue)

Fig. 1. An example of a DAG ¢ and two backward-reachable sets. The graph ¢ has a total of 11 different topological orderings, including ABCDEFG, ABDEFCG and
AEBDFCG. Here, the notation ABCDEGF is shorthand for a topological ordering o defined as o(1) = A, o(2) = B, etc.

Proof. Follows from the part (ii) of Definition 4.1. O

Pictorially, a topological ordering is an ordering of the vertices
on a horizontal line such that all edges go from left to right. Fig. 1
gives an example of a DAG, together with some sets BR(i) and
topological orderings.

In the remainder of this section, we consider composite sys-
tems whose underlying interconnection structure is given by a
DAG. We refer to such composite systems as networks without
feedback.

4.2. Contract composition

We wish to define the composite contract ),.,, C; as to satisfy
postulates (A) and (B), while only using the external input d®** and
the external output y**. Postulate (A), defining the guarantees of
the composition, will be adapted by requiring the existence of
signals (d;, y;) € £2; for i € V such that the consistency relations
(2) and (3) hold. As for postulate (B), instead of considering all
components j # i, it suffices to consider components j which
precede i (in the sense of backward reachability). Indeed, these
are the only components whose output can affect input d;, as
there are no feedback loops.

Definition 4.2. Let ¢ = (V, £) be a DAG, V°'t C V a set of output
nodes, and C; = (D, £2;) be component-level RD contracts, so
that Assumption 3.1 holds. The composite contract );.,,Ci =
(Dg, 2¢), having input d*™(-) and output y*(.), is defined as
follows:

o (d™, y™Y) € Dg if for any signals {d(-), yi(-)}icy satisfying
the input-consistency constraints (2) and output-consistency
constraints (3), the following implication holds for all i € V:
if (d;, y;) € £2; holds for all j € BR(i), then (d;, i) € D;.

o (d™, y™Y) € g if there are signals {di(-), ¥i(-)}icy such
that (di,y;) € £2; holds for i € V, and the input- and
output-consistency constraints (2) and (3) hold.

It can be shown that this composition of RD contracts is itself
an RD contract, and in particular, the input signal y** is a free
variable in Dg. We next prove that the universal property of
composition is satisfied:

Theorem 4.1. Let G = (V, £) be a DAG with output set V' C vV
and consider component-level RD contracts C; = (Dj, §2;) satisfying
Assumption 3.1. If {IT;}icy are systems such that IT; = C; holds for

any i € V, then @, ITi £ Qicy, Cie

Proof. We must show that if (d*, y**') ¢ Dy and y*™*' €
ey, Mi(d**) both hold, then (d*, y*') € 2g. As the graph ¢
is a DAG, we can find a topological ordering ¢ : Z;y — V of
G satisfying Definition 4.1. By Definition 2.3, there exist signals
{di}icv and {y;}icy such that y; € IT;(d;). We prove that (d;, y;) €
£2; holds for i € V, implying that (d**!, y*™') € Q. We do so by
writing i = o(q) for q¢ € Z; y and using induction on q.

We first consider the basis i = o(1). By Lemma 4.1, BR(i) = @.
Thus, by the definition of the matrices F;, we have that d; =

E;d®™, and the assumption that (d*, y**') € Dg together with
Definition 4.2 imply that (d;, y;) € D;. Hence, (d;,y;) € $2; as
y; € ITi(d;) and IT; F C;. For the induction step, we write i = o(q)
and assume (d;, y;) € §2; holds for all j = o(p) for p € Z7 4—1. In
particular, (d;, y;) € £2; holds for any j € BR(i) by Lemma 4.1. As
(d**, y*™*) € Dg, we conclude that (d;, y;) € D; by Definition 4.2,
We therefore see that (d;, y;) € £2; usingy; € ITi(d;), as [T E ¢;. O

Remark 4.1. Definition 4.2 considers the assumptions of the
composite contract as pairs (d, y**') satisfying a certain implica-
tion. If no such pair exist, so that Dg, = (4, one might say that the
contracts are incompatible, using the terminology of Benveniste
et al. (2018). One example of such case is when a certain contract
guarantees that some signal v has |v(k)| < 2, but another contract
assumes that |v(k)| < 1, i.e., the guarantee of the former is not
strict enough for the latter.

4.3. Vertical contracts

We now consider Problem 3.2 for networks without feedback.
We build LP-based tools for verifying vertical contracts of the
form )., Ci < Cior for LTI RD contracts. Let C; = (D, §2;) fori € v
be component-level LTI RD contracts, and let Ciot = (Drot, §2t0r) be
a given LTI RD contract on the composite system. Assume C;, Ciot
have assumption depth m{, m%, and guarantee depth m®, m$,,
respectively. Denoting the associated piecewise-linear functions
as o, Ueot, Vis Viot» WE Write:

_Jian . di(k—mft:k) A
D; = {(Yi) : ai(y,-(k—m‘??k—l)) <0, Vk > m; } N

_dy ., di(k—mC:k) G
2 = {(y,-) : J/:(W{fmicjk)) <0, Vk > mf } (10)
dext d* (k—mf} k) A
Drae = {<ye“) 'a“’t(yext(kfm{*ot:lifl) =0, Vk =g,

ex extip,_mG .
ot = {(jexi) : ymt(je’“izfzgiﬁ) <0, Vk> mfot} .

We denote ®,.€V Ci = (Dg,$2g). Our goal is to find a
computationally-viable method for verifying that §);,, Ci < Crot
holds. The vertical contract is equivalent to the set inclusions
Dg 2 Drot and 2g N Dot S 2ot N Dror, Which can be rewritten
as the following implications for the signals d**, y*, {d;, y;}jev
satisfying the consistency relations (2), (3):

e Given any i € V, if (d*(), y*¥(-)) € Dror and (dj(-), () €
£2; hold for all j € BR(i), then (d;, y;) € D;.

o If (d®*(.), y*'(.)) € Dy and (di(-), yi(-)) € $£2; hold for all
i eV, then (d™*(.), y*(")) € Qor.

Using extendibility (Definition 3.5), we reformulate these as
implications on signals defined on a bounded time interval.

Theorem 4.2. Consider a composite system with DAG G = (V, £)
and output set V°U. Let {Ci}icv, Ctor be RD contracts as in (10),
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where Assumption 3.1 holds. Under mild extendibility assumptions,
®icyy Ci < Cior holds if and only if the following implications hold
for any signals d;, y;, d®t, y**t satisfying the consistency relations

(2), (3):
(i) ForanyieV, if

extip_ A .
amt( dext(e mmz))) <o,

Yy e —mfl 01
di(t—mC:€)
2 7 J <0
yf(yj(z—mjc:e) -

0-mA
all hold, then a,( BAAR ) <o.

Ve e Im?ot o

Vi e LG mhs Vj € BR(i),
Jjo

y,-(O:m‘;‘—l)
(i) If
d*t(—mfl:0) )
o ot <0 Viel
t"t(ye“(e—m{‘m:éﬂ) = Mo Mo

(SO 2o Vier Viev
Y\ yye-mboy ) =5 mémg €V
ext n.;mG

all hold, then )/mt<jextgg;$§3> <o

The proof is found in Appendix. Colloquially, condition (i)
states that the assumptions of the composition );.,, C;i assumes
less than Cy, and condition (ii) states that the composition guar-
antees more than Cy,. We emphasise that Theorem 4.2 does
not require the explicit construction of the composite contract
®;cy, Ci to guarantee the vertical contract Q);.,, Ci < Crot-

The theorem allows one to verify the vertical contract for a
network without feedback G by verifying |V| + 1 implications.
Importantly, even though the definition of a vertical contract is
in terms of signals, the implications involve only a finite number
of variables. Specifically, each of them can be cast as an LP in the
variables d**(0: m), y***(0: m), {d;(0: m), y;(0: m)}jc,, where m is
the maximum over all depths.

Namely, for i € V, let g; be the solution to

o diemh
max al(yi(o:mgtn) (11a)
dX(e—mf}:0)
.t “wt(yexr(efm@m:zq)) <0, VEET, .
dj(zfmjc:e) . .
n(yﬂ(—mf:()) <0, Ve e Imjc.m?, Vj € BR(i),
(2) at time ¢ and node j, Vi = Io,m?v Vj € BR (i),
(3) at time ¢, Vi e qum?,
and let oo be equal to
d*¢(0:m$) >
max ymt(ye’“(O:thot) (11b)
d*t(e—mf -0 )
st at"t(yext(efm(‘m:zq) =0, VEE T

djw—m].c:z)
yf'(yﬂ—mf:é)) =0,
(2) at time ¢ and node j,
(3) at time ¢,

Vi e ijc_mtcot, Vjiev,

Ve € onmtct, Vjiev,
Vi e IOJ“th'

1 The functions
(A 0) dj(¢—mf:0)
max{maxa;, t(y tot max max y; ) )
{[Sm;\ Oyt (e-mfye:t-1)) " jeBR(i) [Sm:’ﬁyj yj(e—mf:e) J

for i € v, are extendable, as is the function

( (ydext(limﬁ)t:l)> dj(e—m{:0) )
max{ maxo max maxy; .
e<miy CNeomt-n) ey esmﬁnyj yite=my0)
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Algorithm 1 Verifying Vertical Contracts for Networks without
Feedback

Input: A DAG ¢ = (V, £), output set V' C V, component-
level RD LTI contracts {Ci}icy, and an RD LTI contract Cy¢ on
the composite system of the form (10) such that Assumption 3.1
holds.

Output: A Boolean variable bg ..

1: Compute {o;}icy, 0 by solving the LPs (11).

2: if {oi}icy, 0o are all non-positive then

3: Return bg - = true.
4
5

: else
Return by . = false.

These programs give rise to an algorithm determining whether
®iev Ci < Ciot, See Algorithm 1. It is an LP-based verification
method, solving a total of |[V| + 1 LPs. They can be solved using
standard optimisation software. The correctness of the algorithm
is stated in the following corollary:

Corollary 4.1. Under the assumptions of Theorem 4.2, Algorithm 1 is
always correct, i.e., @), Ci < Cior holds if and only if the algorithm
returns bg - = true.

Proof. Follows from Theorem 4.2 and the following principle:
Given functions f,g : & — R defined on an arbitrary space,
the implication f(x) < 0 = g(x) < 0 holds if and only if
max{g(x):xs.t.f(x) <0} <0. O

Example 4.1. We demonstrate the LP framework for a cascade
of RD contracts, for which the assumptions do not depend on the
output variables. The network is given by G = (V, €), Vv = {1, 2}
and £ = {1 — 2}, where node 1 corresponds to an open-loop
controller and node 2 corresponds to the system to be controlled.
Thus, BR(1) = ¢ and BR(2) = {1}. Moreover, V°'* = {2}, so
d*®* = d;, d, = y; and y** = y,. We verify that C; ® C; < Cror DY
checking three implications:

e The assumptions of Ci¢ imply the assumptions of C;. This is
equivalent to g; < 0, where o4 is equal to

max ai(di(0 : m}))

A
Sy

s.t. agee(di(€ —mi, 1 £)) <0, VeEe Ty

e The assumptions of Ci, plus the guarantees of Cy, imply the
assumptions of C,. This is equivalent to g, < 0, where g, is
equal to

max a; (d2(0 : m))

5.t aor(di(€ — mfy 1 ) <0,

dy(e—m§:e)
" ( dy(e—mC:¢) ) =0,

e The assumption of C, plus guarantees of C; and C,, imply
the guarantees of Cgy. This is equivalent to gy < 0, where
Otot 1S equal to

Vi e Im{xm A

.mjy

Vi e Imf,mfz"

d](O:mtcot))
max
di.y> Vtot(yZ(O:thm)
AL
s.t. o (di(€ — miy, = £)) <0, VEETy ma

v
e € Im? ’ m?ot

Vi el .
€ m§
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y Cl

(6) “

Fig. 2. Feedback Composition of two contracts.

Indeed, the first and second implications above are the impli-
cation (i) in Theorem 4.2 for the vertices 1,2 € V respec-
tively, and the third implication above is the implication (ii) from
Theorem 4.2.

Remark 4.2. The LP problems above depend on the depths of
the RD LTI contracts. One could consider a contract with multiple
assumptions or guarantees defined by different depths. In that
case, the problems (11) should be amended as follows: Whenever
we use the contract for defining constraints, we add different
constraints for each assumption or guarantee, having different
relevant times ¢£. Whenever we use the contract for defining the
cost function, replace it with the maximum of all corresponding
piecewise-linear functions.

Together, Theorems 4.1 and 4.2 enable the efficient modular
verification of composite systems without feedback. Namely, if
each component I7; satisfies its local contract C;, and the ver-
tical contract ®iev Ci < Ciot holds, then the composite system
®iev IT; is guaranteed to satisfy Ci. Here, verification of the
vertical contract can be done through Algorithm 1, whereas (LP-
based) algorithms for verifying contract satisfaction are given
in Sharf, Besselink, and Johansson (2021).

5. Networks with feedback

The previous section focused on networks without feedback.
In this section, we generalise our results to general networks with
feedback, e.g., the connection of a feedback controller to a system.
5.1. Causality and algebraic loops

Before delving into the definition of the composite contract
&)y, Ci» we must understand its basic limitations. We demon-

strate them in an example.

Example 5.1. Consider the network in Fig. 2, with RD contracts
C1 = (D1, £21) and C; = (D,, £2,) given as

D1 = {(d(-), u(-), ¥(-)) : [d(k)l < 1 [u(k)| < 1, Vk},
= {(d(-), u(-), ¥(-)) : y(k) = (d(k) + u(k)) + 1, Vk},
Dy = {(y(-), u()) = ly(k)| < 1, Vk},
25 ={(y(-), u(-)) : u(k) = y(k) + 1, Vk}.

If the composition C; ® C, could be defined, and (d,y) is
an input-output pair satisfying its guarantees, we should have
(d,u,y) € £2¢,(y, u) € £2, for some signal u, i.e., for any k € N,
we would have y(k) = d(k) + u(k) + 1 and u(k) = y(k) + 1. The
only solution to these equations is the constant signal d(k) = —2,
which is not compatible with D;. Hence, C; ®C, cannot be defined
meaningfully in this case.

The inconsistency in Example 5.1 arises from contradicting
specifications. More precisely, the guarantees of ¢, constrain y(k)
in terms of u(k), and the guarantees of C, constrain u(k) in
terms of y(k), resulting in an algebraic loop creating ill-posed
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Cllime:()} 0) }Cgme:O} u(0) }Cﬁime:I} Yo }Clzimezl u(l) }Cllime:Z . .

Fig. 3. An infinite cascade composition, equivalent to the feedback connection
in Fig. 2 if ¢; is RD and ¢; is SRD(u).

constraints. This situation can be avoided if we demand that C;
would constrain y(k) using only d(0 : k), y(0 : k — 1),u(0: k— 1)
and not using u(k), which can be understood as a strict causality-
type demand on the contract C; with respect to the control input
u. This motivates the following definition:

Definition 5.1. Let C = (D, §2) be an RD contract of the form
(4), (5) with input d € 8™ and output y € S™. For a subsignal
dsup of d, C is strictly recursively defined with respect to dgyp,
denoted SRD(dyp), if for any time k, the condition defining C’s
guarantees at time k, [;%k)] € Gk(;’ESEZiR). is independent of
dsub(k)-2

As explained above, the ill-posedness issue in Example 5.1
could not occur if C; was SRD(u) and C, was RD. Indeed, there
is a clear “order of constraining” guaranteeing well-posedness:
in the sequence y(0), u(0), y(1), u(1), ..., each element is con-
strained using the preceding elements, but not using the fol-
lowing elements. This “order of constraining” is illustrated in
Fig. 3, replacing the feedback composition by an infinite cascade
composition. This approach can be generalised to more intricate
networks. Suppose there exists an “order of constraining” given
by yi,(0), ..., ¥, (0), ¥i, (1), ..., yiy(1), ¥, (2), .. .. Then y; (k) is
constrained by {y;,(0 : k—1) g;l, so C;, must be SRD with respect
to Yiy, - - -, ¥iy- Similarly, y;,(k) is only constrained by {y;,(0
k — ])}g:1 and y;,(k), implying that C, is SRD with respect to
Yizgr o5 Yig-

In Section 5.2, we will define the contract composition §);.,, C
for RD contracts while assuming an “order of constraining” ex1sts
The remainder of this section is devoted to formalise the idea of
“order of constraining”. We start by translating strict causality to
the language of graph theory:

Definition 5.2. Given a graph ¢ = (V, £) and component-level
RD contracts {Ci}icy, we say an edge e = i — j € & is strictly
causal if Cj is SRD(y;). We let & be the set of strictly causal edges,
and &y = £ \ & be the set of non-strictly causal edges.

In other words, the edge i — j is non-strictly causal if the
guarantee on y;(k) can depend on y;(k). Mimicking the argument
for networks without feedback, y;(k) is constrained by y;(0
k — 1) if j is backward-reachable from i in G, i.e., if j € BR(i).
Similarly, yi(k) is constrained by y;(k) if j is backward reachable
from i while only using non-strictly causal edges (i.e., in Gysc). For
convenience, we denote the backward-reachable set from i in G5
as BRsc(i). In particular, (the lack of) contract-theoretic algebraic
loops corresponds to (the lack of) cycles in Gy, leading to the
following assumption:

Assumption 5.1. Any cycle in the graph G contains at least one
strictly causal edge, i.e., Gysc is a DAG.

2y d,,, is the complementary subsignal to dg, this is equivalent to the
existence of set-valued functions G, such that

d(k) d(()k 1) dl o (k d(()k 1)
[E]ea®in) = [mP]ea(im).
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5.2. Contract composition

From now on, we fix a graph ¢ = (V, £) with N nodes, a set of
output nodes V°" C v, and component-level RD contracts {C;}icy
satisfying Assumptions 3.1 and 5.1. For each i € V, we write the
contract C; = (Dj, £2;) as:

D,-={< ) d(k)eAk,(d'(g’k‘]),Vk},
o= ((4) ) =en(52).

for set-valued maps Ay, Gxi, where the interconnection is de-
fined by (2) and (3). Drawing inspiration from the infinite cascade
composition seen in Fig. 3 and postulates (A) and (B), we define
the composite contract §);,, C; as follows:

&

12
0 (12)
i)

Definition 5.3. Let G = (V, £) be a graph, V°" C V a set of output
nodes, and C; = (Dj, §2;) be component-level RD contracts, so
that Assumptions 3.1 and 5.1 both hold. The composite contract
Ricv Ci = (Dg, 2g), having input d*(-) and output y*(.), is
defined as follows:

o (d®™, y**') € Dg if for any signals {d;, y;}jey satisfying the
consistency constraints (2) and (3), the following implica-
tion holds for any time k € N and any i € V: If

di( di(0:0—1)
[y]m] fo(yfoz 1))
dj( dj(0:¢—1)
[ym] Gel(y,oz 1))

all hold, then di(k) € Ai(154°1))-

o (d®™, y**') € Qg if there exist signals {d;, y;}jev such that the
consistency relations (2) and (3), and (d;, y;) € $2; hold for
alljev.

Ve € Ty,

Vj € BRpsc(i)

Ve € Ty k-1,

Vj € BR1.(1)\ BRysc(1)

Essentially, Definition 5.3 mimics Definition 4.2 by replacing
the network with feedback with an infinite network without
feedback. This is done by replacing the contracts C;, with con-
straints defined over the entire time horizons, by “timewise”
contracts Ci“"‘e:k constraining signals at time k. This intuition is
key in proving that the counterpart to Theorem 4.1 holds in the
feedback case.

Theorem 5.1. Let G = (V, £) be a graph with output set V°'* C v
and consider component-level RD contracts C; as in (12), satisfying
Assumptions 3.1 and 5.1. If {IT;}icy are causal systems such that
I1; F C; holds for any i € V, then Q);.y, IT; F @)y, Ci

To prove this result, we first consider the following lemma,
linking the timewise contracts C{‘me:" and C;:

Lemma 5.1. Let C = (D, £2) be an RD contract of the form (4), (5),
where D is extendable, and let IT be a causal system satisfying C. Let
d( ) € S"™ be any input signal, and let y H(d) For any time n, if

d(k) e Ak( (8,’: })) holds for k € Ty, then [dgz)] c Gn(‘yigggj;)

In other words, satisfying the RD contract C is equivalent to
satisfying all timewise contracts ctime=k,

Proof. We will construct signals d, y such that d(0 : n) = a(O in)
and y(0 : n) = y(0 : n), (d,y) € D,and y € II(d). We thus
conclude from [T k C that (d, y) € §2, which yields the result by
writing the guarantees at time n and using d(0 : n) = d(0 : n) and
y(0:n)=y(0:n).
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We now construct d and y. Following Remark 2.1, we denote
the timewise set-valued maps d(0 : k) — y(k) as ITy. We define
d(k) and y(k) by induction on k. We first define d(0 : n) = d(0 : n)
and y(0 : n) = y(0 : n), so that both y(k) € IT(d(0 : k))
and d(k) e Ak(iggf 1)) hold for k € Zy,. Now, assume d(0
k), y(0 : k) have been defined so that both y(j) € IT;(d(0 : ))
and d(}) €A (5&8; B) hold for j € Zo . By extendibility, the set
Ak+1(3§3;k§) is non-empty, and we choose d(k + 1) as one of its
elements, as well as some y(k + 1) € [41(d(0 : k + 1)). By
construction, we have (d,y) € D,y € I1(d),d(0 : n) = d(0 : n)
and y(0:n)=y0:n). O

Given Lemma 5.1, the proof of Theorem 5.1 is nearly identical
to the proof of Theorem 4.1, and will be omitted due to lack
of space. The only difference is that we are using the timewise
contracts Ci‘ime:" instead of the RD contracts C;, and that gap is
bridged by Lemma 5.1.

5.3. Vertical contracts

We shift our attention to Problem 3.2. As before, we build
LP-based tools for verifying vertical contracts ®1€v < Crot
for LTI RD contracts. We fix component-level LTI RD contracts
Ci = (D, £2;) for i € V and an LTI RD contract Ciot = (Drot» $2tot)
on the composite system, such that Assumption 3.1 holds. We let
o, Urot, Vi» Viot D€ the corresponding piecewise-linear functions so
that (10) holds, and we denote ®iev Ci = (Dg, 2g). As before,
the vertical contract ®,Ev < Ciot IS equivalent to the set
inclusions Dg 2 Dyt and 2g N Diot S 2tor N Drot.

Theorem 5.2. Consider a composite system with graph G = (V, &)
and output set V°U. Let {Ci}icv, Cior be LTI RD contracts as in (10),
where Assumptions 3.1 and 5.1 hold. Denote §;.,, Ci = (Dg, 2g).
Under mild extendibility assumptions’, the following claims hold:

e Dg C Do holds if and only if the following implication holds
for all i € V. For any signals d;, y;, d*t, y**t, defined at times

{0,1,..., mf}, if the consistency relations (2) and (3) hold,
and
dext(¢— mm[ 0)
a““( Y (e—mh 0—1) =0, vee Iml?ot’m?
dj(e—mE:¢) <0 Vier
B\ yite-mCey ) = € Ll mfts

VJ € BRI‘ISC(i)a

dj(t—mf:) <0 Ve
U\ ye-mny ) = € S mf—1>
Vj € BR(i) \ BRpsc(i),

0emA
all hold, then a,( 40 ) <o

yi(0:mf—1)
e 2g¢ N Dyt S 210t N Dior holds if and only if the following
implication holds. For any signals d;, y;d*®, y** defined at

times {0, 1, ..., mfot}, if the consistency relations (2) and (3)
hold, and
d*(e—mf:0)
amt( et 1)) <o, VEE T, o

dj(e—mS:0)
Vi (}g([—mf:l)) =0,

ext(.,G
all hold, then ymt(d ‘“"mmf;) <o

y0:mG,

Vi e Imjc,mg)t, Viev

In particular, the vertical contract ®iev Ci < Ciot holds if and
only if the first implication holds for all i € V, and the second
implication holds.
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The proof of Theorem 5.2 is nearly identical to that of
Theorem 4.2 and is omitted due to space limitations. As in the
case of networks without feedback, Theorem 5.2 replaces the
set inclusion on the signal level defining the vertical contract by
V| + 1 implications between linear inequalities. As before, these
can be cast as LPs.

For i € V, let o; denote the solution to

d;(0:mf)
max ai<yl_(0:m?_1)> (13a)
d*(0—mfl )
s.t. atot<yext([_m/t%m:[_l)) =0, ve e I’"?ot*m?
dj(efmjc:a <0 VieT
Yi yjte—me:e) | = © ' mf
Vj e BRnsc(i)
dj(efmjc:e) <0 v
Y yjte—me:e) | =7 € Iml'c’m?_l
V] € BRU) \ BRnsc(i)
(2) at time ¢ and node j, Ve € Iy ,a, Vi € BRL(i),
(3) at time ¢, Ve € Iy -
Next, og is equal to
d*t(0:m§, 1) )
max Vtot( yEXt(O:m%t) (13b)
d®Xt(¢—myor:0)
stoaa( St ) <0, Ve, o

dj(e—m¢:¢)
Y <yj(€7mjczé)> =0,

(2) at time ¢ and node j,

Vi e Imjg’mtcm, Vjiev,

Ve € Io’mtcm, Vjiev,

(3) at time £ and node j, VE € Ty e -

They suggest an algorithm for determining whether ®iev Ci <
Ciot for general vertical contracts, see Algorithm 2. As Algorithm
1, it is an LP-based verification method, solving a total of |V| + 1
LPs, and the algorithm is correct:

Theorem 5.3. Under the assumptions of Theorem 5.2, Algorithm 2 is
always correct, i.e., @);, Ci < Cror holds if and only if the algorithm
returns bg < = true.

Proof. Similar to Corollary 4.1. O

Example 5.2. We elucidate the LP framework for general com-
posite systems by demonstrating it on the feedback composition
in Fig. 2. The network is given by G v, ), v = {1,2},
Ensc {1 - 2}, & 2 - 1}, ¢ Esc U &nse, and
Yot = {1}. Node 1 corresponds to the plant and node 2 to the
feedback controller. In this case, BRys.(1) = @, BRys(2) = {1}

Algorithm 2 Verifying Vertical Contracts for General Networks
Input: A graph ¢ = (V, €), output set V°'* C V, component-
level RD LTI contracts {C;}icyy and an RD LTI contract Cy on the
composite system of the form (10) such that Assumptions 3.1 and
5.1 hold.

Output: A Boolean variable bg, .

1: Compute {gi}icy, 0 by solving the LPs (13).

2: if {oi}icv, 0 are all non-positive then

3: Return true.
4
5

: else
Return false.
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and BR(1) = BR(2) = {1, 2}. Following Fig. 2, we denote the
external input by d, the output of C; as y, and the output of
C, by u. For simplicity, we consider SRD LTI contracts Cy, Ca, Crot
for which the assumptions of C; and Cy; do not depend on the
previous outputs y, and the guarantee of C; depends only on d and
y. This assumption corresponds to a situation in which C; defines
an unregulated physical system, C, defines a controller, and Cyot
defines the closed-loop system. Thus, d(-) (58) dy(-) = y(-)
and y*X*(-) = y(-). In order to verify that C; ® C; < Cior, We have
to verify three implications:

e If the assumptions of Cy hold until a certain time n, and
the guarantees of both Cy, C; hold until time n — 1, then
the assumptions of C; hold at time n. This is equivalent to
01 < 0, where p; is equal to

( d(0:m?) )
max o u(O:m/l‘fl)
A .
s.t. Oltot(d(g — Mgt * E)) <0, Vi e Im/tqot‘m/]‘

d(¢—m$:e)
1 <0,
4 (y(éfm?16)>
y((—mg:l)
Y2 < u(éfmg:é)) =0,

o If the assumptions of Cy: and guarantees of C; hold until
some time n, and the guarantees of C; hold until time n — 1,
then the assumptions of C; hold at time n. This is equivalent
to g, < 0, where o, is

Vi e Imfvm/?—1

Vi e Img,m/l*—l'

max ay(y(0 : my))
s.t. aer(d(l —mh 1 0)) <0,

tot :
d(e—m$:¢)
" (y(l—mf:l)) =0,
y(megzﬁ)
72 ( u(l—mgzl)) =0,
e The assumption of Cy, plus guarantees of C; and C,, imply

the guarantees of Cy. This is equivalent to gy < 0, where
Otot 1S given by

Ve el
M mfz‘

Vi e Im?m’;

Ve e Img,m’;f]'

d(o:mg)t)>
max
Ytot ()’(Oimtcot)
A .
s.t. cror(d(€ —miy 1 £)) <0, V€ Inp m,

d(¢—m$:¢)

V1 <y(£7m?:()> =< Oa
y(/é—mgzl)

2 < u(umg:z)) =0,

6. Numerical example

V¢ el
m(l;*mtcot

VieT .
mg’mtcot

In this section, we apply the presented contract-based frame-
work to autonomous vehicles in an M-vehicle platooning-like
scenario. We first define the scenario and the specifications in
the form of a contract. We then use the presented framework
to refine the contract on the integrated M-vehicle system to a
collection of contracts on the physical and control subsystems
of each of the vehicles. Different values of M will be consid-
ered to demonstrate the scalability of the approach. Lastly, we
demonstrate the modularity achieved by these processes by pre-
senting options for realising the controller subsystem satisfying
the corresponding contract, and show using simulation that the
specifications on the integrated system are met for the case of
M = 2 vehicles.
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Pl Control Subsystem u, |
| (r,2) ey |
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Dr» Uy | Physical Subsystem | v
| ey |pr—l > Ur—1
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Fig. 4. Interconnection topology of the rth follower, for r > 2.

6.1. Scenario description and vertical contracts

We consider M vehicles driving along a single-lane highway.
The first vehicle in the group is called the leader, and the other
M — 1 vehicles, are the followers. We are given a headway h > 0,
and a speed limit Vf;ax, and our goal is to verify that each of the
followers keeps at least the given headway from its predecessor,
and obeys the speed limit.

We denote the position and velocity of the ith vehicle in the
group as p; and v; respectively. We consider all followers as one
integrated system, whose input is d* = [p;, v1] € S? and output
YU = [py, va, ..., Ppm. U] € S*M-D_ The guarantees can be
written as p,_1(k) — p;(k) — hv.(k) > 0 and 0 < v.(k) < Vr’;ax
forany k e Nand r € {2,..., M}. We assume the leader follows
the first kinematic law, i.e., p1(k + 1) = p1(k) + Atv(k) holds for
any time k, where At > 0 is the length of the discrete time-
step. We further assume the leader obeys a speed limit V!,
ie, that 0 < wy(k) < Vl’mx holds for k € N. The assumptions
and guarantees define a contract Cy: on the followers. For this
example, we take At = 1 [s],h = 2[s, V! . = 110 [km/h] and
VL .x = 100 [km/h].

We consider each follower vehicle as the interconnection of
two subsystems in feedback: a physical subsystem, including all
physical components, actuators, etc.; and a control subsystem,
which measures the physical subsystem and the environment,
and issues a control signal to the physical components. The in-
terconnection of the two systems composing the ith follower can
be seen in Fig. 4. The following paragraphs describe the inputs,
outputs, assumptions and guarantees associated with the “local”
contracts on each subsystem.

First, we consider the physical subsystem, corresponding to
the vertexi = (r, 1) € V. Intuitively, the input should only include
the control input u.. However, the headway guarantee refers to
the position and velocity of the (r — 1)-th vehicle. Thus, we take
the input d; = [p,_1, vr_1, U,] and the output y; = [p,, vl
The physical subsystem is associated with a contract Cppy, . We
assume that the (r — 1)-th vehicle follows the kinematic law
pr—1(k + 1) = p;_1(k) + Atv,_1(k) for any k € N. Moreover, we
assume the control input satisfies the following inequalities:

ax

Pr—1 — pr — hv, Vr—1 — VUr
=< + — Wacc
r= hAL h acc
—Ur Vinax — vr
—— + Waec S U < — Wacc-
At acc T At acc

Here, w, is a bound on the parasitic acceleration due to
wind, friction, etc., which is taken as w,cc = 0.3 [m/s?]. These
bounds on the control input are motivated by realistic conditions,
see Sharf, Besselink, and Johansson (2021), Sharf, Besselink, et al.
(2021). As for guarantees, we desire that the headway and speed
limit are kept, i.e., that p,_1(k) — p;(k) — hv,(k) > 0 and 0 <
ve(k) < Vf;ax hold for all k € N. We also specify a guarantee that
the follower satisfies p,(k 4+ 1) = p,(k) + Atv.(k). Thus, Cppy,; is
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Fig. 5. The interconnection graph ¢ = (v, &) for the scenario in Section 6 with
M vehicles. Dashed lines correspond to strictly causal edges, and solid lines
correspond to non-strictly causal edges. Each square aggregates the subsystems
corresponding to vehicle #r.

an SRD contract which is strictly causal with respect to u;,, as the
guarantees at time k are independent of u,(k).

Second, we consider an SRD contract Ce, on the control
subsystem, matching the vertex i = (r, 2) € V. The input includes
the position and velocity of both the rth and the (r — 1)-th
vehicles, i.e., di = [pr_1, vr_1, Pr, vr], and its output is y; = u,.
The contract assumes both vehicles follow the kinematic relations
and the speed limits, i.e., that p,_1(k + 1) = p,_1(k) + Atv,_1(k),
pr(k + 1) = pe(k) + Atve(k), vi(k + 1) = v(k) + Atar(k),
0 < v_4(k) < VI _and 0 < v, (k) < Vi all hold for any
time k € N. These assumptions can be understood as working
limitations for the sensors used by the subsystem to measure the
environment, or as first principles used to generate a more exact
estimate of the state, which is used for planning and the control
law. For guarantees, the control signal u, must satisfy at any time
k:

Pr—1—pr — hy; Ur—1 — Ur
hAt + h
f

Ail;r + Wace S U < %
We wish to prove that the composition of Cpyy  and Ce,r for
r € {2,..., M} refines Cy, and we do so using Algorithm 2.
First, the composite system is modelled by a graph G = (V, &)
with v = {(r,)) r e {2,...,M},j € {1,2}}. As seen in
Fig. 5, the set & includes the edges (r, 1) — (r,2), as well
as the edges (r — 1,1) — (r,1)and (r — 1,1) — (r,2) for
r € {3,...,M}. The set & includes the edges (r,2) — (r,1)
for r € {2,...,M}. An illustration of G can be seen in Fig. 5,
which shows the network has no algebraic loops. As the output
of Cyo¢ includes the position and velocity of all followers, we take
Yout = {(r,1) : r € {2,...,M}}. Thus, running Algorithm 2
requires us to solve a total of |[V| + 1 = 2M — 1 LPs. We solve
them using MATLAB’s LP solver for different values of M, detailed
in Table 1. In all cases, we find g; = o, = 0 foralli € V, so
the vertical contract ®r€{2 M}(Cphy,r ® Cetr.r) < Cior holds. The

results are further discussed below.

U <

— Wacc,

(14)

— Wacc-

6.2. Demonstrating modularity via simulation

In this section, we focus on the case M = 2, and thus drop the
index r from the contracts Cppy,; and Cey,r and from u;. In this
case, the vertical contract Cphy ® Cer < Cror Can be interpreted
as follows: if the physical and control subsystems of the single
follower are designed to satisfy Cpny and Cey, then the inte-
grated system satisfies Cy. The two subsystem-level contracts
are independent of each other, meaning these subsystems can
be independently analysed, designed, verified, and tested. We
demonstrate this fact by choosing a realisation for the physical
subsystems, as well as two realisations for the control, and run-
ning the closed-loop system in simulation to show the guarantees
hold for both control laws.

For the physical subsystem, we consider a double integrator
pa(k + 1) = pa(k) + Atvy(k), vo(k + 1) va(k) + At(u(k) +
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An analysis of the runtime of Algorithm 2 for the vertical contract detailed in Section 6. Network Time refers to the time it took
to compute the sets BR, BR,sc needed to define the LPs. LP Time refers to the time it took to assemble and solve the LPs using
MATLAB’s own LP solver on a Dell Latitude 7400 computer with an Intel Core i5-8365U processor.

M V] Num. of LP Avg. Var. Num. Avg. constraint num. Network time [s] LP time [s] Total time [s]
2 2 3 14.00 13.33 0.33 1.52 1.86

5 8 9 31.33 21.11 0.35 1.67 2.02

10 18 19 56.95 31.58 0.38 2.15 2.54

20 38 39 107.23 51.79 0.42 433 475

50 98 99 257.39 111.92 0.57 31.11 31.69

100 198 199 507.45 211.96 0.83 287.76 288.60

wq(k)) with acceleration uncertainty. For the realisation Xppy,
acceleration uncertainty is taken as i.i.d. uniformly distributed
between —waec and wye. It can be verified that Xpny F Cpny
using k-induction, similarly to the framework presented in Sharf,
Besselink, and Johansson (2021).

For the control subsystem, the first realisation xégﬁ is achieved
by taking u(k) as the minimum of the two upper bounds in (14).
The second realisation chooses u(k) using an MPC-like controller
over a horizon of T 5 steps, assuming constant velocity
for the leader. More precisely, u(k) = u° is chosen by op-
timising Ztr:][(vg — Viges)? + (Ut — uf=1)?] over the variables
{p, vl pb, v, u'}/_,, under the input constraints (14), the kine-

matic rules p{t!" = pt + Avt, it = ot pit! = p! + Al and
vSt = ol + Auf, and the initial constraints p) = py(k), p? =

p1(k), v) = vy(k) and v§ = vy(k). For the simulation, we choose
Vaes = 90 [km/h]. It can be verified that both systems satisfy C.

Both realisations Xpny ® 2§§3 and Xy ® Zétzr) satisfy Cior.
We run simulations of length 300 [s]. In the simulations, the
leader starts at a speed of 95 [km/h], and 80 [m] in front of the
follower, having an initial speed of 98 [km/h]. The leader will
roughly keep its speed for the first 100 seconds. In the next 100
seconds, it will brake and accelerate hard, repeatedly changing
its velocity between 95 [km/h] and 10 [km/h]. For the last 100
seconds of the simulations, the leader slowly accelerates to about
105 [km/h], which is faster than the speed limit Vﬁm of the
follower. The trajectory of the leader can be seen in Fig. 6(a)-
(b). The results of the first run are given in Fig. 6(c)-(d), and of
the second in Fig. 6(e)-(f). It can be seen that in both runs, the
headway between the vehicles is at least 2 [s] and the velocity
of the follower is positive and does not exceed 100 [km/h], as
prescribed by the guarantees.

In the first run, the controller xégﬁ chooses the maximal pos-
sible actuation input u(k) guaranteeing safe behaviour given the
contracts on the physical subsystem, encouraging the follower to
drive as fast as possible while guaranteeing safety. For this reason,
the first 100 s are characterised by the headway approaching 2,
as the speed of the leader (95 [km/h]) is smaller than the speed
limit for the follower. The headway grows at the last 100 seconds
of the simulation as the leader accelerates to about 105 [km/h],
which is faster than the speed limit of the follower. In the second
simulation run, the headway grows large both in the first and the
last 100 s, as the MPC controller Z‘Efr) attempts to keep the speed
of the follower around Vges = 90 [km/h].

6.3. Discussion

The numerical case study presents some of the advantages
of contract theory for design in general and of the presented
LP-based framework for verifying vertical contracts in particu-
lar. First, Table 1 shows the approach is scalable even for an
interconnection of many components. Indeed, we verify that a
collection of component-level contracts refines a specification on
the composite system comprising 98 components in about 30
seconds, and do the same for a system with 198 components in
less than 5 minutes. We also note that contract theory supports
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hierarchical design, meaning that we do not need to consider
hundreds of components or subsystems at the same time. In the
numerical example, it is intuitive to first consider each follower
on its own, and then decompose each of them further, individ-
ually and independently from the other followers. The analysis
could be carried out similarly and will have similar results. This
hierarchical approach also allows different abstraction levels for
each step in the hierarchy. Indeed, when defining the contract for
each individual follower, we only need the variables p;, v,. The u-
variables are only needed when bisecting each follower to its two
corresponding subsystems. Moreover, variables corresponding to
the measurements taken by the sensors only appear if we decom-
pose the control subsystem into smaller components, responsible
for sensing and regulation. We chose not to apply the hierarchical
approach in the numerical case study but instead portray the
scalability of the proposed framework.

If the composite system is designed according to the principles
of contract theory, modularity is achieved by design, meaning
that different components or subsystems can be analysed, de-
signed, verified, tested, updated and replaced independently of
one another. In this example, if we decide to replace a follower’s
controller by another control law, only the control subsystem
of said follower would have to be re-verified, rather than the
entire autonomous vehicle or the entire platoon. In contrast,
existing formal methods that do not rely on contract theory
mostly consider the entire system as one entity. Thus, any change
in any component of the system must be followed by a com-
plete re-verification process of the entire system, no matter
how small the component or how insignificant the change is.
In general, lack of modularity is a problem which is widespread
throughout control theory, with the exception of specialised
techniques like retrofit control (Ishizaki, Kawaguchi, Sasahara, &
Imura, 2019; Ishizaki, Sadamoto, Imura, Sandberg, & Johansson,
2018; Sadamoto, Chakrabortty, Ishizaki, & Imura, 2017). As high-
lighted by the example, contracts allow us to prove safety of the
closed-loop system before we even know the structure of each
block: the same proof of safety for a piecewise-linear controller
also held for an MPC-like controller.

7. Conclusion

We considered the problem of contract-based modular design
for dynamical control systems. First, we extended the existing
definition of contracts to incorporate situations in which the
assumption on the input at time k depends on the outputs up to
time k — 1, which are essential for composite systems with feed-
back. We defined contract composition for such general network
interconnections, and proved the definition supports independent
design of the components. We then considered vertical contracts,
which are statements about the refinement of a contract on a
composite system by a collection of component-level contracts.
For the case of contracts defined by time-invariant inequalities,
we presented efficient LP-based algorithms for verifying these
vertical contracts, which scale linearly with the number of com-
ponents. These results were first achieved for networks without
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Fig. 6. Simulation of the two-vehicle leader-follower system. The black plots correspond to the leader, the blue plots correspond to the first run of the simulation,
and the red plots corresponds to the second run of the simulation. (For interpretation of the references to colour in this figure legend, the reader is referred to the

web version of this article.)

feedback using directed acyclic graphs, and later extended to
networks with feedback interconnections but no algebraic loops
using causality and strict causality.

One possible avenue for future research is extending the pre-
sented contract-based framework to specifications defined using
more general temporal logic formulae. Another direction to tackle
is finding the optimal vertical contract, i.e., one is given a contract
on a composite system, and the goal is to find a vertical contract
which is cheapest to implement. Finally, we are interested in
using contracts for controller synthesis, as opposed to verification
as in this paper.
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Appendix. Proof of Theorem 4.2
This appendix is dedicated to proving Theorem 4.2:

Proof. We show that under the extendability assumptions of the
theorem, the set of implications (i) for all i € V is equivalent
to Dyt € Dg, and implication (ii) is equivalent to 25 N Dt <
210t N Dror. We start with the former equivalence.

Suppose first that the implication (i) holds for i € V, and take
(d®™(-), y**'(-)) € Dior. We show that (d®*(.), y**!(-)) € Dg. In
other words, we show that for any i € V and for any {d;, y;}jepr. i)
satisfying (2) and (3), if (d;,y;) € £2; holds for j € BR(i) then
(di, yi) € $£2;. Taking arbitrary {d;, y;}jer, (i) satisfying these con-

ex di(k—mS:k
deXt(k— mtOtk)))anndy] 1i( m; )) SO

Y e—mf} :k—1 yj(k—mjc k)

hold for any k. Thus, by applying (i) for d®, y***, d;, y; at times

straints, both oot (

di(k—mi}:k)
Yilk—mi:k—1)
particular, we have (d;, y;) € D;, as claimed. As the choice of i € Vv
was arbitrary, we conclude that (d®**, y**') € Dg.
Conversely, we assume Dg 2 Dy and show the implication
(i) holds for i € V. We take {d;, ¥;}jesr, i), ., y** defined up to
time mf‘, and assume they satisfy the consistency constraints (2)
and (3), as well as
deXt(e—mh .0)
yeXt(me?Ot::)zfn) =0,

ot (
dj(t—mf:)
4 <yj(z7mf:z)) =0,
By extendibility, we find signals {f/j,a-} d*t and j/e’“ with
dext(o . mA) _ dext(o ) j,ext(o . mA) — yext( A) and
§i(0 : mf) = y;(0: md),d (0 mf) = d;(0 : mf) for any j € BR.(i),
satisfying (2), (3 ) and

k —mf, ... k we yield & ( < 0fork > mi. In

‘V’ZGIAt A,

Mot M

V¢ eT.c,a J<BR3).
gt

deXt(k—mA k) A
Aot (ﬁEXt(k—mA tolt{ 1)) = O’ vk = mtot
djk—m{:k) G s .
: < >
Vi <yj(k7mf:k)> <0, vk > my;, Vj € BR(i).

s (do, joxt) e Dg, we conclude by Definition 4.2 that
di(k—mf:k)
I (k—mlt:k—1)

k > mf. Taking k = m? gives the desired result.

We now move to the second part of the theorem, showing
that the implication (ii) is equivalent to 25 N Dot S 2tot N Drot-
Assume first that (ii) holds, and take any (d®*(-), y**(-)) € Dy N
£t By Definition 4.2, there exist signals {d;, yi}icy satisfying
the consistency constraints (2) and (3) and (d;, y;) < 2 fori e
V. Thus, for any k and i € V, both Otmt( d k- m“" “ ) <0

Y (k—mf} k—1)

(di, yi) € D, ie., that ¢; ( < 0 holds for any time
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(kG-
and y; (d'“‘ m "”) < 0 hold. The implication (ii), applied to

Yilk—mg:k)
d®*t, y*xt d; y; at times k—m¢ , ..., k, gives y, (dexr(kfmg)t:kv <

’ s Yy tot? LA tot yeXt(k_thor:k) =
0 holds for k > m&,. We thus yield (d**(-), y*(:)) € £ as
desired.

Conversely, we assume §2g N Diot S §2¢0t N Dior and prove the
implication (ii) holds. Take d***, y*t, d;, y; defined up to time m&,,
satisfying constraints (2), (3), and

a4 (0:m,)
<

di(—mf:0)
Vi <)’i(£*m?1£)> =0,
By extendibility, we find signals {Ji(-), di(-)iey, d™(-) and
Y*(-), such that d*(0 : m) = d™(0 : M), J*(O0 : Mor) =
Y40 : myor), and both Ji(0 : Meor) = Yi(0 @ Meor), di(0 : Meo) =

di(0 : myy) hold for any i € V. Moreover, for any time k, both the
input- and output-consistency constraints (2) and (3) hold, and,

Ve eT a

G
Mot Mot

Ve S, Viev.
7,

A (k—mfl:k) )
Utot (&e’“(k—mﬁ)t:k—l) =0,

di(k—mE:k)
Vi (yi(k—mfzk)> =0
In other words, we have (d*t, 5¥) € Dyo; and (d;, ) € £2; for
i € V. Thus, (d®¢, J**) € Dyt N 2g C Dior N 4ot implying that

A (k—mG .:k) c . i
Vot <9exf(k—m§;:k)) < 0 holds for any k > my,,. Choosing k = m,;

completes the proof. O

A
Vk > my,

Vie Vv, Vk>m!.
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